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Self-testing refers to a device-independent way to uniquely identify the state and the measurement
for uncharacterized quantum devices. The only information required comprises the number of
measurements, the number of outputs of each measurement, and the statistics of each measurement.
Earlier results on self-testing of multipartite state were restricted either to Dicke states or graph
states. In this paper, we propose self-testing schemes for a large family of symmetric three-qubit
states, namely the superposition of W state and GHZ state. We first propose and analytically prove
a self-testing criterion for the special symmetric state with equal coefficients of the canonical basis,
by designing subsystem self-testing of partially and maximally entangled state simultaneously. Then
we demonstrate for the general case, the states can be self-tested numerically by the swap method
combining semi-definite programming (SDP) in high precision.

I. INTRODUCTION

Entanglement is a critical resource for numerous strik-
ing applications of quantum information theory [1]. Fur-
thermore, it is key to comprehend many peculiar prop-
erties of quantum many-body systems and has become
increasingly important in both theoretical and experi-
mental areas such as teleportation [2] and quantum sim-
ulation [3]. Because of the essential role played by sym-
metry in the field of quantum entanglement, it is of great
significance to explore the properties of symmetric states.
Also symmetric states are key resources in many experi-
ments such as quantum communication[4], and quantum
computing, for instance as an initial state for Grover’s al-
gorithm [5]. In addition, restricting analysis to symmet-
ric states can greatly reduce the difficulty of calculations.
In this work, we investigate one of verification tasks for
symmetric states, namely certification of entanglement
state.

A canonical way to approach the problem of certifica-
tion of quantum states is to exploit tomographic scenario
[6]. By repeating the experiment, expectation values
of an informationally complete set of measurements al-
low us to reconstruct the density operator that describes
the quantum state. However, such procedure requires
a large number fully characterized measurements that
scales with the dimension of the quantum state.

An alternative technique which could positively ad-
dress these problems is self-testing. It is a concept of
device independence whose conclusion verdict relies only
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on the observed statistics of measurement outcomes un-
der the sole assumptions of no-signaling and the validity
of quantum theory[7]. Consider two players, Alice and
Bob, each has a device. Both devices are given classical
input (x and y, respectively) which corresponds to the
application of measurements inside the devices, and clas-
sical output (a and b). The devices are physical isolated
so that sending signals from one to the other is not possi-
ble. The central question is: given observed correlational
probabilities p(a, b|xy) , what can be inferred about the
underlying state? Self-testing refers to determining the
state completely in such cases.

The idea of self-testing quantum states can be traced
back to 1990’s, where Popescu and Rohrlich et al.
pointed out the maximal violation of the CHSH Bell in-
equality [8] identifies uniquely the maximally entangled
state of two qubits and the corresponding measurements
[9]. However, it was not widely known until the works of
Mayers and Yao [10], which self-tests the same state with
more measurements. Since then self-testing has received
substantial attention: self-testing for partially entangled
pairs of qubits were presented in [11, 12], while its ex-
tension to high dimension partially entangled states was
given in [13]. Furthermore, all the criteria for self-testing
the maximally entangled pair of qubits were reported in
refs [14, 15], where the authors proved a condition for a
given binary XOR game to be a robust self-test. The ro-
bustness analysis to small deviations from the idea case
for self-testing these quantum states and measurements
were presented in [16–19], which made self-testing more
practical.

Beyond these works focusing on the bipartite scenario,
self-testing of multipartite states have recently been stud-
ied, such as self-testing of Graph states [20], Dicke states
[21], partially entangled GHZ states [21]. Inspired by self-
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testing all entangled states in bipartite scenario, one may
ask whether all the entanglement states can be self-tested
in multipartite scenario? However, the multipartite en-
tanglement is more complicated than bipartite scenario,
especially for partially entangled states. The most cele-
brated example is the case of three-qubit states [22, 23],
we consider the particular case of the sates which are
equivalent under local unitary transformations to states
of the form[24],

|η〉 = a |000〉+ b |001〉+ c |010〉+ d |100〉+ e |111〉

where a, b, c, d, e are normalized coefficients. The two
well known inequivalent classes of tripartite genuine en-
tangled states, namely, W states [25] and Greenberger-
Horne-Zeilinger (GHZ) states [26] are corresponding to
1√
3
(|001〉 + |010〉 + |100〉) and 1√

2
(|000〉 + |111〉) respec-

tively. It is obviously that entangled three-qubit states
are not only these two kinds of entangled states. One can
set any value of the coefficients to define entanglement
states. However, what we’re interested in is the symmet-
ric entangled states, due to its significant application.
We noticed that the symmetric entangled three-qubits
states are of the form cos θ |W 〉+sin θ |GHZ〉 under per-
mutations of party labels. The aim of this paper is to
investigate the self-testing of these states and where so
far only special case has been studied, i.e., self-testing of
W state [27] and self-testing of GHZ state [17].

Here we proved analytically the self-testing of a spe-
cific symmetric state through projections onto two sys-
tems and showed that general cases can be self-tested
using fixed Pauli measurements combining the swap
method and semidefinite programming (SDP). The paper
is structured as following. In Section II, we give a review
of the two-qubit self-testing, including the whole set of
criteria for ideal self-testing of maximally entanglement
state and any pure two-qubit state can be self-tested by
tilted Bell inequality. In Section III, we prove that a
symmetric three-qubit state can be self-tested through
projections onto two systems, and we show robust self-
testing of a more general class of states which is a linear
combination of W and GHZ states by the swap method
and SDP.

II. PRELIMINARIES

Let us consider a Bell-type experiment involving
two noncommunicating parties. Each has access to a
black box with inputs denoted respectively by x, y ∈
{0, 1, ...,M − 1} and outputs a, b ∈ {0, 1, ...,m− 1}. As-
suming the validity of quantum mechanics, one could
model these boxes with an underlying state |ψ〉AB and

measurement projectors {Ma
x}x,a and

{
M b

y

}
y,b

, which

commute for different parties. The state can be taken
pure and the measurements can be taken projective
without loss of generality, because the dimension of the
Hilbert space is not fixed and the possible purification

and auxiliary systems can be given to any of the parties.
After sufficiently many repetitions of the experiment one
can estimate the joint conditional statistics, also known
as the behavior, p(a, b|x, y) = 〈ψ|Ma

xM
b
y |ψ〉. Now, we

can formally define self-testing in the following way.

Definition 0.1. (Self-testing) We say that the correla-
tions p(a, b|x, y) allow for self-testing if for every quan-
tum behavior (|ψ〉, {Ma

x ,M
b
y}) compatible with p(a, b|x, y)

there exists a local isometry Φ = ΦA ⊗ ΦB such that

Φ |ψ〉AB |00〉A′B′ = |junk〉AB ⊗ |ψ〉A′B′ (1)

Φ(Ma
x ⊗M b

y |ψ〉AB |00〉A′B′) = |junk〉AB ⊗Ma
x ⊗M b

y |ψ〉A′B′ ,

where |00〉A′B′ is the trusted auxiliary qubits attached by
Alice and Bob locally into their systems[28]. The isom-
etry must be seen as a virtual protocol: it does not need
to be implemented in the laboratory as a part of the pro-
cedure of self-testing; all that must be done in laboratory
is to query the boxes and derive p(a, b|x, y).

Let us review some previous results on the self-testing
of two-qubit state which are used as building blocks of
our work.

A. All the self-testings of the singlet for two binary

measurements

In the ref.[15], Wang et al. proposed the whole set
of criteria for the ideal self-testing of singlet. Consider
four unknown operators Ax and By for i, j ∈ {1, 2} with
binary outcomes labelled ±1 and satisfy [Ax, By] = 0.
Denote

Exy = 〈ψ|AxBy|ψ〉 = cosαxy (2)

where αxy is the angle between the two vectors Ax|ψ〉
and By|ψ〉. The observed correlations Exy self-test the
singlet if and only if they satisfy one of the conditions

∑

(x,y) 6=(i,j)

arcsin(Exy)− arcsin(Ei,j) = ξπ, (3)

with arcsin(Exy){x,y}∈{1,2} ∈ [−π
2 ,

π
2 ] for i, j ∈ {1, 2}, ξ ∈

{+1,−1}. The eight equations in (3) are equivalent in the
sense that each one can be transformed into the other by
relabelling the measurements and outcomes. Without
loss of generality, consider the case of i = 1, j = 2 and
ξ = +1, that is α11 + α21 = α12 − α22. It means A1|ψ〉,
A2|ψ〉, B1|ψ〉, B2|ψ〉 are in the same plane.

This all self-testing criteria for singlet state is proved
to be equivalent to a binary nonlocal XOR game defined
by the figure of merit

∑
(x,y)∈{1,2}2

fxyExy if Exy = cosαxy

satisfy α11 +α21 = α12 −α22 and the coefficients fxy are
constructed by




f11
f12
f21
f22


 =




1
sinα11

− 1
sin(α11+α21+α22)

1
sinα21

1
sinα22


 . (4)
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B. Self-testing of pure partially entangled

two-qubit state

It has been shown that any pure two-qubit state in
their Schmidt form

|ψ〉 = cos θ |00〉+ sin θ |11〉 (5)

can be self-tested by observing the maximum violation of
the tilted CHSH inequality [11, 12, 18]

Iα(α,A1, A2, B1, B2) =αA1 +A1B1 +A1B2

+A2B1 −A2B2 ≤ 2 + α (6)

where α is defined through sin 2θ =
√

4+α2

4−α2 . A1, A2,

B1 and B2 are the unknown measurements by Alice and
Bob, respectively. The maximal quantum violation of
this inequality is given by IαQ =

√
8 + 2α2, achievable

with the measurement settings

A1 = σz , A2 = σx;

B1 = cosµσz + sinµσx,

B2 = cosµσz − sinµσx, (7)

where tanµ = sin 2θ.

III. SELF-TESTING OF SYMMETRIC

THREE-QUBIT STATES

The work in [22, 23] gave a generalization of the
Schmidt decomposition for three-qubit pure states and
proved that for any pure three-qubit state the existence
of local bases which allow one to build a set of five or-
thogonal product states in terms of which can be written
in a unique form. The local bases product states can be
given as three inequivalent sets

{|000〉 , |001〉 , |010〉 , |100〉 , |111〉},
{|000〉 , |010〉 , |110〉 , |100〉 , |111〉},
{|000〉 , |100〉 , |110〉 , |101〉 , |111〉}, (8)

whereas the first set is symmetric under permutation of
parties, the other two are not.

In this paper, we consider the self-testing of symmet-
ric three-qubit states based on the fist set of (8) with
different kinds of coefficients.

A. Self-testing of a symmetric three-qubit state

The specific case we consider is the state with equal
coefficient of the basis, reads as:

|ψ〉 = 1√
5
(|001〉+ |010〉+ |100〉+ |000〉+ |111〉). (9)

The basic idea of self testing this state is to project the
state onto two kinds of subsystem entangled states by one

FIG. 1. The swap circuit. The local isometry used to self-test
the |ψ〉 state. H is the standard Hadamard gate, Z and X

are controlled by the auxiliary qubit. The trusted ancillary
qubits are prepared in the state |0〉.

party’s measurement Z. More precisely, after measuring
one party in the Z basis, the remaining two parties can
achieve the maximal violation of tailored Bell inequali-
ties simultaneously using the same measurement settings
conditioned on the outcome being either "0" or "1".

If partition the three parties into A|BC, we have

|ψ〉 = 1√
5
[
√
3 |0〉A ⊗ 1√

3
(|00〉+ |01〉+ |10〉)BC

+
√
2 |1〉A ⊗ 1√

2
(|00〉+ |11〉)BC ]. (10)

We denote

|ϕ0〉 :=
1√
3
(|00〉+ |01〉+ |10〉).

Using Schmidt decomposition, the state |ϕ0〉 can be writ-
ten as

|ϕ0〉 = cosβ |0′0′〉+ sinβ |1′1′〉 , (11)

here cosβ =

√
3+

√
5

6 , sinβ =

√
3−

√
5

6 and {|0′〉 , |1′〉} are

the new basis (see the detail in Appendix). Following the
results given in sec II B, this state can be self-tested by
violating the tilted CHSH inequality maximally

IαQ =
√
8 + 2α2 =

12√
13
, (12)

with α = 2
√

1−sin2 2β
1+sin2 2β

. The optimal measurements are

set according to (7), with tanµ = 1
3 .

At the same time, singlet is invariant under basis trans-
formation

|ϕ1〉 =
|0′0′〉+ |1′1′〉√

2
(13)

using the same bases and optimal measurements settings
with |ϕ0〉 would satisfy α11 + α21 = α12 − α22 where
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α11 = µ, α12 = −µ, α21 = π
2 −µ and α22 = −π

2 −µ. So,
|ϕ1〉 can be self-tested by winning the binary nonlocal
XOR game [15]:

∑

(x,y)∈{1,2}2

fxy cosαxy =
4

sin 2µ
(14)

and the coefficients fxy are constructed as (4).
Hence, the states |ϕ0〉 and |ϕ1〉 conditioned on the out-

come "0" and "1" after the measurement in the Z basis
of A violate the tilted CHSH inequality and XOR game
maximally using the same measurements, respectively.
This also holds when the first measured party is C.

The following result sums it up.

Result 1. Alice, Bob, and Charlie, spatially separated,
each perform three measurements denoted as {Ai, Bj , Ck}
(i, j, k ∈ {0, 1, 2}) with binary outcomes on an unknown
shared quantum state |ψ〉. The target state is self-tested
if the following statistics are observed:

〈P 0
AP

0
BP

0
C〉 = 〈P 0

AP
0
BP

1
C〉 = 〈P 0

AP
1
BP

0
C〉

= 〈P 1
AP

0
BP

0
C〉 = 〈P 1

AP
1
BP

1
C〉 =

1

5
, (15)

〈P i
CA1(B2 −B1)〉 = 0, (16a)

cosω〈P i
CA1〉+ sinω〈P i

CA2〉 = 〈P i
CA0〉, (16b)

〈P i
A(B1 −B2)C1〉 = 0, (17a)

cosω〈P i
AC1〉+ sinω〈P i

AC2〉 = 〈P i
AC0〉, (17b)

〈P i
CA1(B1 −B2)〉 = 0, (18a)

sin(ω + µ)〈P i
CB2〉

sin 2µ
− sin(ω − µ)〈P i

CB1〉
sin 2µ

= 〈P i
CB0〉

(18b)

for i ∈ {0, 1}, and

sinω〈P 0
xP

0
y T2〉 − cosω〈P 0

xP
0
y T1〉 =

2

5
,

(19a)

cos(ω − µ)〈P 0
AP

0
CB1〉

sin 2µ
− cos(ω + µ)〈P 0

AP
0
CB2〉

sin 2µ
=

2

5
(19b)

for (x, y, T ) = {(A,B,C), (B,C,A)}, and

〈P 0
CI

α(α,A1, A2, B1, B2)〉 =
3

5

√
8 + 2α2, (20a)

〈P 0
AI

α(α,C1, C2, B1, B2)〉 =
3

5

√
8 + 2α2, (20b)

∑

i,j={1,2}
fi,j〈P 1

ABiCj〉 =
∑

i,j={1,2}
fij〈P 1

CAiBj〉 =
8

5 sin 2µ

(21)

where P 0 = 1+Z
2 and P 1 = 1−Z

2 are projectors for the

Z measurement, α = 2
√

5
13 , tanµ = 2

3 , cosω = 1√
5

and

sinω = 2√
5
.

Proof. We start from observation (15) which implies
that

〈P 0
AP

0
BP

0
C〉+ 〈P 0

AP
0
BP

1
C〉+ 〈P 0

AP
1
BP

0
C〉

+ 〈P 1
AP

0
BP

0
C〉+ 〈P 1

AP
1
BP

1
C〉 = 1. (22)

Therefore P a
AP

b
BP

c
C |ψ〉 = 0 for other three projectors.

For convenience, define the operators for each party as

ZA =A0, Z ′
A = A1, X ′

A = A2;

ZB =B0, Z ′
B =

B1 +B2

2 cosµ
, X ′

B =
B1 −B2

2 sinµ
;

ZC =C0, Z ′
C = C1, X ′

C = C2. (23)

Following the self-testing of nonmaximally entangled
qubits from the ref. [12], maximal violation of the tilted
Bell inequality (20a) implies

P 0
CZ

′
A |ψ〉 = P 0

CZ
′
B |ψ〉 , (24a)

P 0
CZ

′
AX

′
A |ψ〉 = −P 0

CX
′
AZ

′
A |ψ〉 , (24b)

p0CX
′
A(I + Z ′

B) |ψ〉 =
1

tan θ
P 0
CX

′
B(1− Z ′

A) |ψ〉 . (24c)

From (24a) and (24c), we get

P 0
CX

′
B(1 + Z ′

A) |ψ〉 =
1

tan θ
P 0
CX

′
A(1− Z ′

B) |ψ〉 , (25a)

P 0
CX

′
B(1− Z ′

B) |ψ〉 =tan θP 0
CX

′
A(1 + Z ′

A) |ψ〉 . (25b)

On the other hand, the following equation holds with
(24a),

P 0
CX

′
B |ψ〉 =P 0

CX
′
B

(1 + Z ′
A)

2
|ψ〉+ P 0

CX
′
B

(1− Z ′
A)

2
|ψ〉

=
1

tan θ
P 0
CX

′
A

(1− Z ′
B)

2
|ψ〉+ tan θP 0

CX
′
A

(1 + Z ′
B)

2
.

(26)

Multiply by operator (1+Z ′
B) on both sides of (26) such

that

P 0
C(1 + Z ′

B)X
′
B |ψ〉 = 1

tan θ
P 0
CX

′
A(1 + Z ′

B)
(1 − Z ′

B)

2
|ψ〉

+ tan θP 0
CX

′
A(1 + Z ′

B) |ψ〉
=tan θP 0

CX
′
A(1 + Z ′

A) |ψ〉
=P 0

CX
′
B(1− Z ′

B) |ψ〉 (27)

holds with (24a), i.e.

P 0
CZ

′
BX

′
B |ψ〉 = −P 0

CX
′
BZ

′
B |ψ〉 . (28)
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Observation (16a) implies

〈P 0
CA2(B2 −B1)〉 = 0 ⇒ P 0

CX
′
A |ψ〉 ⊥ P 0

CZ
′
B |ψ〉 (29)

and combine the first relation (24a) from tilted Bell in-
equality, we have

P 0
CX

′
A |ψ〉 ⊥ P 0

CZ
′
A |ψ〉 . (30)

Then ZA |ψ〉 in the subsapce of projector P 0
C can be writ-

ten as

P 0
CZA |ψ〉 = cosωP 0

CZ
′
A |ψ〉+ sinωP 0

CX
′
A |ψ〉 (31)

by equations (16b) and (30). So, one can define the vector
XA |ψ〉 orthogonal to ZA |ψ〉 as

P 0
CXA |ψ〉 = sinωP 0

CZ
′
A |ψ〉 − cosωP 0

CX
′
A |ψ〉 . (32)

Since operators Z ′
A and X ′

A are hermitian, unitary and
anti-commutation in the subspace of P 0

C by (24a) and
(24b), we get the anti-commutation relations

P 0
CZAXA |ψ〉 = −P 0

CXAZA |ψ〉 . (33)

Following the self-testing of maximally entangled
qubits from observation [15], maximal violation of the
XOR game (21) implies

P 1
CZ

′
A |ψ〉 = P 1

CZ
′
B |ψ〉 ,

P 1
CX

′
A |ψ〉 = P 1

CX
′
B |ψ〉 (34)

and the anti-commutation relations

P 1
CZ

′
AX

′
A |ψ〉 = −P 1

CX
′
AZ

′
A |ψ〉 ,

P 1
CZ

′
BX

′
B |ψ〉 = −P 1

CX
′
BZ

′
A |ψ〉 . (35)

Observation (16a) implies

〈P 1
CA2(B2 −B1)〉 = 0 ⇒ P 1

CX
′
A |ψ〉 ⊥ P 0

CZ
′
B |ψ〉 (36)

and combine the first relation in (34), we have

P 1
CX

′
A |ψ〉 ⊥ P 1

CZ
′
A |ψ〉 . (37)

Then ZA |ψ〉 and its orthogonal vector in the subsapce of
projector P 1

C can be written as

P 1
CZA |ψ〉 = cosωP 1

CZ
′
A |ψ〉+ sinωP 1

CX
′
A |ψ〉 ,

P 1
CXA |ψ〉 = sinωP 1

CZ
′
A |ψ〉 − cosωP 1

CX
′
A |ψ〉 (38)

by equations (16b) and (37). Moreover, we can obtain
the equivalence relations

P 1
CZA |ψ〉 = P 1

CZB |ψ〉 ,
P 1
CXA |ψ〉 = P 1

CXB |ψ〉 (39)

and anti-commutation relations

P 1
CZAXA |ψ〉 = −P 1

CXAZA |ψ〉 ,
P 1
CZBXB |ψ〉 = −P 1

CXBZB |ψ〉 (40)

for party A in the subspace of P 1
C .

After some manipulations similar to party A, we can
obtain the relations between ZB(C) |ψ〉, XB(C) |ψ〉 and
Z ′
B(C) |ψ〉, X ′

B(C) |ψ〉 for party B (and C) in the subspace

of the projectors P 0
C(P

0
A) and P 1

C(P
1
A)

ZB(C) |ψ〉 = cosωZ ′
B(C) |ψ〉+ sinωX ′

B(C) |ψ〉 ,
XB |ψ〉 = cosωX ′

B |ψ〉 − sinωZ ′
B |ψ〉 ,

XC |ψ〉 = sinωZ ′
C |ψ〉 − cosωX ′

C |ψ〉 . (41)

Then the anti-commutation relations

P 0
CZBXB |ψ〉 = −P 0

CXBZB |ψ〉 ,
P 1
CZBXB |ψ〉 = −P 1

CXBZB |ψ〉 ,
P 0
AZCXC |ψ〉 = −P 0

CXCZC |ψ〉 ,
P 1
AZCXC |ψ〉 = −P 1

AXCZC |ψ〉 (42)

in subspace hold.
Observations (19a) and (19b) imply that

P 0
AP

0
B |ψ〉 = P 0

AP
0
BXC |ψ〉 , (43a)

P 0
BP

0
C |ψ〉 = P 0

BP
0
CXA |ψ〉 , (43b)

P 0
AP

0
C |ψ〉 = P 0

AP
0
CXB |ψ〉 . (43c)

Now the isometry can be constructed by Z, X and H
per party as ref. [27] as shown in Fig.1. The formula
of Z and X are based on the measurement operators for
each party,

ZA = A0, XA = sinωA1 − cosωA2;

ZB = B0, XB =
cos(ω − µ)B1

sin 2µ
− cos(ω + µ)B2

sin 2µ
;

ZC = C0, XC = sinωC1 − cosωC2. (44)

The output after the isometry can be written as

|Ψ′〉 =Φ |ψ〉ABC |000〉A′B′C′

=
1

8
[(I + ZA)(I + ZB)(I + ZC) |ψ〉 |000〉

+ (I + ZA)(I + ZB)XC(I − ZC) |ψ〉 |001〉
+ (I + ZA)XB(I − ZB)(I + ZC) |ψ〉 |010〉
+XA(I − ZA)(I + ZB)(I + ZC) |ψ〉 |100〉
+XA(I − ZA)XB(I − ZB)XC(I − ZC) |ψ〉 |111〉
+ (I + ZA)XB(I − ZB)XC(I − ZC) |ψ〉 |011〉
+XA(I − ZA)(I + ZB)XC(I − ZC) |ψ〉 |101〉
+XA(I − ZA)XB(I − ZB)(I + ZC) |ψ〉 |110〉].

(45)

For the second term in (45), we could prove it is equal
to P 0

AP
0
BP

0
CXC |ψ〉 using (42). Then, it can be replaced

with P 0
AP

0
BP

0
C |ψ〉 because of (43a). The third and forth

terms are similar.
For the fifth term in (45), one moves XA and XB

to the right using (40), which is in turn equal to
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XCP
1
CP

0
BXBP

0
AXA |ψ〉. Then replace XB with XA by

(41) and this line becomes P 0
AP

0
BXCP

1
C |ψ〉. After mov-

ing XC to the right using (42), this term is equal to
P 0
AP

0
BP

0
C |ψ〉 from (43a).

Remind that the last three terms in (45) equal to zeros.
Therefore, all these properties of the operators deduced

from the measurement requirements will help to reduce
the general output (45) to

|Ψ′〉 = P 0
AP

0
BP

0
C |ψ〉 (|000〉+ |001〉+ |010〉+ |100〉+ |111〉).

This state can be normalized into the form of
|junk〉ABC ⊗ |ψ〉A′B′C′ , here |junk〉 =

√
5P 0

AP
0
BP

0
C |ψ〉.

Thus, we have proven that, with these requirements
(15)–(21) on the measurement results indeed self-test the
unknown state as target state (9).

Further more, we also consider the robustness for each
observation in (15)–(21) has a deviation at most equal
to ǫ around the perfect value. The robustness bound is
given in the next section together (see Fig. 3).

B. Robust self-testing of more general pure

three-qubit states

The previous work on self-testing of W and GHZ
states proved that both representatives of the two in-
equivalent local operations and classical communication
classes of three-qubit [25] can be self-tested. The ques-
tion then remains whether one can self-test every pure
three-qubit state. Here we explicitly shows how one
can self-test a large family of three-qubit states using
swap method and Navascués-Pironio-Acín (NPA) hierar-
chy [29]. The target state we consider is given as

|ψ(θ)〉 = cos θ |W 〉+ sin θ |GHZ〉 (46)

here |W 〉 = 1√
3
(|001〉 + |010〉 + |100〉) and |GHZ〉 =

1√
2
(|000〉+ |111〉), θ ∈ [0, π2 ] is a parameter .

Result 2. Alice and Bob each party performs two di-
chotomic measurements, Charlie performs three measure-
ments with binary outcomes on an unknown shared quan-
tum state. The state |ψθ〉 can be self-tested using the full
statistics for θ ∈ [0, π2 ]. Moreover, the self-testing is ro-
bust.

We consider the [2, 2, 3] scenario that Alice and Bob
each performs two dichotomic measurements Z and X
with binary outcomes as ±1, while Charlie performs three
dichotomic measurements denoted as Z, X , and D with
outcomes. Suppose that the observed behavior exhibits
the following two groups of full-body statistics

〈ZiZjZk〉 = − cos θ2, 〈ZiXjXk〉 =
2 cos2 θ

3
− sin 2θ√

6
,

〈ZiZjXk〉 =
sin 2θ√

6
, 〈XiXjXk〉 = sin θ2 (47)

up to permutations of Alice, Bob and Charlie, (i.e.
i, j, z ∈ {A,B,C}, i 6= j 6= z) and

〈ZiZjDC〉 = −cos2 θ√
2

+
sin 2θ

2
√
3
, 〈ZiXjDC〉 =

√
2 cos2 θ

3
,

〈XiXjDC〉 =
5
√
2−

√
2 cos 2θ − 2

√
3 sin 2θ

12
(48)

up to permutations of Alice and Bob (i.e. i, j ∈ {A,B},
i 6= j).

These are the statistics that one would obtain for the
|ψ〉 for θ ∈ [0, π2 ] if Z = σz , X = σx and D = σx+σz√

2
.

We consider the same isometry as sec.III A as shown
in Fig. 1. The isometry can be re-written as a
swap operator U = SAA′ ⊗ SBB′ ⊗ SCC′ with SAA′ =
WAA′VAA′WAA′ and

WAA′ =IA ⊗ |0〉 〈0|+XA ⊗ |1〉 〈1| ,

VAA′ =
IA + ZA

2
⊗ I +

IA − ZA

2
⊗ σx (49)

and the same for SBB′ and SCC′ . After this isometry,
the trusted auxiliary systems will be left in the state

ρswap =trABC [UρABC ⊗ |000〉 〈000|A′B′C′ U
†]

=
∑

Cijklst |i〉 〈j| ⊗ |k〉 〈l| ⊗ |s〉 〈t| (50)

where

Cijklst =
1

64
trABC [M

A
j,i ⊗MB

l,k ⊗MC
t,sρABC ] (51)

and MA
j,i = (I+ZA)

j+1(XA−XAZA)
j(I+ZA)

i+1(XA−
XAZA)

i for i, j ∈ {0, 1}, MB
l,k and MC

t,s are analogous.
Finally, the closeness of the unknown resource to the

target state can be then captured by the fidelity

f = 〈ψ| ρswap |ψ〉 (52)

as a linear function of θ, observed behavior and some
non-observable correlations which involve different mea-
surements on the same party, such as 〈ψ|Ma

xM
a′

x′ |ψ〉 with
x 6= x′ which are left as variables. The terms in fidelity
that are not determined should be compatible with a
quantum realisation. As well known, this requirement
can’t be formulated as an efficient constraint, but it can
be relaxed to a family of semi-definite constraints[29].
Since the objective function f is linear, the optimisation
can then be cast as a semi-definite programming (SDP)
[18, 19]:

min f = 〈ψ| ρswap |ψ〉
s.t. Γ ≥ 0, (53)

equations (47) and (48),

where Γ is a matrix with NPA hierarchy characterization
of the quantum behaviors. This moment matrix corre-
sponding to q-local level 1 (which includes any products
with at most one operator per party) has size 74 × 74
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and is augmented by necessary terms(like 〈ZAXAZA〉,
〈ZBXBZCXC〉, 〈ZCXCZAXAZA〉 and so on) to express
all the average values 〈·〉 that appear in the expression of
fidelity. For all θ ∈ [0, π2 ], the SDP returns f > 99.96%
(Fig.2). We believe that the deviation from 1 is due to
the limitation of the SDP relaxation.

0.9996

0.9998

1
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0.6
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et
 s

ta
te

FIG. 2. Red line represents the lower bound on the fidelity
obtained with varying parameter θ from 0 to π

2
.

Interesting as the above result is in itself, it relies on
observing the measurement statistics in (47) and (48)
exactly, which is not possible due to inevitable exper-
imental uncertainties. To investigate the robustness of
self-testing induced by these statistics, we shall consider
mixing them with white noise, that is by multiplying each
term by (1 − ǫ) and ǫ represents the deviation of the
observed behavior from the ideal values. As examples,

we plot four special values for θ = {0, π4 , π2 , arccos
√

3
5}

which correspond to |W 〉, |W 〉+|GHZ〉√
2

, |GHZ〉 and super-

position state investigated in sec.III A

1√
5
(|000〉+ |001〉+ |010〉+ |100〉+ |111〉),

respectively (Fig.3).
Note that even though calculation of deducing the ex-

pression of fidelity does not contain any moment involv-
ing the measurement D, its appearance in the matrix Γ
makes it necessary and useful to bound the fidelity.

In particular, the robustness for self-testing the spe-
cific state analysed in sec.III A can be also obtained by
SDP. Let us first look at the ideal quantum realization to
design our swap circuit. To construct the swap circuit,
set ZA = A0, ZB = B0 and ZC = C0, and we’d rather
need σx per party, which in the ideal case should have
the forms as (44). However, written with the unknown
measurement operators, this expression may not define a
unitary operator. A method to circumvent this obstacle
has been presented in previous works [15, 18]: one defines
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FIG. 3. (Color Online) The plot of lower bounds on the fi-
delity between the measured state and the target state. ǫ

represents the deviation of the observed behavior from the
ideal values.

a fourth dichotomic operator X̃i for i ∈ {A,B,C} such
that

X̃A(sinωA1 − cosωA2) ≥ 0,

X̃B

cos(ω − µ)B1 − cos(ω + µ)B2

sin(2µ)
≥ 0,

X̃C(sinωC1 − cosωC2) ≥ 0. (54)

Since these equations are not SDP constraints, one re-
laxes each equation to the positivity of a “localizing ma-
trix”.

In order to make the lower bound tight, we add a local-
izing matrix for σz each party. Then run the SDP using
NPA matrix size 163× 163 and augmented by six local-
izing matrices (two per party), to minimize the fidelity
with the target state for each observation in (15)–(21)
with a deviation ǫ from the perfect value. The result is
summarized in Fig.3.

IV. CONCLUSION

We proposed self-testing schemes for a large family
of symmetric three-qubit states. The target states we
mainly focused on is the superposition of W state and
GHZ state due to the simple form and their wide appli-
cations in quantum information tasks. We provided two
different approaches applying to these states.

For the special case where the state has equal coeffi-
cients of the canonical basis, our approach is constructed
by combining bipartite self-testing schemes. Through
projecting the state onto two kinds of subsystem entan-
gled states by one party’s measurement Z, the remain-
ing parties can reach the self-testing criteria for these
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bipartite entangled states simultaneously using the same
measurements settings. The bound is robust against the
inevitable experimental errors.

For the general case, we demonstrated that these states
can be self-tested using fixed measurements numerically.
Here in our work, only the simplest Pauli measurements
in [2, 2, 3] scenario are used. This is quite helpful in the
experiments. It would be of interest to study whether
this result could be generalized to generic multipartite
states. Previous work on multipartite states are usually
realized by constructing tailored Bell inequalities for the
target states. The complexity of self-testing multipartite
states would decrease significantly if our approach holds.
A comprehensive study of these questions remains open
for other states and scenarios.

V. APPENDIX

This appendix provides the details of the transforma-
tional relations between the Pauli matrices and measure-
ments operators by Schmidt decomposition.

Rewrite the state

|ϕ0〉 :=
1√
3
(|00〉+ |01〉+ |10〉).

So we can denote the coefficient matrix as

C =
1√
3

[
1 1
1 0

]
(55)

which has Schmidt decomposition C = USV , where

S =



√

1
6 (3 +

√
5) 0

0
√

1
6 (3 −

√
5)


 (56)

is diagonal, U and V are unitary matrices:

U =




3+
√
5

2
√

5+2
√
5

3−
√
5

2
√

5−2
√
5

1+
√
5

2
√

5+2
√
5

1−
√
5

2
√

5−2
√
5


, V =




1+
√
5

2
√

5+
√
5

1−
√
5√

10−2
√
5√

2
5+

√
5

5+
√
5

10


.

(57)

Define |j′A〉 ≡
∑
j

Uji |j〉, |k′B〉 ≡
∑
k

Vik |k〉 and λi = Sii,

for i, j, k ∈ {0, 1}. Obviously, {|j′〉}A and {|k′〉}B are
two groups new standard orthogonal basis. Then the

state |ϕ0〉 can be written as

|ϕ0〉 =
∑

ijk

UjiSiiVik |j〉A |k〉B

=cosβ |0′A0′B〉+ sinβ |1′A1′B〉 , (58)

here cosβ =

√
3+

√
5

6 and sinβ =

√
3−

√
5

6 .

Now, consider the relation between operator Z ′ and X ′

in the new basis and σz and σx for part A,

Z ′
A = |0′〉 〈0′|A − |1′〉 〈1′|A
=

∑

j1,j2∈{0,1}2

Uj10Uj20 |j1〉 〈j2| −
∑

j1,j2∈{0,1}2

Uj11Uj21 |j1〉 〈j2|

=
1√
5
(|0〉 〈0| − |1〉 〈1|) + 2√

5
(|0〉 〈1|+ |1〉 〈0|)

= cosωσz + sinωσx, (59)

here tanω = 2. It is easy to get X ′
A = sinωσz − cosωσx.

This is also hold for part C. Similarly, we have

Z ′
B = |0′〉 〈0′|B − |1′〉 〈1′|B
=

∑

k1,k2∈{0,1}2

V0k1
V0k2

|k1〉 〈k2| −
∑

k1,k2∈{0,1}2

V1k1
V1k2

|k1〉 〈k2|

=
1√
5
(|0〉 〈0| − |1〉 〈1|)− 2√

5
(|0〉 〈1|+ |1〉 〈0|)

= cosωσz − sinωσx (60)

and X ′
B = sinωσz + cosωσx.

Hence, if Alice and Bob each performs optimal opera-
tors as (7) using the new basis, then the measurements
can be transformed into Pauli matrices
{
σz = cosωA1 + sinωA2,

σx = sinωA1 − cosωA2;

{
σz = sin(ω+µ)B2−sin(ω−µ)B1

sin 2µ ,

σx = cos(ω−µ)B1−cos(ω+µ)B2

sin 2µ .

(61)
Charlie is analogue to Alice.
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