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Local Decoding in Distributed Compression

Shashank Vatedka, Venkat Chandar, Aslan Tchamkerten

Abstract—It was recently shown that the lossless com-
pression of a single source X" is achievable with a
notion of strong locality; any X; can be decoded from
a constant number of compressed bits, with a vanishing in
n probability of error. By contrast, we show that for two
separately encoded sources (X", Y "), lossless compression
and strong locality is generally not possible. Specifically,
we show that for the class of “confusable” sources, strong
locality cannot be achieved whenever one of the sources is
compressed below its entropy. Irrespective of n, for some
index i the probability of error of decoding (X;,Y;) is
lower bounded by 2-°(@, where d denotes the number of
compressed bits accessed by the local decoder. Conversely,
if the source is not confusable, strong locality is possible
even if one of the sources is compressed below its entropy.
Results extend to an arbitrary number of sources.

I. INTRODUCTION

The amount of data generated in many applications
such as astronomy and genomics has highlighted the
growing need for compression schemes that allow to
interact and manipulate data directly in the compressed
domain [2], [3]], 4], [5], [6], [ 7], [8]. Indeed, traditional
compression schemes such as Lempel-Ziv [9], [10] are
suboptimal in this regard since the recovery of even
a single message symbol necessitates to decompress
the entire dataset. Accordingly, this paper focuses on
providing random access in the compressed domain,
where short fragments of data can be recovered without
accessing the entire compressed sequence.

For the single source setup, [11], [12] showed that a
strong notion of locality holds: for any rate above entropy
there exists an encoder and a local decoder which probes
a constant number d (independent of n) of compressed
symbols, and yet achieves vanishing error probability as
n grows. Note that the concatenation scheme where the
source is decomposed into n/b consecutive blocks of
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some size b, each of which independently compressed at
a desired rate R > H(X), is not strongly local. Indeed,
any X; is independent of all n/b sub-block codewords,
except one which reveals b message symbols, and X; in
particular. Hence, only “weak” locality holds in the sense
that for the local decoder error probability to vanish, the
number of probed symbols—here equal to the sub-block
codeword length b - R—must grow with n.

In this paper we address the question whether strong
locality extends to the Slepian-Wolf distributed compres-
sion of two sources X" and Y™: given (R, R2) within
the Slepian-Wolf rate region, is it possible to design a
fix-length compressor and a local decompressor with
d = O(1), and whose error probability is o(1) as n
grows?

Obviously, if each source is compressed above its
entropy then strong locality holds simply by duplicat-
ing the results of [11l], [12] separately for each of
the sources. Note also that the concatenation scheme—
wherein (X™,Y™) is decomposed into consecutive sub-
blocks of size b each of which encoded via Slepian-Wolf
coding—achieves weak locality at any (R, Ry) within
the Slepian-Wolf rate region. So the interesting question
is: does strong locality hold when at least one of the
sources is compressed below its entropy?

Our main result says that strong locality is generally
impossible. More precisely, suppose pxy is “confusable”
in the sense that, for every x; and x2 in X there exists
y € Y such that pxy (z1,y) > 0 and pxy (z2,y) > 0. In
this case, we show that if R; < H(X), the probability of
wrongly decoding (X;,Y;) is lower bounded by 2-©(@),
for some index 1 < ¢ < n. Moreover, this conclusion
holds even if the decoder tries to decode only X; with
the full cooperation of the Y -transmitter that provides
Y™ uncompressed. Conversely, if pxy is not confusable,
then strong locality is possible for some R; < H(X) and
Ry = H(Y).

Hence, when the source is confusable, the concate-
nation scheme is order optimal in the tradeoff between
local error probability and number of probes. However,
a drawback of the concatenation scheme is that both
the encoding and the decoding are tied to the sub-block
length b which governs the error probability of the local
decoder. Even if both codewords are entirely probed, that
is d = n(R; + Ra), the error probability remains the



same as if d = b(R; + Ry). Thus, to lower the error
probability of the local decoder, the encoding procedure
must be modified accordingly. We address this limitation
through a hierarchical compression scheme whose local
decoder achieves an error probability that decreases as d
increases, without modifying the encoding. Specifically,
for any (R, Ro) within the Slepian-Wolf rate region, and
for every 1 > n > 2727"*" the local decoder achieves

Péloc) < n with d = poly(log(1/7)).

A. Literature on locally decodable compression

Local decoding has been studied extensively in the
context of compressed data structures by the computer
science community; see, e.g., [13], [14], [15], [16], [17],
[18] and the references therein. Most of these results
hold under the word-RAM model which assumes that
operations (memory access, arithmetic operations) on w-
bit words take constant time. The word size w is typically
chosen to be O(logn) bits, motivated in part by on-chip
type of applications where data transfer happens through
a common memory bus for both data and addressing
(hence w = ©(logn) bits), and partly by the fact that
certain proof techniques work only when w = Q(logn).

In the word-RAM model, it is possible to compress
any sequence to its empirical entropy and still be able
to locally decode any message symbol in constant
time [13], [14]. Most approaches modify the Lempel-
Ziv class of algorithms to provide efficient local de-
codability [19], [20], [21]. Similar results also hold
for compression of correlated data [22], and efficient
recovery of short substrings of the message [23], [24],
[25], [19]. However, all of these schemes require the
local decoder to probe at least O(logn) compressed bits
to recover any source symbol.

In this work, the decoding cost is measured by the
number of compressed bits that need to be accessed
in order to recover a single source symbol, sometimes
referred to as the local decodability [26], or the bit-probe
complexity in the literature [27]].

The problem of locally decodable source coding of
random sequences was first studied by [28]], [26]. These
works showed that any compressor with d = 2 cannot
achieve a rate below the trivial rate log|X|, and any
linear source code that achieves d = ©(1) necessarily
operates at a trivial compression rate (R = 1 for
binary sources). Later, [11] showed that for any ¢ > 0,
rate H(X) + ¢ is achievable with local decodability
d = O(llogl). Moreover, for non-dyadic sources,
d = Q(log(l/e)) for any compression scheme that
achieves rate H (X )+e¢. Inspired by [11], a compressor of
Markov sources was given in [[12]] which achieves a rate-
locality tradeoff (R = H(X) +¢e,d = O(Zlogl). A

common feature of the code construction in both papers
is the use of the bitvector compressor of Buhrman et
al. [29]] which is based on a nonexplicit construction of
expander graphs.

All the above papers on the bit-probe model consider
fixed-length block coding. Variable-length source coding
was investigated by Pananjady and Courtade [30] who
gave upper and lower bounds on the achievable rate
for the compression of sparse sequences under local
decodability constraints.

The works [31]], [32] considered simultaneous local
decodability and update efficiency. In particular, [31]]
designed a compressor whose average-case local decod-
ability (defined as the expected number of bits that need
to be probed to recover any X;) and the average-case
update efficiency (the expected number of bits that need
to be read and written in order to update a single X;) both
scale as O (4 log 1). In fact, our scheme for distributed
compression with locality is inspired by the multilevel
compression scheme in [31]. The paper [32] designed a
compression scheme whose worst-case local decodabil-
ity and update efficiency scales as O(loglogn). More
recently, [33]], [34] implemented different versions of the
concatenation scheme and evaluated its performance on
practical datasets.

B. Paper organization

In Section [, we introduce notions of localities and
formally define the problem. In Section [[II, we present
our results. In Sections and we prove the
results, and in Section we discuss the extension
to more than two sources. In Section we draw
concluding remarks.

II. PRELIMINARIES AND PROBLEM STATEMENT
A. Distributed compression without locality

Let (X™,Y™) be n independent copies of a pair of
random variables (X,Y) ~ pxy defined over some
finite alphabet X' x ), with |X| > 2,|)| = 2. Without
loss of generality, we assume that X = {z : px(z) > 0}
and Y = {y : py(y) > 0}.

Sequences X" and Y™ represent two sources of
information separately encoded into binary codewords
C"F1 and C™R2 at rates Ry and Ra, respectively. Upon
receiving these codewords, a receiver outputs the sources
estimates (X", Y™) and makes an error with probability

P pr[(X™, 7)) = (X7, V™).

The rate region is the closure of the set of rate pairs
(Ry1, Ry) for which P, — 0 as n — oo, and is given by:



Theorem 1 (Slepian-Wolf, [35]], [36]). The rate region
of a source pxy is the set of pairs (R1, Ry) that satisfy
H(X|Y)
H(Y|X)
H(X,Y). (1

Ry
Ry
Ri+ Ry

\Y

VAR

Moreover, for any (R1, Rg) in the interior of the rate
region, and any € > 0, there exist a sequence of coding
schemes operating at rates at most R1 + € and Ro + ¢
such that

)

P Y Pr[(X", V") £ (X7, V)] < 27E)

where E is a constant that is specified by Ri, Rs
and PXYy.

B. Distributed compression with locality

1) Local decoder: Given encodings C™% and C"f2,
a local decoder takes as input 7 € [n][] probes/reads
a fixed set Z; of components from Ccnf gnd Oz
which we denote as Cz,, and outputs an estimate (X, ¥;)
of (X;,Y;). The worst-case local decodability and error
probability are defined as

& max d(i), )

1<i<n
.\ def
where d(i) = |Z;|, and

L) & max Pr((X;, i) # (X, Yi)]
1<isn

Note that Z; may contain different sets of components
from C™% and C™f2, but these components should be
chosen non-adaptively; conditioned on the index ¢, set
Z; should be independent of (X", Y™). Note also that a
sequence of d adaptive (random) queries takes at most
2¢ different ValuesE] Therefore, a lower bound on the
probability of error for locality-d nonadaptive decoders
(the main contribution of this paper), translates into a
lower bound for locality-log d adaptive decoders. Finally,
notice that even though Z; is non-adaptively chosen, it
could still be a random set, in which case d(i) is defined
as the essential supremum of |Z;|.

Remark 1. Note that the notation I; leaves out any
reference to the underlying sources. In particular, if both
sources X" and Y™ are compressed, then the set I; may

n] & {1,2,...,n}

2A sequence of d random adaptive queries can be represented as a
complete binary decision tree of depth d, where any node (including
the root and the leaves) is labelled with a codeword component
(among the n(R1 + R2) possible), and where each edge is labelled
0 or 1. Any instance of d adaptive queries describes one of the 2¢
path from the root to a leaf.

contain coordinates from both C™™ and C™F>, and if
only source X" is compressed, then the set I; contains
components from C™ only.

2) Strong vs. weak locality: A rate pair (Ry, Ra) is
said to be achievable with strong locality if

P — p(1) and d=O(1) as n— .

That is, by probing only a constant number (independent
of n) of symbols, the error probability of the local
decoder goes to zero as the blocklength increases. By
contrast, (R1, Re) is said to be achievable with weak
locality if

P — 5(1) and d=w(l) as n— 0.

Weak locality is always achievable through the con-
catenation scheme where source sequences X" and Y"
are decomposed into length b sequences

.\ def ib def
XP(j) = XU yper = (XGnpens X-vpats - Xjp)
.\ def ib def
Yb(]) = Y(]j_l)bH = (Y(jfl)bJrl’Y(jfl)b+1w--7ij)

for j = 1,2,... and each block (X°(5),Y"(j)) is
independently compressed using a Slepian-Wolf code
operating at the desired (Rj, R2). Given ¢ € [n], the
local decoder decodes block j = [i/b] (thereby reading
b(R; + R2) compressed bits), and outputs the estimates
of the i-th bit of X™ and Y. By letting d = b(R; + R3)
in Theorem [I] we get:

Corollary 1 (Concatenation). For any source pxy and
any (R1, R2) in the interior of the rate region (1), the
concatenation scheme achieves weak locality:

P(loc) < 2—9(::1) )

e

C. Statement of the problem

By contrast with weak locality, whether strong locality
is generally achievable is much less clear. In fact, it
is only recently that strong locality was shown to be
achievable for the single source setup at any lossless
compression rate R > H (X)) [[11], [12]. For the Slepian-
Wolf setup at hand, this result implies that strong locality
holds for any (R;, R2) such that Ry > H(X) and
Ry > H(Y). In this regime, sources can be encoded
using the single source strongly local codes of [[11], [12],
separately for source X" and source Y"—and ignore
dependency between X" and Y. Does this conclusion
extend to the regime where at least one of the sources
is encoded at a rate below its entropy?



III. MAIN RESULTS

Our main result answers the above question in the
negative: if the source is “confusable”, strong locality is
impossible whenever one of the sources is compressed
below its entropy.

Definition 1 (Source confusability). Source pxy is said
to be X-confusable if for every x1,x9 € X, there exists
y € Y such that pxy (z1ly) > 0 and px|y (v2y) > 0—
recall that py (y) > 0 for any y € Y, see Section

Any source with full support, ie., such that
pxy(z,y) > 0 for all (z,y) € X x Y, is both X'- and
Y-confusable. An example of an X’-confusable source
which does not have full support is pxy where py =
Bernoulli(p), 0 < p < 1, and where px|y is a Z channel
with crossover parameter 0 < £ < 1. Instead, if pxy
is the erasure channel, source pxy is not X’-confusable.
If X =Y = {0, 1}, source pxy is always X'-confusable
except if px|y is the noiseless channel.

Theorem 2. Suppose source pxy is X-confusable. Sup-
pose X" is encoded into codeword C™ with Ry <
H(X), and suppose the code has a local decoder with
worst-case local decodability d € [n]. Then

max PI‘[XZ(CL,YTL) # Xz] = 2_®(d),

1<i<n
where X’i(CL, Y™) denotes any estimator of source
symbol X; given observations Cz, and Y".

This result says that if the source is X'-confusable, then
strong locality is impossible whenever Ry < H(X); not
even the full cooperation of the Y-transmitter through
the uncompressed source Y™ allows to achieve strong
locality. A particular version of this theorem for dou-
bly symmetric sources, where px is the Bernoulli(1/2)
distribution and where py|x corresponds to a BSC(p)
for some crossover parameter 0 < p < 1/2, was proved
in [1]]. Finally note that for adaptive probing the lower
bound given in Theorem [2] becomes

max Pr[X;(Cz,,Y") # X;] = 2793,

1<isn
Hence, if the source is X'-confusable and if Ry < H(X)
strong locality cannot be achieved even under adaptive
probing. The X-confusability property turns out to be
necessary for Theorem [2] to hold:

Theorem 3. Suppose source pxy is not X-confusable.
Then, strong locality is achievable at some R1 < H(X)
and Ry = H(Y').

From Corollary (I} for any (R;,R2) in the interior
of the rate region the concatenation scheme achieves a
local error probability that decays as 279 and this

is order optimal by Theorem [2] for confusable sources.
However, note that the local decoding error-probability
of the concatenation scheme is tied to a specific value of
d which is equal to the sub-block length b. In particular,
if b = ©(1), then, because the concatenation scheme
encodes each sub-block independently, it is impossible
to recover (X, Y"™) with vanishing probability of error
as n grows, even after probing the entire compressed
sequences(!) To lower the error-probability, the parame-
ter b, hence the encoding procedure, should be modified
accordingly.

Our second contribution is a compression scheme
whose local decoder has an error probability that de-
creases as the number of probed symbols increases,
without changing the encoding. The performance of this
scheme is given in the following theorem:

Theorem 4. For any (Ri, R2) in the interior of the
rate region, there exists a rate (Ry, Ry) encoder and
a local decoder such that for every 1 > n > 92008
the local decoder achieves Pe(loc) < n while probing

d = poly(log(1/n)) bits.

Theorems and [ easily generalize to more than
two sources, see Section

Note: The present paper differs from the ISIT paper
[I] mainly in that it establishes the impossibility of
strong locality (Theorem [2) for the most general class
of sources (confusable sources), and not only for the
specific class of doubly symmetric binary sources. In
fact, the arguments used in [1] do not extend beyond
sources with full-support. The arguments used here are
not only more general, but also more direct than those in
[1]]. Theorem E] is new and [1]] contains mostly a sketch
of the proof of Theorem [ Theorems [5] [6] and [7] that
extend the above results to more than two sources (see
Section did not formally appear in [1]].

IV. PROOF OF THEOREM
A. Preliminaries

One key element in proving Theorem [2|is the follow-
ing coupling. Given px y define random variable X so
that

X-Y-X

forms a Markov chain and so that

Pxly = Pxjy-

Observe that if pxy is X'-confusable, then for any given
(z,7) € X x X there exists y, with py(y) > 0 (recall
that without loss of generality py (y) > 0 for any y € )),
such that

Px (@, Zy) = px)y (z[y)p gy (Z]y) > 0.



Hence, we have:

Lemma 1. If pxy is X-confusable, then p ¢ has full
support.

In turn, since distributions with full support (and finite
alphabet) are reverse hypercontractive [37, Theorem 1],
we get:

Lemma 2. If pxy is X-confusable then, for every
A, B c X", we have

Pr[X" € A X" ¢ B > (Pr{x" € A" (Pr[X" B])B

for some finite constants «, B.

The other key element in proving Theorem [2] is the
following general lemma:

Lemma 3. Fix source pxy. Suppose X" is encoded into
codeword C™ at some rate Ry > 0. Fix i € [n] and let
X;(Cz,,Y™) be an estimator of X; given Cz, and Y™.
Then, for any realization c of Cz,, we have:

Pr(X;(Cz,,Y") # X;,Cz, = ¢)
>Pr[X; =2,Cr, = ¢, X; # 7,07, = c]

where

7Y arg max Pr[X; = z|Cz, = ¢],
x

(3)
and where C~’L is obtained by encoding X" with the
same code as for X™.

The last ingredient for proving Theorem [2| is the fol-
lowing result which follows from a basic rate-distortion
argument:

Lemma 4. Suppose X" is encoded into codeword C™%
at some rate Ry < H(X). Suppose the code has a
local decoder with worst-case local decodability 4 =
maxi<i<n d(i) € [n]. Then, there exists a constant 6 > 0
that depends only on R (and px), an index i € [n], and

a realization c of Cz, such that
Pr[Xi(Cz,) # X;,Cr1, = ¢] = 6274

Lemmas [3] and [] are proved in Section

B. Proof of Theorem 2]
Suppose the source is confusable and suppose X" is

compressed at rate Ry < H(X). Using Lemma 3| then

*More precisely, « and 8 are in (1,00) (see [37]), but for our
purpose the values of « and 3 (as functions of p ) are irrelevant.

Lemma [2] we have that for some finite constants o and
B, any index i € [n], and any realization ¢ of Cz,

Pr(X X (C,,Y™) # X, C1, = ¢)
> (Pr[X; =2,C71, = ¢])®

where T is defined in (3).

As a last step, we now show that, for some index i €
[n] and some realization ¢ € {0,1}%("), each of the two
probability terms on the right-hand side of the inequality
@) is lower bounded by 2-9(@) By summing both sides
of inequality () over ¢’s, we then deduce that

Pr(X;(C,, Y™) # X;) = 2799

for some ¢ € [n], thereby completing the proof of
Theorem

Let us start with the second term. Since X" has the
same distribution as X", from Lemma [ there exist a
constant § > 0, an index 7 € [n], and a local codeword
c € {0,1}%®), with d(i) < d, such that

Pr[X; # 2,07, = ¢] = 627 = §|x| ¢ (5)
where the second inequality in (6) holds since |X'| > 2
(see Section [[I-A).
For the first term, note that
1
PI'[XZ = i’|CL = C] = m, (6)

for otherwise the probabilities would not sum to one.
From (5)) and (6) it then follows that

Pr[X; = 2,07, = ¢]

= Pr[ = z|C7, = c|Pr[Cz, = ¢]
—01&] 74
!?f \
> §|la|~4 L (7)
This establishes the desired claim. O

C. Proofs of Lemmas [3] and
Proof of Lemma 3} For any estimator X;(Cz,,Y™) of
X;, we have
Pr(X;(Cz,,Y") # X;, C1, = c)
> Pr(E(Cr,, Y") # E(X;), Cr, = ¢)
— ZPr (Cr.,Y™) # E(X;), C1, = c|]Y™ = y")
x Pr(Y"™ =y")

> Z Pr(Y" =
o



X min {Pr[Xi =z, O, = c|Y" =y"],

Pi[X; # 7, C7, = Y = y"]}, @®)

where E(Cz,,Y™) is an estimator of the binary random
variable F'(X;), defined to be equal to zero if X; = &
and one if X; # Z; and where the right-hand side of the
second inequality is the error probability of the optimal
(MAP) estimator X with the foreknowledge of Y.

By multiplying the minimum on the right-hand side
by the maximum of the same terms (which is at most
one), we get

Pr(Xi(CI“Yn) # X;, C1, =¢)
= ZPT(Y” — yn) (mln{} X max{-})
- ZPr(Y" — y"Pr[X; = 7,01, = ¢|Y" = ¢"]

x Pr[X; # z,Cz, = c|Y" =4"]
= > Pr(Y" = y")Pr[X; = Z,Cr, = ¢[Y" = "]

where the second equality holds since px|y = PRy
This yields the desired result.

Proof of Lemma 4] The converse to Shannon’s lossy
source coding theorem implies that if R < H(X), then
there exists a § = §(R) > 0 such that

EdH(Xn,Xn) = Z PI‘[XZ‘(CL.) #* Xl] =nd
i=1

where dp (X ”,):( ™) denotes the Hamming distance be-
tween X" and X". Hence,

for at least one index i € [n].
Expanding the right-hand side and assuming a worst-
case local decodability of d € [n], we have

6 < Pr[X(Cr) # Xi]

= ) PiXi(Cr) # X;,Cr, = ]
ce{0,1}4)
<2¢ max Pr[X;(Cz) # X;i,Cr, = ]
ce{0,1}40) ’

which concludes the proof. 0

V. PROOF OF THEOREM [3]

If pxy is not X'-confusable, then there exists x1, xo €
X such that, for any y € ), either pxy (z1,y) > 0 or
pxy (x2,y) > 0 (recall that without loss of generality
py(y) > 0 for any y € )). Therefore, conditioned on
X € {x1,x2}, the knowledge of Y reveals X.

Let X ={1,2,...,|X|}, and suppose without loss of
generality that (x1,z2) = (1,2). Define the new source
U™ over the reduced alphabet {2,3,...,|X]|} as

2
- |
X;

Clearly, H(U) < H(X) and (U,Y’) determines (X,Y).
We can therefore compress U™ and Y™ independently at
rates Ry = H(U) < H(X) and Ry = H(Y') using the
compressors of [[12], [[11]] to achieve strong locality.

if X; e {1,2}
if X; # {1,2}.

VI. PROOF OF THEOREM M4l

We want a scheme that achieves the following: For
any fixed § > 0 and (R;, R2) within the Slepian-Wolf
rate region,

« The sequences (X™,Y™) are independently com-
pressed to rates (R; + J, Ry + 0) respectively.

eFor any i € [n] and 1 > g > 272007
specified at the receiver, the local decoder
probes poly(log(1/n)) compressed bits, and outputs
(X;,Y;) which satisfies

P = Pr{(X,, Vi) # (X:,Yi)] <.

Our coding scheme is inspired by that in [31], and is
a hierarchical compression scheme. The compressed bits
consist of various blocks that are spread across multiple
“levels” 1 < ¢ < /lpax. The compressed bits at level
£ = 0 is obtained by applying the concatenation scheme
defined in Section with b = O(1). This guarantees
that any pair of source symbols can be recovered with
2-9() = O(1) probability of error. The compressed bits
at higher levels £ > 1 can be viewed as additional refine-
ment bits that are probed only when we desire a lower
probability of error. By probing blocks corresponding
to higher levels, we obtain a more reliable estimate of
(X, Y;). The compressed blocks at level ¢ are obtained
by using a random binning scheme applied to blocks of
size ny, where ny is growing superexponentially with
{. However, the rates for higher levels is chosen to
decay exponentially with ¢. The key challenge is to
choose the parameters carefully so that the additional
bits corresponding to higher levels provide a negligible
contribution to the overall compression rates.



1) Parameters: We choos a sufficiently small g >
0, positive integers
by = no

©)
which are constants independent of n, and
k[()l) = [(Rl + 60)[)0] and k(()Q) = [(RQ + 51)b1] (10)

such that the probability of error of a Slepian-Wolf code
for sequences of length by satisfies

PI‘[(XbU,YbU) + (Xbovybo)] < 2—560170 <d

where 8 > 0 depends on pxy, Ry, Rz only and 0 < ¢’ <

1 is a parameter that determines an upper bound on the

probability of local decoding error that can be achieved.
For each £ = 1,2, ..., fyax, define

er =e0-1/2 = €0/2"
by = 16by_1 = 16°by
neg = byng_1 = 4£(£+1)b€+1
b 2¢
kél) = g/My (ﬁ + |X| + - log 6)
Ny &0

b e2t
kY = eeng (ﬁ + [V + = log )
Ny €0

2) Codes for various levels: At the heart of our
construction is a multilevel random binning argument
that can be described by a sequence of random codes
Co,C1,...,Cy,,..-

The code C, at level ¢ consists of two encoders
Py : XM — {0, l}kél) and ¥, : Y™ — {0, 1}’“22), where
k:él) and k‘éz) are as defined previously. For each z™ €
™, we assign a codeword ®(z"*) drawn uniformly at
random from {0, l}kél). Similarly, for each y™ € Y™,
we assign a codeword Wy(y™) drawn uniformly at
random from 071}@2" For any uk e {0,1}’“21) and
ok e {0, 1}@2 , we have Pr[®,(z") = ukél)] = ok
and Pr[®,(z™) = ka)] = 275" The codes are known
to the decoder and the respective encoders.

3) Encoder: We now describe the encoding of the
sequences X" and Y. Let us suppose that user 1 has
X™ and user 2 has Y.

The codeword generated by each user comprises of
various blocks spread over multiple levels, and the
encoding is done independently at each level. Consider
any level 0 < ¢ < fnx. Each user partitions its source
sequence into blocks of my, symbols each. For ¢ =

an

1,2,...,n/ny, define the ith (source) block at level £ to
be X" (¢,i) = X(T_ZI)WH, and Y™ (¢,7) = Y™

(z—l)n[-i-l'

“Since we only aim to get order-optimal results, we have not
attempted to optimize over the various parameters.

Let Uk (¢,4) = ®,(X™ (£,4)) be the i’th level-¢ code-
word for user 1, and k' (0,1) = Wy(Y™(L,i)) be the
1’th level-¢ codeword for user 2.

The codeword for X™ is obtained by taking the
concatenation of all level ¢ codewords for 0 < ¢ < fppax.
This is equal to (U (€,4) 1 0 < £ <4,1 <i < n/ny).
Similarly, the codeword for Y is equal to (ka(JZ) (4,1)
0</<i,1<i<n/ng).

An illustration of the encoding process is provided
in Fig. [I} The level-0 codewords correspond to the
concatenation scheme, and most of the entropy of the
compressed sequence lies in the level-0 codewords. The
level £ > 1 codewords give extra information that allow
us to reduce the probability of local decoding error.
The rates kél) /ng and kf) /nyg are exponentially decaying
functions of ¢, and the overall sum rates of all the level
£=1,2,... fmax codewords is negligible.

4) Local decoder: The local decoder takes two pa-
rameters as input: a location ¢ € [n], and ¢4 €
{0,1,2,...,lmax}. The first parameter specifies which
(X;,Y;) the decoder wishes to recover. The second
parameter specifies the number of bits to probe (which
decides the probability of error). For a specified ¢4, the
local decoder probes 20(55_) compressed bits, and the
probability of error is 2_20(@. This statement will be
made more precise shortly.

The decoder works by probing compressed bits up to
level ¢, as follows:

o The decoder first finds which level-¢; chunk the
desired location ¢ lies in. In other words, it sets

i¢g, = [i/ng,]. Tt then reads all the compressed
chunks up to level ¢, corresponding to the symbols
Zdngd
(id—l)’l’bgd-'rl'

« The decoder now iteratively improves its estimate
by processing the compressed bits from level O to
level ¢, as follows:

— At level 0, the decoder uses the Slepian-
Wolf decoder to obtain the Ilevel-0 esti-

mates of X 7" . Call this estimate as
(’Ld—l)nzd-'r].

Xzzdnjdl)nzd +1 (0)

— For all subsequent levels ¢ € {1,2,...,44},
the decoder does the following. Suppose
that for some ¢, we want to estimate
(X™(€,1),Y™(¢,i)) assuming that we already
have the level ¢ — 1 estimateﬂ The decoder
outputs (X™(£,4), Y™ (0,3)) = (z",y™) if
(™, y™) is the unique pair of sequences which
match Ukél)(& i),ka)(Z, i) and also match at

The level £—1 estimate is obtained by decoding all the compressed

bits up to level £ — 1 corresponding to (XZ?fl)WH, Y(ifiﬂ)wﬂ).
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Fig. 1: A depiction of the encoding structure for user 1. For ease of illustration, we have chosen £, = 2, by = 4b1,
and b; = 2by. To obtain the codewords at level ¢, the source X" is partitioned into blocks of n, symbols each, and

the j’th level-¢ codeword U’“él)(é7 7)
0=0,1,...,

X"™(0,2). The local decoder may choose to probe U kg (0,

= ®y(X"™(¢,7)). The overall codeword is the concatenation of all the level
£max codewords. A similar encoding process is performed by user 2 but using W,. Consider decoding

2), vk (0,2) and use the standard Slepian-Wolf (joint

typicality) decoder. If a lower probability of error is required, then it additionally probes U ki (£,0), vk (¢,b) for
£ =1, or { = 1,2 depending on the target probability of error. The additional bits are then used to refine the

estimate of X™°(0,2).

least (1 — e¢)by of the level-(¢ — 1) estimated
blocks. If there is no such unique sequence, then
the level-¢ decoder outputs the zero sequence.
In Lemma [5] we derive an upper bound on the
local decodability. We then derive an upper bound on
the probability of local decoding error in Lemma [6
Combining the two gives us Theorem [4]

Lemma 5. For any given parameters (i,{;), the number
of bits probed by the local decoder is

d(fd) < bgd+14€d(£d+1)(Rl + Ry + %80) < 272@3

constant
while o

that only depends
may depend on

where v, is a
on pxy, R, Ry,
pxy, Ri, Ra, €0, bo.
Proof. The total number of compressed bits probed is
equal to

éd
dlta) = Y e (k) +
=0 "™
< ng,(R1 + R2 + 72¢0)

_ b€d+14£d(€d+1)(R1 + Ro + 71€0)

k)

where 7 is a constant that only depends on pxy, R, Ra.
]

Lemma 6. For any given parameters (i,{;), the proba-
bility of error of decoding X™a,Y ™a after decoding up
to level (g is upper bounded as follows

Plta) < 9=Bleobo)*+12% _ g—2000xdta)
e == -
Proof. We will derive the bound by obtaining an upper

bound on Pe(l) 1). For ¢ = 0, we know
that

in terms of Pe(éf
Pe(O) < 2—5€0b0

for a suitable constant 5 > 0.
For decoding at level ¢ > 1, there are two possible
error events:

1) Event & : More than eyb; blocks were decoded
incorrectly at level £ — 1

2) Event &: There is an incorrect pair of sequences
(Z™, ™) that has the same level-¢ hash/codeword
as the true sequence and matches the (¢ — 1)-level
decoded sequence on at least (1 — ey)by blocks.



The overall probability of error is then
PO < Pr[&1] + Pr[&)E5).

We will bound the two terms separately. For the first
term, observe that

b (-1)\ ="
Pr[gl] S (€gbg> (Pe )

eplN
<
)

62_5(501)0)42“*1)2 €obo8*
<
( go/2¢ )

where in the 1§st step, we have assumed that Pe(z_l) <
9~ B(e0bo) 2077 Rewriting the right-hand side, we get

Pr[&1] < exp, <_ ﬂ(50b0)£+12£2+£+1

2Z
+ 60b08£ log <€> )
€0

Since g¢bg is large enough, the absolute value of the first
term in the exponent is at least twice that of the second.
Therefore,

2_5(50(70)“12/32

Pr[&] < expy (—5(€ob0)e+12z2+z) < 5

(12)

To compute the probability of the second error event,
let us define €' (resp. £F) to be the event that there is
an incorrect sequences 2™ (resp. ")) that has the same
hash as the true sequence and matches the (¢ — 1)-level
decoded sequence on at least (1 —¢cy)by blocks. We have,

C b[ My oy— (1)
Pr[&3'|€5] < (8@@) | |Eemeg ke

e\ 5o &)
e ’)(‘8””2_]%
Er

Substituting for kél) in the above and simplifying, we
get

N

2—[)’(601)0)“12(2

Pr[&5|&5] < 27 P < 1 (13)
Similarly,
2_6(80b0)e+1212
Pr[&8|gf] < 27 Peme < (14)

4
Combining (12, and (14), we get
PO < Prl&y] + Pr[&3'[&F] + Pr[€7|E7]

< Q_ﬁ(€0b0)£+1222
~

i

which completes the proof. 0

VII. EXTENSION TO k£ > 2 SOURCES

We first extend Theorem [2| to a k-source distribution
Px,,..x, defined over alphabet X7 x --- x A},. Let the
source be Xj-confusable if for every z1,x) € X, there
exist (z2,3,...,xx) for which px,  x,(z1,...,25) >
0 and px,,  x,(z},...,25) > 0. Observe that this
condition holds if and only if for every z1,2) € A%,
there exist an index ¢ > 2 and z; € A; for which
px,x,(x1,2;) > 0 and pyx, x, (2}, z;) > 0. Now if we
repeat the same line of arguments as for the proof of
Theorem [2| but with the side information Y™ replaced
by all sources except X7, that is XJ',..., X}, we get:

Theorem 5 (Confusable, & > 2 sources). Suppose
source px, .. x, is Xi-confusable. If X7' is compressed
at rate Ry < H(X3), then

max PI‘[XM(CIM (X{L), X%L, .

1<isn

7XI?) # Xlz] = 276((1)7

where X1;(Cz,, (X7), X%, .. , X}!) is any estimator of
the i-th symbol of source X{' given at most d components
Cr,,(XT) of C'(X7) and (X§,..., X}).

Similarly, Theorem [3] immediately generalizes to

Theorem 6 (Non-confusable, & > 2 sources ). Suppose
source px, ... x, is not X1-confusable. Then, it is possible
to achieve strong locality at some Ry < H(X;) and
R, = H(XZ), i€ {2,,]{5}

The coding scheme of Section [V]] easily extends to
more than two sources, with the same encoding scheme
for each source, and an identical local decoder:

Theorem 7 (Hierarchical coding scheme, k£ > 2
sources). For any (Ri,Rs,...,Ry) in the interior
of the Slepian-Wolf rate region, there exists a rate
(R1, Ra, ..., Ry) distributed compression scheme such
that for every 1 > n > 227" the local decoder
achieves d = poly(log(1/n)) and P9 < n

VIII. CONCLUDING REMARKS

In contrast with the single source set up, we showed
that for multiple sources lossless compression and strong
locality can generally not be accommodated. For the
broad class of confusable sources, for strong locality to
hold all sources must be compressed at rates above their
respective entropies. On the other hand, if the distribution
is not confusable, an arguably peculiar situation, strong
locality may hold even if compression rates are below
individual entropies. For this case, the characterization of
all rate pairs for which strong locality can be achieved
remains an open problem.



Our compression scheme is able to achieve d =
poly(log(1/n)) for any target probability of local de-
coding error 7 specified at the decoder. Note that from

our

lower bound, d Q(log(1/n)) and our scheme

is suboptimal by a polynomial factor. Designing an
improved scheme that achieves this lower bound is left
as future work.

In this paper, we only considered the problem of
local decodability in the context of distributed com-
pression. One may also require provisioning of local
substitutions/insertions/deletions of source symbols in
the compressed domain. This is an interesting problem
that warrants more attention.
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