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Functional Covering of Point Processes

Nirmal V. Shende and Aaron B. Wagner

Abstract

We introduce a new distortion measure for point processes called functional-covering distortion. It
is inspired by intensity theory and is related to both the covering of point processes and logarithmic-
loss distortion. We obtain the distortion-rate function with feedforward under this distortion measure
for a large class of point processes. For Poisson processes, the rate-distortion function is obtained
under a general condition called constrained functional-covering distortion, of which both covering and
functional-covering are special cases. Also for Poisson processes, we characterize the rate-distortion

region for a two-encoder CEO problem and show that feedforward does not enlarge this region.

I. INTRODUCTION

The classical theory of compression [2]] focuses on discrete-time, sequential sources. The
theory is thus well-suited to text, audio, speech, genomic data, and the like. Continuous-time
signals are typically handled by reducing to discrete-time via projection onto a countable basis.
Multi-dimensional extensions enable application to images and video.

Point processes model a distinct data type that appears in diverse domains such as neuro-
science [3]—[8]], communication networks [9]-[11], imaging [12], [13]], blockchains [14]—[17],
and photonics [18]—[22]. Formally, a point process can be viewed as a random counting measure
on some space of interest [23], or if the space is a real line, a random counting function; we
shall adopt the latter view. Informally, it may be viewed as simply a random collection of points

representing epochs in time or points in space.
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Compression of point processes emerges naturally in several of the above domains. Sub-
cranial implants need to communicate the timing of neural firings to a monitoring station over
a wireless link that is low-rate because it must traverse the skull [24], [25]. In network flow
correlation analysis, one cross-correlates packet timings from different links in the network [/11]];
this requires communication of the packet timings from one place to another. Compressing point
process realizations in 2-D (also known as point clouds) arises in computer vision [26]—[28]],
and so on.

Various specialized approaches have been developed for compressing point processes, and in
particular for measuring distortion. One natural approach is for the compressed representation
to be itself a point-process realization. In this case, the distortion can be the sum of the absolute
value of the differences between the actual and reconstructed epochs, with the constraint that the
two processes must have the same number of points. For the Poisson point process, Gallager [29]
obtained a lower bound on the rate-distortion function by insisting on the causal reconstruction
of the points but allowing for their reorder. Bedekar [30]] determined the rate-distortion function
with the additional constraint of exact orders of epochs in reconstruction. Verdud [31]] allowed the
reconstruction to be non-causal. Coleman et al. [32] introduced the queueing distortion function,
where the reproduced epochs lead the actual epochs. Rubin [33]] used the L, distance between
the counting functions as a distortion measure. In a more general setting, Koliander et al. [34]
gave upper and lower bounds on the rate-distortion function under a more generic distortion
defined between pair of point processes.

Most relevant to the present paper, Lapidoth et al. [35] introduced a covering distortion
measure, where the reconstruction of a point process on [0,77] is a subset Y of [0,7] that
must contain all the points, and the distortion is the Lebesgue measure of the covering set (see
also Shen et al. [36]).

If we encode the subset Y as an indicator function

1 ifteY
Y, =

0 otherwise,

then Y; = 0 guarantees that no point occurred at time ¢, while Y; = 1 indicates that a point may
occur at t. More generally, Y; could encode the relative belief that there is a point at ¢. Inspired

by this observation, and the notion of logarithmic-loss distortion [37]], [38]], we consider the



following formulation. For a realization of a counting (or point) process y¢ = (y; : t € [0,7T])
(i.e., y; is integer-valued, non-decreasing, and has unit jumps) and a non-negative reconstruction

yd, we define the functional-covering distortion as

T
d(ie,ys) = / Gp dt — log(y;) dys. (1)
0

This is related to the covering distortion measure in the following sense. If we impose that
9 € {0, 1}, then (1) reduces to the covering distortion measure. Yet it is natural to consider the
distortion in (IJ) without such a restriction, or with a more general set of allowable values for
9;. In fact, there are advantages to not restricting ¢ to the set {0, 1}. Consider a remote source
setting where the encoder cannot access the point-process source directly, but instead observes
a thinned version where some of the points in the source point process are deleted randomly.
Then, in case of the covering distortion the reconstruction can only be the entire interval [0, 7]
(i.e. gy = 1,t € [0, T]). On the other hand, under functional covering distortion the problem has
a nontrivial solution.

The relation functional covering distortion measure to logarithmic-loss is as follows. If we
constrain 41 to be bounded, then we can use a Girsanov-type transformation [39, Chapter VI,
Theorems T2-T4] to define a probability measure on the set of all counting processes using 41,
and the distortion can be defined as the expectation of the negative logarithm of the Radon-
Nikodym derivative between this probability measure and an appropriately chosen reference
measure, evaluated at the source realization, which is equivalent to (]I[) However, we will allow
94" to be unbounded but integrable E| fOT Y, dt] < co.

The relation to intensity theory is as follows. Heuristically, given a random variable M, the
intensity of a point process represented by a counting function Y is a non-negative process 'l
such that P(Y;, o — Y, = 1|M,Y{) ~ I';A (see Definition [2| for the precise statement). From ,
we expect any optimal YOT (in the rate-distortion trade-off sense) to be related to the intensity
of YOT. In fact, we will see in the proof of Theorem [ that an optimal reconstruction YOT is the
intensity of Y, given the encoder’s output.

Beyond the introduction of the functional covering distortion measure and the accompanying
coding theorems, the paper provides a collection of results for the information-theoretic analysis
of point processes, which may be of independent use. One such contribution is Theorem [} where

we derive the mutual information between point-processes with intensities and arbitrary random



variables. This is the most general expression available for mutual informations involving point
process with intensities. Theorem [I] subsumes the existing formulae for mutual informations
involving doubly stochastic Poisson processes [40]—[42] and queuing processes [43] as special
cases. The other theorems proved in this paper are: we obtain the rate-distortion trade-off with
feedforward for the functional-covering distortion measure for point processes which admit
intensities (see Theorem [M)). For Poisson processes, we obtain the rate-distortion region when
the reconstruction function ¢ is constrained to take value in a subset of reals (Theorem . The
covering distortion in [35, Theorem 1] is a special case of this constrained functional-covering
distortion, hence the rate-distortion function in [35] can be obtained as the special case of this
theorem. We characterize the rate-distortion region for a two-encoder Poisson CEO problem (see
Figure [I) under functional-covering distortion in Theorem [6] To prove the converse of the CEO
problem, we derive a strong data processing inequality for Poisson processes under superposition
(see Theorem [2), which complements the strong data processing inequality for Poisson processes
under thinning due to Wang [44]. We also provide a self-contained proof of Wang’s theorem
in Theorem [3] The solution to the CEO problem gives the rate-distortion trade-off for remote

Poisson sources as an immediate corollary.

II. PRELIMINARIES

We will consider a probability space (2, F, P) on which all stochastic processes considered
here are defined. For a finite 7" > 0, let (F; : t € [0,7]) be an increasing family of o-fields
with Fr € F. We will assume that the given filtration (F; : t € [0,T]), P, and F satisfy
the “usual conditions” [39, Chapter III, p. 75]: F is complete with respect to P, F; is right
continuous, and F, contains all the P-null sets of F;. Stochastic processes are denoted as
YT = {Y;:0 <t < T} The process X is said to be adapted to the history (F; : t € [0,T])
if X; is JF; measurable for all ¢ € [0,7]. The internal history recorded by the process X! is
denoted by F¥ = (0(X,) : s € [0,1]), where o(A) denotes the o-field generated by A.

A process X{ is called (F; : t € [0,T])-predictable if X is F, measurable and the mapping
(t,w) = Xi(w) defined from (0,7) x Q into R (the set of real numbers) is measurable with

respect to the o-field over (0,7") x 2 generated by rectangles of the form

(s,t] x A; 0<s<t<T, AelF.,. 2)



For two measurable spaces (2, F;) and ({2, F3), the product space is denoted by (€2 X Qy, F1®
F3). We say that A = B = C forms a Markov chain under measure P if A and C are
conditionally independent given B under P. P < () denotes that the probability measure P is
absolutely continuous with respect to the measure ). 1{E} denotes the indicator function for
an event E. log(x) is the natural logarithm of z. (x)* and (x)~ denote the positive (max(x,0))
and the negative part (— min(x,0)) of = respectively. [z] denotes the ceiling of z. Throughout
this paper we will adopt the convention that 0log(0) = 0, exp(log(0)) = 0, and 0° = 1.

Definition 1: ¢(x) = xlog(z) with convention that 0log(0) = 0.
We note that ¢(x) is convex.

We will use the following form of Jensen’s inequality [45, Theorem 7.9, p. 149] and [45,
Theorem 8.20, p. 177].

Lemma 1: If f(x) is a convex function and E|X| < oo then E[f(X)] exists and for any two
o-fields A and B,

E[f(X)] = E[f(E[X]A, B])] > E[f(E[X|A])] > f(E[X]).

We now recall the definition of mutual information for general ensembles and its properties.
Let A, B, and C' be measurable mappings defined on a given probability space (2, F, P),
taking values in (A,F4), (B,§7), and (C,F°) respectively. Consider partitions of Q, Q4 =
{8;;1 <i< Ny} Co(A) and Qp = {B;,1 <j < N} C o(B). Wyner defined the conditional
mutual information /(A; B|C') as [46]

Na,Np

P(Ai>B"C)
I(A;B|C)= sup E PAi,B~Clog( . )
(ABIC) = sup B | 2 POBIOo8 | 310 pig 0

: 3)

ij=1,1
where the supremum is over all such partitions of 2. Wyner showed that /(A; B|C) > 0 with
equality if and only if A = C' & B forms a Markov chain [46, Lemma 3.1], and that (what is

generally referred to as) Kolmogrov’s formula holds [46, Lemma 3.2]
I(A,C;B) =1(A; B) + 1(C; BJA). 4)

Hence if I(A; B) < oo, then I(C; B|A) = I(A, C; B) —I(A; B). The data processing inequality
can be obtained from (4) as well: if A = C' = B forms a Markov chain, then /(4; B) < I(C; B).
Denote by P45, the joint distribution of A and B on the space (A x B,34 ®@ &%), i.e.,

PAB(dA x dB) = P((A™Y(dA), B"Y(dB)), dA e F*,dB e "



Similarly, P and P? denote the marginal distributions. Gelfand and Yaglom [47] proved that
if P4 < P4 x PP, then the mutual information /(A; B) (defined via (3) by taking o(C) to

be the trivial o-field) can be computed as:

I(A;B)=E {log (Cl(]ilp—jj;)ﬂ : ®)

A sufficient condition for P48 < P4 x PP is that I(A; B) < oo [48, Lemma 5.2.3, p. 92]. We
will also require the following result [46, Lemma 2.1]:

Lemma 2 (Wyner’s Lemma): If M is a finite alphabet random variable, then
[(M;Uy) = H(M) —E [H(M|U7)]
where

H(M|UG) =~ ) P(M =m|Uj)log (P(M =m|Uy))

m

and H (M) is the entropy of M.

III. POINT PROCESSES, INTENSITIES, AND MUTUAL INFORMATION

Let ] denote the set of counting realizations (or point-process realizations) on [0, 7], i.e.,
if NJ' € N{, then for t € [0,T], N; € N (the set of non-negative integers), is right continuous,
and has unit increasing jumps with Ny = 0. Let " be the restriction of the o-field generated
by the Skorohod topology on D0, 1] to N{ .

Definition 2: 1If N[ is a counting process adapted to the history (F; : ¢ € [0,7]), then NI
is said to have (P, F; : t € [0,T))-intensity T} = (T : t € [0,T]), where I'} is a non-negative
measurable process if

o Il is (F; : t € [0, T))-predictable,

. fOT I, dt < oo, P-as.,

« and for all non-negative (F; : t € [0, 7T])-predictable processes CJ

E [/OTOSdNS} =E UOTCSFSds]

When it is clear from the context, we will drop the probability measure P from the notation

and say NJ has (F; : t € [0,T])-intensity I'J.

I'The limits of the Lebesgue-Stieltjes integral fab should be interpreted as || (@b’



Definition 3: A point process Y is said to be Poisson process with rate ) if its (F) : t €
0, T])-intensity is (A : ¢ € [0,T]).
The above definition can be shown to imply the usual definition of Poisson process [39, Theorem
T4, Chapter II, p. 25] and vice versa [39, Section 2, Chapter II, p. 23].
Definition 4: P, " denotes the distribution of a point process Y (on the space (N7 ,TV))
under which Yy is a Poisson process with unit rate.
A point processes with stochastic intensity and a Poisson process with unit rate are linked via
the following result.
Lemma 3: Let PY' be the distribution of a point process Y" such that PY < POY " Then
there exists a non-negative predictable process Al such that
dpPYo T
— = €exp </ log(Ay) dY; — Ay + 1 dt) .
dF,° 0
Moreover, the (PY0 , (F) : t € [0,T]))-intensity of Y7 is AZ. Conversely, if the (PY0 , FY
t € [0,T])-intensity of Y is I{ and E [fOT |p(Ly)| dt] < oo, then P < POYOT, and the

corresponding Radon-Nikodym derivative is given by the above expression, where

T T
EPYOT |:/0 ’Ft - At‘ dt:| - O, EPY(;T |:/0 1{Ft 7é At} dY;:| - 0

In the latter case,

dpYo r
E .r |l =FE ,r rphy—-r 1dt|.
ot e (425)] s [ o510
Proof: Please see the supplementary material. [ ]

The following theorem allows us to express the mutual information involving a point processes
with intensity and other random variables in terms of the intensity functions. The proof of the
theorem is similar to the proof of Theorem 1 in [42].

Theorem 1: Let Y be a point process with (F, : ¢ € [0,T])-intensity Al such that

B[ l6(h)| ] < o

and let M be a measurable mapping on the given probability space satisfying I(M;Y{) < oo.
Then there exists a process I'y such that I'J is the (G, = o(M,Y{) : t € [0,T]) intensity of Y

and

rony) -z ") — oA de]



Proof: Let PMY3" denote the joint distribution of M and Y7, and P™ and P¥o denote their
marginals, respectively. Since I(M;Y[') < oo, we get that P20 <« PM x PY0' [48, Lemma
5.2.3, p. 92]. Lemma (3| says that PY <« Pg/ OT, which together with [49, Chapter 1, Exercise
19, p. 22] gives PMY < PM x PY§ « PM x PV

Let PMYo" £ pM PS/OT and

dpMYY
= —=—7 (6)
dPM.Ys

denote the Radon-Nikodym derivative. Since under pM 7Y0T, M and YOT are independent, we note
that the (P, (G, : t € [0,T]))-intensity of Y is 1 [39, E5 Exercise, Chapter II, p. 28].

Define the process L as

Lt = E}S[‘C’gt]a S [O7T]7 (7)
where E 5 denotes that the conditional expectation is taken with respect to the measure PMYY
Then LT is a (PMYo' G,) non-negative absolutely-integrable martingale.

By the martingale representation theorem, the process L! can be written as [39, Chapter III,

Theorem T17, p. 76] (where we have taken (M) to be the “germ o-field”):
t
L—1 +/ K.(dY. — ds).
0

where K[ is a (G; : t € [0, T])-predictable process which satisfies fOT || dt < oo PMY0 -as.

Applying [50, Lemma 19.5, p. 315], we can write L} as
t
L, = exp (/ log(Ts) dYs + (1 — T) ds) . telo,T), ®)
0

where T is a non-negative (G, : t € [0, T])-predictable process, and T'; < co PMY0 -as. for
t € [0,T].
Now we can mimic the proof of [39, Chapter VI, Theorems T3, p. 166] to deduce:

Lemma 4: For all non-negative (G, : t € [0, T)-predictable processes CZ

T T
0 0

where the expectation is taken with respect to measure P.
Proof: Please see the supplementary material. [ ]

Taking C; = 1 in the above equality yields

o[ ][ o] o]

< 00. )




9

Hence fOT I, dt < co P-as. and we conclude that the (PMYo' G, : t € [0, T])-intensity of Y,

is 'L
Now we will use:
Lemma 5:
T T
E [/ log(Ft)dY;] =E [/ ¢(Ft)dt} . (10)
0 0
Proof: Please see the supplementary material. [ ]
T
Since E [log (233 )| is well-defined, (@) , and (8) yields
dPMNG
) = E [log(Lr)]
(1D

b (W

_E {/OT log(T') dY; + (1 — ) dt]

~E {/OTgb(Ft)dt} +E UOTu—At)dt],

S| and B[y T at] =B [ A dt] < oo from (9

where in the last line we have used Lemma
(12)

d(PM x PY7\ ]
(PM x ) :E

Also,
E |log < MY

@ T
=K d(A) +1— Ay dt

0
< 00,
where we have used Lemma [3] for (a). Using the above inequality and the fact that
dPMANG

is well-defined, we can express the mutual information as
i dPMY{
lo
S\ apv < P

[ [apMaT
=E |log = OT
dPM:No

I(M:Y]) =E

(13)
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Now we can compute the mutual information from (TT), (12)), and (T3),

IMLY?):E:AT¢@Qﬁ]+E{AZl—Agﬁ]—E[ATMAQﬁ}—EléTl—Aﬂﬂ

:E;ATﬂFgﬁ]—E{ATMAQﬁ}

=E /OT o(I'e) — o(Ay) dt} :

|

We shall require several strong data processing inequalities, for which purpose we now derive

some ancillary results regarding the intensity of a point process. Combining [39, T8 Theorem,

Chapter II, p. 27] and [39, T9 Theorem, Chapter II, p. 28], we can conclude the following result.
Lemma 6: Let Tl be a (F; : t € [0, T)])-predictable non-negative process satisfying

T
/Ftdt<oo a.s.
0

Let Y be a point process adapted to (F; : ¢ € [0,7]). Then I'J is the (F; : ¢ € [0, T)])-intensity
of Yy if and only if
t
Méﬁ—/FMstEMﬂ
0

is a (F; : t € [0,7])-local martingalef}
If we impose the stricter condition of finite expectation [E| fOT I'; dt] < oo, the local martingale
condition in the above statement can be replaced by the martingale condition.

Lemma 7: Let Tl be a (F; : t € [0, T))-predictable non-negative process satisfying

T
E{/ Iy dt
0

Let Y, be a point process adapted to (F; : t € [0,7]). Then I'J is the (F; : ¢t € [0, T])-intensity
of Y if and only if

< 0Q.

t
Aﬂéﬁ—/FdsteMﬂ
0

is a (F; : t € [0, T])-martingale.

Proof: Please see the supplementary material. [ ]

2A process Y is called a local martingale with respect to a filtration (F; : t > 0) if Y; is F;-measurable for each ¢t € [0, T
and there exists an increasing sequence of stopping times 7, such that 7;, — oo and the stopped and shifted processes

(Ymingt,1,,y — Yo : t € [0,TY]) are (F; : ¢ € [0, T])-martingales for each n.
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Lemma 8: If a point process NJ has (F, : t € [0,7))-intensity AJ, and (G, : t € [0,7T7]) is
another history for N such that G; C F; for each ¢ € [0, 7], then there exists a process IIJ
such that IT{' is the (G; : ¢ € [0,T])-intensity of NJ, and for each t € [0,T], IT; = E[A;|G;_]
P-as.

Proof: Please see the supplementary material. [ ]

Lemma 9: Let Yy be a point process with (G, = o(M,Y{) : t € [0,T)])-intensity I'?' for some
M. Let Z!' be obtained adding an independent (of both M and Y{') point process NI with
(FN :t € [0,T])-intensity IIZ to YI. Then Z{ has a (F;, £ o(M, Zt) : t € [0, T])-intensity OF
which satisfies ©; = E[(I'; + II;)|F;_] P-a.s. for each t € [0, 7.

Proof: Please see the supplementary material. [ ]

Theorem 2: Let Yy be a Poisson process with rate A, M be such that (M;Y) < oo, and ']
be the (o(M; YY) : t € [0, T))-intensity of Y. Suppose Z{ is obtained by adding an independent
(of Y, and M) Poisson process with rate y to Y . Then,

8 =8| o110,

I(M;ZOT)SE[/O T+ 1) = 90+ ) .

Proof: Since M = Y = ZI forms a Markov chain, the data processing inequality gives

I(M; Z8) < I(M;Yl) < co. Applying Theorem |1 I and using the uniqueness of intensities,

I(M;Y]) = [/qsrt ] and

10:2§) & | / o)~ ot (14)

where I'7 and ! are the (o(M; Z%) : t € [0,T]) and (FZ : t € [0, T))-intensities of ZI. Due to
the uniqueness of the intensities and Lemma@ we get for each ¢ € [0, T], Ty = E[T|M, Zt ]+ 4,

and \; = \ + (. Substituting this in l.h and applying Jensen’s inequality yields

I(M; Z}) = U HE[T M, Z{ ]+ p) — ¢(A+u)dt],

_EU OT 1) = 90+ ) .

|
Definition 5: A point process Z{ is said to be obtained from p-thinning of a point process Y/,

if each point in Y| is deleted with probability p, independent of all other points and deletions.
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Lemma 10: Suppose that Y’ is a point process with G, = o (M, Y{)-intensity I'}" such that
E[fOT I, dt] < oo and Z{ is obtained from p-thinning Y’ Then the (F; £ (M, Z}) : t € [0,T))-
intensity of ZI is given by ©F, where P-a.s. ©; = (1 — p)E[[|F._], ¢t € [0,T).

Proof: Please see the supplementary material. [ ]

The following theorem was first proven by Wang in [44]] using a property of certain “con-
traction coefficient” used in strong data processing inequalities [S1]. Here, we provide a self-
contained proof which uses Theorem |I{ and Lemma

Theorem 3: Let Y be a Poisson process with rate A\, and M be such that I(M;Yy') < oc.
Let ZI obtained from p-thinning of Y such that the thinning operation is independent of M.
Then

I(M;Z5) < (1—p)I(M;Y{).

Proof: The data processing inequality gives I(M;ZI) < I(M;Yy) < oo. Applying
Theorem [T}

I(M;Y]) = l/ () — ] (15)
and
I(M;z]) = U o(1)) — o(\) dt} , (16)

where TZ and AT (respectively I'7 and Al) are the (o(M;Y{) : ¢ € [0,7T]) and (o(Y]) : ¢
[0, T'])-intensities (respectively (o(M;ZE) : t € [0,T]) and (0(ZE) : t € [0,T])-intensities) of
Yy (respectively Z['). Due to the uniqueness of the intensities and Lemma we can take for
each ¢t € 0,77,

Iy = (1—pE[M, Z], A= (1-pA

Noting that ¢((1 — p)z) = (1 — p)p(z) + z¢(1 — p), (16) yields
I(M; Z5) =1 —p U H(E[T M, Z{7]) — o(N) dt}

+ (1 — PE MTrt _ )\dt]
- [ oI 2] - o0 df
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20— pE [ /0 o(T) — 6(N) dt]
—(1 - p)IOMY),

where for (a) we have used the fact that E [ fOT I, dt} =E [ fOT 1 dYg} =E [ fOT )\dt}, and

for (b) we have used Jensen’s inequality. [ ]
We will require the following result [52, Theorem 2.11, p. 106].
Lemma 11: Suppose that Y| is a Poisson process with rate A and Z! is obtained from p-

thinning of Y{’. Let
Zy=Y,—Z, tel0,T).

Then Zg and Z! are independent Poisson processes with rates pA and (1 — p)\ respectively.
The following lemma will be used repeatedly in the converse proofs of the rate-distortion
function.

Lemma 12: Let a point process Y have an (F; : t € [0, T])-intensity 'l such that

E UOT o(T,) dt} < o0.

Let Y” be an non-negative (F, : ¢t € [0, T])-predictable process satisfying E [ fOTlA/t dt} < 0.

Then
E UOT 1og(?;)dyt} =F UOTlog(Yt)rt dt] .

Proof: Please see the supplementary material. [ ]

IV. FUNCTIONAL COVERING OF POINT PROCESSES

In this section, we will consider general point processes and obtain the rate-distortion func-
tion under the functional-covering distortion when feedforward is present. Stronger results are
obtained for Poisson processes in the next sections.

Definition 6: Given a point process y¢ € N, and a non-negative function ¢!, the functional-

covering distortion d is

T
d@g, yg) £ (/ e dt — log(y¢) dyt) )
0

whenever the expression on the right is well-defined.
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We will allow the reconstruction function }A/OT to depend on Y' as well as the message,
constrained via predictability. In particular, we will call YOT an allowable reconstruction with
feedforward if it is non-negative and (o(Yy) : t € [0, T])-predictable. Let J>0T wr denote the set of
all §1" processes which are allowable reconstructions with feedforward.

Definition 7: A (T, R, D) code with feedforward consists of an encoder f

and a decoder g
g: {17 R (exp(RTﬂ} X NOT - j}ngF

satisfying

and the distortion constraint
1 N
E [?d(i/{,ﬁ)} <D.

We will call the encoder’s output M = f(Y,") the message and the decoder’s output 170T the
reconstruction.

Definition 8: The minimum achievable distortion with feedforward at rate R and blocklength
T is

Di(R,T) = inf{D : there exists a (T, R, D) code with feedforward}.

Definition 9: The distortion-rate function with feedforward is

Dr(R) = limsup Dy (R, T).

T—oo

The minimum achievable rate at distortion D and blocklength 7" with feedforward Rj.(D,T')
and the rate-distortion function with feedforward Rp(D) can be defined similarly.
D3.(R,T) can be characterized via the following theorem for certain point processes.

Theorem 4: Let Y' be a point process with (F, : ¢ € [0, T])-intensity Al such that

E [/OT|¢(At)|dt] < .
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Let

and

Then Dj.(R,T') satisfies

[1]

(Yy) - R-

N[ =

Proof:
Achievability:
Recall that since A is the (F) : t € [0, T])-intensity of YT, it is (F} : t € [0, T])-predictable,
and E| fOT |o(Ay)| dt] < oo implies E| fOT A;dt] < oo. If the decoder outputs Al, this leads to

distortion
1 oo 1 T
—E[d(Ay, Yy )] = = A; dt —log(Ay) dY;
T T 0
1 T
= _F / A — (A dt}
7B | [ 8- o)
= =2(v").

Thus D3(0,7) < Z(Y{"), and the upper bound in the statement of the theorem holds at R = 0.

Now consider the case R > 0. Fix 7" > 0 and let J = [exp(RT)]. If Yr = 0, then the
encoder sends index M = 1. Otherwise, let © denote the first arrival instant of the observed
point process Y;'. From Lemma [3, we have that PY0 < POY " Since under POY OT, Y is a
Poisson process with unit rate, it holds that Pg/ OT(@ =t,Yr > 0) = 0 for any fixed t € [0,7].
This gives us P(© = t,Yy > 0) = 0 for ¢ € [0,7]. Thus conditioned on the event Y > 0,
© has a continuous distribution function Fg. The encoder computes Fig(©) which is uniformly
distributed over [0, 1], which the encoder suitably quantizes to obtain an M which is uniform in
{2,...,J}. From Theorem [l there exists a (o(M,Y{) : t € [0, T])-predictable process I't which
is the (o(M,Y{) : t € [0, T])-intensity of Y. We note that E [fOT Iy dt} =E [fOT Ay dt} < 00,
and from Theorem E [fOT log(T;) dYt] < oo. Hence

1 1 T
TR YD) = 2B | [ Tude—log(ry) av;
T T ),
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is well-defined. The decoder outputs I'} as its reconstruction. Then we have

H(M) =~ (5 log(5r) + (1~ 52 log(1 — 57)) + +—"" (log(J — 1)

T
(a) 1 —
2 12 (log(y ~ 1)
®1-—
2 L0 g7/ exp(1))
(c)
> (1—0r)R— l, (17)

T
where for (a), we have used the bound —drlog(dr) — (1 — o7) log(1 — é7) > 0,
for (b), we have used the inequality J — 1 > J/exp(1) when J > 2, and
for (c), we used the fact that RT' < log(.J).
H(M) also satisfies

1 @ 1 T
SHOM) 100y
1 T 1 T
Ok [ /0 log(T') dYt] - LB [ /0 B(Ay) dt}, (18)

where, for (a) we have used Lemma
for (b) we have used Theorem [I]

The average distortion can be bounded as follows:

T
TR Y = 78 | [ i - ogry v
0
(@ 1 S g
= T]E [/0 I, dt_ T]E [/o log(T) dYt}
(_) 1 B T 7 1 T
= TIE _/0 A, dt_ TIE [/0 log(T) dYt}
o 1_ (7" 1 1 1 r
S ) Adt| — —H(M) — =E A
7B | [ avat] - gran - | [ oo
@1 [T 1
< SE /0 A= @(A)dt| = (1= 6r)R+
1

=Y - (1—67)R+

where, for (a), we have used the fact that £ [ fOT log(T') dYt} < oo due to Theorem
for (b), we used the equality E [ fOT I, dt] =E [ fOT Ay dt} ,

for (c), we used (18), and

for (d), we used (17).
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Thus we have shown the existence of a (7, R, D) code with feedforward such that D =
=(Yy) — (1 = é7)R + . This gives the upper bound on Dj(R,T).

Converse:

For the given (7, R, D) code with feedforward, let J = [exp(RT')]. Then J < exp(RT)+1 <
exp(RT + 1). Thus we have

1 a) 1
L SIOLY), (19)

where (a) follows because of Lemma [2]
Since I(M;Y,) < oo, we conclude from Theorem |1} ! that there exists a process I'} such that

I'7 is the (F; = o(M,Y{) : t € [0,T]) intensity of Y and

o2 o[ ] [ 0]

Hence from (19)

R> g /Tgb(F)dt g /ngS(A)dt ! (20)
=T o t T o t T
Let YOT denote the decoder’s output. The distortion constraint ) satisfies
1 ST T 1 T. .
D> ZE AV Y] = ZE| [ Yidt —10g(¥y) av;
T T 0
1 T .
. { / Vi — log(V))T, dt} @1
T Lo

where in the last line we have used Lemma
Using the inequality ulog(v) < ¢(u) —u+ v, and noting that the individual terms have finite

expectations,

T
EUO log(lﬁ)Ftdt}<]E[/ o(T,) Ft+Ytdt}

U o(T dt} {/ Ftdt}JrE[/oTYtdt]. (22)
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From and (20), we deduce

R+D> %E [/OTgb(Ft)dt} —%E [/OTgb(At)dt] +%E [/ji@dt]
- B {/jlogm)dn} .

9 %E [/OTFtdt} —%E {/OngS(At)dt} -

Nl— =

®) 1 T 1 T

e [ v - g2 || -
1

=Z(Yy) - T

where, for (a) we have used (22)), and
for (b) we used the fact that E | [\’ T, dt| =B | [ dv;| =B [ [ Avat].
Hence we have shown that for any (7', R, D) code with feedforward, D > Z(Y") — R — 1/T.
This gives us the lower bound on Di.(R,T) |
Corollary 1: Let Yy be a point process with (F} : ¢t € [0, T])-intensity Al such that
e E[fy [¢(As)] df] < oo,
« 2(Y) 2 limsup, . 1E [ ST A = B(A) dt] is finite.
e limg oo P(Yy = 0) = 0.
Then

Proof: The corollary follows from the definition Dp(R) = limsup,_,., Dy (R,T) and from

the bounds on Dj.(R,T') in the Theorem u

Remark 1: The above distortion-rate function is reminiscent of the logarithmic-loss distortion-

rate function for a DMS. Specifically, for a DMS Y on alphabet ) let the reconstruction be a

probability distribution function @ on ). The logarithmic loss distortion is defined as d; 1.(y, Q) =
—log(Q(y)) and the distortion-rate function is then given by D(R) = (H(Y) — R)™ [38].

If the reconstruction ¢! is assumed to be bounded then it can be used define a probability

measure on the space of point-processes (N, F") via following Radon-Nikodym derivative.

dP,gg“ T T R R
() = oxp / log(§1) dy: — (4 — 1)dt )
dP, ;
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where P is the measure under which Y is a Poisson process with unit rate. Then the intensity
of Yy under this measure is ¢ [39, Chapter VI, Theorems T2-T4] and the functional-covering

distortion is related to the above Radon-Nikodym derivative as

dP:r
aﬁwaz—m( %@ﬁ)#r

v
Applying the above corollary to a Poisson process with rate A > 0, we get that Dp(R) =
A—Alog(A\) — R. As we will see in the next section, this distortion-rate function can be achieved

without feedforward.

V. CONSTRAINED FUNCTIONAL-COVERING OF POISSON PROCESSES

In this and the next section we focus on Poisson processes. Let JA/{{ denote the set of all
functions g which are non-negative and left-continuous with right-limits. We assume that we
are given a set A € R, with at least one positive element. We will constrain the reconstruction
function Y;! to take value in A, so that for all ¢ € [0,T], Y; € A.

Definition 10: A (T, R, D) code consists of an encoder f

fiNG = {1,..., [exp(RT)]}
and a decoder g
g:{1,..., [exp(RT)]} =V
satisfying
A T A
YtEA,]E{/ Ytdt} < o0
0
and the distortion constraint
1 .
—E a5 v)] < D.
As before, we will call the encoder’s output M = f(Y{) the message and the decoder’s output
YT = g(M) the reconstruction.

Definition 11: A rate-distortion vector (R, D) is said to be achievable if for any € > 0, there

exists a sequence of (7, R+ ¢, D + €) codes such that lim,,_,, T, = oc.
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Definition 12: The rate-distortion region ER@Z is the intersection of all achievable rate-
distortion vectors (R, D).

The rate-distortion region SR@Z’F with feedforward is defined as in Definitions |11| and

Theorem 5: The rate-distortion region for the constrained functional-covering of a Poisson

process with rate A > 0 is given by
RO = RO =MD,

where RO is the convex hull of the union of sets of rate-distortion vectors (R, D) such that

R>A§ym%(@)
D > Z&kqu ()(\)ik>

‘l’ A E ]

with the convention that 0W(0/0) = 0, and [a]i_, and [B;]}_, are probability vectors over
{1,2,3,4} satisfying a, =0 = 5 = 0.

Proof:

Achievability: Let

R2 )\Zﬁklog (5’“>
D2 Zak\IJA (w’f)

Qg

We will show achievability using a (7 R + ¢, D + ¢€) code without feedforward. We will use
discretization and results from the rate-distortion theory for discrete memoryless sources (DMS).
Define a binary-valued discrete-time process (Y; : j € {1,...,n}) as follows. If there are one
or more arrivals in the interval ((j — 1)A, jA] of the process Y, , then set Y; to 1, otherwise it
equals zero. Since Y| is a Poisson process with rate \, the components of (Y; : j € {1,...,n})

are independent and identically distributed with P(Y = 1) = 1 — exp(—AA). Consider the
following “test”-channel for k € {1,2,3,4},

P = kY =1) = B,
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Define the discretized distortion function

- log(y .
a9 25 W15 =1) jedge o)

The reconstruction Y (k) is taken as a v € A satisfying

Uy (2—@“) - (v - A—6’“log<v>>’ <% (23)

k (673

lI>

<)

where such a v exists due to the definition of W 4. We recall that if o = 0 then 5, = 0, and
hence P(U = k) = 0 for such a k. The scaling of the mutual information I(U;Y) and the
distortion function ci(f/, Y') with respect to A is given by the following lemma.

Lemma 13:

Proof: Please see the supplementary material. [ ]
Let

k2 max |log (?(k:))‘ . (24)

ke{1,2,3,4}
Y (k)>0

Due to [53, Theorem 9.3.2, p. 455], for a given A > 0, € > 0, and all sufficiently large n, there

exists an encoder f and a decoder g such that
fo(Y:5e{l,...,n}) = {1,...,L}
G:{1l,.... L} > (Y;:je{l,....,n})
satisfying

llog(L) <I({U;Y) +¢
n

E <E[d(Y,Y)] +&. (25)

) N
= d(Y;.Y)

J=1

Given the above setup, the encoder f upon observing Y, obtains the binary valued discrete
time process (Y; : j € {1,...,n}), and sends M = f(Y; : j € {1,...,n}) to the decoder. The
decoder outputs the reconstruction YOT as

G2 Pafte (- DA A te0.T)

J=1
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Let Y denote the actual number of arrivals of Y in an interval ((j—1)A, jA]. Then d is related

to the original distortion function via the above reconstruction as follows:

1 "T T 1 T" 1 T ),
POV = 5 [ Vedi— 5 [ gy av,

E %Z%—%Zbg(%)%

:%ZY Zlogf/ Y Zlogff Y, 1)1{12/j>1}.

) 1 <& A = =
== d(Y;,Y)) = 5 ) leg(V) (Y = D{Y; > 1}
j=1 Jj=1
(@) 1 m A K L —
<~ Ay, j)Jer(Yj—l)l{Yj>1}
j=1 i=1
1= - &
< = a(y;,y, YlY 1
< 5 A, Z {¥; > 1},

where for (a), we have used the definition of k in , since Z > 1 implies }7] = 1 which
implies ¥; > 0 in order for d(Y;, 1) < oo, which occurs a.s. since E[d(Y,Y)] < oo so long as
A is sufficiently small.

Hence taking expectations, we get

1 -~
EZd(Yj,Yj) + KE

Jj=1

B | i )| <E

1iy 1Y, >1}]

ZYl{Y > 1} +

N

< E[d(Y,Y)] + kE

DEAY,Y)] + k() — Aexp(—AA)) + ¢

(c) _ A
< E[d(Y,Y)] + kA\°A + &, (26)

where, for (a), we have used (23],
for (b) we note that E[}:/jl{z > 1} = AA — M exp(—AA), and
for (c), we have used the inequality 1 — u < exp(—u) .
Moreover using (25,

1 1 I(U;Y)

- N <
7 log(L) = —log(L) <

(27)
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Now given the rate-distortion vector (R, D) and e > 0, first choose A < 1 sufficiently small

so that

KA2A < €/2.

Then let € = Ae/4, and choose a sufficiently large n so that is satisfied. From and
(27) we conclude that a sequence of (T,,, R+¢€, D + ¢) code exists with T,, = nA and T,, — oo
as n — o0.

Converse: We will prove the converse when feedforward is present. For the given (7, R +
¢, D + ¢€) code with feedforward, let M denote the encoder’s output. Since I(M;Y)) < co, we
conclude from Theorem (1] that there exists a process I'y such that T'Y is the (F, = o(M,Y{) :
t € [0,7)) intensity of ' and

I(M;Yy) =E { /0 ) ¢(Ts) dt} —Tg(N). (28)

We also have

1 1

< flog([exp((RjL e)T)]) < R+e+ l

T
This gives

R> LE UOTd)(Ft)dt] —9() e 7.

Let 170T denote the decoder’s output. The distortion constraint D satisfies

D> 1g [d(YOT,YOT)} .

T
1 T A
:TE {/ Y}dt—log(Yt)dY;] —€
0
(a) 1 T
= ?E Y, —Tilog(Y;) dt| —e
0
1 T
> T]E {/0 5Ielf v — Ty log(v) dt} —€
w1 ][
CoE| [ wal)dt] - (29)
0
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where, for (a) we have used Lemma (12} and
for (b), we have used the definition of W 4. Defining S to be uniformly distributed on [0, 7], and

independent of all other random variables we have
1
(30)

RZ>E[p(Ls)] — p(A)
(31)

D >E[V4(Ts)] —

Now we use Carathéodory’s theorem [54, Theorem 17.1]. There exist non-negative [1]

and [ay]#_,, such that 37, _ oy =1 and
4
(32)

)= Z@W(nk%
E[WA(ls)] Z@k‘PA M)

I's] = Z&kﬁk = A
h=1

where in the last line we have used the fact that since T} is the (o(M,Y,) : ¢t € [0, T))-intensity

(33)

(34)

of YT, E [ I, dt} — E[Yy] = T\. Now define
(6%
g2 2.

We note that 5, = 0 if o, = 0, and Z: 1 B = 1. Substituting the above definitions in

we obtain
! 1
R > (gl agny log(ng) — Alog(A)) —€— T
! B 1
pE— k JR— JE— —_
=\ <,§1 Bk log (—ak ) 1{ay > 0} log(A)) €= %
4 5 1
J— E k_ — _— —
- k=1 i log (ak> T G
Likewise,
ABg
> E ) — €.
D (672 ¥ ( a ) €

Since ¢ is arbitrary and 7" can be made arbitrarily large, we obtain the rate-distortion region
|

in the statement of the theorem.
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If we do not place any restrictions on A, i.e., if A is the set of all non-negative reals, then
we obtain the functional-covering distortion.

Corollary 2 (Functional Covering of Poisson Processes): The rate-distortion function for functional-
covering distortion is given by Rgc(D) = (A — Alog(A\) — D)*.

Proof: For the functional-covering distortion, A is the set of non-negative reals. Hence
Uy(u) = ir>1£v —ulog(v) = u — ulog(u).

For any achievable (R, D) we have

4
R>\Y_ flog (&) , (36)
k=1 O
and
4 A3
D> i
> 0,y ( - )
k=1
N (Aﬁk ABi <Aﬁk>)
= ap | — — —log | —
1 Qg Qg Ok
: E
= A= Alog(A) =AY Bilog (a—’;> .
k=1
Hence
R+ D > X— Alog(N),
and this is achieved by [ay]i_; and [Bx];_, that yield equality in (36). |

If take A = {0, 1}, then we recover the covering distortion in [35, Theorem 1].
Corollary 3 (Covering Distortion [35]): The rate-distortion function for the covering distor-
tion is given by Rc(D) = (—Alog(D))™.
Proof: For the covering distortion, .4 = {0, 1}. Hence

U y(u) = Ueig)fl}”u —ulog(v) = 1{u > 0}.
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Suppose (R, D) is in RD. Then

4
D> aly (%’“)

k=1

4
= Z o 1{B > 0}
k=1

k=1
=AY Brlog (—)
keB
(@ ZkeB 5’“)
A 1
- (k:eZB ﬁk) e > ken Ok

where, (a) is due to the log-sum inequality, which can be achieved by setting «; = min(1, D),
ay=1—ai, fi =1, 3, =0. n

Remark 2: As in the general case in Theorem W] (see Remark , the reconstruction g
(assuming it is bounded) can be used to define a probability measure on the input space (N7, V)
via

by o ! N .

—5- (4 ) = exp / log(gs) dy: — (g — 1) dt ) ,
where Py is the measure under which Y is a Poisson process with unit rate. Moreover, in
absence of feedforward, j¢ is deterministic (it depends only on the encoder’s output). Thus the
input point-process Y, is a non-homogeneous Poisson processes with rate g under Pyr. As
in the general case, the functional-covering distortion is related to the above Radon-Nikodym

derivative via

dP.r
A9, ye) = —log( " (yoT)) +T
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N§UT ~ Poiss(u")

N
MDD
Enc. 1 >
Dec. —— YA(];
M2
Enc. 2 »
-/

NPT ~ Poiss(u?)

Fig. 1. Poisson CEO Problem.

VI. THE PoissoN CEO PROBLEM

We now consider the distributed problem shown Figure [I| Our goal is to compress Y, , which
is a Poisson process with rate A > (. Each of the two encoders observes a degraded version
of YT, denoted by Y )", i € {1,2}. YT is first p®-thinned to obtain Y,"", and then an
independent Poisson process Néi)j with rate ;) is added to ffo(i)j to obtain Yo(i)’T.

Recall that ;)>0T is the set of all non-negative functions ¢l which are left-continuous with
right-limits, and

T
AT ) = / o dt — log(g,) dy.
0

Definition 13: A (T, R, R® D) code for the Poisson CEO problem consists of encoders
fM and f®,

- N —{1,..., (exp(R(l)Tﬂ}
JARE Ng —{1,..., (exp(R(Q)Tﬂ},
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and a decoder g,

g:{1,... Jexp(RIT)]} x {1,..., [exp(RPT)]} — VT,

T/\

E{/ Ytdt]<oo
0

1

—E [d(%T,%T)} <D.

Definition 14: A rate-distortion vector (R, R® | D) is said to be achievable for the Poisson

satisfying

and the distortion constraint

CEO problem if for any e > 0, there exists a sequence (7},, RV + ¢, R® + ¢, D + €) codes
T, — 00 .

Definition 15: The rate-distortion region for the Poisson CEO problem RD” is the intersec-
tion of all achievable rate-distortion vectors (R, R D).

The rate-distortion region for the Poisson CEO problem with feedforward, denoted by 307,
is defined analogously.

Theorem 6: The rate-distortion region for the Poisson CEO problem is given by
RD” = RO} = RD,

where RD is the convex hull of union of sets of rate-distortion vectors (RY), R D) such that

RY = (1=p")A+ V) Zﬁk 1og<5’f)),
O‘k

k=1

R® > ((1=p®)A+ ) Zﬁk 1og<5’f)),
O‘k

k=1

oo () 0 (5)

for some probability vectors [o\”]4_,, [B¥]i_,, and [7"]2_,, where for k € {1,2,3,4} and

i€ {1,2}
W =0+ (1P
, ‘ if p <1,
o) =0=8"=0

ol = g = 4 if p@ = 1.
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Proof: Please see the supplementary material. [ ]
Remark 3: Note that there is no sum-rate constraint in the rate-distortion region of the above
theorem. This occurs due to the sparsity of points in a Poisson process. After discretizing a
Poisson process with rate ), the expected number of ones in the resulting binary process is
roughly AT, and the remaining 7'/A — AT bits are zeroes. When such a sparse binary process
is sent via two independent parallel channels as in (46)-(d7), the resulting output processes are
almost independent. This implies that the encoders do not need to bin their messages in the
achievability argument.
Corollary 4 (Poisson CEO Problem without Thinning): If p®) = p?) = 0, then the rate-
distortion region in Theorem [f] takes a simple form
A RO 4 A
A+ p® A+ p®

Corollary 5 (Remote Poisson Source): Consider a scenario where an encoder wishes to com-

R® 4+ D>X—6(N).

press a Poisson process with rate A > 0, but observes a degraded version of it, where the points
are first erased with independent probability 1 —p and then an independent Poisson process with
rate £ is added to it. Then the rate-distortion region (R, D) is the convex hull of the union of

all rate-distortion vectors satisfying

873

4
Yk
D>\— )\—)\~E log | — |,
= ¢() k:1% g(ak>

for some probability vectors [a]i_,, [Be]i_,, and [yi]i_,, where for k € {1,2,3,4}

R>((1 —p)A+u)kilﬂklog <Bk) ,

e =par+ (1 —p)Bk, o =0= [ =0.
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APPENDIX
Proof of Lemma 3} The first part of the lemma is due to [39, T12 Theorem, Chapter VI, p.
187]. To prove the second part we note that E , r | fOT |#(T'y)| dt] < oo implies E x| fOT [ dt] <

00, which in turn gives
T T
/ (1 — Ft))Q S / (Ft + 1) < 00,
0 0

PY -as. Thus applying [50, Theorem 19.7, p. 343], we conclude that PY0 < P, " . Hence,

from the first part of the lemma

dpYo T
ST = exp (/ log(Ay)dY; — Ay + 1 dt) ,
dP,° 0

where the uniqueness of intensity [39, T12 Theorem, Chapter II, p. 31] gives us

T T
]E v T |:/ |Ft - At| dt:| — O7 E v T |:/ ]-{Ft 7é At} d)/t:| — 0
P70 0 P'o 0

T
By | [ 0Tl < o0

Since

we have

T T r T ] T
E s / (log(T))* dY;| = E_,+ / (log(T)) T, dt| = E s / (D))" dt| < oo,
Po 0 i P0 L Jo | Po 0

and

E /0 (log(Ty))~ dY; | = E, s /0 (log(T) Tedt| =E s /0 (6(T) dt| < oo.

E v { /0 Tlog(I‘t) dYt} =E s { /0 ' o(T,) dt} < 0.

Finally,
T

log(Ay) dY; + Ay — 1 dt}

S~

T
E { /O log(Ty) dY; + T — 1 dt}

=E s :/OTlog(Ft)dY;} —E UOTrt—Mt}
:/OTgb(Ft)dt} —E [/OTFt—ldt}

r rT
=E .z /0 ng(Ft)—Ft—Fldt]
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Here, for (a) we have used the uniqueness of the intensity and in the remaining equalities, we
have used the finiteness of the expectations [ fOT (Ty) dt], E [ fOT I dt]. |
Proof of Lemma ' Recall that L] can be written as

t
L; = exp (/ log(Ts) dYs + (1 — Fs)ds) , tel0,T].
0
We note that for ¢t € [0,7] L, satisfies

L. ifY,—-Y,_ =0,
L, = 37
T.L,. ifY,—Y,_ =1

Let CI" be a non-negative (G; : t € [0, T])-predictable process. Then

T (a) T
E[ / Ctdn} DE iz {LT / Ctdyt}
0 0

(®) ’
= ]Eﬁlw,YT / LtCt dY;f:|
0

0

©) ’
= IE:1;,1\4,Y0T /0 'L Cy dY{S]

T
DE r / FtLt_Ctdt}
0

r T
- ]E ]M,YT / FtLtCt dt:|
LJO

) T
- E]}M,YOT {LTA FtC’t dt‘|

(9) g
- ]E |:/ FtOt dt:| 5
0

where, (a) follows since Ly is the Radon-Nikodym derivative
(b) follows due to [39, T19 Theorem, Appendix A2, p. 302],
(c) follows due to (37),

T
dPMY5
~ T
APMY5

(d) follows since the (PMYd' G, : t € [0, T])-intensity of Y" is 1, and L,_ being a left-continuous
adapted process is (G; : t € [0, T])-predictable,

(e) follows since the Lebesgue measure of the set {¢t : ¢ € [0,T], L,_ # L;} is zero due to (37),
(f) again follows again due to [39, T19 Theorem, Appendix A2, p. 302], and

T
dPMY(

(g) again follows since L7 is the Radon-Nikodym derivative AT
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Proof of Lemma [5} 'We will first show that

E [ /0 " llog(Ty))” dYt] _E [ /0 " llog(T) T, dt} < .

Define I'}" £ max(I';,1) and I'}” 2 min(I';,1). We note that I', < I'}" < T, +1and T, =

['}*T}". Define the process pl as

r*
Mté%l{rt>0}v te [OvT]

t

Then p! is a non-negative (G, : t € [0, T])-predictable process and
T T T
/ 1Ty dt = / P1T, > 0} df < / (T) + 1) dt < 00
0 0 0
P-as. since E[ fOT I, dt] < co. Hence the process LY defined as

T
L2 exp ([ log(u)a¥ir (- Tt t€ 0.7
0

is a (P,G; : t € [0,7]) non-negative super-martingale [39, T2 Theorem, Chapter VI, p. 165].

Hence the following chain of inequalities hold
. (@) A
E [log(Lr)] < log (E[L1))
(b) .
< log (E[Lo])
— 0. (38)

Here, for (a) we have used the fact that since LOT i1s a super-martingale, Ly is integrable, and
then Jensen’s inequality and
for (b), we have used the fact that LT is a super-martingale, hence E[Ly] < E[Ly).

Let 7, denote the kth arrival instant of the process YT ie.,
7. = inf{t € [0,T] : Y} = k},

where the infimum of the null set is taken as oo. Then if 7, < 7', I';, > 0 P-a.s. [39, T12

Theorem, Chapter II, p. 31]. Hence for 7, < T,

log(pir,) = log(TLF) —log(I'y,) = —log(I't ) = (log(T',,)) P —a.s.,

Thus we can write

log(Lr) = /0 ' (log(T,))™ dY; + /0 T(rt ~ T, > 0} dt.



36

Using we obtain
T T
E [/ (log(T',))~ dY, +/ (T, — TM1{T, > O}dt} — Ellog(L7)] < 0.
0 0
We note that fOT (log(T';))~ dY; is a non-negative random variable, and

E UOTm — T, > O}dt} <E [/OT(rt + T dt} <E UOT(QR +1) dt} < .

Hence we can split the expectation to get

E UOT (log(T}))~ dYt} +E MT(Ft —T')14T, > 0} dt} <0,

which gives

E UOT (log(Ty))~ dY;] <-E UOT(Ft —TyH1{T, > O}dt] < 0. (39)

Hence

e[ [ ot av] =& [ [ ostroy av] ~& [ [ gostr) ax]
—E -/OT(log(Ft))JrFt dt] _E [/OT (log(T'))" T, dt}

- T
=] [ om) dt] | (40)
LJo
|
Proof of Lemma [7} Suppose that I'] is the (F; : ¢ € [0,77])-intensity of Y;'. Then apply-
ing [39, T8 Theorem, Chapter II, p. 27] with X, = 1 proves M{ is a (F; : t € [0, T])-martingale.
Now suppose that M is a (F; : t € [0,T])-martingale. Consider a simple (F; : ¢t € [0,7T])-

predictable process C{ of the form
Ci=1{&E{u<t<v<T} EE€F,.
Then
T
B| [ .| —EnE) - v
0

=E[1{E}E[(Y, — Y.)|F.]]

Wg {1{5}1@ Vuvrsds ]-"UH

T
—E U C.T, ds] , (41)
0
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where for (a) we have used the martingale property of M. Thus by the monotone class theorem,
for all bounded (F; : ¢t € [0,T])-predictable processes C{, holds (see [39, App. Al,
Theorem TS5, p. 264]). Then by applying the monotone convergence theorem, we can show that
holds for all non-negative (F; : ¢t € [0, T])-predictable processes as well, so that T’ is the
(Fi : t € [0, T))-intensity of Y. |

Proof of Lemma [8} There exists a (G, : t € [0, T])-predictable process II such that P-a.s.
II; = E[A¢|G;_], t € [0,T] [55, Chapter 6, Theorem 43, p. 103]. We will show that [T} is the
(G; : t € [0, T))-intensity of NJ. Let D!’ be a non-negative (G, : ¢t € [0, T])-predictable process.
As G, C F, it is also (F; : t € [0, T])-predictable. Thus

T T
E {/ D, dNS] =E [/ DA ds] . (42)
0 0

Hence

Here, (a) is due to the fact that D, is G, measurable [39, Exercise E10, Chapter I, p. 9], and
(b) is due to (@2).

Hence the (G; : t € [0, T])-intensity of N/ is IIZ. |

Proof of Lemma @ We first note that since Y and N/ are independent, trajectories of

Z& are as. in N. The (F, 2 o(M,Y{, Ni) : t € [0,T))-intensities of Y, and NJ are I'l" and

I17" respectively [39, E5 Exercise, Chapter II, p. 28]. Then for a non-negative (]:"t :t€10,7T))-

predictable process C{:

T - T T
]E[/ Csts]:E / C’SdYS]—f—E[/ C’SdNS]
0 LJo 0
- T T
=K / CSFst]%—]E[/ CSHsds]
0

0
T

Cs(T's + T1) ds] )
0
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Hence the (F, : t € [0, T))-intensity of Z{ is (I'y +1II, : t € [0, T]). Since F; C F; the statement
of the lemma follows from an application of Lemma [§] [ ]

Proof of Lemma ' Let H; £ o(M,Y{, Z%). We note that the (H, : t € [0, T])-intensity
of Y is I'l. Now we will compute the (H; : ¢t € [0, T])-intensity of ZI. Let (y; :i € {1,...})
denote the sequence of independent and identically distributed Bernoulli random variables which
indicate if a particular point in point process Yy’ is erased or not. In particular, if x; = 1, then

the jth point in Yy is retained, so that E[y;] =1—p. Then for 0 <u <v < T

Yo oo
Zo=Zi= Y, xi=) xl{Yu<k <YV}
k=Y, +1 k=1

Using the monotone convergence theorem for the conditional expectation,

E[(Z, — Zu)[H) = Y EDal{Yu < k < Y, }[H.]
k=1

o0
a

k=1

= (1= p)E[(Y, — Yo)[H.]

2 (1-pE [/:rsds

where, for (a) we have used the fact that given H,,, Y} is independent of Y,

for (b), we use note that E[x;|H,] = xx1{k < Y.} + (1 —p)1{k > Y,}, and

—
Na

—~
=

—
~

al

for (c), we have used the martingale property of M{.

Then
t
MtéZt—/(l—p)Fst tE[O,T]
0

is a (H; : t € [0,T])-martingale. Hence from Lemma (7| the (H; : t € [0, T])-intensity of ZI is
(1 —=p)'y -t €]0,7]). An application of Lemma [§| the proves the statement of the lemma. M
Proof of Lemma [I2] 'We will require the following inequality

ulog(v) < ¢p(u) —u+v, 0<u,v<oo. (43)

The inequality can be verified to be true if either or both u, v are zero. If u,v > 0, the inequality

follows from log(u/v) > (1 — v/u).



39

Defining Y;'" £ max(1,Y;), we note that ¥;'* < Y; + 1. Consider

E [ / " log(¥p)* dYt] _E [ / log(¥) dn]
@R UOT log (V') dt}

<E UOqu(rt)—rﬁ?;”dt}
|

©E /OT¢(Ft)dt:| —E {/OTFtdt} +E [/OTW*dt]

< 00, (44)

where, for (a), we have used the facts that (Y™ : ¢ € [0,T)) is (F; : t € [0, T])-predictable,
log(Y;'") is non-negative, and I’ is the (F; : t € [0, T])-intensity of Y,

for (b), we note that YtH and I'; are P-a.s finite, and then use the inequality in , and

for (c), we have used the facts that E [ fOT o(T) dt] < 0o (via Theorem , E [ fOT I, dt} < 00,
and B [ f, ¥+ dt] <E [} Y+ 1dt] < 0.

Hence we can write

E { / " log() dYt} _E / " (log(¥)* dYt} E [ / " log(¥0)" dn]

-E| /0 " log(¥0) T, dt} _E [ /0 llog(7) T, dt]

T
—E / 1og(?;)rtdt} (45)
0

]
Proof of Lemma [I3} The first part of the lemma follows directly from L"Hopital’s rule.

For the second part
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€
=D+ vk
where for (a), we have used the definition in (23).
|
Proof of Lemma [I4} The first limit can be evaluated using L’Hopital’s rule. To compute
the second limit, consider

lim P(UY = kY =1) = 1lim Y POY =k Y® =y =1)

A—0 A—0

Then we have

lim PO =k, U = k|V = 1)) = lim P(Uf” = kY = 1)P(OP = kY =1)

A—0
1,2
= Viey Vo -

Recalling that a,(f) = (0 implies 5,8') = 7,?) = 0, we have

. ElogW){Y =1}] . P(Y =1) o
jmm, A = iR E%E[log( )Y =1]
AN lim P(U = k1, Uy = ko|V = 1)) log (ff(k;l, k:2)>
oy oo A—0

i
_)\Z%ﬁ k210g< ! 2 1{ k2>0}

k‘l k2 kl k/'2
’Yk 7132)
—AZm log | =5 +A2m2 5 | o).
k‘l 1 k‘2 1 akQ

Now to compute lima o ]E[f/], we first calculate

lim P(UY = ki, U = ky) = lim P(UY = ky, U = ky|Y = 0)P(Y =0)

A—0 A—0

+ lim P(U{” =k, Ul(?) = ko|Y = 1)P(Y =1)
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1 (2
= al(ﬁ)a,(gz).
This gives
1' v = 1 J pr— ] p— v
AI%E[Y] k%P(U k17U2 kg)Y(kl,kg)
k1,k2
1) (2 %(c )%5:) (2)
:)\Zaka 0 (3)1{ klakQ > 0}
k1 ko O, O,
=\
Thus

o L0 4 @)
EL%E[CZ(? Y)=A— (Z ’y,gl) log < u > + Z ’yk2 'log <%Z2)>>
k=1 k1 ko=1 Oy

Proof of Theorem [0}

Achievability:

Let

Oé

RW & (1= pM)A+ ) ZB log<
k=1

/—\K‘/\
> =
v

6(2)
R® & (1= pP)A+ @) Zﬁk log<ﬁ
k=1 k

N o @
D2 X—¢(\ Z% log k + 7. log | s
o,

We will show achievability using a (T, RY) + ¢, R® + ¢, D + ¢) code without feedforward. We
will use discretization and results from the rate-distortion theory for discrete memoryless sources
(DMS).

First consider the case when for each i € {1,2}, at least one of the following conditions is

satisfied

C.1 B > 0 for all k,
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C.2 p® > 0.

Fix A > 0, and let T' £ nA for an integer n. For each ¢ € {1,2}, define a binary valued discrete
time process (Yj(i) :j€{1,...,n}) as follows. If there are one or more arrivals in the interval
((7—1)A, jA] of the process YO(i)’T, then set Yj(i) to 1, otherwise set it equal to zero. Since Yo(i)’T
is a Poisson process with rate A £ (1 —p®)\+ ), the components of (37]-(” cje{l,...,n})
are independent and identically distributed with P(Y® = 1) = 1 — exp(—A@A). Similarly, if

(Y; :j €{1,...,n}) denotes the discretized process Y,', then we have
P (Yg(") je{l,... )| e {1,...,n}> =[P,
j=1

due to the memoryless property of Poisson processes and independent thinning. Consider the

following “test”-channel for k € {1,2,3,4},

POV = kY ® =1) = 5", (46)
PO = kYD =0) = o, 47)

Define the discretized distortion function

Uy =1} §205¢€{01). (48)
The reconstruction ff is taken as
Y(OW,0@) = \YyO(W)y @ (g®),

where

(1) .
. B ifal? >0,
Y(’)(k;) . N

1 otherwise.

We note that since 7,(3) = p(i)a,(;) + (1 - p("))ﬁlii), and at least one of C.1-C.2 is satisfied,
?(i)(k) > 0, and hence Y > 0. Thus the distortion function J()Q/, Y) in |@i is bounded. Let

A

log (Y(k:l, @)) ‘ . 49)

N
K = ImMax
k1,k2

Due to the Berger-Tung inner bound [56, Theorem 12.1, p. 295], for a given A > 0, € > 0,

and all sufficiently large n, there exists encoders f) and f®), and a decoder g such that for
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ie{1,2}
FO P jef1,. 0}~ {1,...,L9}
g {1, LY x {1, LO}y 5 (Y, je{1,...,n}),
satisfying
% log(LW) < 1(UW: YD) 4 ¢ (50)
E %gd(i, )| < E[d(Y,Y)] +e (51)

It is noteworthy that the Berger-Tung inner bound has a conditioning term in the mutual-
information expression, which in general is a stronger bound than that presented here. However,
in our setting we can drop this conditioning as explained in Remark [3] in the main paper.

Given the above setup, each encoder f() upon observing Y()(i)’T obtains the binary valued
discrete-time process (Yj(i) :j €{l,...,n}), and sends M) = f(i)(ffj(i) cjeA{l,...,n}) to
the decoder. The decoder outputs the reconstruction f/OT as

2N Vii{te ((j— DA JA]} te 0T,
j=1

Let Y denote the actual number of arrivals of Y in an interval ((—1)A, jA]. Then d is related

to the original distortion function via the above reconstruction as follows:

1 or 1 [T 1 (7 .
fd(ybéyo)zf ; Ytdt—f i log(Y;) dY,

= %ZYZ - %Zlog(ffj)ffj
i=1 j=1

:%if/j AZlogf/Y——Zlogf/ Y 1)1{126->1}.
=1

-~ 1 S = =
= 3 d(Y;.Y)) — 5 Y log(Y))(V; — DY, > 1}
j=1 Jj=1
(a) 1 n N _ K n =
== (Y5, j)+fZ(Yj JHY; > 1}
j=1 j=1
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where for (a), we have used the definition of x in (49)).

Hence taking the expectation, we get

B | 1Y) <E

(a) A
< E[d(Y,Y)] + &E

< E[d(Y,Y)] + kXA + ¢, (52)

where, for (a), we have used (51)),

for (b) we note that E[)ijl{}i} > 1} = AA — M exp(—AA), and

for (c), we have used the inequality 1 — u < exp(—u).

Moreover using (50), for i € {1, 2}

1 : 1 : I({U®,y®) ¢

L 0e(20) = L joe(p 0y < LWHYT) €
T log(L9) = —log(1) < ) 4 €

The scaling of the mutual information I(U®;Y @) and the distortion function d(Y,Y) with

(53)

respect to A is given by the following lemma.

Lemma 14: For i € {1,2}

Proof: Please see the supplementary material. [ ]
Now given the rate-distortion vector (R, R® D) and e > 0, first choose A sufficiently

small so that
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Then let € = A¢/4, and choose a sufficiently large n so that and are satisfied. From
and (53) we conclude that a sequence of (7,, RV +¢, R® 4 ¢, D +¢) code exists with T, = nA
when at least one of the conditions C.1 or C.2 is satisfied.

Now consider the case when p{¥ = 0 some i € {1,2}, and for that i, B(i) = 0 for some k’s.
Say p¥ =0 and p® > 0. This gives us 7k ﬁ(l) for k € {1,2,3,4}. Then we need to show
that the rate-distortion vector

4 " 5(1)
1 — 1) 1 Tk
RY = ()\—{—[1, ) ,;_1 B, log (a(1)>

k

4 (2)
R = (=) Y s )
«

k
1) Bk 715; )
D =X—¢(\ Zﬁk log + nyk log ( ) (54)
k Qg

is achievable. Let [3)]2_, = [1/4,1/4,1/4] and [a")2_, = [1/4,1/4,1/4 — v,1/4 + ] for

some v € [0,1/3). Then the term
4 (1)
30 1og [ P
k=1

k

is continuous in v and goes from zero to infinity as v is increased from zero to 1/4, hence there

exists some © € [0,1/4) such that with [& (1)]k L =[1/4,1/4,1/4 — 0, 1/4 + 1],

Zﬁk 1og< ) Zﬁk 1og( m) (55)

We note that this [B,il)]i , satisfies condition C.1. Hence the rate-distortion vector in is
achievable by using [a{"]2_, that satisfies . The case when p®) = 0 or both p(!) = p?) =0

can be handled similarly.

Converse:

We will prove the converse when feedforward is present. For the given (T, R®Y) + ¢, R?) +
¢, D+ ¢) code with feedforward, let M) and M denote the first and second encoder’s output
respectively. We essentially repeat the steps in the converse proof of Theorem 4] to show that

1
(MO, M YT + D > A=) -



46

Since I(M™ M®;Y") < oo, we conclude from Theorem |1/ that there exists a process I'} such

that ' is the (F; = o(MW, M@ Y{) : ¢ € [0,7)) intensity of Y and
I(MY MPy T = { / o(T) dt} To(N),

Let YOT denote the decoder’s output. The distortion constraint D satisfies

1 . 1 T R
D> Y [a¥y V)] = 1E { [ Vi = toutvi dYt] e
0

1 T -
= _F [/ Y; — log(Y))T'y dt} — €,
T 0

(56)

(57)

where for the last equality we have used Lemma Once again using the inequality ulog(v) <

d(u) —u+wv, 0<wu,v< oo, and noting that the individual terms have finite expectations,

T
EUO 1og(Yt)Ftdt}<]EU o(T,) Ft+Ytdt}

o[ [ omya] <[] 0] 2] 5]

Combining these inequalities, we obtain

1 1 2 T 1 4
— (MY MP. Y+ D>_E {/ qb(Ft)dt] — (N
T o

T
1 . 1 T .
+ TE [/0 Ytdt} — TE [/o log(Y;) dYt} —€

where, for (a) we have used and (58) and
for (b) we use the fact that E [fOT I, dt} =E [fOT dYt} = \T.
We can upper bound the term (MM M@ Y] as

(@)

®) H(M®, M®) —E [HMV V)] - E [H(M® V)]

< HMW) + HM®P) —E [HMOY)] - E [H(MP|Y)]

— IO Y + 1M Y],

(58)

(59)

(60)
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NPT ~ Poiss(u)

~(1).T (T
YT | | Y, Y
0 p{” -Thin 0 0

pV-Thin |«

|

NPT ~ Poiss(pV) 4)

Fig. 2. Thinning and superposition operations defined in the proof for the first encoder. Note that the joint distribution of

(YO(D‘T,}}O(D‘T7 Yy") is same as that of (Yo(l)’T, Zél)‘T, zT).

where, for (a) we have used Lemma 2] and

for (b), we used the Markov chain M) S Y = M®),
Combining (59) and (60) we get
1 1
D>\—¢()\) — fl(]\/[(l); Yo — fI(M(Q); Vi) —e. 61)

For i € {1,2}, using Lemma
1 . i 1 . 1 . . 1
TI(M(’);YO(Z)’T) = TH(M(Z)) < o log (Texp((R? + €)T)]) < R + ¢ + P ()

We will first consider the case when p¥ < 1 for i € {1,2}. We shall proceed by defining
certain auxiliary processes (see Figure . Let Zéi)’T be obtained from p'?-thinning of Yo(i)’T,

where ‘
) = LA
(L= P A+ )

Then using Lemma [T1] we can write
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where Zéi)’T and Zéi)’T are independent Poisson processes with rates (1 — p®)\ and p®

respectively. Whereas, by definition
v =Y0+ N telo,1],

where Y and N are independent Poisson processes with rates (1—p®)\ and p(¥) respectively.
Hence we conclude that the joint distribution of (Y()(i)’T, Zéi)’T) is identical to the joint distribution
of (Y[)(i)’T, %(i)’T). Let Zéi)’T be obtained by adding an independent Poisson process ]\Aféi)’T with
rate pW\ to Zéi)’T,

z0 =70+ N e o,T).

Also using Lemma [TT] we have
Y, =Y+ tefo),

where %(i)’T and f/o(i)’T are independent Poisson processes with rates (1 — p)\ and p@ ).
Hence the joint distribution of (Z{"", Z{""") and (YT, Y{""") are identical. Moreover, M) =
Yo()T = Y()T = Yy forms a Markov chain and M) = Y()T = Z()T = Z() forms a

Markov chain. This allows us to write

(0. 207) =1 (0507,

1(M9; 207 ) = 1Y), (63)
Since Zéi)’T m—minning of Yo(i)’T, Theorem [3| gives
o (i) .
I(M®; 29Ty < (1 a ) 1M, YO, 64
( » <0 )— (1_]7(1))/\4’,&(1) ( » 20 ) ( )

Also Z(()i)’T is obtained by adding an independent Poisson process with rate p()\ to Zéi)’T,

Theorem 2] yields
I(M©D; ZTy = [ / HTY — ((1 = p)A) dt] ,

(MY; 7, U ST +p@N) — ¢(A)dt}, (65)
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where, f(()i)’T is the (o(M®, Z(()i)’T) . t € [0,T])-intensity of Zéi)’T. Then we can further lower
bound D in (61) as

1 1
D> X=06(\) = ZI(MDY) = ZI(M@; V) — e
a 1 1
A= 0N) = I (MO Z0T) = 1M 2T — €

where for (a), we have used (63)),

for (b), we have used (63), and

for (c), we define S; and S, to be uniformly distributed on [0, 7], independent of all other
random variables and independent of each other as well.

For each i € {1,2}, R in can be lower bounded as

RO > %I (MO;Y5) e %
o ﬁpf);ﬁ);”m%f (MO Z57) — e _%
ot sz)g)aé);u(i) %E [ oTQb(f?Ei)) — (0 =Nt e %
2t ﬁpf);%% o) — o= pO] — e 5.

where for (a), we have used (64,

for (b), we have used (63)), and

for (c), recall that S} and Sy are uniformly distributed on [0, 7'], independent of all other random
variables and independent of each other.

Now we use Carathéodory’s theorem [54, Theorem 17.1]. For each i € {1,2}, there exist non-

negative [n\"]4_, and [o\”]i_,, such that 3¢ o\” =1 and

4
E[o(8)] =D alom”),
k=1

4
E o7 +pOn)| = " afls(n” +p9n),

@
k=1
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[ } Z%)U/(f = (1-p)A,

where in the last line we have used the fact that since I\ is the (o(M©, Z"'T) : t € [0, T))-

intensity of Z\"" [fo } E[Z{)] = T(1 — p®)\. Hence we have
RO > ' @ () _ b((1 — pVN) | — e — - 66
D > X+ () Z aMo(n + pMA) — Z aPo(n? +p?PA) — e (67)
Now define @0
(i) o Y T () a @) @) (i) o)
B = (1—pO)\’ YN =pVoy” + (1=pY)B"

We note that B,Ef) =0if Oz,(f) =0,and Y ;_, B,(f) = 1. Substituting the above definitions in l@)

U= (e i .
RO 2 G (52 a0 og(r?) - o1~ pO) | -

(1 —p@)A T

1 @1 _ ,
= (1 =p)A+ ) (Z 8¢ log (W) 1{a{’ > 0} — log((1 — p<i>)A)>
k=1 Qg
(68)
1
e
. NI By 1
= (1=pDA+ 1) Y- log | b5 | —e— . (69)
k=1 Qy

Likewise,

N0
=Y o | 50| 1)) > 0}
CM

Substituting the above in , we get

D>\ — () A27k1)10g< )—)\Z%f)log( ) . (70)
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If either p¥, say p(!), equals 1, then M) and Y are independent so that I(M™; V) = 0,

and we can repeat the above steps to show that

R® > ((1 = p®)A 4 p? Zﬁk 1og< ) %
D> \—¢(\ )\Zyk log((2)> €,

which is the region in . with ak Bk, = ’yk ) for k € {1,2,3,4}.

Since e is arbitrary, taking ¢ — 0 and 7" — oo gives us the rate region in the statement of the

theorem.
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