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Abstract

The rapid development of signal processing on graphs provides a new perspective
for processing large-scale data associated with irregular domains. In many practical
applications, it is necessary to handle massive data sets through complex networks,
in which most nodes have limited computing power. Designing efficient distributed
algorithms is critical for this task. This paper focuses on the distributed reconstruction
of a time-varying bandlimited graph signal based on observations sampled at a subset of
selected nodes. A distributed least square reconstruction (DLSR) algorithm is proposed
to recover the unknown signal iteratively, by allowing neighboring nodes to communicate
with one another and make fast updates. DLSR uses a decay scheme to annihilate
the out-of-band energy occurring in the reconstruction process, which is inevitably
caused by the transmission delay in distributed systems. Proof of convergence and
error bounds for DLSR are provided in this paper, suggesting that the algorithm is able
to track time-varying graph signals and perfectly reconstruct time-invariant signals.
The DLSR algorithm is numerically experimented with synthetic data and real-world
sensor network data, which verifies its ability in tracking slowly time-varying graph
signals.

Keywords: Signal processing on graph, graph signal, distributed algorithm, sam-

pling and reconstruction, time-varying signal.

1 Introduction

1.1 Signal Processing on Graph

During the past few years, the emerging field of signal processing on graphs (see 7) has

attracted vast research interests from multiple disciplines. Consider an N-vertex undirected
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graph, denoted as G(V, &), where V is the set of vertices with [V| = N and & is the set
of edges. A graph signal £ € RV is a vector that assigns each vertex a real number.
Equivalently, the vector f is often regarded as a function f:V +— R.

Graph-based signal processing has been developed to analyze data or signal associated
with irregular domains, e.g., large-scale networks. It finds wide applications in sensor net-
works [3], image processing [4], recommendation systems [5], etc. Existing research topics
on graph signal processing include: graph signal sampling [6}/7], uncertainty principle [§],
graph filtering [9], spectral graph wavelet [10,11], graph signal compression [12], graph signal
multiresolution [13}/14], parametric dictionary learning [15], graph signal coarsening [16,17],

etc.

1.2 Problem Description and Related Works

In this work, we study the distributed reconstruction of smooth graph signals based on
sample measurements obtained at representative nodes. Suppose that the unknown graph
signal lies in the low-frequency subspace, our reconstruction problem is to recover its missing
entries from its known data/signal values sampled from a representative set of nodes.

Some theoretical results have been established for the sampling problem of bandlimited
graph-based signals; see e.g., |[18420]. The relation between the sample size necessary to
obtain unique reconstruction and the cutoff frequency of bandlimited signal space has been
studied. Similar to classical results on time-domain irregular sampling, the idea of “frame”
has been introduced for graph signal processing. The unique reconstruction conditions
have been derived for normalized and unnormalized Laplacians [18,20]. As the field of
graph signal processing is rapidly developing, we summarize some recent related works as
follows. A least square approach has been proposed in [5] to reconstruct bandlimited graph
signal from signal values observed on sampled vertices, using a centralized algorithm. An
iterative method of bandlimited graph signal reconstruction has been proposed in [6], with
the practical consideration of balancing a tradeoff between smoothness and data-fitting.
Two more efficient iterative reconstruction methods using the local set have been considered
in [21,)22]. A necessary and sufficient condition for perfect reconstruction of bandlimited
graph signal has been derived in [7]. Readers may refer to Section for more details of
related works.

Signal processing on graph is naturally related to distributed systems. For large-scale
systems in lack of a central controller, e.g., sensor networks, distributed estimation and
tracking [23] is an important topic. Algorithmic frameworks for distributed regression [24]
and inference [25] have been studied to fit global functions based on local measurements in
sensor networks. Consensus-based methods have been proposed in [26,27] to distributively
compute the maximum likelihood estimate of unknown parameters. Distributed Kalman fil-
tering has been introduced in 28] for target tracking of sensor networks. Diffusion RLS [29]

and LMS [30] algorithms have been proposed for distributed estimation over adaptive net-



works. To the best knowledge of the authors, there have been few works on the distributed
reconstruction problem of bandlimited graph signal reconstruction. A related work [31] pro-
poses an approximation method that calculates the graph Fourier multipliers distributively,
which we will discuss in subsequent sections.

In many practical distributed systems, a central processor is lacking and the majority of
nodes have severely limited data processing power. Moreover, the node-to-node transmis-
sion delay is non-negligible in large-scale networks, i.e., a given node cannot communicate
globally with all other nodes to obtain instant fresh data. These difficulties with large
distributed systems pose a new and practical challenge to graph-based signal processing:
how to reconstruct graph signals distributively and efficiently? This is the motivation of
the present paper, in which we propose a distributed algorithmic solution and answer the

prior question to a reasonable extent.

1.3 Contributions

In this paper, we focus on the distributed recovery problem of graph-based time-varying
signal. We propose a distributed algorithm, namely the distributed least square reconstruc-
tion (DLSR), to adaptively reconstruct the missing values of a graph signal by allowing
neighboring nodes to communicate with one another and make local updates. Due to the
transmission delay caused by node-to-node communication, some out-of-band energy in-
evitably occurs during the distributed signal reconstruction process. The DLSR algorithm
uses a decay factor to dampen this out-of-band energy and achieves perfect reconstruction
of the unknown graph signal. Theoretical convergence proof and error bounds of DLSR is
given in our analysis.

The rest of this paper is organized as follows. In Section II, some preliminaries are
introduced, including the basics of graph signal processing and a review of existing related
works. In Section III, the distributed reconstruction algorithm (DLSR) is proposed and
described in detail. In Section IV, the proof of convergence and error bound analysis for
the proposed algorithm is presented. In Section V, DLSR is evaluated using numerical

experiments with synthetic as well as real-world data.

2 Preliminaries

2.1 Laplacian-Based Graph Signal Processing

The concept of graph Laplacian is widely adopted in spectral graph theory [32] and signal
processing on graphs [1]. For an undirected graph, the graph Laplacian (or unnormalized

Laplacian, combinatorial Laplacian) is defined as

L=D-A,



where A is the adjacency matrix and D is the diagonal degree matrix, whose elements are

the degrees of the corresponding vertices. The normalized Laplacian is defined as
1 1
L=D :LD 2.

Both unnormalized Laplacian and normalized Laplacian are real symmetric positive-semidefinite
matrices and all the eigenvalues are nonnegative [32]. In the rest of the paper, we mainly
focus on the normalized Laplacian. However, we note that analogous results can be easily
obtained for unnormalized Laplacian.

In view of signal processing on graphs, the eigenvalues {\; } of the Laplacian are regarded
as frequencies and the corresponding eigenvectors {uy} are regarded as basis vectors. Con-
sider an arbitrary graph signal f € Y. Its frequency component corresponding to A is the

inner product between f and the eigenvector ug, denoted as

N
FOw) = (Eu) =) f(@)un(i).
i=1

The eigenvectors associated with small eigenvalues have similar values on neighboring
vertices, while the eigenvectors associated with large eigenvalues are the opposite. As a
result, the frequency components associated with small and large eigenvalues correspond to
the low-frequency and high-frequency parts of the signal, respectively [1},33].

Suppose f € RV is a graph signal on an N-vertex graph G(V,&). We say f is w-
bandlimited if its frequency components corresponding to eigenvalues larger than w are all
zero. In other words, the spectral support of f is a subset of [0,w]. The subspace consisting
of all w-bandlimited signals on graph G is called the Paley-Wiener space, which is a Hilbert
space and denoted as PW,(G).

Suppose that for f € PW,,(G) only the entries on a selected set of nodes {f(u)},es are
known, where S C V is the sampled vertex set. The sampling and reconstruction problem

is to recover the w-bandlimited original signal f based on the sampled data {f(u)}ycs.

2.2 Frame and Signal Reconstruction

Bandlimited signal reconstruction is closely related to the frame theory. We briefly introduce

its basics in the following.

Definition 1 A sequence of vectors {f;}icz is a frame in a Hilbert space H, if there exist
two constants 0 < A < B such that

AJIEI? < YO UE )P < BIIEI?,  VE e A
1€l

Here the constants A and B are called frame bounds.



Definition 2 For a frame {f;}icz, the frame operator S : H — H is

Sf =) (f.£)f;,

1€T

where S is invertible and satisfies A1 < S < BI.

If the Euclidean matrix norm satisfies ||[I — AS|| < 1, then
f=87"Sf=1) (I-AS)/Sf.
=0

Consider the problem of reconstruction of an unknown signal f,. By defining

£ = A Zk: I-)\S)/
j=0
we can use the following iteration to iteratively reconstruct f, (see [34]),
£+ — ASE, + (I — AS)E®) = £F) L AS(f, — £(F), (1)
which achieves an exponentially shrinking error bound

1£® — £ < [T—AS|#[£@ — £, V&> 0.

2.3 Previous Works on Bandlimited Graph Signal Reconstruction

We review some basic concepts and important results regarding band limited graph signal

reconstruction, which have been established in existing works.

Definition 3 [18/ A set of vertices U C V(G) is a uniqueness set for space PW,,(G) if
VE € PW,(G), f is uniquely determined by its values on U, i.e., VE, g € PW,(G), flu = glu
implies £ = g, where f|y € RIU is the restriction of f to the subset U.

In order to perfectly reconstruct the bandlimited signals, we need the following relation

between the sampling set and frame has been established.

Theorem 1 [18] If the sampling set S is a uniqueness set for PW,,(G), then {Py(6y) }ues
forms a frame in PW,(G), and the upper bound B = 1, where P,(-) is the orthogonal
projection onto PW,,(G), and &, € RY is a graph signal on G whose entries satisfy

0, v#u.

A method called iterative least square reconstruction (ILSR) has been proposed to
reconstruct the bandlimited signal iteratively. To be consistent with the results of our

work, the method is rewritten as follows.



Theorem 2 [6] If the sampling set S is a uniqueness set for PW,(G), then the original
signal £, € PW,,(G) can be reconstructed using the sampled data { f.(u)}ues by the following
ILSR method,

fH) = £k) 1 P, (Z(f*(u) - f(k)(u))5u> 7 (2)

ueS

where £ %) is a temporary result in the kth iteration.

ILSR is derived from the method of projections onto convex sets (POCS) [35,36], which
is also known as the alternating projection method. The iteration can be obtained by

projecting onto the following two sets alternately,

C1 ={f € RY|f(u) = fu(u),Vu € S},
Cy =PW,,(G).

An equivalent derivation of ILSR can be obtained with the help of frame theory. Because
of Theorem the above method can also be obtained for A = 1 in the iteration .
Therefore, f*) in is the same as that in .

In addition to ILSR, two more efficient graph signal reconstruction methods, namely
the iterative propagating reconstruction (IPR) and the iterative weighting reconstruction
(IWR), have been proposed and proved to be convergent [21,22].

Sampling and reconstruction of bandlimited graph signal is closely related to irregular
sampling [37H40] or non-uniform sampling [41] in the time domain, which sheds light on
the analysis of graph signal. In fact, ILSR, IPR and IWR all have correspondence in time-
domain irregular sampling, which are known as the Marvasti method [42], the Voronoi
method [43] and the adaptive weights method [37].

2.4 Notation

For a graph G and a cutoff frequency w, PW,,(G) denotes the w-bandlimited space of graph
signal on G. For any graph signal f € RY, P, (f) denotes its orthogonal projection onto
PW,(G), and P, (f) denotes the projection onto the orthogonal complement space of
PW,(G). The sampling vertex set is denoted as S, and the communication time delay
between vertices u and v is denoted as 7(u,v). It is assumed that one iteration is conducted
at each time step. The true graph signal at the kth time step or iteration is denoted as
ﬁgk), whose entry associated with vertex u is fi’“) (u). ﬁE’“) denotes a biased estimate of f,Ek).
In the reconstruction algorithm, f (k) denotes the temporary result obtained after the kth

iteration, with f®*) (u) as its entry associated with vertex w.
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Figure 1: An example of graph signal reconstruction over wireless sensor network.

3 Distributed Reconstruction of Time-varying Bandlimited

Graph Signal

3.1 Motivation

We consider the distributed reconstruction of a time-varying low-frequency signal defined
over graph by sampling at a small portion of nodes. The problem could be described in the
scenario of wireless sensor network (WSN). For a given WSN, there are unknown function
fit) (v) associating with node v at time ¢. Suppose that the function is slowly varying over
both the time domain and the space domain. A snapshot of such function could be modeled
as an unknown time-varying low-frequency signal f,gt) € PW,(G) located over a graph

Suppose that the WSN is a hybrid network and only a small subset of nodes in S are
equipped with sensors. As a result, one can measure the signal entries on support S as
{ fit) (u) bues at time ¢. Our purpose is to distributivedly estimate the function values at
all nodes {fit) (v) }vey, by using historical measurements at selected nodes {fiT) (w) bues,r<t-
See Fig. [1] for a demonstration of the raised problem.

When the signal is time-invariant, the problem reduces to bandlimited graph signal re-
construction, where the nodes with and without sensors correspond to sampled and missing
data. In the distributed setting, the centralized iteration no longer applies, as it is
impossible for every node to obtain the instant estimation errors { fi(u) — f*)(u)}yes.

In what follows, we focus on the generalization of ILSR method to distributed systems
and time-varying signals. We proposed an algorithm called distributed least square re-

construction (DLSR). By letting each node conducting the iteration locally at each time

'One may argue how one could model the WSN as a graph, e.g., how the weighted edges are yielded
among all nodes. However, this problem is beyond the topic of this paper. We always assume the graph is

available or could be estimated by some available methods.



instant, DLSR can adaptively reconstruct the missing entries of a slowly time-varying graph

signal.

3.2 Algorithm Description

The basic idea of DLSR is to spread the current estimation errors associated with the
representative nodes (which are equipped with sensors) to all other nodes over the connected
network. Every node iteratively updates its own estimation based on its received messages.
The driver of the proposed algorithm is on those nodes with sensors, which calculates
the error between the measurement fﬁk) (u) and the temporary estimation f*)(u) in the
kth iteration by
B w) = fP ) — fB W), vues.

Then the estimation errors at node u (u € S) are transmitted to other nodes in the network.
At the kth iteration, an arbitrary v collects a set of delayed but most recent estimation

errors,

{0 D (W) yes, Yo e V(G),
where 7(u,v) denotes the transmission delay from node u to node v ﬂ We denote the
maximal transmission delay of the network by

T= max 7(u,v).
ueS,WeEV(G)

Utilizing the most recent estimation errors, node v updates its local estimate by

FED W) = (1= g1 Bop) F 0 (0) + prar D eF 7D () (Pydu)(v), Yo € V(G)  (3)
ueS
where pgq1 and 11 denote the stepsize and decay factor, respectively. (P,d,)(v) denotes
the entry at v of the lowpass component of d,,, which could be calculated and stored before
the system starts.
Please refer to Table [I] and Table [2, which describe the detailed iterative process of

signal reconstruction at the presentative nodes and the remaining nodes, respectively.

3.3 An Example

In order to provide some intuition for our distributed algorithm, let us refer to Fig. [I] and

describe what happens on a typical node in the network.

e As arepresentative node equipped with sensor, node 1 will get a measurement fﬁk)(l)
at the kth iteration and then calculate the estimation error e*)(1). The estimation
error will be send to its neighbors of node 2,4, and 5, and then forwarded to others.

At the same slot, node 1 will receive the estimation errors of other nodes with sensors

2For simplicity, we may set e®*~7() () = 0 if k — 7(u,v) < 0.



Table 1: DLSR Algorithm at Representative Node u € S.

Parameter: S, {7(v,u)}w ues, bk Br;
Initialization: (9 (u) = 0, calculate (P,d,/)(u),Vu' € S;
For k=0,1,2,---

1) Input: £ (u);

2) Estimation:
() = £ () = f ) u);
3) Communication:
Send € (u) and eF—1=7(w) (4} to neighbors, Vu' € S\u;
Receive e*=7(# ) (y/) from neighbors, Yu' € S\u;
4) Update Storage:
Save b= W) (/) V! € S\u;
5) Update Estimation:
FED(u) = (1 = prga Brra) f®) (w)
tprr Yo BT (W) (P (u).

u'eS
End

and use the most recent ones (¢*~1(2) from node 2 and ¢*~2)(3) from node 5).

Consequently, it could update the estimation by

FEDA) = (1 = g1 By F (1)
+ M1 <€(k)(1) - (Puo1)(1) + €51 (2)(Puda) (1) + ﬁ(k_Q)(3)(7Dw53)(1)>~

One may notice that the new estimation is not the output of the proposed algorithm,
because our purpose is to estimate the strength of the signal associated with the node
without sensor. However, the new estimation errors at representative nodes will be

transmitted over the network to help all others to conduct their estimation.

As a regular node that is not equipped with sensor, at the kth iteration, node 5 will
receive €*=1) (1), e*=2)(2), and e*~1(3) from its neighbors. Then it will transmit the
most recent estimation errors of nodes with sensors to its neighbors 1,3, and 6. The

estimate of node 5 is updated by

FEDB) = (1 — g1 Bir1) f P (5)
+ M1 (6(]“71)(1)(7%51)(5) + 72 (2)(Puda) (5) + €(k73)(3)(77w53)(5)>-



Table 2: DLSR Algorithm at Non-representative Node v € V(G)\S.

Parameter: S, {7(u,v)}uesvevg)\s, Kk Br;
Initialization: (9 (v) = 0, calculate (P,d8,)(v),Vu € S;
For k=0,1,2,---

1) Communication:

Send eF=1=7(w) (3;) to neighbors, Vu € S;

Receive e*=7(%0) (3) from neighbors, Yu € S;
2) Update Storage:

Save eF=7(W) (), Vu € S;
3) Update Estimation:

FED () = (1 = prer1 ) fP (v)

gy 3 €T (u) (Pudy) (v);

ueS
4) Output: fE+1(v).

End

The new estimate will be sent out as a temporary result of the proposed algorithm.

3.4 Discussions

Asynchronization is one of the most common issues in distributed systems. In our dis-
tributed reconstruction setting, asynchronization leads to communication delay between
nodes that are connected through multiple links, which induces a deviation of the esti-
mated signal from the bandlimited space. However, as long as the maximum delay in the
network is bounded by a constant 7, the proposed method can successfully annihilate the
out-of-band estimation error and achieves perfect reconstruction.

Node failure is also a common problem in WSN. The proposed DLSR is robust to both
communication failure and sensor failure. In the former case, some links are broken and fail
to work. The data packets have to be delivered through new route and the transmission
delay may increase. Even in this case, the DLSR is still going to work, provided that the
network remains connected and the maximum transmission delay is bounded. In the case
of a sensor failure, some presentative nodes (i. e. u € §) no longer obtain the sampled
data, which means that they can act the same as the regular nodes. As long as the system
is designed with some redundancy, the DLSR can still work, provided that there remain
enough number of functional sensors.

The proposed algorithm requires that the vectors {P,d,}ucs be calculated in advance

10



and their entries be stored in the respective nodes. In some practical situation this pre-
calculation could be unavailable. However, a distributed method proposed by [31] can be
used to calculate {(P,60,)(v)}ues approximately at node v.

In fact, the operation P, () for any given graph signal can be approximately calculated
by a distributed method proposed by [31]. By this method, it will take some (depends on
the network scale) rounds of data transmission and calculation to obtain the approximate
projection. Therefore, another distributed method can be readily proposed by directly
applying the above approximate projection to ILSR with a stepsize p to track time-varying

signal. Our method differs from this approach in the following aspects.

e Supposing the period of a time step composed of one transmission and calculation
is fixed in both methods, it will take some time steps to implement one iteration of
ILSR by directly applying the method in [31] to ILSR. Therefore, the data used in the
calculation are all sampled several time steps earlier. In our method, the iteration is
conducted in one time step and use the current data at every node, which means the
samples are as fresh as possible, the delay is only caused by transmission, and there
is no waiting. Although nonuniform delays may violate the bandlimited property,
we will prove in the following section that the out-of-band energy can be eliminated

eventually.

e The projection P, (-) should be conducted for different graph signals as the itera-
tion goes on by directly applying the method in [31] to ILSR, and each projection
takes some time steps. In the proposed method, only pre-calculating (precisely or
approximately using the method in [31]) the frame elements, {P,d,}ucs, are enough

to reconstruct the graph signal, which is more economical.

4 Convergence Analysis

We will first study the convergence behavior of DLSR in a general situation that the ban-
dlimited graph signal to be constructed varies slowly by time, and then specialize the result
to a time-invariant case. In order to simplify the expression, we will fix stepsizes u and 3 to
be constants in studying the time-varying case. Finally, we let the stepsizes be diminishing

and show that DLSR achieves a perfect reconstruction of time-invariant signal.

4.1 Tracking Time-Varying Signal Using Constant Parameters

The proposed DLSR algorithm is equivalent to the following iteration in the vector form
R = (1— uB)f® 44y <ka]§? _ Fg’ﬂ) Pobdu, (4)
ueS

where

) B — g {10y o)

11



is a diagonal matrix composed of the delayed estimation error at node u.

Although P4, is bandlimited for any w, by introducing F&k), the delayed signal (FSJZ) —
F(uk))Pwéu no longer belongs to the low-frequency subspace PW,(G). As a result, the
sequence of estimated signals {f(*)} are no longer w-bandlimited. This existence of out-of-
band energy makes DLSR critically different from its centralized version and substan-
tially complicates the convergence analysis. Since f(*) is not w-bandlimited, we need to
study its low-frequency and high-frequency components separately.

For given node set S and cutoff frequency w, we may define an operator T on a graph

signal f as

Tf =P, <Z f(U)5u> (5)

ueS

= f(u)Puby.

u€eS

According to Theorem if S is the uniqueness set of graph G with respect to w, {P,0y }ucs
is a frame in PW,,(G). For any f € PW,,(G), using the fact that
fu) = (Puf,8,) = (f,P,by), Yu€esS,

Tf can be rewritten as

Tf = > (f,Pu6,)Pu,ou, VEEPW,(G),
ueS

which is the frame operator of {P,d,}ues, and the frame bounds are A and B.
The definition of T implies

ITE < || > flw)du| < |f]
ucs
and one has ||T|| < 1. By defining £ as
£ — (g1 + 1)), (6)
one further gets
Tl = i + TED. (7)

According to , both Tf ik) and Tﬁgk) are within the low-frequency space PW,,(G). There-
fore one can obtain from that £*) € PW,(G). As a consequence, Py, £F) = 0, where
P.,, denotes the projection operator onto the high-frequency subspace which is the orthog-
onal complement of PW,,(G).

By defining the in-band error and out-of-band error as, respectively,
) (8)
; (9)

o) = | Put® — P EY

) = [P, 88— P E | = [P,

12



the following proposition gives inequalities that {e(k’)} and {ef)} satisfy. Further, it will be
shown that if the signal varies slowly enough, by properly selecting the stepsize p, DLSR

can track time-varying signals.

Proposition 1 Supposing the true signal satisfies

50w - 10w <8, vuev@ k=1, (10)

if A< min{Am(m BBe+/(]S|T)} and

1 B
min < < min mazs ) 4 s 11
o = H {M p+A C+|5|§T2A} -

the errors {e(k)} and {ef)} satisfy

< (1= pp)el) 442+ M)A, (12)
M < (1= — p)e®™ + | Tel? + 1 °C + M(p)A. (13)

In the above inequalities,
M(p) = |S|2 722 + S| + VN, (14)
Az 18 the positive root of
IS5 72 <4N% - \5|%) AZ 4 (213|TBBB+ + 4N%C) A - BB =0,
Wmin 0N Wmae are the roots of
(C + yS|372A) 2+ (IS|7A = BB, ) i+ VNA =0,

A and B are the frame bounds of T in PW,(G), ||T| is the norm of T, By, B, and B,
are constants satisfying

(/8 + A)Be = (ﬁ + HT”)BG+7 (15)

and C is a constant
C'=71VISI ((B+ITI)(Be + Be) + By) - (16)
The proof of Proposition [I] is postponed to

Remark 1 According to Proposition |1, the out-of-band error (@ shows the mecessity of
the decay factor B. If B = 0, the out-of-band error cannot be proved to converge, and the
error may accumulate with the iterations. The decay factor B enhances the robustness of

iteration.

Remark 2 The inequality shows that the out-of-band error ef) also affects the in-band

k-+1)

error el , which implies that the in-band error cannot be very small if the out-of-band

error exists. In other words, it is important to eliminate the out-of-band error.

13



Taking the limit superior of and , one obtains

. E M

e O Y w
- (k) IT[[\ (DE+E M ()

hglsipe < <1+ 5 1A o+ (ﬁJrA),uA . (18)

where D and E are constants. The above results imply that for a constant stepsize u, the
out-of-band error egf) will eventually get below a threshold that is determined by p and
A. Similarly, P,f*) will converge to the neighborhood of Pwﬂgk)

controlled by p and A.

, and the error is also

Remark 3 Because bias is introduced by the multiple 1 — uf in the iteration, the low-
frequency and high-frequency components of the temporary estimate will get into the neigh-
borhoods of Pwﬁgk) and 0, respectively. Because of the influence of the decay factor (3, the
reconstructed signal is biased. It will be proved in Corollary 1| that in the time-invariant

case, these two components will exactly converge to Pwﬁgk) and 0.

4.2 Recovering Time-invariant Signal Using Constant Parameters

For the time-invariant case, f,gk)
@, f'* can also be defined as

can be written as f, and FS]Z becomes fi(u)Iy. Similar to

f. = (B1+ T)"'Tf.. (19)
Then Proposition [I] becomes the following corollary for A = 0.

Corollary 1 For time-invariant true signal £y, supposing the in-band error and out-of-band

error are defined as, respectively,
k) = ||ow(k) - ow‘*”7
k -
e = [Pu £8) — Py £ = [ Pu, £V,

the error {e®} and {e(f)} satisfy

eS{H—l) < (1 — uﬁ)e&f) + NQC, (20)
e < (1= pup — pA)e®™ + p| Tl + p2C, (21)
if
(1 B, 8B,
p < min BrAC O [

where the constants are the same as those in Proposition [1}

Besides, and become, respectively,

lim sup egf) < g,u = (D + E) Ly (22)
. D+ E T

lim sup e*) < <1 + . 23
i B+ A 5 )" (23)

14



(k)

Remark 4 For the time-invariant case, the out-of-band error el will get below a threshold
that is proportional to the stepsize p. It means that the out-of-band energy will be almost
eliminated eventually along with the iteration if i is small. P £®) will converge to the neigh-
borhood of ow'*, and its radius is also proportional to p. Therefore, for diminishing stepsize
wi approaching 0, P,f*) and PW+f(k) will strictly converge to Pof, and 0, respectively, for

a sequence of properly chosen diminishing stepsize.

The bias will be estimated next. Because f,, f'* € PW,(G), the iteration f (k) will converge
to f,.. Considering the definition of f, in , the bias satisfies

f, —f, = (BI+T)"'Tf, — £,
= (BT +T)'Tf, — (BT +T) (BT + T)f.
= —B(BI+T) 'f..

For f, € PW,,(G), according to the frame bounds of operator T, we have

_ 1
L e L
and then 5
£ — £ < 5+AHf*”' (24)

Thus, the bias is determined by § and decreases with the decrease of .
Combining , , and , the following proposition gives the limit superior of the

total error, as a function of # and pu.

Proposition 2 The total error for the time-invariant case satisfies

lim sup |[|f*) — £,]] < Fﬂ—l—G% +Hp+ Jpp,
k—o0

where F', G, H, and J are constants.
Proposition [2| can be easily proved by summing up , , and .

4.3 Recovering Time-Invariant Signal Using Variable Parameters

Finally we will back to the general situation of variable stepsize and decay factor. According
to Proposition [2| by discarding the higher order of a diminishing stepsize pux, the best gi
satisfies B ~ O(/px) to minimize the total error. Accordingly, the total error bound can
be controlled by adjusting ux and Si. In other words, the reconstruction error can be made
arbitrarily small: DRSL achieves perfect reconstruction.

The following proposition gives the convergence analysis for a special choice of dimin-

ishing stepsize and decay factor.
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Proposition 3 For diminishing stepsize pu, = Ml/\/E and decay factor B = 51/{1/%, the

total error satisfies the following inequality,
IE9) — £.]| < K/VE,

where K is a constant. It means that the total estimation error decreases on the rate of

1/ Vk and converges to zero eventually.

The proof of Proposition [3]is postponed to

5 Experiments

Experiments are designed to confirm the theoretical analysis and test the performance of the
proposed distributed algorithm. The graph is generated by 100 randomly located nodes and
the edges are generated by 4-nearest neighbors of the nodes, and the weights are inversely
proportional to the square of geometric distance. Among the 100 nodes, 20 of them are
randomly selected as the sampling set. The cutoff frequency is chosen to guarantee that the
sampling node set is a uniqueness set, which can be determined by the method given in [5].
E| The bandlimited signal is generated by filtering the high-frequency components off. The
transmission delay of each pair of nodes is simply regarded as the number of hops between

them in the graph. The maximal transmission delay of this graph is 14.

5.1 Tracking Time-Varying Signals
5.1.1 Tracking Performance

In this experiment, the tracking performance of DLSR is verified. The parameters are
chosen as A = 0.005, = 0.1, and 8 = 1073. The time-varying signal is generated by
adding a random bandlimited increment whose largest absolute entry is A for each time
step. The aiming signal and iterative results of four nodes are focused on, as illustrated in
Fig. 2] The nodes associated with the upper two subfigures are in the sampling set, and
the nodes in the lower two subfigures are not in the sampling set. All the nodes can track
the aiming signal for not dramatic changes. The proposed algorithm can track the slowly

varying graph signal along with time.

5.1.2 Parameters 3, u, and A

In this experiment, the regions for the parameters g and p that guarantee the convergence
of DLSR are plotted in Fig. [3] for different A, which describes the varying rate of time-

varying signals. The experiment results show that for time-varying case the algorithm is

3 Proposition 2 of [5|: The sampling set S is a unique set for PW,,(G) if the cutoff frequency satisfies
w < Omin, Where o2, is the smallest singular value of (£?)se, which is the submatrix of £ containing only
the rows and columns corresponding to the complementary set of S, and £ is the normalized Laplacian of

G.
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Figure 2: Time-varying aiming signal and iterative results of four nodes. The proposed

algorithm can track the aiming signal over time.

not convergent if the stepsize is too large or too small. If the p is too small, the estimation

cannot track the varying signal. This will not happen for the time-invariant case (A = 0).

5.2 Reconstruction of Time-Invariant Signal
5.2.1 Convergence Performance

In this experiment, DLSR is used to reconstruct time-invariant signals. The convergence
curves of distributed and centralized algorithms with constant stepsizes y = 0.01 and u =
0.02 are illustrated in Fig. [ with the decay factor 8 = 0.01. The centralized algorithm
uses fresh data from the sampled nodes, while the distributed algorithm uses data with
transmission delay. It is easy to see that a larger stepsize results in a faster convergence.

The bias caused by £ can be seen in the convergence curves of distributed algorithms, while
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Figure 3: The probability of convergence for different choices of ; and S in time-invariant

and time-varying cases.

the error of centralized algorithm shrinks exponentially to zero with no bias.
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Figure 4: The convergence curves of distributed and centralized algorithms with different

constant stepsizes, where the decay factor is fixed g = 0.01.
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Figure 5: The in-band and out-of-band errors for different § if the initial value has out-of-
band energy. If § = 0 the out-of-band energy cannot be eliminated as the iteration goes,
and it also leads to a relatively larger in-band error. For g > 0, a larger 5 will lead to a

faster shrinkage of the out-of-band error, and a larger steady-state in-band error.

5.2.2 In-Band and Out-of-Band Errors

As proved in Corollary [I} both the in-band and out-of-band errors will decrease into a
small bound as the iteration goes for g > 0. In this experiment, we set the initial value
£ with about 10% of out-of-band energy and conduct the iteration with different decay
factors 8 = 0,0.005,0.01,0.05, and 0.1. The stepsize is chosen as y = 0.2. The in-band
and out-of-band errors are illustrated in Fig. The experiment result shows the necessity
of the decay factor. Although there is no bias for § = 0, the out-of-band energy cannot
be eliminated as the iteration goes. It should be noted that the curve for § = 0 is not
comparable with the others because the out-of-band energy also affects the in-band error
according to Remark [2| Since the out-of-band energy cannot be eliminated, it also leads to
a relatively larger in-band error for 5 = 0. For 8 > 0, it can be seen from Fig. [5 that even
though the initial value has out-of-band energy, it will shrink towards zero along with the
iteration. A larger 8 will lead to a faster shrinkage of the out-of-band error, and a larger

steady-state in-band error.
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Figure 6: Convergence curves for different choices of 5 and p. The decay factor 5 mainly
determines the steady-state error and the stepsize p mainly determines the convergence

rate.

5.2.3 Constant Parameters § and p

The convergence curves for different choices of constant 5 and p are illustrated in Fig.
[6l As analyzed above, the convergence rate is mainly determined by the stepsize u. The
steady-state error is composed of two parts, the bias and the steady-state error introduced
by the constant stepsize. The latter is relatively small compared with the former, which
is mainly determined by the decay factor 5. It is obvious that a smaller 8 will lead to a
smaller steady-state error.

The steady-state errors and convergence rates for different choices of 5 and p are plotted
in Fig. [7l For fixed (3, the steady-state error varies little with p. It shows that the bias, which
is determined by f, is dominant in the total error, while p influences the total error little.
Since there is bias in the convergence, the convergence rate is approximately calculated as
(£ —£,]|/||£© — £,||)1/™, where m is the number of iterations when the error reaches 1.2
times the steady-state error. The rate of convergence is smaller for larger u, which means

it converges faster.

5.2.4 Diminishing Parameters u; and [

An experiment for diminishing stepsizes and decay factors is conducted and the convergence
curves are shown in Fig. The stepsizes are chosen as ux = p1/ Vk with g = 0.05 or
0.02. The decay factor are 3, = B1/vk with 51 = 0.1 or 0.01. All the curves decline along
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Figure 7: The steady-state errors and convergence rates for different choices of 5 and pu.

the iteration. Among the four curves, it can be seen that a larger p; and a smaller 31 may

lead to a faster convergence.
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Figure 8: The convergence curves for diminishing stepsizes and decay factors in Proposition

Bl

5.3 Experiments with Real Data

The sensor network data of Intel Berkeley Research Lab is used in this experiment. The
data is collected from 54 sensors in the lab and sampled every 30 seconds from February
28th, 2004, including temperature, humidity, light, and voltage. In our experiment, the
graph signal is composed of the temperature of the sensors. We extract the data from
01:06:15 to 17:56:15 on February 28th, 2004, during which time there is less missing data.
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Figure 9: The temperature of each node in the sensor network data and the relative error
of DLSR.

Taking time and space smoothness into consideration, the missing data is interpolated by
conducting the MATLAB function scatteredInterpolant with all the existing data. Then
the completed data is regarded as the original time-varying graph signal. The graph is
established by the 4-nearest neighbors of the positions of the sensors, and the weights are
inversely proportional to the square of geometric distance. We randomly choose 20 sensors
and reconstruct the temperature of the other sensors. By selecting ¢ = 0.1 and 3 = 1073,
the time-varying graph signal is reconstructed by DLSR. The temperature of each node and
the relative error are illustrated in Fig. [0} The steady-state relative error is around 3%,
which verifies the effectiveness of DLSR.

6 Conclusion

In this paper, the distributed least square reconstruction algorithm (DLSR) is proposed to
estimate and track the unobserved data of a time-varying graph signal adaptively. The low-
frequency and high-frequency components of the recovered signals are theoretically proved
to converge, respectively, to their true values. The out-of-band energy caused by node-to-
node transmission delay can be eliminated by using the decay factor, which introduces a
controllable bias. The expression of the overall error bound is given as a function of the
stepsize and decay factor, and can be made arbitrarily small. Numerical experiments on
both synthetic and real world data verify the performance of the proposed algorithm and

show that DLSR is able to track slowly varying graph signals adaptively.
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7 Appendix

7.1 The Proof of Proposition

First, besides the in-band error and out-of-band error defined in and @, two sequences

of quantities are introduced as

sk — Hfac) _g=1| (25)
Z(f B (u)Ly — Fk)>7> Su (26)
u€eS

Then we will prove the following inequalities, where the proofs are postponed to the end of

this subsection.

D) <(1 = B — pA)e® m|T\|eSf“) + ™ + (VN + plSir) A, (27)
ef“) <(1 uﬁ)@ + unk (\F—i—ﬂ]S\ ) (28)
K) < \/@Z 5= (29)

=0
60 <pu (8 + 1Y) (0 + ) D) 4 plS|ra, (30)

Plugging into , we have
n® < (C+1S1E2A) (31)

where C' is defined as .

By plugging into and , respectively, we have and readily. As a
consequent, if we could demonstrate that {e(®}, {egf)}, and {n(i)} are bounded by some
constants, respectively, the proof of Proposition [I] will be closed. In what follows, we will
prove this by mathematical induction.

For ¢ = 1, these quantities are obviously bounded. We will then prove that if the

preceding k& — 1 items of {e(i } {e+ }, and {77 )} have respective bounds of Be, B, , and
By, their kth items are also bounded by the same limits.
1. According to , n*) is bounded by B
2. Plugging e(f_l) < Be, in , we have
e < (1= uB)Be, + 12C + M(p)A,
where M (p) is defined in (14)). We then have e(f) < B, if
(c+ \5|%TQA) 12+ (IS|TA = BB, ) p+ VNA <0. (32)
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One may notice that the inequality has solutions for p, if and only if the following
inequality holds for A,

(IS|rA - BB.,)” — 4VNA (C + 18|372A) >0,
which is equivalent to
5372 (4NE — |S|%) A% + (2/S|7BB., +4N3C) A < 6°B2,. (33)

Because its left hand side is an increasing function of A, the inequality is satisfied
if A < Apax, where Apax can be solved from .

Then from the range of  can be determined as pimin < < Umax, Where both

fhmin and pimax are related to A.
3. Plugging e*~1) < B, and e(k 2 < B., into , we have
) < (1= pB — pA)Be + p|| T||Be, + °C + M(p)A.,
Using , we can also obtain that e®) < B, if 1) is satisfied.

Consequently, {e(®)}, {ef)}, and {n®)} are bounded, and then Propositionis proved.
To end this subsection, we will prove , , , and . To simplify the ex-
pression, we introduce two vectors to denote the misalignment of estimated signal and the

increment of true signal by

a® — gk _ Fk) (34)
c® — f0) _ gk=1), (35)

and two diagonal matrices to denote the errors at node u caused by delayed true signal and

estimated signal by

7.1.1 The Proof of (27) and (28]
According to , , and , we have

qk+1) =(1 Mﬂ) k1) _ ﬁf(k +u Z *u F(k))P o,
ueS
=(1— pB)d® — ®+D — y1d® 4y (E® — £0) 1 1 3 (@S~ FP)P,8,
ueS
=Q (Pod® + P d®) — D 1y STEOPLS, — > B PG, (38)
ueS ueS
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where
Q= (1—-pB)Iy —uT.

Considering the definition of T in , for any f, we have

P.QP.f = QP,f, (39)
PoQP,, f = —uTP,,f, (40)
P, QP,f=0 (41)

Py QP f = (1 — pB) P, £ (42)

Therefore, according to and , the low-frequency part of is

P.d*D = QP,d® — TP, d® — Puc™ 1 1P, STERPLS, — 1Py Y ELN P4,
ueS ueS
(43)

Since the frame bound of {P,d,}ucs satisfies A < B < 1, if we choose a stepsize p
satisfying p < 1/(8 + A), the assumption AIy < T < BIy implies, note that P.d® e
PW,(9),

QI <1—pp —pA.

According to ,
[Poctt] < e+ < viva.

The definition of FSF’Z) implies
—rAly 2 EBY) < ALy,

and then the last term of is bounded by

‘ P (Z E&f’)%%)

ueS
Taking the norm of and combining the above inequalities, the inequality is
obtained.

According to and , the high-frequency part of is

< |S|TA.

P d(k+1 —(1— pB)P., d® —P,.c (k+1) +M ZE )P,8., qu+ZEgZ)73w5u-

ueS ueS

Following the samilar approach of proving , the inequality is proved.
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7.1.2 The Proof of (29

By the definition of F&’“),

|EOP.

= ([0 - s wf (s e

7—1 2
<SP0 (Z 7 w) - f(’“""”(U)D

=0

(Z]f D (w >]) ,

where
S IR = [PA? < 1
Therefore,
,,7(
u€eS
T—1
<) - D)
u€eS 1=0
1
3
SWEIPIIEEREY
ueS
< |S‘2Hf kzl)’7
which is .

7.1.3 The Proof of (30)
According to , , and ,

fk) _ p=1) — _ | gl 1)+MZ<F(I€ 1) Fkb- 1))73 5,

ueS
ueS ueS
= — u(Bly + T)d® V) + 4 S BP0, — Y BE VPG, (44)
ueS u€eS

Taking the norm of , the inequality is obtained.
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7.2 The Proof of Proposition

According to the proof of Proposition setting A = 0 and using ||T|| < 1 and S < 1, the
inequalities ([27)-(30) for variant {ux} and {8k} becomes

™ <(1— By — peA)e® Y + el gy (45)

ef) <(1- Mkﬁk)egfil) + g (46)
T—1

REVID I (47)
=0

o) <pi (81 + DD 47 4y t0). (48)

Similar to the proof of Proposition it is easy to see that {e(}, {egf)} and {n®} are

bounded by constants Be, Be, and B, for u = ,u,l/\/E. Plugging and into ,
we have

P < (1= e + Cp—r, M%

where C' = 71/|S| (2(Be + Be,) + By). For py, = ,ul/\/% and By, = p1/Vk, if e+ ) <
Ly /Vk —1 is satisfied for a constant L., according to , e+) < L, /Vk as long as the
following inequality is satisfied,

(1  mb ) L, Lo I L7+
ViVE) =1 =7 - Uk
The inequality above is equivalent to
M%Clé/plk_l‘i‘ vk < pfi
Ly Vk—-7  (VE+VE-DWVEk+VE—-1) " '

Because the first term of the left side approaches y2C’/L, and the second term approaches

(50)

0 when £ is large enough, by selecting a constant L appropriately, (50) is established and
then we have ef) < L+/\4/E.

Plugging and into , we have
_ k—
e®™ < (1 — B — e A)e™ =Y + ,U«k:GS- Y 4 O g

If ek—1) < L/(‘/k — 1 is satisfied for a constant L, ek) < L/\4/E as long as the following

inequality is satisfied,

<l—<ﬁ1+A>> L s Ly L T < L
VE\VE VE—1 VEvVE—1 VivE—1 = VE’
which is equivalent to

pLe | B0 YE-T VE N (A m)
LD Vs (s e DWhHvh—D) ‘
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Both the second and third terms of approach 0 when k is large enough. By selecting
a constant L appropriately, is established and then we have e®) < L / Vk.

Based on the analysis above, we have

g+ e
k
1

B
< <A\|f*II+L++L> T (52)

IE®) — £

IN

A

when k is large, and Proposition [3]is proved.
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