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Abstract—Due to the increasingly marketized demands of power
systems, the dedicated communication channel used by the tradi-
tional load frequency control (LFC) scheme is ineluctably replaced
by highly open communication networks, which may introduce
constant, and time-varying delays. Hereupon, for those two kinds
of communication methods, this article explores the LFC problem
of power systems in consideration of constant, and time-varying
delays. By utilizing the Lyapunov stability theory, and an improved
inequality technique, some criteria for guaranteeing the stability,
and the specified H∞ performance of the closed-loop system are
obtained, and a PID-type controller with the consideration of time
delays and disturbance is designed. The case studies take one-area
delayed LFC scheme and the traditional/deregulated three-area
LFC scheme as examples to discuss the relationships between
the maximum allowable delay, and the controller gain as well
as the relationships between time delays, and the minimum H∞
performance index, respectively. Finally, the effectiveness of the
method proposed is verified, and the comparison results show
certain advantages of the method presented in this article over the
existing literature.

Index Terms—H∞ performance, load frequency control (LFC),
power systems, static output feedback control (SOFC), time delays.

I. INTRODUCTION

LOAD frequency control (LFC) is a mechanism for main-
taining frequency and power interchange with adjacent ar-

eas at a predetermined value, which occupies a special position in
power systems due to its excellent ability [1]–[4]. However, with
the development of the power market demand, one of the primary
challenges that cannot be ignored is to integrate the three aspects
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including computing, communication, and control into the sys-
tem operation and control with a suitable level. Among them,
as the infrastructure for the integration of power systems and
information technology, the communication networks have been
attached increasing importance to the current development of the
smart grid [5]–[9]. The traditional LFC scheme typically adopts
the dedicated communication channel to realize the exchange
and transmission of information. However, due to the growing
size of power systems and the increasingly dispersed control
services, obviously, it cannot effectively meet the requirements
of power systems. Compared to the dedicated communication
channel, a superior communication infrastructure is urgently
needed by the market. Modern LFC scheme generally prefers
open communication networks because of their low cost and
flexibility [10], [11]. But there are always two sides of a coin,
and the adoption of open communication networks will be also
accompanied by some intractable problems. In contrast with the
neglected constant delay caused by the traditional proprietary
communication channel, the application of open communica-
tion networks not only brings the former but also introduces
time-varying delays, which results in some gaps in the open
communication networks and promotes us to probe it.

With the adoption of open communication networks, large
amounts and large-scale of information exchange can be real-
ized; however, some problems may emerge, including data loss,
disorder, and updates of area control error signals, which are the
main reason for delays. In addition, failure of the communication
channel itself may result in data loss or unavailability, and the un-
predictability and randomness of such communication failures
may be treated as a kind of delays equivalently [12]–[16]. As is
known, as an unreliable factor in the system, time delays cannot
be ignored in some situations [17]–[19]. It may lead to a decrease
of the dynamic performance, and even cause the instability of the
system. Subsequently, the instability of the LFC scheme implies
that the control result fails to meet the control standard, which
may make a negative impact on the stable operation of power
systems. The LFC scheme with communication channels can
be treated as a typical delayed system. As far as the stability
analysis of the system is concerned, it is of great significance to
seek the maximum tolerable value of delays under the premise
that power systems with the LFC scheme are stable. At present,
the stable operation of power systems has attracted the attention
of increasing scholars.

Observing the equation characteristics of the system, it is not
difficult to know that the stability of power systems can be judged
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by calculating the eigenvalues. Apart from that, the Rekasius
substitution [20], Schur–Cohn methods [21] are common meth-
ods for calculating the upper bound of delays. However, when
it comes to the stability analysis and control problems of the
systems with time-varying delays, some methods may fail. Nat-
urally, time-domain analysis based on Lyapunov stability theory
and linear matrix inequality (LMI) technology has received
increasing attention [22]–[24]. For further reducing the con-
servatism of stability criteria of the systems with time-varying
delays, several inequality techniques have been gradually de-
veloped, including Jensen inequality, Wirtinger inequality [25],
and integral inequality based auxiliary function [26]. To reduce
the conservatism of the result, a more generalized inequality
technique is applied in this article.

In addition, with the development of modern power systems,
their complexity and uncertainty have been rising, and many su-
perior control methods for the LFC scheme have been proposed,
such as robust control [27], [28], genetic algorithms [29], [30],
and sliding-mode control [31]. However, in practical applica-
tions, the PI-type or PID-type controller is still considered as the
first choice mainly because of its simplification and efficiency.
What distinguishes it from other control schemes is that it
does not require complex state feedback or high-order dynamic
controllers. Regrettably, the effects of time delays are ignored
in many studies, especially in the controller designs. Based on
the above-mentioned series of discussion, the H∞ LFC issue for
power systems with time delays is studied in this article, and the
main contributions are divided into the following two aspects.

1) The stability of the one-area delayed LFC scheme with
a PI-type controller is analyzed, and the corresponding
stability criterion is improved by using the Lyapunov
stability theory and the optimized inequality technique. In
addition, the relationship between the maximum allowable
delay and the controller gain is discussed and summarized,
which can be used as auxiliary conditions for the LFC
design and adjustment.

2) For the traditional and the deregulated three-area LFC
schemes, the PID-type controller is designed to ensure the
stability of the system under the condition that delays are
less than the present value, and to guarantee the optimal
H∞ performance index of the closed-loop system (CLS).
Meanwhile, time delays introduced by communication
networks are considered in the design phase of the con-
troller, including constant and time-varying delays.

Notations: The notations used in this article are standard and
consistent with [32]; hence, they are omitted here.

II. PROBLEM FORMULATION

A. One-Area LFC Scheme

The common LFC scheme model of one-area can be expressed
as {

˙̄x(t) = Āx̄(t) + B̄u(t) + F̄w(t)
ȳ(t) = C̄x̄(t)

(1)

where

x̄T (t) =
[
Δf ΔPm ΔPg

]

TABLE I
EXPLANATION OF TERMINOLOGIES

ȳ(t) = ACE, Ā =

⎡
⎣ − D

M
1
M 0

0 − 1
Tt

1
Tt− 1

RTg
0 − 1

Tg

⎤
⎦

B̄ =

⎡
⎣ 0

0
1
Tg

⎤
⎦ , F̄ =

⎡
⎣− 1

M
0
0

⎤
⎦ , C̄ =

⎡
⎣β
0
0

⎤
⎦
T

with the explanations of some terms described in Table I. Since
there is no power exchange of network tie lines in one-area LFC
scheme, the ACE can be expressed as

ȳ(t) = ACE = βΔf (2)

where β > 0. With ACE being the input of the controller, con-
sider a common PI-type controller in the following form:

u(t) = −KP ACE −KI

∫
ACE (3)

in which KP and KI are the proportional gain and the in-

tegral gain of the controller, respectively. Defining ŷ(t)
Δ
=

[ ȳ(t)
∫
ȳ(t) ]T , K

Δ
= [KP KI ], and taking time delays caused

by control signal transmission into account, formula (3) can be
re-expressed in the following form:

u(t) = −Kŷ(t− d(t)) (4)

where d(t) represents time delays, and 0 < d(t) < d,

ḋ(t) ≤ μ ≤ 1. By defining a new state variable x̂(t)
Δ
=

[Δf ΔPm ΔPg

∫
ACE ]T and considering the PI-type control

problem as the output feedback control problem, introducing
the controller (4) into system (1), the following CLS can be
obtained: {

˙̂x(t) = Âx̂(t) + B̂x̂(t− d(t)) + F̂w(t)

ŷ(t) = Ĉx̂(t)
(5)

where

Â =

⎡
⎢⎢⎣

− D
M

1
M 0 0

0 − 1
Tt

1
Tt

0

− 1
RTg

0 − 1
Tg

0

β 0 0 0

⎤
⎥⎥⎦ , F̂ =

⎡
⎢⎢⎣
− 1

M
0
0
0

⎤
⎥⎥⎦
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B̂ =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0

−Kpβ
Tg

0 0 −KI

Tg

0 0 0 0

⎤
⎥⎥⎦ , Ĉ =

⎡
⎢⎢⎣
β 0
0 0
0 0
0 1

⎤
⎥⎥⎦
T

.

B. Traditional N-Area LFC Scheme

The model of the ith area in the traditional N -area LFC
scheme can be expressed as⎧⎨

⎩
ẋi(t) = Ãixi(t) + B̃iui(t− di(t)) + F̃iwi

yi(t) = C̃yixi(t)

zi(t) = D̃ixi(t)

(6)

where

xT
i (t) = [Δfi, ΔPtie−i, ΔPm1i, . . . ,ΔPmni,

ΔPg1i, . . . ,ΔPgni]

wT
i =

[
w1i w2i

]
=

⎡
⎣ΔPdi

N∑
j=1,j �=i

TijΔfi

⎤
⎦

yi(t) = ACEi, zi(t) = Δfi, ui(t) = ΔPCi

Ãi =

⎡
⎣ Ã11i Ã12i 0

0 Ã22i Ã23i

Ã31i 0 Ã33i

⎤
⎦ , B̃i =

⎡
⎣ 0

0

B̃3i

⎤
⎦

F̃i =

⎡
⎣ −1

Mi
0

0 −2π
0 0

⎤
⎦ ,

C̃yi =
[
β 1 0 0

]
D̃i =

[
1 0 0 0

]

Ã11i =

[ −Di

Mi

−1
Mi

2π
∑N

j=1,j �=i Tij 0

]
, Ã12i =

[
1
Mi

· · · 1
Mi

0 · · · 0

]

Ã22i = −Ã23i = diag

{
− 1

Tt1i
, ACE,− 1

Ttni

}

Ã33i = diag

{
− 1

Tg1i
, . . . ,− 1

Tgni

}

Ã31i =

[− 1
Tg1iR1i

· · · − 1
TgniRni

0 · · · 0

]
, B̃3i =

[
α1i

Tg1i
· · · αni

Tgni

]
and the explanations of some terms are described in Table I.

The relationship among the ACEi of each area Δfi and
ΔPtie−i is considered as a linear combination as follows:

ACEi = βiΔfi +ΔPtie−i. (7)

Different from the common PI-type controller in one-area LFC
scheme, this article considers the following form of PID-type
LFC controller:

ui(t) = −KPiACEi −KIi

∫
ACEidt−KDi

d

dt
ACEi. (8)

By transforming the PID control problem into the SOFC
problem, the state-space model (SSM) of the CLS can be
attained. Define virtual vectors x̌i(t) � [xT

i (t)
∫
yTi (t)dt ]

T ,
y̌i(t) � [ yTi (t)

∫
yTi (t)dt

d
dty

T
i (t) ]

T , and ži(t) � [ε1iz
T
i (t)

ε2i
∫
yTi (t)dt]

T , where ε1i and ε2i are weights scalars, and by

adjusting them, the desired performance can be guaranteed.
The CLS (Σ̌) can be rephrased as⎧⎪⎨

⎪⎩
·
x̌i(t) = Ǎix̌i(t) + Ǎdix̌i(t− di(t)) + B̌wiwi

y̌i(t) = Čyix̌i(t) + Čiwi

ži(t) = Ďix̌i(t)

(9)

where

Ǎi =

[
Ãi 0

C̃yi 0

]
, Ǎdi = −B̌iKiČyi

Ďi =

[
ε1iD̃i 0
0 ε2i

]
, B̌i =

[
B̃i

0

]

B̌wi = F̌i − B̌iKiČi,Ki =
[
KPi KIi KDi

]

Čyi =

⎡
⎣ C̃yi 0

0 1

C̃yiÃi 0

⎤
⎦ , F̌i =

[
F̃i

0

]
, Či =

⎡
⎣ 0

0

C̃yiF̃i

⎤
⎦ .

C. Deregulated N-Area LFC Scheme

Due to the development of the power industry, the modern
power systems are in a state of deregulation, and each Generation
Company (Gencom) can sign contracts with diverse Distribution
Company (Discom) within or outside the Gencom area. These
signed contracts can be represented by an augmented generation
participation matrix (AGPM). The LFC scheme consists of N
areas, each of which covers n Gencoms and m Discoms, and
its AGPM can be expressed as below for ai = n(i− 1) and
bj = m(j − 1), i = 1, 2, . . . , N , j = 1, 2, . . . , N

AGPM =

⎡
⎢⎣

AGPM11 . . . AGPM1N
...

. . .
...

AGPMN1 · · · AGPMNN

⎤
⎥⎦ (10)

with

AGPMij =

⎡
⎢⎣
gpfai+1,bj+1 · · · gpfai+1,bj+m

...
. . .

...
gpfai+n,bj+1 · · · gpfai+n,bj+m

⎤
⎥⎦

and gpfl,k represents the power generation proportion of Gen-
com l in the total load demand of Discom k presented in the
contract.

The corresponding new load demand signals in the signed
contract are represented by the red dotted lines in Fig. 1, which
can be regarded as the additional disturbance of the traditional
LFC scheme. They are processed as shown in [33]

w1i = ΔPdi +ΔPLi

=
m∑
j

ΔPULj−i +
m∑
j

ΔPLj−i

w2i =

N∑
j=1,j �=i

TijΔfj

w3i =
N∑

k=1,k �=i

ΔPtie,ik,sch
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Fig. 1. LFC scheme structure of area i.

TABLE II
EXPLANATION OF TERMINOLOGIES

wT
4i =

[
w4i,1 · · · w4i,k · · · w4i,n

]
ΔPtie,ik,sch =

n∑
j=1

m∑
t=1

gpfai+j,bk+tΔPLt−k

−
n∑

j=1

m∑
t=1

gpfak+j,bi+tΔPLt−i

ΔPtie−i = ΔPtie−i,actual − w3i

w4i,k =

N∑
j=1

m∑
t=1

gpfai+k,bj+tΔPLt−j

ΔPm,k−i = w4i,k + αki

m∑
j=1

ΔPULj−i

where some terms are explained in Table II.
The SSM of area i is constructed as follows:⎧⎨

⎩
ẋi(t) = Ãixi(t) + B̃iu(t− di(t)) + F̃iwi

yi(t) = C̃yixi(t) + C̃wiwi

zi(t) = D̃ixi(t)

(11)

where xi(t), yi(t), and zi(t) are consistent with ones given in
model (6), in addition

F̃i =

⎡
⎣ F̃i11 0

0 0

0 F̃i32

⎤
⎦ , F̃i32 = diag

{
1

Tg1i
, . . . ,

1

Tg1n

}

F̃i11 =

[− 1
Mi

0 0

0 −2π 0

]
, C̃wi =

[
0 −1 0

]

wT
i =

[
wT

1i w
T
2i w

T
3i w

T
4i

]
.

Naturally, the CLS (Σ̃) can be obtained as⎧⎪⎨
⎪⎩

·
x̌i(t) = Ǎix̌i(t) + Ǎdix̌i(t− di(t)) + B̄wiwi

y̌i(t) = Čyix̌i(t) + C̄iwi

ži(t) = Ďix̌i(t)

(12)

where x̌i(t), y̌i(t), ži(t), Ǎi, Ǎdi, Čyi, and Ďi are consistent
with ones given in model (9), and other matrices are defined as
below

B̄wi = F̌i − B̌iKiC̄i, F̌i =

[
F̃i

Či

]
, C̄T

i =
[
ČT

i 0 F̃T
i C̃T

yi

]
.

In conclusion, the CLS (Σ̌) and the CLS (Σ̃) can be uniformly
expressed as the following CLS (Σ):{

ẋ(t) = Ax(t)− BKCyx(t− d(t)) + Bww(t)
z(t) = Dx(t)

(13)

where d(t) represents time delays, and 0 < d(t) < d, ḋ(t) ≤
μ ≤ 1.

Remark 1: Frequency stability is an important indicator to
measure the power quality in power systems. The deviation of
the exchange power of the tie line between systems and the
fluctuation of the system frequency may be caused by any sudden
changes in load. Therefore, the LFC scheme is urgently needed
in order to guarantee the power quality. In this article, the LFC
issue of power systems is studied mainly aiming at the time
delays caused by two communication methods.

A definition and a lemma need to be displayed here before we
proceed with the next step of calculation and discussion.

Definition 1: [34] The system is considered to be asymp-
totically stable and meets the H∞ performance index γ if the
following conditions are met.

1) The system is asymptotically stable when the disturbance
input is not taken into account (i.e., w(t) ≡ 0).

2) For any nonzero disturbance, given a positive scalar γ,
the following inequality is satisfied under zero initial conditions
(x(t) = 0, t ∈ [−d, 0]):

Ω =

∫ ∞

0

[zT (α)z(α)− γ2wT (α)w(α)]dα ≤ 0. (14)
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Lemma 1: [32] Given a matrix Z(∈ Rn×n) > 0, if there ex-
ists any matrixTι ∈ Rn×m(ι = 0, 1, 2, . . . , H , andH ∈ N) and
a vector η ∈ Rm, such that for any continuous and differentiable
function e(·) from [a, b] to Rn, the following inequality holds:

−
∫ b

a

ė(α)TZė(α)dα

≤
H∑

κ=0

[
2λT

HθTH(κ)Tκη +
b− a

(2κ+ 1)
ηTTT

κ Z−1Tκη

]
(15)

where

λH �
{[

eT (b) eT (a)
]T

, H = 0[
eT (b) eT (a) 1

b−aΨ
T
0 · · · 1

b−aΨ
T
H−1

]T
, H > 0

θH(κ) �
{[

I −I
]
, H = 0[

I (−1)κ+1I σ0
HκI · · · σN−1

Hκ I
]
, H > 0

σι
Hκ �

{−(2ι+ 1)(1− (−1)κ+ι), ι ≤ κ
0, ι ≥ κ+ 1

Uκ(α) � (−1)κ
κ∑

κ̄=0

[
(−1)κ̄

(
κ
κ̄

)(
κ+ κ̄
κ̄

)](
α− a

b− a

)κ̄

Ψκ �
∫ b

a

Uκ(α)e(α)dα.

Remark 2: As a powerful tool in studying the stability issue
of power systems with time delays, the inequality technology
cannot be underestimated. The Jensen inequality, as well as the
Wirtinger-based integral inequality, is commonly used in some
previous references. Differently, a further improved inequality
is employed in this article to reduce the conservatism of the
results. By adjusting the value ofH , the conservatism brought by
the above-mentioned two inequality techniques may be reduced
effectively. What is worth mentioning, the selection of η also
plays a significant role in reducing the conservatism. If more
state variables are introduced to η, the results will be less
conservative.

III. MAIN RESULTS

In order to make the calculation process more concise, some
expressions are given in advance as below

ϕ(t) �
[
ϕT
1 (t) ϕ

T
2 (t) ϕ

T
3 (t)

]T
ϕ1(t) �

⎡
⎣ x(t)
x(t− d(t))
x(t− d)

⎤
⎦ ,Π �

⎡
⎣ In −In 0 0
In In −2In 0
In −In 0 −6In

⎤
⎦

ϕ2(t) �
[

1
d−d(t)

∫ t−d(t)

t−d x(α)dα
1

d−d(t)

∫ t−d(t)

t−d (2α−t+d
d−d(t) − 1)x(α)dα

]

ϕ3(t) �

⎡
⎢⎣

1
d(t)

∫ t

t−d(t) x(α)dα
1

d(t)

∫ t

t−d(t)(2
α−t+d(t)

d(t) − 1)x(α)dα

w(t)

⎤
⎥⎦

Z̄w � diag{Z̄, 3Z̄, 5Z̄}, Rw � diag{R, 3R, 5R}

eτ �
[
0n×(τ−1)n In 0n×(8−τ)n

]
, τ = 1, 2, . . . , 8

cκ �
[
0n×(κ−1)n In 0n×(9−κ)n

]
, κ = 1, 2, . . . , 9

l� �
[
0n×(�−1)n In 0n×(10−�)n

]
, � = 1, 2, . . . , 10

Σ
1

�
[
cT2 cT3 cT4 cT5

]T
,Σ
2
�

[
cT1 cT2 cT6 cT7

]T
.

A. H∞ Performance Analysis

Theorem 1: For given positive scalars γ, d, μ, assuming there
exist matrices P > 0, Q̄1 > 0, Q̄2 > 0, Z̄ > 0 and matrices
Ỹ 3×10
1 , Ỹ 3×10

2 , the system (Σ) is asymptotically stable and meets
an H∞ performance index γ, if the following conditions hold:

Θ1 �
[
Λ dỸ T

1

∗ −Z̄w

]
13×13

< 0 (16)

Θ2 �
[
Λ dỸ T

2

∗ −Z̄w

]
13×13

< 0 (17)

where

Λ � Λ̃1 + Λ̃2 + Λ̃3 + Λ4 + Λ5

Λ̃1 � sym{lT1 PAl1 − lT1 PBKCyl2 + lT1 PBwl8}
Λ̃2 � lT1 Q̄2l1 − (1− μ)lT2 Q̄2l2 + lT1 Q̄1l1 + lT3 Q̄1l3

Λ̃3 � sym{dΓ̃T
1 Π

T Ỹ1 + dΓ̃T
2 Π

T Ỹ2}
Λ4 � dlT1 AT Z̄l9 + dlT8 BT

wZ̄l9 − dlT2 CT
y KTBT Z̄l9

Λ5 � −lT8 γ
2Il8 − lT9 Zl9 + lT1 DT l10 + lT10Il10.

Proof: Choosing the appropriate Lyapunov–Krasovskii func-
tional (LKF), we have

V (t) = V1(t) + V2(t) + V3(t) (18)

V1(t) = xT (t)Px(t) (19)

V2(t) =

∫ t

t−d(t)

xT (α)Q̄2x(α)dα

+

∫ t

t−d

xT (α)Q̄1x(α)dα (20)

V3(t) = d

∫ 0

−d

∫ t

t+β

ẋT (α)Z̄ẋ(α)dαdβ. (21)

Taking the derivative of the functional, and the following for-
mulas can be easily obtained:

V̇1(t) = sym{xT (t)P ẋ(t)}
= sym{xT (t)PAx(t)

− xT (t)PBKCyx(t− d(t)) + xT (t)PBww(t)}
= ϕT (t)[sym{eT1 PAe1 + eT1 PBwe8

− eT1 PBKCye2}]ϕ(t) (22)

V̇2(t) = xT (t)Q̄2x(t) + xT (t)Q̄1x(t)

− xT (t− d)Q̄1x(t− d)
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− (1− ḋ(t))xT (t− d(t))Q̄2x(t− d(t))

= ϕT (t)[eT1 Q̄2e1 − (1− ḋ(t))eT2 Q̄2e2

+ eT1 Q̄1e1 + eT3 Q̄1e3]ϕ(t) (23)

V̇3(t) = d2ẋT (t)Z̄ẋ(t)− d

∫ t

t−d

ẋT (α)Z̄ẋ(α)dα. (24)

Combining with Lemma 1 and setting H = 2, the following
expressions hold:

− d

∫ t

t−d

ẋT (α)Z̄ẋ(α)dα = −d

∫ t−d(t)

t−d

ẋT (α)Z̄ẋ(α)dα

− d

∫ t

t−d(t)

ẋT (α)Z̄ẋ(α)dα (25)

− d

∫ t−d(t)

t−d

ẋT (α)Z̄ẋ(α)dα

≤ ϕT (t)[d(sym{ΓT
1 Π

TY1}+ (d− d(t))Y T
1 Z̄−1

w Y1)]ϕ(t)
(26)

− d

∫ t

t−d(t)

ẋT (α)Z̄ẋ(α)dα

≤ ϕT (t)[d(sym{ΓT
2 Π

TY2}+ d(t)Y T
2 Z̄−1

w Y2)]ϕ(t) (27)

where Y1 and Y2 are matrices with appropriate dimensions and

Ỹ1 �
[
Y1 03×2

]
, Ỹ2 �

[
Y2 03×2

]
Γ1 �

[
eT2 eT3 eT4 eT5

]T
,Γ2 �

[
eT1 eT2 eT6 eT7

]T
Γ̃1 �

[
lT2 lT3 lT4 lT5

]T
, Γ̃2 �

[
lT1 lT2 lT6 lT7

]T
.

Since ḋ(t) ≤ μ, the following inequality can be obtained:

V̇ (t) ≤ ϕT (t){Λ1 + Λ2 + Λ3 + d[d(t)Y T
2 Z̄−1

w Y2

+ (d− d(t))Y T
1 Z̄−1

w Y1]}ϕ(t) + d2ẋT (t)Z̄ẋ(t) (28)

where

Λ1 � sym{eT1 PAe1 − eT1 PBKCye2 + eT1 PBwe8}
Λ2 � eT1 Q̄2e1 − (1− μ)eT2 Q̄2e2 + eT1 Q̄1e1 − eT3 Q̄1e3

Λ3 � sym{dΓT
1 Π

TY1 + dΓT
2 Π

TY2}.
Based on the above-mentioned calculation, it is not difficult to
get the following inequality:

Ξ = V̇ (t) + zT (t)z(t)− γ2wT (t)w(t)

≤ ϕT (t){Λ1 + Λ2 + Λ3 − eT8 γ
2Ie8

+ d[(d− d(t))Y T
1 Z̄−1

w Y1 + d(t)Y T
2 Z̄−1

w Y2]}ϕ(t)
+ d2ẋT (t)Z̄ẋ(t) + zT (t)z(t). (29)

Combining with Schur complement, one can get the following
inequality from inequalities (16) and (17):

Ξ < 0. (30)

Due to 0 < t < ∞, associating with (14), it has

V (F )− V (0) +

∫ ∞

0

zT (α)z(α)dα− γ2

∫ ∞

0

wT (α)w(α)

dα < 0. (31)

Since V (∞) ≥ 0, V (0) = 0, then∫ ∞

0

zT (α)z(α)dα− γ2

∫ ∞

0

wT (α)w(α)dα ≤ 0 (32)

which indicates that the system (Σ) meets the H∞ performance
index. This completes the proof of Theorem 1. �

B. Controller Design Depends on LMIs and ICCL Algorithm

Theorem 2: For given positive scalars γ, d, μ, assuming there
exist matrices S > 0, Q̊1 > 0, Q̊2 > 0, R > 0 and matrices
Y̊ 3×10
1 , Y̊ 3×10

2 , the system (Σ) is asymptotically stable and has
anH∞ performance index γ against disturbance, if the following
conditions hold: [

Λ̊ dY̊ T
1

∗ −SR−1
w S

]
13×13

< 0 (33)

[
Λ̊ dY̊ T

2

∗ −SR−1
w S

]
13×13

< 0 (34)

where

Λ̊ � Λ̊1 + Λ̊2 + Λ̊3 + Λ̊4 + Λ̊5

Λ̊1 � sym{lT1 ASl1 − lT1 BKV l2 + lT1 Bwl8}
Λ̊2 � lT1 Q̊2l1 − (1− μ)lT2 Q̊2l2 + lT1 Q̊1l1 − lT3 Q̊1l3

Λ̊3 � sym{dΓ̃T
1 Π

T Y̊1 + dΓ̃T
2 Π

T Y̊2}
Λ̊4 � dlT1 SAT l9 − dlT2 K

T
V BT l9 + dlT8 BT

wl9 − lT9 Rl9

Λ̊5 � −lT8 γ
2Il8 + lT1 SDT l10 − lT10Il10

with the controller gain matrix calculated by

K = KV (CyS)+ (35)

where the generalized inverse of (CyS) is expressed as (CyS)+.
Proof: For Θ1 and Θ2 given above, multiply by diag

{P−1, P−1, P−1, P−1, P−1, P−1, P−1, I, Z̄−1, I , P−1, P−1,
P−1} and its transpose on the left-hand side and right-hand
side, and define the following new matrices:

S � P−1, R � Z̄−1,KV � KCyS
Q̊κ � P−1Q̄κP

−1, Y̊κ � P−1YκP
−1,κ = 1, 2.

Through this series of means, conditions (16) and (17) can be
converted to (33) and (34) successfully, and the controller gain
can be calculated by (35).

Obviously, the matrices in SR−1
w S are unknown, and need to

be determined. So the conditions in Theorem 2 are no longer
conditions based on LMIs and cannot be processed simply by
the convex optimization algorithm. In addition, this nonconvex
problem can be transformed into the nonlinear minimization
problem.

Minimize trace{SS̄ +RR̄+OŌ} (36)
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subject to

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

S > 0, Q̊1 > 0, Q̊2 > 0, R > 0[
Λ̊ dY̊ T

1

∗ −O

]
< 0,

[
Λ̊ dY̊ T

2

∗ −O

]
< 0[

Ō S̄
∗ R̄

]
≥ 0,

[
S̄ I
∗ S

]
≥ 0[

R̄ I
∗ R

]
≥ 0,

[
Ō I
∗ O

]
≥ 0.

(37)

The controller gain matrix can be obtained by combining the
ICCL algorithm and the LMIs, as described in the following
algorithm. �

Algorithm 1: Acquisition of the Controller Gain.
Input: A set of system parameters; a delay upper bound d;
an H∞ performance index γ

Output: The controller gain K
1: Construct LMIs (16), (17) and (37);
2: Solve the LMIs (37);
3: if condition (37) is feasible, then proceed to the step 6;
4: else reset the Input;
5: end if
6: Solve the nonlinear minimization problem: Minimize

(36) subject to LMIs (37);
7: Solve the controller gain K by using (35);
8: Substitute the obtained gain K into LMIs (16) and

(17);
9: if conditions (16) and (17) is feasible, then proceed to

the step 12;
10: else Skip back to step 2;
11: end if
12: Return K.

Remark 3: Combining Algorithm 1 with the binary search
technique shown in Fig. 2 , the controller gain can be optimized.
Algorithm 2 is used to further illustrate the method, in which
the most important step is to find a controller gain that meets
the performance index before reaching the maximum number
of iterations. In other words, a step that cannot be omitted
is to check whether the obtained controller gain solves the
nonlinear problem while ensuring the feasibility of conditions
(16) and (17).

Remark 4: Based on the optimized Algorithm 2, the gain of
the PID-type controller, in this article, is determined according
to the minimum H∞ performance index, ensuring that the CLS
has a good antiinterference ability while operating stably. The
controller designed in this article relies on LMIs and ICCL
Algorithm, and its feasibility is verified by MATLAB software.
At present, there are various methods to verify the effect of the
controller [35], which is also one of the research directions we
will devote to in the future.

Remark 5: It is worth mentioning that when the delay does
not reach a certain value, the feasibility of the LMIs can be guar-
anteed. The corresponding value is usually called the maximum
allowable time delay, which is difficult to be determined due to
the variability of system models and parameters. In the design
of the LFC scheme, the communication channel used in actual

Fig. 2. Binary search optimization for solving optimal performance index.

power systems largely determines the preset delay upper bound,
which is generally small and less than the tolerable delay upper
bound of the system. Therefore, it is natural to use the proposed
method to the designed LFC scheme in power systems.

C. Delay-Dependent Stability Criterion for One-Area System

Corollary 1: For given scalars ε ≥ 0, θ ≥ 0, λ ≥ 0, assuming
there exist matrices Q̄2 > 0, Q̄1 > 0, P > 0, Z̄ > 0 and any
matrices Ω̃3×9

1 , Ω̃3×9
2 , E, G, the system (5) is asymptotically

stable if the following conditions hold:

Ψ1 �
[
Υ dΩ̃T

1

∗ −Z̄w

]
12×12

< 0 (38)

Ψ2 �
[
Υ dΩ̃T

2

∗ −Z̄w

]
12×12

< 0 (39)

where

Υ � Υ1 +Υ2 +Υ3 +Υ4 +Υ5

Υ1 � sym{cT1 PÂc1 − cT1 PB̂c2 + cT1 Pc8}
Υ2 � cT1 Q̄2c1 − (1− μ)cT2 Q̄2c2 + cT1 Q̄1c1 + cT3 Q̄1c3

Υ3 � sym{dΣT
1 Π

T Ω̃1 + dΣT
2 Π

T Ω̃2}
Υ4 � dcT1 Â

T Z̄c9 + dcT2 B̂
T Z̄c9 + dcT8 Z̄c9 − dcT9 Z̄c9

Υ5 � λε2cT1 E
TEc1 + λθ2cT2 G

TGc2 − λcT8 Ic8.

Proof: The proof process of Corollary 1 is similar to
Theorem 1, so it is omitted here. �
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Algorithm 2: Optimization of the Controller Gain.
Input: A set of system parameters; a delay upper bound d;
a search interval [γm, γM ]; an accuracy coefficient γco;
the upper bound of the number of iterations cmax

Output: Kopt

1: Set γtest = γM ; Count = 0;
2: if condition (37) is feasible, then go to step 8;
3: else
4: if Count = 0, then cannot find a suitable solution,

end algorithm;
5: else go to step 14;
6: end if
7: end if
8: Set Count = 1; c = 0; and extract initial values Ōc,

S̄c, R̄c, Oc, Sc, Rc from solutions of (37);
9: Solve the nonlinear minimization problem: Minimize

(36) subject to LMIs (37);
10: Obtain K by (35), substitute the obtained controller

gain K into LMIs (16) and (17);
11: if conditions (16) and (17) are feasible, then

γmin = γtest, γM = γtest;
12: else
13: if c < cmax, then set c = c+ 1, Ōc = Ō, S̄c =

S̄, R̄c = R̄, Oc = O,Sc = S,Rc = R, and go to
step 8;

14: else γm = γtest;
15: end if
16: end if
17: if |γm − γM | < γco, then output Kmγ = Kopt, go to

step 20;
18: else γtest = |γm + γM |/2, and reverse back to step

2;
19: end if
20: Return Kopt.

Remark 6: It is worth noting that when power systems en-
counter the unknown external load disturbance, it can be con-
sidered as a nonlinear perturbation of the current and delayed
state vector as follows [36]:

F̂w(t) = f(x̂(t), x̂(t− d(t)))

which meets the following condition:

||f(x̂(t), x̂(t− d(t)))|| ≤ ε||x̂(t)||+ θ||x̂(t− d(t))|| (40)

where ε and θ are known nonnegative scalars. A more general-
ized form of the condition is adopted and shown as follows:

fT (x̂(t), x̂(t− d(t)))f(x̂(t), x̂(t− d(t)))

≤ ε2x̂T (t)ETEx̂(t) + θ2x̂T (t− d(t))GTGx(t− d(t))
(41)

in which E and G are both known constant matrices with
appropriate dimensions. The influence of load disturbances on
power systems can be concretized by nonnegative scalars ε, θ
and matrices E, G.

Fig. 3. Composition of power systems. (a) Traditional power system. (b)
Deregulated power system.

D. Summary of Analysis Steps

The whole article mainly involves the H∞ performance anal-
ysis of the CLS (Σ) and its PID-type controller design, as well
as the improvement of stability criterion for one-area delayed
LFC scheme. It can be divided into the following steps.

Step 1. Model Establishment: Considering a PID-type con-
troller as a static output feedback controller, and the CLS model
such as the system (Σ) is established.

Step 2. H∞ Performance Analysis: By constructing an LKF
and using an enhanced inequality technique, based on the above-
mentioned system model, stability criterion, which can ensure
that the system satisfies H∞ performance, is obtained.

Step 3. Controller Design: Utilizing the above-mentioned
results and according to Algorithm 2, an optimized controller
can be obtained.

Step 4. Stability Analysis of One-Area System: By using non-
negative scalars ε, θ, and matrices E, G to quantify the impact
of load disturbance on power systems, the delay-dependent
stability criterion is obtained.

Step 5. Case Studies and Comparisons: The validity and su-
periority of our method can be fully proved by the comparisons.

IV. CASE STUDIES

In this section, first, taking the one-area LFC scheme as an
example, the relationships between different types of delays
and controller gain are discussed. Then, the model of the tra-
ditional/deregulated power systems in Fig. 3 is analyzed.

A. Case 1: One-Area LFC Scheme

Consider the system parameters of one-area, as described in
Table III. Suppose the time delay d(t) as two cases: constant
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TABLE III
PARAMETERS OF ONE-AREA LFC SYSTEM

TABLE IV
MAXIMUM ALLOWABLE DELAY d FOR LFC SYSTEM

delays (μCDs = 0) and time-varying delays (μTVDs = 0.9). In
these two cases, the maximum allowable delay is explored to
ensure the stability of the system, and its relationship with the
controller gain is discussed. Set the parameters ε = 0, θ = 0,
and E = G = 0.1I4. With the help of MATLAB software, the
maximum allowable delay under diverse values of controller
gains (KP , KI) can be obtained. The specific data are described
in Table IV . Based on the calculation results given in Table IV,
the relationship between the controller gain and the maximum
allowable delay can be summarized, and the influence of differ-
ent delay types on the maximum allowable delay under the same
controller gain can be understood. It is not difficult to find from
Table IV that for any type of delays and fixed proportional gain
KP , the maximum allowable delay decreases as the integral gain
KI increasing. And when a fixed controller gain is guaranteed,
the maximum allowable delay obtained is generally relatively
small when the type is time-varying delay. These changing rules
can be used as auxiliary conditions for the design and adjustment
of the LFC scheme. Through the comparison of the data in
Table IV, the maximum allowable value calculated based on our
method is larger, which reflects the effectiveness and superiority
of the method proposed.

Next, take the traditional/deregulated power system model in
Fig. 3 as an object and analyze its performance. The selected
system parameters are as follows:

Tt =

⎡
⎣ 0.4 0.44 0.3
0.36 0.32 0.4
0.42 0.4 0.41

⎤
⎦ , Tg =

⎡
⎣ 0.08 0.06 0.07
0.06 0.06 0.07
0.07 0.08 0.08

⎤
⎦

R =

⎡
⎣ 3 2.7273 2.8235

3 2.6667 3
3.3 2.5 2.9412

⎤
⎦ , α =

⎡
⎣ 0.4 0.6 0
0.4 0 0.5
0.2 0.4 0.5

⎤
⎦

T =

⎡
⎣ 0 0.2 0.25

0.2 0 0.12
0.25 0.12 0

⎤
⎦

D =
[
0.0440 0.0440 0.0460

]
M =

[
0.4867 0.5477 0.4784

]
.

TABLE V
OPTIMIZED CONTROLLER GAIN FOR TRADITIONAL LFC SYSTEM WHEN d = 2

Fig. 4. Minimal γmin relative to the delay d of traditional power system.

B. Case 2: Traditional Three-Area LFC Scheme

In this case, much attention is focused on the following two
aspects.

1) Design of the Controller: Taking area one as an example,
the upper bound of time delays is preset as 2 s, and d(t) is
considered as constant (μCDs = 0) and time-varying (μTVDs =
0.5) delays, respectively. Setting γm = 0, γM = 100, γco =
0.5, cmax = 20, and by referring to the process given in Algo-
rithm 2, the controller gain described in Table V can be obtained
effortlessly.

2) Analysis of H∞ Performance: In combination with Algo-
rithm 2, the minimal H∞ performance index γmin of the CLS
(Σ̌) is listed in Fig. 4, which can be obtained.

From Fig. 4, the variation trend of the value of γmin is
consistent with the change of delays, i.e., with the increase of
time delays, the value of γmin also increases. In addition clearly,
under the same conditions (the same delay upper bound d),
taking μCDs = 0, the value of γmin obtained is less than the one
when takingμTVDs = 0.5 generally. Besides, a phenomenon that
cannot be ignored is that different kinds of delays have various
influence on the value of the performance indexγmin. Obviously,
the effect of constant delays is relatively small compared to that
of time-varying delays. Through the comparison in Fig. 4 (a) and
(b), it is not difficult to find that the controllerK2 is better than the
controller K1 in guaranteeing H∞ performance of the system,
that is, the CLS (Σ̌) with controller K2 has superior resistance
to interference. This also facilitates practical applications.

C. Case 3: Deregulated Three-Area LFC Scheme

Similarly, taking area one as an example, this article will focus
on the following two aspects.
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TABLE VI
OPTIMIZED CONTROLLER GAIN FOR DEREGULATED LFC SYSTEM WHEN d = 2

Fig. 5. Minimal γmin relative to the delay d of deregulated power system.

1) Design of the Controller: Presetting the upper bound of
the time delay as 2 s, and setting γm = 0, γM = 100, γco =
0.5, and cmax = 20, according to the steps in Algorithm 2, it is
not difficult to obtain the PID-type controller gain in Table VI.
Moreover, when all parameters remain the same, the gain of the
controller obtained by using the method in literature [23] is also
listed in Table VI.

2) Analysis ofH∞ Performance: SettingμCDs as 0 andμTVDs

as 0.5, respectively, the minimum H∞ performance index corre-
sponding to different time delays can be observed according to
Fig. 5. It can be found that the results are similar to that in Case 2.
As time delays increase, the minimum value of the performance
index increases accordingly, and the influence of time-varying
delays on the performance index is greater than that of constant
delays under the same situation.

By combining the results of Case 2 and Case 3, and com-
parisons shown in Fig. 4 (a) and (b) and Fig. 5 (a) and (b),
respectively, under the same delay conditions, the minimum
γmin of the robust performance index obtained by using our
method is smaller than the one obtained by using the method
in [23] whether in the traditional LFC system or the deregulated
LFC system. Noted that a smaller value of γmin means a better
H∞ performance of the system. Naturally, a conclusion can be
clearly revealed, that is, the controller K2 and the controller
K4 are better than the controller K1 and the controller K3 in
guaranteeing H∞ performance of the system, i.e., the CLS (Σ̌)
with the controller K2 and the CLS (Σ̃) with the controller
K4 have superior resistance to interference. According to the
above-mentioned cases, the superiority of our method is verified
fully.

V. CONCLUSION

In this article, the relationship between the maximum al-
lowable delay and the controller gain has been analyzed for

one-area delayed LFC scheme. Then, with the assistance of
Lyapunov stability theory and a further enhanced inequality
technique, a PID-type controller has been designed for the tra-
ditional/deregulated three-area LFC scheme, which can ensure
that the CLS keeps the H∞ performance index to the minimum
level while ensuring that the system remains stable when the
delay is less than the preset value. Furthermore, in order to
approach the actual situation, time delays introduced by more
open communication networks have been stressed during the
design phase of the above-mentioned controller. At present, due
to the importance of power systems, their stability analysis and
control have always been a topic of concern, which motivates us
to carry out around it in the future.
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