
Abstract—๠is paper presents a new mathematical model to 
solve the restoration problem in balanced distribution systems 
with distributed generators (DGs) considering closed-loop topol-
ogy operation during the restorative state. ๠e restorative state is 
comprised of the interval of time since the permanent fault has 
been isolated until the time at which the faulted zone is repaired. 
During this interval of time, switching operations are performed 
to minimize the negative effects resulting from the occurrence of a 
permanent fault in the network. In this way, the two main objec-
tive functions of the restoration problem are (i) to minimize the 
amount of load curtailment in the restored system and (ii) to min-
imize the number of switching operations. Conventionally, the net-
work topology is maintained radial throughout the restorative 
state. In this work, the possibility of forming loops is considered 
for improving both objective functions. As such, a new mixed-in-
teger second-order cone programming model is proposed, consid-
ering the temporary formation of operational loops in the restora-
tive state, and both connected and islanded operation of the DGs. 
Several tests are carried out using a 53-node test system and a 
2313-node system for single and multiple fault scenarios. ๠e re-
sults obtained with the proposed model outperform the solutions 
achieved when only open-loop configurations are considered for 
the restoration problem. Moreover, it is verified that the islanded 
operation of the DGs provides more flexibility to the network, al-
lowing more load to be restored. 

Index Terms—Closed-loop topology operation, distributed gen-
eration, distribution systems optimization, mixed-integer second-
order cone programming, restoration problem. 

NOMENCLATURE 
Indices: 

𝑖 Index for nodes 

𝑖𝑗, 𝑗𝑖 Indices for branches 

𝑠 Index for substation nodes 

Sets: 

Γկ
ե  Set of demand nodes 

Γ𝕊
է  Set of sections under fault 

Γխ Set of real lines 

Γխ
հ, Γխ

դ  Set of lines with the switch open/closed in the initial state of 
the system 

Γթ  Set of artificial lines connecting the artificial substation with 
one node at each section of the system 

Γն  Set with real and artificial lines (Γն = Γխ ∪ Γթ) 

Γկ
ճ  Set of nodes excluding the artificial substation node 

Γկ
մ  Set of real substation nodes 

Γկ  Set of nodes including the demand nodes, real substation 
nodes, and the artificial substation node 

Γկ
եը Set of nodes with distributed generators 

Parameters: 

𝜎ք Load curtailment cost 

𝜏քօ Cost for closing the normally open switch at line 𝑖𝑗 

𝜂քօ Cost for opening the normally closed switch at line 𝑖𝑗 

𝜆ք
ձ , 𝜆ք

ղ Cost of changing the active/reactive output of the distributed 
generator at node 𝑖 

𝛾 Cost of loop formation 

𝕊ք Section that contains node 𝑖 

𝑃ք
ե, 𝑄ք

ե Active/reactive power demand at node 𝑖 

𝑃
ք

եըՔ ,𝑄
ք

եըՔ  Prefault active/reactive generations of the distributed gener-
ator at node 𝑖 

𝑅քօ, 𝑋քօ, 𝑍քօ Resistance/reactance/magnitude of the impedance of line 𝑖𝑗 

𝑣ք̂ Estimate of the voltage magnitude at node 𝑖 

𝑉 , 𝑉  Minimum/maximum voltage magnitude limit 

Θ Big-M parameter used in the disjunctive formulation for the 
voltage angle calculation 

𝐼քօ Current capacity of line 𝑖𝑗 

𝑆ք

մ
, 𝑆ք

եը
 Apparent power capacity of the real substation/distributed 

generator at node 𝑖 

𝜓ք, 𝜓ք
 Limit for capacitive/inductive power factors of the distrib-

uted generator at node 𝑖 

𝜒ք
եը Binary parameter that indicates whether the DG at node 𝑖 

must only operate when connected to the main grid, if 
𝜒ք

եը = 1, or islanded operation is allowed, if 𝜒ք
եը = 0. 

𝑁 և֊֊֋ Number of basic loops allowed to be formed in the system 

Continuous variables: 

𝑃ք
մ, 𝑄ք

մ  Active/reactive power generation of the real substation at 
node 𝑖 

𝑃քօ, 𝑄քօ Active/reactive power flow on line 𝑖𝑗 

𝑃ք
եը, 𝑄ք

եը Active/reactive power generations of the distributed genera-
tor at node 𝑖 

𝑃ք̂
եը, 𝑄̂ք

եը Active/reactive power variations of the distributed generator 
at node 𝑖 

𝐼քօ
֎֌֍ Square of the current magnitude on line 𝑖𝑗 

𝑉ք
֎֌֍ Square of the voltage magnitude at node 𝑖 

𝜃ք Voltage phase angle at node 𝑖 

𝜁քօ, 𝜉քօ Slack variable used in the voltage magnitude drop/voltage 
angle difference calculation, according to the state of the line 
𝑖𝑗 

𝑓քօ
ր  Artificial flow on line 𝑖𝑗 used to ensure the connectivity of 

the network 
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𝑔ք
ր Artificial generation of the artificial substation at node 𝑖 used to 

ensure the connectivity of the network 

𝑓քօ
ց  Artificial flow on line 𝑖𝑗 used to isolate the de-energized sec-

tions from the network 

𝑔ք
ց  Artificial generation of the artificial substation at node 𝑖 used to 

isolate the de-energized sections from the network 

𝑓քօӴ֎
վ  Artificial flow on line 𝑖𝑗 that was generated at the real substation 

at node 𝑠 used to avoid the interconnection of substations 

𝑔քӴ֎
վ  Artificial generation of the real substation 𝑠 at node 𝑖 used to 

avoid the interconnection of substations 
Binary variables: 

𝑦ք Binary variable that indicates whether the demand at node 𝑖 is 
supplied, if 𝑦ք = 0, or not, if 𝑦ք = 1 

𝑤քօ Binary variable that indicates if the switch of line 𝑖𝑗 is closed, 
𝑤քօ = 1, or open, 𝑤քօ = 0 

𝑤քօӴ֎
վ  Binary variable that indicates that the artificial flow on branch 

𝑖𝑗 is from the real substation 𝑠, if 𝑤քօӴ֎
վ = 1, or not, if 𝑤քօӴ֎

վ = 0 

𝑦քӴ֎
վ  Binary variable that indicates that the real substation 𝑠 is sup-

plying the demand of node 𝑖, if 𝑦քӴ֎
վ = 1, or not, if 𝑦քӴ֎

վ = 0 

I.  INTRODUCTION 

HE main objective of the restoration problem is to mini-
mize the negative effects that result from permanent faults 

in electric distribution networks [1]. In this way, power distri-
bution companies are in constant search for new economic and 
operational alternatives to improve the system’s response in or-
der to reduce permanent fault consequences. ๠ese new alterna-
tives must improve demand satisfaction, reconnect more users 
in the least possible time, avoid economical penalizations, re-
duce the loss of profits resulting from load disconnection, and, 
ultimately, improve the distribution company’s reputation [2]. 

๠e presence of distributed generators (DGs) has added ver-
satility to the operation of distribution systems in both normal 
operation and contingency scenarios. In normal operation, DGs 
can perform a dynamic regulation of the voltage profile and re-
duce congestion during peak load times [3]. On the other hand, 
during fault events, the power injection of DGs can alleviate the 
power flows on some lines of the network, allowing for more 
customers to be reconnected to the primary system [4]. Moreo-
ver, DGs with black start capability can supply energy to a 
group of local consumers, allowing for more loads to be reen-
ergized [5], [6]. 

Distribution systems are planned with weakly meshed topol-
ogies and, usually, operated in radial configurations [7]. A ra-
dial, or open-loop, configuration facilitates the coordination and 
protection of a distribution system, as well as reduces the short-
circuit current values in the network. On the other hand, the 
weakly meshed planned topology allows system reconfigura-
tion through switching operations. ๠e possibility of reconfig-
uring the network brings benefits to the distribution system, in-
cluding the execution of planned maintenance procedures [8], a 
potential reduction of technical losses [9], and the implementa-
tion of emergency restorative actions [10]. 

In the literature, the closed-loop topology operation has been 
considered to be a temporary arrangement for load transfer [11] 
and an alternative to the radial operation in normal state [9]. 
Although the majority of distribution systems operate with a ra-
dial configuration in normal state, the closed-loop topology op-

eration presents interesting characteristics from the system op-
eration point of view. For instance, a network operating in a 
weakly meshed topology presents lower costs associated with 
electrical losses [9]. Moreover, system reliability could be im-
proved when a closed-loop topology is considered for normal 
operation [12]. 

๠e formation of temporary loops for load transfer periods 
avoids in-service customers to experience short-period inter-
ruptions and long-duration voltage dips [11]. On the other hand, 
permanent normally closed-loop topologies are adopted so con-
nected costumers will not experience loss of energy supply in a 
single fault scenario [12]. In the present work, it is considered 
that the network normally operates with a radial topology, while 
a temporary closed-loop configuration is allowed as a new strat-
egy to improve the system’s response to fault events during the 
restorative state. 

After a permanent fault occurs in a distribution system, the 
faulted area must be identified and isolated through switching 
operations. Consequently, not only faulted regions are discon-
nected, but also the sections downstream to the isolated area. 
๠e service restoration problem aims to reconnect those sec-
tions by reallocating them to adjacent feeders. ๠is reallocation 
of loads is executed by opening and closing sectionalizing and 
tie switches, respectively. 

๠e restoration problem has been widely addressed in the lit-
erature. Heuristic methods can provide good-quality solutions 
with low computational times. Reference [13] presents a heu-
ristic approach that initially closes all the switches in the net-
work, then isolates the fault, and later, based on power flow so-
lutions, iteratively opens switches until a feasible radial topol-
ogy is obtained. Reference [14] proposes a heuristic and a re-
laxed mixed-integer linear programming (MILP) method for 
finding an approximated solution for the restoration problem. In 
[15], a graph-based strategy that uses Prim’s algorithm for find-
ing the minimum spanning tree is proposed to solve the resto-
ration problem, taking into account switching costs for manual 
and automatic equipment. Reference [16] proposes a heuristic 
for the restoration problem considering network reconfigura-
tion, while reference [17] proposes a dynamic programming al-
gorithm for the problem. Multiagent systems have also been 
presented in [18] and [19] for the restoration problem in radial 
distribution systems. 

Metaheuristic algorithms are capable of providing high-
quality solutions for optimization problems with moderate com-
putational efforts. ๠is type of approach has been employed in 
[20], which presents a nondominated sorting genetic algorithm 
II for the restoration of distribution systems, treated as a multi-
objective optimization problem. Emphasis is given to the re-
stored load, but the number of switching operations and the type 
of switches involved in the process (automatic or manual) are 
also taken into account. Also, [21] proposes evolutionary algo-
rithms for the restoration problem, considering single and mul-
tiple faults in the system. ๠e authors of [22] present a three-
stage approach that uses a particle swarm optimization algo-
rithm for the restoration of distribution systems. ๠e authors of 
[23] present a multiobjective evolutionary algorithm in tables 
with prioritization of switches and customers for obtaining the 
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switching sequence for service restoration in distribution sys-
tems. Reference [10] presents a tabu-search-based algorithm for 
the restoration of distributions systems considering radial oper-
ation during the restorative state. 

More recently, mathematical models have been presented for 
the restoration problem of radial distribution systems. Refer-
ences [24] and [25] present mixed-integer second-order cone 
programming (MISOCP) models for the restoration problem of 
radial distribution networks ensuring the separation of the sys-
tem into radial energized and de-energized portions. Finally, 
other approaches based on MILP are presented in [26] and [27] 
for the restoration of distribution systems after severe fault 
events through the formation of radial microgrids, considering 
the islanded operation of DGs. 

After analyzing the relevant literature, it is possible to con-
clude that the conventional solution of the restoration problem 
is a radial topology with the maximum amount of load recon-
nected and the lower number of switching operations. Although 
most of the distribution systems operate in radial configura-
tions, the formation of temporary closed-loop arrangements in 
the restorative state is an operational proposal to improve the 
quality of the solutions of the restoration problem. It is im-
portant to note that this improvement is achieved without the 
installation of new equipment, such as voltage control devices 
and distributed generators, in the network. ๠erefore, there is no 
need for an economic investment to be made by distribution 
companies. 

๠e main contributions of this work are: 
1. A new MISOCP model for solving the distribution systems 

restoration problem, considering the possibility of creating 
temporary loops in the network during the restorative state, 
what gives flexibility to the restoration process, while con-
trolling the number of loops formed. Results show that 
closed-loop configurations can restore more load than con-
ventional radial topologies, both in single and multiple fault 
scenarios; 

2. A general formulation that allows both connected and is-
landed operation of the DGs within the closed-loop restora-
tion scheme; 

3. Moreover, since the short-circuit current values can increase 
as loops are formed between feeders corresponding to differ-
ent substations, as analyzed in [12], the present work also 
proposes a new set of constraints that avoids the intercon-
nection of substations during the restorative state. 
๠e solutions provided by the proposed model can be used 

as a guide for the dimensioning of the network’s protection 
scheme: the distribution company can install/upgrade and coor-
dinate the protective devices so that the most effective loops for 
restoration can be formed without compromising the isolation 
levels of equipment. ๠is type of study, however, is outside the 
scope of this work. 

๠e remainder of this paper is structured as follows: Section 
II presents the proposed formulation for the problem with con-
straints that avoid the interconnection of substations; Section III 
presents the results for several fault scenarios for two systems, 
considering or not the possibility of interconnecting substa-
tions; and Section IV presents the conclusions of the work. 

II.  MATHEMATICAL MODEL 
In this section, the mathematical model for the optimal res-

toration of distribution systems, considering closed-loop topol-
ogy operation in the restorative state, is presented. ๠e proposed 
formulation is an MISOCP model and considers an artificial 
network formed by an artificial substation connected to each 
section of the system through artificial lines. ๠e artificial net-
work is used to separate the nonrestored nodes from the main 
system and to control the number of basic loops formed (the 
definition of a basic loop is presented in [28]). 

A. Objective function 

๠e objective function, shown in (1), minimizes the nonre-
stored demand and penalizes: (i) changes on the operational 
state of the switches, (ii) changes on the dispatch of the DGs, 
and (iii) the number of basic loops formed. 
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๠e first sum of the objective function 𝜓, shown in (1), quan-
tifies the total nonrestored load without considering the demand 
at the faulted node. ๠erefore, if 𝑦ք = 1, then the node 𝑖 is not 
restored and the objective function is penalized with a cost pa-
rameter 𝜎ք. ๠e second and third sums penalize the operation of 
the normally open and normally closed switches, respectively. 
๠e fourth term penalizes the redispatch of DGs, with 𝑃ք̂

եը and 

𝑄̂ք
եը defined in (17) and (18) as the absolute values of the dif-

ferences in the active and reactive power dispatches of the DGs 
at node 𝑖 before and after the fault. ๠e fifth term penalizes the 
formation of loops, i.e., the model guarantees the formation of 
the minimum number of basic operational loops needed to im-
prove the value of the objective function, therefore, the cost pa-
rameter 𝛾 should be small. Note that the maximum number of 
basic loops that can be formed in the network is limited in (22). 

B. Network operation model 

๠e operation of the distribution system is determined by the 
power flow equations (2)–(8), based on the formulation pre-
sented in [24]. 
𝑃ք

մ + 𝑃ք
եը + ం 𝑃օք

օք∈္Է

− ం ॕ𝑃քօ + 𝑅քօ𝐼քօ
֎֌֍ॖ

քօ∈္Է

= 𝑃ք
ե(1 − 𝑦ք) (2)

𝑄ք
մ + 𝑄ք

եը + ం 𝑄օք
օք∈္Է

− ం ॕ𝑄քօ + 𝑋քօ𝐼քօ
֎֌֍ॖ

քօ∈္Է

= 𝑄ք
ե(1 − 𝑦ք) (3)

∀𝑖 ∈ Γկ
ճ  

𝑉ք
֎֌֍ − 𝑉օ

֎֌֍ + 𝜁քօ = 2ि𝑅քօ𝑃քօ + 𝑋քօ𝑄քօी + 𝑍քօ
ϵ 𝐼քօ

֎֌֍ ∀𝑖𝑗 ∈ Γխ (4)
𝑣ք̂𝑣օ̂ि𝜃ք − 𝜃օ + 𝜉քօी = 𝑋քօ𝑃քօ − 𝑅քօ𝑄քօ ∀𝑖𝑗 ∈ Γխ (5)
𝑉օ

֎֌֍𝐼քօ
֎֌֍ ≥ 𝑃քօ

ϵ + 𝑄քօ
ϵ  ∀𝑖𝑗 ∈ Γխ (6)

ੵ𝜁քօੵ ≤ ५𝑉
ϵ
− 𝑉 ϵ६ ि1 − 𝑤քօी ∀𝑖𝑗 ∈ Γխ (7)

ੵ𝜉քօੵ ≤ Θि1 − 𝑤քօी ∀𝑖𝑗 ∈ Γխ (8)
In (2)–(4), the nonnegative variables 𝑉ք

֎֌֍ and 𝐼քօ
֎֌֍ are used 

to replace 𝑉ք
ϵ and 𝐼քօ

ϵ , respectively, so that the resulting con-
straints become linear. Constraint (6) is a second-order cone 
constraint [29], [30]. 

Constraints (2) and (3) represent the active and reactive 
power balances in the nodes (Kirchhoff’s current law) while 
Kirchhoff’s voltage law is imposed on the system by (4)–(6). In 



(4) and (5), the slack variables 𝜁քօ and 𝜉քօ are used to ignore the 
voltage drop and angle difference calculations in line 𝑖𝑗 when 
the operational state of the switch is open; thus, the variables 𝜁քօ 
and 𝜉քօ are limited according to (7) and (8), respectively. Other-
wise, if the switch is closed, then 𝜁քօ and 𝜉քօ are equal to zero. At 
the substations, 𝑉ք

֎֌֍ is fixed at the nominal voltage, and 𝜃ք is 
fixed at zero. For the nodes not affected by the fault, 𝑦ք is fixed 
at zero, i.e., these nodes cannot be disconnected from the sys-
tem during the restoration process. 

Constraint (5) calculates the voltage phase angle difference 
𝜃ք − 𝜃օ in line 𝑖𝑗, where 𝑣ք̂ and 𝑣օ̂ are the estimated voltages ob-
tained through solving the power flow for the system when the 
faulted node is isolated. Note that constraint (5) is necessary 
only when the restoration scheme with loops is considered. In-
itially, 𝑣ք̂ can be estimated as 𝑣ք̂ = ि𝑉 + 𝑉 ी 2⁄ . 

C. Physical and operational limits 

๠e physical and operational limits of the distribution system 
are presented in (9)–(13). 
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Constraint (9) determines the voltage limits in the demand 
nodes of the system, while (10) determines the current limit in 
line 𝑖𝑗 according to the state of the switch of the line. In a similar 
way, constraints (11) and (12) limit the active and reactive 
power flows in line 𝑖𝑗. ๠e limit of power injected by a real sub-
station is presented in (13) as a quadratic constraint. It should 
be noted that, for the lines without a switch, 𝑤քօ = 1. 

D. Distributed generators operation model 

๠e operation of the dispatchable DGs is represented by the 
set of constraints (14)–(18). 
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Constraint (14) is the apparent power limit for the DG at 
node 𝑖, and requires that a DG can operate only if it is connected 
to an in-service node. Constraint (15) establishes that a DG can 
only inject active power to the system. Constraint (16) limits 
the reactive power injection of the DG at node 𝑖 considering its 
power factor limits. Constraints (17) and (18) calculate the var-
iations in the active and reactive power dispatches of the DGs 
before the fault and in the restored state of the system. 

Constraints (19)–(21) represent an artificial flow balance in 
the network to ensure the connectivity of the network avoiding 
the islanded operation of some DGs. 
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It should be noted that the variable 𝑔ք
ր is fixed at zero at all 

nodes, except at the real substation nodes, and 𝜒ք
եը = 0 at nodes 

without DGs. Constraint (19) establishes an artificial flow bal-
ance in the system. Note that, if 𝜒ք

եը = 1, representing a DG that 
can only operate when connected to the main grid, and 𝑦ք = 0, 
representing a de-energized node, then a unity artificial demand 
is considered at node 𝑖, and this demand can only be supplied 
by a substation, requiring that there must exist a path between 
node 𝑖 and a substation. On the other hand, if 𝜒ք

եը =0, represent-
ing a DG that can operate islanded, or 𝑦ք = 0, then it is not re-
quired that the node 𝑖 is connected to a substation. Constraint 
(20) limits the artificial flow on the branches according to their 
statuses. Finally, constraint (21) limits the artificial generation 
at the substation nodes. 

E. Constraints for controlling the network topology 

After the fault isolation process, several nodes lose energy 
supply, and switching operations are necessary to reconnect 
these nodes to adjacent feeders belonging to the main grid. In 
this regard, the proposed model creates two systems, separating 
the main grid and the nodes that cannot be restored in a second-
ary grid. ๠e secondary grid is an artificial system fed by the 
artificial substation that can be directly connected with all the 
system’s sections through artificial lines. Fig. 1 (a) presents an 
illustrative system with two substations (at nodes 100 and 101), 
ten demand nodes (nodes 1–10), and one artificial substation (at 
node 200), which is connected to each node through artificial 
branches. ๠e dotted lines represent the lines disconnected from 
the system while the continuous lines are operating. Note that 
the initial operation of the system is radial. 

๠e basic radiality condition in distribution systems can be 
guaranteed when the number of lines in operation (including the 
artificial lines) is equal to the number of demand nodes and the 
system is connected [31]. Constraint (22) is used to limit the 
maximum number of basic loops in the system through the pa-
rameter 𝑁 և֊֊֋. 
|Γկ

ե | ≤ ం 𝑤քօ
քօ∈္Հ

≤ |Γկ
ե | + 𝑁 և֊֊֋ (22)

In (22), if 𝑁 և֊֊֋ = 0, then the resulting topology is a radial 
system; otherwise, if 𝑁 և֊֊֋ ≥ 1, the restoration process allows 
for a meshed topology for the network, in which 𝑁 և֊֊֋ is the 
number of basic operational loops allowed to be created in the 
network. ๠e maximum value for 𝑁 և֊֊֋ is the number of nor-
mally open switches in the system before the fault. 

Constraints (23)–(27) ensures that the real and the artificial 
networks are separated from each other and each one of them 
presents connected topologies. 
ం 𝑓օք

ց

օք∈္Հ

− ం 𝑓քօ
ց

քօ∈္Հ

+ 𝑔ք
ց = 𝑦ք ∀𝑖 ∈ Γկ  (23)

ੵ𝑓քօ
ց ੵ ≤ |Γկ |𝑤քօ ∀𝑖𝑗 ∈ Γն  (24)

𝑓քօ
ց ≥ 0 ∀𝑖𝑗 ∈ Γթ  (25)
ం 𝑤օք

օք∈္Հ

+ ం 𝑤քօ
քօ∈္Հ

≥ 1 ∀𝑖 ∈ Γկ
ե  (26)

ੵ𝑦ք − 𝑦օੵ ≤ 1 − 𝑤քօ ∀𝑖𝑗 ∈ Γխ (27)
In (23)–(27), the set Γկ  is the set of nodes, including the de-

mand nodes, real substation nodes (the substations of the sys-
tem are referred to as real substations, as opposed to the artifi-
cial substation), and the artificial substation node. It should be 



noted that the variable 𝑔ք
ց  is fixed at zero at all nodes, except at 

the artificial substation node. Also, the variable 𝑦ք is fixed at 
zero at all the substations, including the artificial one. For all 
the lines with a switch and with one terminal at the section (or 
sections) under fault, 𝑤քօ is fixed at zero to isolate the section 
under fault. For all the nodes in the section under fault, 𝑦ք is 
fixed at one. Finally, 𝑦ք is fixed at zero at all nodes not affected 
by a fault, i.e., these nodes cannot be de-energized in the resto-
ration procedure. 

๠e set of constraints (23)–(27) connects the nodes that can-
not be restored to the artificial network. Equation (23) repre-
sents the artificial power flow balance on the network that only 
connects the nonrestored nodes. When 𝑦ք = 1, there must be a 
path connecting the artificial substation to the section that con-
tains node 𝑖, so that the unitary artificial demand represented by 
𝑦ք is supplied. Constraint (24) limits the artificial power flow on 
the lines of the system according to the state of operation of the 
switch on the real or artificial line 𝑖𝑗. Constraint (25) imposes 
that the artificial power flows through the lines directly con-
nected to the artificial substation be nonnegative, in which it is 
assumed that node 𝑖 is the artificial substation node. Constraint 
(26) is a fencing constraint that ensures that all the load nodes 
have at least one line (real or artificial) connected to it, while in 
(27), if the switch of line 𝑖𝑗 is closed (𝑤քօ = 1), then both nodes, 
𝑖 and 𝑗, have the same operational state (𝑦ք = 𝑦օ), and these nodes 
are either connected to the main or to the artificial network. 

To facilitate the understanding of the presented formulation, 
Fig. 1 (b)–(d) illustrates different restorative topologies for the 
12-node system assuming a permanent fault at node 8. In this 
figure, branches 5-8, 6-8, and 8-9 are opened to isolate the fault, 
and as a result, nodes 9 and 10 are de-energized. ๠e binary var-
iable 𝑦ք is fixed at zero at nodes 1, 2, 3, 4, 5, and 7, not affected 
by the fault, therefore, these nodes must be energized in the so-
lution of the restoration problem. 

Assuming that each node has a demand, constraints (2) and 
(3) will require that the energized system is connected, i.e., 
there must be at least one path from a substation (at node 100 
and 101) to each energized node, with 𝑦ք = 0. Also, constraints 
(23)–(26) will require the existence of a path from each de-en-
ergized node (with 𝑦ք = 1) to the artificial substation (at node 
200). Moreover, constraint (27) will require that the energized 
and de-energized nodes are disconnected from each other. 

According to [31], if 𝑁 և֊֊֋ = 0, and if there is a path from 
each node to each substation, constraint (22) ensures that the 

resulting topology is radial. Fig. 1 (b) shows this situation, for 
which |Γկ

ե | = 10, requiring that the number of branches con-
nected to the system is also 10. ๠e entire system will, therefore, 
present a radial configuration. Note that, in this case, nodes 8–
10 are de-energized and connected to the artificial substation, 
due to the operational constraints of the network. 

By letting 𝑁 և֊֊֋ > 0, up to 𝑁 և֊֊֋ branches can be connected, 
and the resulting topologies can present a closed-loop topology. 
Fig. 1 (c) illustrates this case for 𝑁 և֊֊֋ = 1, in which 11 branches 
are operating (ten in the real system and one in the artificial net-
work), and one loop is formed among the substations at nodes 
100 and 101. Note that, in this case, only node 8 is de-energized, 
and, therefore, connected to the artificial network. 

Fig. 1 (d) also illustrates a case in which the resulting topol-
ogy of the system presents one loop, but the loop does not in-
terconnect the substations at nodes 100 and 101. Note that, in 
this case, node 10 remains de-energized, due to the operational 
constraints of the network. ๠e next section will introduce ad-
ditional constraints that avoid the interconnection of substations 
when temporary closed-loop operation is allowed. 

F. Constraints that avoid the interconnection of substations 

๠e optimization model (1)–(27) provides solutions to the 
restoration problem allowing loops in the network topology, in-
cluding the interconnection of substations. If it is required to 
avoid the interconnection of substations, constraints (28)–(34) 
restrict the formation of operational loops only among the feed-
ers of the same substation. ๠ese constraints consider one arti-
ficial network for each substation, with the same topology of 
the real network, and use the variable 𝑦քӴ֎

վ  to indicate which sub-
station 𝑠 feeds the demand at node 𝑖, according to the statuses 
of the switches, given by 𝑤քօ. 
ం 𝑓օքӴ֎

վ

օք∈္Է

− ం 𝑓քօӴ֎
վ

քօ∈္Է

+ 𝑔քӴ֎
վ = 𝑦քӴ֎

վ  ∀𝑖 ∈ Γկ
ճ , 𝑠 ∈ Γկ

մ  (28)

ੵ𝑓քօӴ֎
վ ੵ ≤ |Γկ |𝑤քօӴ֎

վ  ∀𝑖𝑗 ∈ Γխ, 𝑠 ∈ Γկ
մ  (29)

ం 𝑤քօӴ֎
վ

֎∈္Թ
Ծ

= 𝑤քօ ∀𝑖𝑗 ∈ Γխ (30)

ం 𝑦քӴ֎
վ

֎∈္Թ
Ծ

= 1 − 𝑦ք ∀𝑖 ∈ Γկ
ճ  (31)

ੵ𝑦քӴ֎
վ − 𝑦օӴ֎

վ ੵ ≤ 1 − 𝑤քօ ∀𝑖𝑗 ∈ Γխ, 𝑠 ∈ Γկ
մ |𝕊ք ≠ 𝕊օ (32)

𝑦քӴ֎
վ = 𝑦օӴ֎

վ  ∀𝑖𝑗 ∈ Γխ, 𝑠 ∈ Γկ
մ |𝕊ք = 𝕊օ (33)

𝑤քօӴ֎
վ = 𝑤ֆևӴ֎

վ  ∀𝑖𝑗, 𝑘𝑙 ∈ Γխ, 𝑠 ∈ Γկ
մ |𝕊ք = 𝕊ֆ ∧ 𝕊օ = 𝕊և (34)

In (28)–(34), 𝑔քӴ֎
վ  can be different from zero only for 𝑖 = 𝑠 and 

at the real substation nodes. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 1  Illustrative 12-node system for the network topology constraints: (a) prefault radial configuration, (b) topology considering radial restoration, (c) tempo-
rary closed-loop operation, (d) temporary closed-loop operation avoiding the interconnection of substations. 
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Constraint (28) represents the artificial flow balance on the 
artificial grid; this constraint is formulated for all the nodes, ex-
cept the artificial substation node, and ensures that the in-ser-
vice node 𝑖, with 𝑦քӴ֎

վ = 1, is connected to the corresponding sub-
station 𝑠, from the set of real substations nodes, Γկ

մ . Constraints 
(29) and (30) impose that if a line 𝑖𝑗 is operating (𝑤քօ = 1), then 
only one 𝑓քօӴ֎

վ  is different from zero, ensuring that the artificial 
flow on branch 𝑖𝑗 is from only one substation. Constraint (31) 
relates the binary variable 𝑦ք, which represents the connection 
state of a node 𝑖, with the binary variable 𝑦քӴ֎

վ , which indicates 
which real substation 𝑠 is supplying the demand of node 𝑖. If 
𝑦ք = 0, node 𝑖 is supplied from exactly one substation 𝑠 from set 
Γկ

մ ; otherwise, if 𝑦ք = 1, node 𝑖 is disconnected from the system. 
Constraint (32) ensures that, if the switch of line 𝑖𝑗 is closed 
(𝑤քօ = 1), then both nodes 𝑖 and 𝑗 have the same substation 𝑠 
supplying their demands. If both nodes 𝑖 and 𝑗 belong to the 
same section, (33) also ensures that they will be supplied by the 
same substation. Constraint (34) imposes that, if two lines, 𝑖𝑗 
and 𝑘𝑙, belong to the same section, their artificial flows were 
originated at the same substation. 

In addition, the variables 𝑔քӴ֎
վ  and 𝑦քӴ֎

վ  must be fixed, as shown 
in (35)–(38). 
𝑔քӴ֎

վ = 0 ∀𝑖 ∈ {Γկ − Γկ
մ }, 𝑠 ∈ Γկ

մ  (35)
𝑔քӴ֎

վ = 0 ∀𝑖 ∈ Γկ
մ , 𝑠 ∈ Γկ

մ |𝑖 ≠ 𝑠 (36)
𝑦քӴ֎

վ = 0 ∀𝑖 ∈ Γկ
մ , 𝑠 ∈ Γկ

մ |𝑖 ≠ 𝑠 (37)
𝑦քӴ֎

վ = 1 ∀𝑖 ∈ Γկ
մ , 𝑠 ∈ Γկ

մ |𝑖 = 𝑠 (38)
Constraint (35) fixes the artificial generation, 𝑔քӴ֎

վ , at zero at 
all load nodes, and (36) fixes 𝑔քӴ֎

վ , 𝑖 ≠ 𝑠, at zero at all real substa-
tion nodes, while (37) and (38) fix 𝑦քӴ֎

վ  for all real substation 
nodes. ๠e optimization model (1)–(34) is an MISOCP model 
that guarantees convergence to the optimal solution via com-
mercial optimization solvers. 

Fig. 2 presents the values for the binary and continuous var-
iables involved in the set of constraints (28)–(38). In this exam-
ple, the network is composed of two substations, at nodes 4 and 
5. ๠ese substations feed the load nodes 1, 2, and 3. ๠e set of 
closed lines is {4-1, 1-2, 5-3}, thus the values for variable 𝑤քօ 
over this set is equal to 1 (𝑤Κφ = 𝑤φϵ = 𝑤Θϯ = 1), while line 2-3 
is opened, and therefore 𝑤ϵϯ = 0. In this case, the demand of all 
the load nodes are supplied, thus the values for 𝑦ք is equal to 0 
in all the load nodes, as presented in Fig. 2 (a). Note that (28)–

(38) is applied only in the real network. Two artificial networks 
are presented in Fig. 2 (b), one for each real substation. ๠ey 
are used to determine which substation is feeding each load 
node and to avoid the interconnection of substations. 

In constraint (30), the operational state of the real lines de-
termines the state of the artificial lines, thus, in this case, the 
open branch 2-3 (𝑤ϵϯ = 0) obligates the corresponding artificial 
lines to be open (𝑤ϵϯӴΚ

վ = 𝑤ϵϯӴΘ
վ = 0); on the other hand, the closed 

line 4-1 (𝑤Κφ = 1), obligates only one artificial line, 𝑤ΚφӴΚ
վ  or 𝑤ΚφӴΘ

վ , 
to be closed. ๠is situation is the same for lines 1-2 and 5-3. 

In constraint (31), the operational state of the load nodes de-
termines the state of the artificial loads. For node 1, this con-
straint obligates one artificial load, 𝑦φӴΚ

վ  or 𝑦φӴΘ
վ , to be equal to 1. 

๠e same is valid for nodes 2 and 3. 
Each artificial network is related to one real substation. Be-

sides that, in each of these networks, only one substation can 
supply the artificial demands. Constraint (35) fixes in zero all 
the injections from other substations. In this case, for the first 
artificial network (corresponding to the substation node 4), the 
artificial generation 𝑔ΘӴΚ

վ  (corresponding to the substation node 
5) is fixed in zero. Similarly, 𝑔ΚӴΘ

վ  is fixed in zero in the other 
network. Constraints (37) and (38) fix the artificial demands at 
the substation nodes. 

๠e values for the artificial flow variables, 𝑓քօӴ֎
վ , and the arti-

ficial injections, 𝑔֎Ӵ֎
վ , are determined by the flow balance con-

straint (28). Note that, constraint (32) requires that nodes 2 and 
3 are supplied by different substations, since 𝑤ϵϯ = 0. ๠erefore, 
the artificial demands at these nodes have different values, i.e., 
𝑦ϵӴΚ

վ ≠ 𝑦ϯӴΚ
վ  and 𝑦ϵӴΘ

վ ≠ 𝑦ϯӴΘ
վ . 

๠e only feasible solution to the set of constraints (28)–(38) 
has 𝑦φӴΚ

վ = 1, 𝑦ϵӴΚ
վ = 1, 𝑦ϯӴΚ

վ = 0, 𝑦φӴΘ
վ = 0, 𝑦ϵӴΘ

վ = 0, and 𝑦ϯӴΘ
վ = 1, in-

dicating that nodes 1 and 2 are connected to the substation at 
node 4, while node 3 is connected to the substation at node 5. 

III.  TESTS AND RESULTS 

A 53-node test system [24] and a 2313-node system of a Co-
lombian oil company [32] are used to demonstrate the efficiency 
and robustness of the proposed mathematical model. ๠e 53-
node test system has three substations and 50 load nodes, each 
one representing a section of the system, with total active and 
reactive power demands of 45,668.70 kW and 22,118.24 kVAr, 
respectively. ๠e nominal voltage is 13.8 kV, with a minimum 
voltage limit of 0.95 p.u. and a maximum limit of 1.05 p.u. To 
analyze the influence of the DGs in the restoration problem, 
three DGs are installed at nodes 5, 15, and 47 of the 53-node 
system. ๠e 2313-node system has six substations, two DGs, 
and 2307 load nodes with total active and reactive power de-
mands of 59,578.65 kW and 28,855.25 kVAr, respectively. ๠e 
nominal voltage is 14.4 kV, with a minimum and maximum 
voltage limits of 0.95 p.u. and 1.05 p.u, respectively. Complete 
data for both systems can be found in [32].๠e optimization 
model was implemented in AMPL [33] and solved with the 
commercial solver CPLEX v12.9 [34] on a computer with a 3.2 
GHz Intel® Core™ i7–8700 processor and 16 GB of RAM. 

A. Results for the 53-node system 

Six study cases are presented in this section: 

(a) 

(b) 

Fig. 2  (a) Illustrative 5-node network and (b) representation of the artificial 
networks that avoid the interconnection of substations for the 5-node network. 
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 Case I: the formation of loops between feeders correspond-
ing to the same or different substations is allowed and DGs 
are not considered in the system (see Table I); 

 Case II: the formation of loops is allowed only among feed-
ers of the same substation and DGs are not considered in the 
system (see Table II); 

 Case III: the formation of loops between feeders correspond-
ing to the same or different substations is allowed and DGs 
are allowed to operate only when connected to the main grid 
(see Table III); 

 Case IV: the formation of loops is allowed only among feed-
ers of the same substation and DGs are allowed to operate 
only when connected to the main grid (see Table IV); 

 Case V: the formation of loops between feeders correspond-
ing to the same or different substations is allowed and the 
islanded operation of the DGs is allowed (see Table V); 

 Case VI: the formation of loops is allowed only among feed-
ers of the same substation and the islanded operation of the 
DGs is allowed (see Table VI). 
๠e proposed model can restore a distribution system for 

both single and multiple permanent fault events. ๠us, for all 
the study cases, single fault events at the critical nodes 3 and 
14, and multiple fault events at the nodes’ groups {11, 14}, and 
{11, 14, 21} are analyzed. 

In Case I, the interconnection of substations is allowed in the 
solution of the original 53-node system without DGs. For this 
purpose, constraints (28)–(34) are not considered in the formu-
lation. It is assumed that each line of the test system has a switch 
and the power supply must be maintained at the nodes that were 
not disconnected after the isolation of the faulted area. All 
switches are of the same type, and there are no priority loads. 
๠e following subsections present a discussion of the results ob-
tained in each fault scenario. Table I summarizes the results ob-
tained for Case I and the computational times to solve each in-
stance of the problem. 
    1)  Case I – Fault at node 3: In this case, a fault at node 3 
was analyzed. Lines 101-3 and 4-3 are opened to isolate the 

faulted section, and both switching operations are not accounted 
in the final solution. ๠e load at node 3 (485.10 kW and 234.93 
kVAr) is not restorable. ๠e results in Table I show that, by in-
creasing the number of loops allowed in the system from zero 
to five, the active load restored increases from 57.94% to 
69.16%. However, when only one loop is allowed to be formed, 
the solution is radial (the same one when no loop is allowed in 
the system). Also, when three or four loops are allowed in the 
system, no improvement is verified in comparison with the so-
lution with two loops. Finally, by setting the number of loops at 
its maximum value, i.e., the number of normally open switches 
in the prefault configuration, no additional improvement is 
achieved. 
    2)  Case I – Fault at node 14: In this case, the results are ob-
tained for a permanent fault at node 14. ๠e number of loops 
allowed in the system is increased sequentially to identify its 
influence in the quality of the solution. ๠e faulted node 14, 
with a load of 693.00 kW and 335.64 kVAr, is disconnected by 
opening the lines between nodes 102-14, 15-14, and 14-46. As 
a first analysis, no loop is admitted in the restoration process. 
According to Table I, in the obtained solution, 40.17% of the 
active load is restored. For the next analysis, the formation of 
one loop is allowed in the restoration process, and the restored 
load is increased to 48.72%. When two and three loops are al-
lowed to be formed in the restoration process, the obtained so-
lution is the same as the result previously obtained when one 
loop is considered. When assuming the formation of four loops, 
a solution with better quality is obtained: 56.41% of the active 
load is restored. By increasing the number of loops allowed in 
the restorative state above four, no additional improvement is 
obtained. 
    3)  Case I – Fault at nodes 11 and 14: Permanent faults at the 
critical nodes 11 and 14 are considered in this case. As such, a 
total demand of 900.9 kW and 436.36 kVAr is not restorable. 
Lines 102-14, 15-14, 14-46, 12-11, and 102-11 are opened to 
isolate the faulted nodes. According to Table I, by allowing 
zero, one, and two loops in the system, the percentages of the 

TABLE I 
RESULTS FOR THE 53-NODE SYSTEM WITHOUT DGS – CASE I 

Faulted 
node 

# of  
loops 

Switching  
operations 

Switches opened Switches closed 
Disconnected 

nodes 
Active load  

curtailment (kW) 
Active load  
restored (%) 

Time 
(s) 

3 

0 9 5-4, 28-6, 27-8, 26-27, 34-33 28-27, 8-33, 35-40, 28-50 5, 6, 26 3118.50 57.94 4.96 

2 12 7-4, 6-5, 37-43, 17-9, 34-33 10-31, 18-17, 8-25, 28-27, 8-33, 35-40, 28-50 4, 5 2564.10 65.42 5.09 

5 12 5-4, 8-7, 17-9, 26-27 
10-31, 18-17, 8-25, 28-27,  
8-33, 35-40, 10-38, 28-50 

4, 7, 26 2286.90 69.16 3.88 

14 

0 5 16-40, 42-41, 47-42 35-40, 28-50 15, 16, 41, 46, 47 4851.00 40.17 2.87 

1 6 16-40, 42-41, 46-47 28-27, 35-40, 28-50 15, 16, 41, 46 4158.00 48.72 3.12 

4 12 22-9, 24-23, 16-40, 46-47 
10-31, 104-22, 8-25, 28-27,  
40-41, 35-40, 10-38, 28-50 

15, 16, 46 3534.30 56.41 3.33 

11, 14 

0 12 
31-37, 22-9, 44-45,  
38-44, 33-39, 16-40 

10-31, 13-12, 104-22, 8-33, 35-40, 10-38 
15, 16, 41, 42, 44,  
46, 47, 48, 49, 50 

8108.10 52.82 32.11 

1 18 
31-37, 22-9, 44-45, 38-44, 33-39,  

36-35, 16-40, 42-41, 49-48 
10-31, 13-12, 104-22, 8-25, 8-33,  

40-41, 35-40, 10-38, 28-50 
15, 16, 36, 42,  
44, 46, 47, 48 

6791.40 60.48 7.79 

2 11 31-37, 22-9, 44-45, 48-42 10-31, 13-12, 104-22, 8-25, 8-33, 10-38, 28-50 
15, 16, 40, 41,  

42, 46, 47 
6652.80 61.29 6.83 

11, 14, 21 

0 11 45-12, 22-9, 32-39, 33-39, 16-40 13-12, 18-17, 104-22, 8-33, 35-40, 10-38 
15, 16, 32, 41, 42,  
46, 47, 48, 49, 50 

8316.00 57.45 18.17 

1 17 
45-12, 22-9, 32-39, 33-39,  
36-35, 16-40, 42-41, 49-48 

13-12, 18-17, 104-22, 8-25, 8-33,  
40-41, 35-40, 10-38, 28-50 

15, 16, 32, 36,  
42, 46, 47, 48 

6999.30 64.18 6.69 

2 16 
31-37, 28-6, 44-45, 38-44,  

33-39, 42-41, 47-42 
10-31, 13-12, 18-17, 104-22, 8-25,  

28-27, 8-33, 10-38, 28-50 
15, 16, 40, 41,  

44, 46, 47 
6791.40 65.25 4.83 

 



active load restored are, respectively, 52.82%, 60.48%, and 
61.29%. When the number of loops allowed is set at its upper 
limit, the solution has the same quality as the one obtained con-
sidering two loops. 
    4)  Case I – Fault at nodes 11, 14, and 21: A multiple fault 
scenario is considered in this case. Permanent faults at nodes 
11, 14, and 21 are assumed in the network, totaling a nonrestor-
able load of 2148.30 kW and 1040.50 kVAr. ๠e switches in 
lines 102-14, 15-14, 102-11, 12-11, 104-21, 21-18, and 14-46 
are opened to isolate the faulted nodes. According to Table I, by 
allowing zero, one, and two loops in the system, the percentages 
of the active load restored are, respectively, 57.45%, 64.18%, 
and 65.25%. Finally, when the number of loops allowed in the 
restorative state is set to its maximum value, the optimal solu-
tion presents the same quality as the result with two loops. 
    5)  Case I – Comments on the results considering closed-loop 
topology operation: Based on the results summarized in Table 
I, the following can be observed: 
 In all the cases, for single and multiple fault scenarios, solu-

tions of better quality are found when the formation of opera-
tional loops is allowed in the restorative state. 

 For the single fault scenarios at nodes 3 and 14, the radial so-
lutions presented in Table I are the same obtained by [24] 
when the nodes not affected by the fault must remain con-
nected to the system in the solution of the restoration problem. 

 ๠e improvement in the quality of the solutions is directly as-
sociated with the number of loops allowed in the system. As 
can be seen in Table I, as the number of loops allowed in-
creases, the quality of the solutions improves. 

 Increasing the number of loops in only one unit does not nec-
essarily improve the quality of the obtained result. 

 The number of loops that can be formed in the restorative state 
is limited by constraint (22). In this restriction, the maximum 
number of loops, 𝑁 և֊֊֋, is predefined and controls the number 
of operational loops that can be formed in the final solution. 
However, for each case, there is an optimal number of loops, 

as shown in Table I. For instance, the optimal number of loops 
in the case of a permanent fault at node 3 is five; meanwhile, 
the optimal number of loops for a fault at node 14 is four. In 
the proposed formulation, the optimal number of loops can be 
directly found by the model, by setting the number of loops at 
its maximum value. In other words, when the maximum value 
of the loops that can be formed is equal to the number of nor-
mally open switches in the prefault configuration, the model 
automatically finds the optimal number of loops. ๠is fact is 
explained by the last term in the objective function (1). In this 
term, the objective function penalizes the formation of loops, 
guaranteeing the minimal number of loops necessary to im-
prove the value of the objective function. 

 ๠e computational times to solve the problem are of only a 
few seconds in all the cases, and, by increasing the number of 
loops allowed to be formed in the system, the computational 
time is usually reduced. 
Case II considers the possibility of forming temporary loops 

in the system for improving service restoration, but the loops 
are restricted to feeders corresponding to the same substation 
and DGs are not installed in the system. For this purpose, the 
complete model (1)–(34) is considered. ๠e impact of the con-
straints that prevent the interconnection of substations in the 
restoration problem is analyzed through the evaluation of the 
quality of the obtained solutions in comparison with the results 
of the previous section. Table II presents the results for Case II. 
    6)  Case II – Fault at node 3: The number of loops that can 
be formed is set to its maximum. The obtained result is the 
same as that of the radial solution described in subsection III-
A1 and Table I. 
    7)  Case II – Fault at node 14: ๠e solution considering ra-
dial operation has been detailed in subsection III-A2 and Table 
I. By allowing the formation of one loop, the obtained solution 
is the same as the result presented in subsection III-A2 (with 
one loop). By increasing the number of loops allowed to be 
formed in the system, no additional improvement is achieved. 

TABLE II 
RESULTS FOR THE 53-NODE SYSTEM THAT AVOID THE INTERCONNECTION OF SUBSTATIONS WITHOUT DGS – CASE II 

Faulted 
node 

# of  
loops 

Switching  
operations 

Switches opened Switches closed 
Disconnected 

nodes 
Active load  

curtailment (kW) 
Active load  
restored (%) 

Time 
(s) 

3 0 9 5-4, 28-6, 27-8, 26-27, 34-33 28-27, 8-33, 35-40, 28-50 5, 6, 26 3118.50 57.94 5.19 

14 1 6 16-40, 42-41, 46-47 28-27, 35-40, 28-50 15, 16, 41, 46 4158.00 48.72 3.39 

11, 14 1 16 
31-37, 22-9, 28-6, 44-45,  

32-39, 36-35, 16-40, 50-49 
10-31, 13-12, 104-22, 28-27,  

8-33, 35-40, 10-38, 28-50 
15, 16, 32, 36, 41,  
42, 46, 47, 48, 49 

7969.50 53.63 19.31 

11, 14, 21 1 9 31-37, 22-9, 44-45 
10-31, 13-12, 18-17,  
104-22, 8-33, 10-38 

15, 16, 40, 41, 42,  
46, 47, 48, 49, 50 

8108.10 58.51 9.18 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

Fig. 3  (a) Prefault configuration of the 53-node system without DGs. Restoration schemes considering simultaneous faults at nodes 11, 14, and 21 with (b) a 
radial configuration, (c) one basic loop, (d) two basic loops, and (e) one basic loop without the interconnection of substations. 
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    8)  Case II – Faults at nodes 11 and 14: ๠e solution consid-
ering a radial topology for this case has been analyzed in sub-
section III-A3 and Table I. In the next analysis, one loop is al-
lowed in the solution, and the obtained result is shown in Table 
II. It is important to note that the solution found in this subsec-
tion has 6.85% less load restored than the solution found in sub-
section III-A3, with one operational loop. ๠e amount of load 
restored decreases as the loop formation is constrained between 
feeders among the same substation. Finally, by allowing addi-
tional loops in the system, the solution to the problem is not 
improved. 
    9)  Case II – Faults at nodes 11, 14, and 21: ๠e radial solu-
tion for this case has been described in subsection III-A4 and 
Table I. Table II shows the solution when one loop is allowed 
in the system. ๠e obtained solution has 5.67% less load re-
stored than the result achieved in subsection III-A4, with one 
operational loop. Again, by allowing additional loops in the sys-
tem, the solution to the problem is not improved. 
    10)  Case II – Comments on the results when the intercon-
nection of substations is avoided: According to the results of 
Table I and Table II, the following comments can be made: 

 In all the tests performed, the solutions obtained with closed-
loop configurations in the restorative state are of equal or bet-
ter quality than the results achieved with radial configurations. 

 In the test cases with multiple faults (at nodes {11, 14} and 
{11, 14, 21}), different solutions are found when assuming 
one operational loop in comparison with the results presented 
in Table I. Also, these solutions have a lower value of restored 
load since the interconnection of substations is not allowed. 
๠e initial configuration of the 53-node test system is pre-

sented in Fig. 3 (a), in which the dotted lines represent the lines 
with an open switch in the prefault configuration. Figs. 3 (b)–
(e) illustrate the topologies of the system obtained considering 
a fault at nodes {11, 14, 21} (presented in Table I and Table II), 
in which the red nodes represent the nodes directly affected by 
the faults and the orange sections are the portions of the network 
that cannot be restored. Fig. 3 (b) shows the radial restoration 
topology. Fig. 3 (c) shows the configuration with one loop, in 
which the substations at nodes 101 and 104 are interconnected. 
In the configuration presented in Fig. 3 (d), two loops were 
formed, one among the feeders of the substation at node 101, 
and the other interconnecting the substations at nodes 101 and 
104. Finally, Fig. 3 (e) shows a configuration in which one loop 
is formed, but the interconnection of substations is not allowed. 

TABLE III 
RESULTS FOR THE 53-NODE SYSTEM WITH DGS IN CONNECTED OPERATION – CASE III 

Faulted 
node 

# of  
loops 

Switching  
operations 

Switches opened Switches closed 
Disconnected 

nodes 
Active load  

curtailment (kW) 
Active load  
restored (%) 

Time 
(s) 

3 
0 6 7-4, 26-27, 34-33 8-33, 35-40, 28-50 26 831.60 88.79 4.53 

3 1 7-4 8-25, 8-33, 35-40, 10-38, 28-50 – 0.00 100.00 7.09 

14 
0 5 16-40, 42-41, 46-47 35-40, 28-50 15, 16, 41, 46 4158.00 48.72 3.83 

1 5 16-40, 46-47 28-27, 35-40, 28-50 15, 16, 46 3534.30 56.41 4.19 

11, 14 
0 15 

31-37 22-9, 44-45, 38-44,  
33-39, 16-40, 42-41, 46-47 

10-31, 13-12, 104-22, 8-33, 35-40, 10-38, 28-50 15, 16, 41, 44, 46 5128.20 70.16 6.42 

4 14 45-12, 21-18, 44-45, 16-40, 46-47 
13-12, 18-17, 104-22, 8-25, 28-27,  

8-33, 35-40, 10-38, 28-50 
15, 16, 45, 46 4088.70 76.21 7.45 

11, 14, 21 
0 14 

45-12, 22-9, 32-39, 33-39,  
16-40, 42-41, 46-47 

13-12, 18-17, 104-22, 8-33, 35-40, 10-38, 28-50 15, 16, 32, 41, 46 5336.10 72.70 6.08 

4 13 45-12, 44-45, 16-40, 46-47 
13-12, 18-17, 104-22, 8-25, 28-27,  

8-33, 35-40, 10-38, 28-50 
15, 16, 45, 46 4088.70 79.08 5.55 

TABLE IV 
RESULTS FOR THE 53-NODE SYSTEM THAT AVOID THE INTERCONNECTION OF SUBSTATIONS WITH DGS IN CONNECTED OPERATION – CASE IV 

Faulted 
node 

# of  
loops 

Switching  
operations 

Switches opened Switches closed 
Disconnected 

nodes 
Active load  

curtailment (kW) 
Active load  
restored (%) 

Time 
(s) 

3 3 7 6-5, 28-6 28-27, 8-33, 40-41, 35-40, 28-50 6 485.10 93.46 11.02 

14 1 5 16-40, 46-47 28-27, 35-40, 28-50 15, 16, 46 3534.30 56.41 7.64 

11, 14 1 16 
31-37, 22-9, 44-45, 32-39, 36-35,  

16-40, 42-41, 46-47 
10-31, 13-12, 104-22, 8-33, 40-41, 35-40,  

10-38, 28-50 
15, 16, 32, 36, 46 4920.30 71.37 11.17 

11, 14, 21 1 12 31-37, 22-9, 44-45, 42-41, 46-47 10-31, 13-12, 18-17, 104-22, 8-33, 10-38, 28-50 15, 16, 40, 41, 46 5128.20 73.76 9.13 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 4  (a) Prefault configuration of the 53-node system with DGs. Restoration schemes considering simultaneous faults at nodes 11, 14, and 21 with connected 
operation of the DGs and (b) a radial configuration, (c) four basic loops, and (d) one basic loop without the interconnection of substations. 
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๠e results for Case III, which considers the connected oper-
ation of the DGs, are summarized in Table III. For each fault 
scenario, Table III shows that the DGs improve the amount of 
active load restored, except for a fault at node 14 with closed-
loop operation, in which the amount of load restored is the same 
as for the topology with four loops presented in Table I. Note, 
however, that in the solution presented in Table III, the number 
of basic loops formed is only one, and only five switching op-
erations are performed (for the solution of Table I, four loops 
are formed in the system, and twelve switching operations are 
performed). 

Table IV presents the results for Case IV, which considers 
the connected operation of the DGs and the interconnection of 
substations is not allowed. It is also possible to verify that, for 
all cases, the amount of active restored is higher when com-
pared to the corresponding solutions of Case II, when DGs are 
not considered in the restoration process. 

Fig. 4 shows the restoration topologies for the 53-node sys-
tem considering the connected operation of the DGs for consid-
ering faults at nodes 11, 14, and 21. Note that, in Fig. 4 (b)–(d), 
the DG at node 15 is not operating since the system does not 
have enough capacity to reconnect nodes 15 and 16 (Fig. 4 (b) 
and (c)) and nodes 15, 16, and 40 (Fig. 4 (d)). 

๠e results for Case V and Case VI, presented in Table V and 
Table VI, respectively, show that by allowing the islanded op-
eration of the DGs, except for the fault at node 3, the amount of 
active load restored is higher when compared to the fault sce-
narios of Cases III and IV, as expected, since the operation of 
the system has more flexibility. Fig. 5 shows that for simultane-
ous faults at nodes 11, 14, and 21, the DG at node 15 operates 
in islanded mode, supplying only the demand of its node. 

By performing a sensitivity analysis for the solutions ob-
tained for the 53-node system, it is possible to verify the influ-
ence of the costs present in the objective function on the per-
centage of active load restored. First, it is considered a fixed 
value for 𝜎ք = 10.00 US$/kW for all demand nodes, and initial 
values for 𝜏քօ = 𝜂քօ = 1.00 US$ for all branches, 𝛾 = 10.00 US$, 
𝜆ք

ձ = 0.01 US$/kW, and 𝜆ք
ղ = 0.01 US$/kVAr for all DGs. ๠ese 

were the values used in the tests. ๠en, by varying 𝜏քօ and 𝜂քօ 
simultaneously from US$ 0.00 up to US$ 30,000.00, it can be 
verified that the percentages of active load restored are reduced 
from the values presented in Table I – Table VI until 0.00%. 
Additionally, when closed-loop operation is allowed, by in-
creasing 𝛾 from US$ 0.00 up to US$ 10,000.00, the percentages 
of active load restored are also reduced from their values for 

TABLE V 
RESULTS FOR THE 53-NODE SYSTEM WITH DGS IN ISLANDED OPERATION – CASE V 

Faulted 
node 

# of  
loops 

Switching  
operations 

Switches opened Switches closed 
Disconnected 

nodes 
Active load  

curtailment (kW) 
Active load  
restored (%) 

Time 
(s) 

3 
0 6 7-4, 26-27, 34-33 8-33, 35-40, 28-50 26 831.60 88.79 5.53 

3 1 7-4 8-25, 8-33, 35-40, 10-38, 28-50 – 0.00 100.00 5.00 

14 
0 6 16-15, 16-40, 42-41, 46-47 35-40, 28-50 16, 41, 46 3187.80 60.68 3.88 

1 6 16-15, 16-40, 46-47 28-27, 35-40, 28-50 16, 46 2564.10 68.38 4.03 

11, 14 
0 16 

31-37, 16-15, 22-9, 44-45, 38-44,  
33-39, 16-40, 42-41, 46-47 

10-31, 13-12, 104-22, 8-33, 35-40, 10-38, 28-50 16, 41, 44, 46 4158.00 75.81 10.17 

4 15 
45-12, 16-15, 21-18,  
44-45, 16-40, 46-47 

13-12, 18-17, 104-22, 8-25, 28-27,  
8-33, 35-40, 10-38, 28-50 

16, 45, 46 3118.50 81.85 5.83 

11, 14, 21 
0 15 

45-12, 16-15, 22-9, 32-39,  
33-39, 16-40, 42-41, 46-47 

13-12, 18-17, 104-22, 8-33, 35-40, 10-38, 28-50 16, 32, 41, 46 4365.90 77.66 6.28 

4 14 45-12, 16-15, 44-45, 16-40, 46-47 
13-12, 18-17, 104-22, 8-25, 28-27,  

8-33, 35-40, 10-38, 28-50 
16, 45, 46 3118.50 84.04 4.28 

TABLE VI 
RESULTS FOR THE 53-NODE SYSTEM THAT AVOID THE INTERCONNECTION OF SUBSTATIONS WITH DGS IN ISLANDED OPERATION – CASE VI 

Faulted 
node 

# of  
loops 

Switching  
operations 

Switches opened Switches closed 
Disconnected 

nodes 
Active load  

curtailment (kW) 
Active load  
restored (%) 

Time 
(s) 

3 3 7 6-5, 28-6 28-27, 8-33, 40-41, 35-40, 28-50 6 485.10 93.46 13.11 

14 1 6 16-15, 16-40, 46-47 28-27, 35-40, 28-50 16, 46 2564.10 68.38 8.48 

11, 14 1 17 
31-37, 16-15, 22-9, 44-45, 32-39,  

36-35, 16-40, 42-41, 46-47 
10-31, 13-12, 104-22, 8-33, 40-41, 35-40,  

10-38, 28-50 
16, 32, 36, 46 3950.10 77.02 16.23 

11, 14, 21 1 13 
31-37, 16-15, 22-9, 44-45, 42-41,  

46-47 
10-31, 13-12, 18-17, 104-22, 8-33, 10-38, 28-50 16, 40, 41, 46 4158.00 78.72 8.64 

 

 
(a) 

 
(b) 

 
(c) 

Fig. 5  Restoration schemes for the 53-node system with DGs considering simultaneous faults at nodes 11, 14, and 21 with islanded operation of the DGs and (a) 
a radial configuration, (b) four basic loops, and (c) one basic loop without the interconnection of substations. 
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closed-loop operation until the values obtained for radial solu-
tions, i.e., no loop is formed in the system. Finally, by increas-
ing simultaneously 𝜆ք

ձ  from 0.00 US$/kW and 𝜆ք
ղ from 0.00 

US$/kVAr up to 10.00 US$/kW and 10.00 US$/kVAr, respec-
tively, less load is restored, since the redispatch of the DGs is 
penalized. 

๠e computational times to solve the problem considering 
both connected and islanded operation of the DGs are between 
3.83 s and 16.23 s, which are adequate for the problem. 

B. Results for the 2313-node system 

To evaluate the scalability of the proposed formulation to 
solve the restoration problem in a large system, five single and 
multiple fault scenarios are considered in the 2313-node sys-
tem. ๠e DGs can only operate connected to the main system. 
Table VII shows that, except for a simultaneous fault at sections 
8, 11, 10, and 68, the temporary closed-loop operation provides 
solutions with higher amounts of active load restored when 
compared to the radial topologies when the interconnection of 
different substations is allowed. 

Table VIII also shows that by considering temporary closed-
loop operation and not allowing the interconnection of substa-
tions it is possible to obtain solutions with more load restored 
when compared to the radial topologies, except for a simultane-
ous fault at sections 8, 11, 10, and 68, and a single fault at sec-
tion 6. 

๠e computational times to solve the restoration problem 
considering the 2313-node system are between 8.06 s and 
532.92 s, which are also adequate for the problem. It should be 
noted that faster solution times can be achieved by using more 
powerful computer systems. 

๠e feasibility of all the results was verified using an exact 

power flow algorithm. ๠is analysis indicated that the opera-
tional constraints of both networks are fulfilled in all the cases, 
what demonstrates the precision of the formulation. 

IV.  CONCLUSION 

๠is work presented a new mixed-integer second-order cone 
programming model to solve the service restoration problem in 
distribution systems, considering a temporary closed-loop to-
pology operation during the restorative state and both con-
nected and islanded operation of distributed generators (DGs). 
๠e proposed model is flexible since it allows or not the inter-
connection of substations in the solution. Also, the maximum 
number of basic loops in the system can be predefined, or the 
model can find the minimum number of basic loops that allows 
more load to be reconnected. 

๠e results show that the formation of temporary operational 
loops improves the quality of the solutions of the problem since 
the amount of load curtailment is reduced in comparison with 
solutions obtained assuming only radial topologies. Moreover, 
the redispatch of the DGs improved restoration plans, especially 
when the islanded operation was considered. It should be noted 
that the proposed strategy does not require the installation of 
any new equipment in the system. ๠us, distribution companies 
could avoid future economical investments for improving reli-
ability indexes by applying the proposed strategy. 

๠e proposed model can be extended to consider other as-
pects of the restoration problem, including unbalanced network 
operation. Besides that, other devices present in distribution 
systems, such as voltage control equipment and energy storage 
systems, can also be modeled to improve the restoration pro-
cess. 

TABLE VII 
RESULTS FOR THE 2313-NODE SYSTEM 

Faulted  
section 

# of  
loops 

Switching  
operations 

Switches opened Switches closed 
Active load  

curtailment (kW) 
Active load  
restored (%) 

Time (s) 

8, 11, 10, 68 0 1 – 1303-396 2173.36 52.96 8.06 

66, 23, 67, 20 
0 6 332-232, 307-332, 1242-2297 1301-1279, 940-2297, 1299-586 5397.10 39.37 184.66 

2 9 71-43, 180-132, 247-332 
505-2297, 940-2297, 1308-644,  
1299-586, 1303-396, 655-572 

3932.70 55.82 100.69 

26, 50 

0 10 
375-474, 478-1680, 480-410, 408-432, 

951-949, 175-139, 969-1045 
393-1046, 149-146, 1303-396 9082.72 9.45 92.33 

3 15 
307-332, 374-501, 436-404, 375-474, 

478-1680, 480-410, 484-376,  
1201-2289, 484-992 

1301-1279, 940-2297, 1079-1136,  
1299-586, 1303-396, 186-71 

8184.11 18.41 345.19 

6 
0 5 697-676, 646-602 646-816, 1308-644, 799-800 682.43 83.61 67.44 

1 3 – 646-816, 799-800, 655-572 0.00 100.00 13.86 

7 
0 4 804-710, 815-816 646-816, 799-800 355.25 94.88 78.81 

1 2 – 646-816, 799-800 0.00 100.00 12.22 

TABLE VIII 
RESULTS FOR THE 2313-NODE SYSTEM THAT AVOID THE INTERCONNECTION OF SUBSTATIONS 

Faulted  
section 

# of  
loops 

Switching  
operations 

Switches opened Switches closed 
Active load  

curtailment (kW) 
Active load  
restored (%) 

Time (s) 

8, 11, 10, 68 0 1 – 1303-396 2173.36 52.96 31.86 

66, 23, 67, 20 2 13 
804-674, 1201-2289, 594-619,  

646-602, 815-816 
1301-1279, 658-802, 940-2297, 799-800,  
1299-586, 655-572, 725-606, 1307-615 

3932.70 55.82 532.92 

26, 50 1 9 
480-410, 408-432, 951-949,  

175-139, 969-1045 
393-1046, 149-146, 1303-396, 186-71 8951.76 10.76 272.00 

6 0 5 697-676, 646-602 646-816, 1308-644, 799-800 682.43 83.61 73.98 

7 1 8 594-619, 815-816, 332-1296 658-802, 505-2297, 646-816, 799-800, 655-572 0.00 100.00 215.33 
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