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Abstract—Wireless Sensor Networks (WSN) are used for a
variety of applications, including the target’s trajectory estima-
tion. Most proposed solutions are based on sequential estimation.
However, in this paper we present a new solution to the trajectory
estimation problem using the batch estimation approach. In our
solution, we model the problem as a system of equations 𝐴𝑋 = 𝑏,
with matrix 𝐴 being sparse and vector 𝑋 being the trajec-
tory. Next, through multifrontal 𝑄𝑅 factorization, factorization
𝐴 = 𝑄𝑅 is distributed between the sensors, which calculate
it collaboratively and incrementally. Simulation results show
that our solution has the same performance as the centralized
estimator. Also, we demonstrate its implementation viability
by showing that the processing and memory requirements are
compatible to generic motes characteristics.

I. INTRODUCTION

In many WSN applications, it is necessary to estimate the
trajectory of moving objects. This problem is related to the
target tracking application, in which the goal is to detect and
track moving objects such as animals, vehicles or humans.

Consider the problem of 𝑛 homogeneous sensors
(𝑠1, 𝑠2, . . . , 𝑠𝑛) having to estimate a robot’s trajectory.
At each sample time 𝑘, observations of the robot’s position
are collected by the sensors. Equation (1) is the robot’s state
model, where 𝑥(𝑘) is the state vector and equation (2) is the
observation model that appears in every sensor 𝑠 = 1, . . . 𝑆
that observes the robot. Here, we consider that we are working
with linear models with 𝐹 and 𝐻𝑆 = 𝐻 constant. Also, 𝑣(𝑘)
and 𝑤𝑆(𝑘) are Gaussian white noise vectors with known
covariance matrices 𝑄(𝑘) = 𝑄 and 𝑅𝑆(𝑘) = 𝑅 respectivelly.

𝑥(𝑘) = 𝐹𝑥(𝑘 − 1) + 𝑣(𝑘) (1)

𝑧𝑆(𝑘) = 𝐻𝑆𝑥(𝑘) + 𝑤𝑆(𝑘) (2)

Most proposed solutions to this problem use the sequential
estimation approach. Another way to estimate the trajectory is
the batch estimation approach [8] that assumes all trajectory
observations are available to be processed simultaneously. To
formulate the problem, after the WSN observes the robot’s
trajectory for a time window △𝑇 , we will have several model
and observation equations that can be combined to form a
single system of equations 𝐴𝑋 = 𝑏, where vector 𝑋 is the
robot’s trajectory, matrix 𝐴 ∈ ℝ

𝑚×𝑛 with 𝑚 ≥ 𝑛 and vector

𝑏 ∈ ℝ
𝑚 [2], [13]. This is a least-squares problem, whose

solution is obtained by the criteria in equation (3).

𝑥̂ = 𝑎𝑟𝑔𝑚𝑖𝑛
𝑋

∥𝐴𝑋 − 𝑏∥2 (3)

In this paper we present a new incremental and collaborative
algorithm for trajectory estimation with WSN. We will present
our solution in the context of the collaboration between WSN
and a mobile robot, in which the network helps the robot to
estimate its trajectory. To solve the system 𝐴𝑋 = 𝑏, the sensor
nodes factorize matrix 𝐴 in an incremental and collaborative
way by using multifrontal 𝑄𝑅 factorization. Then the robot
estimates its trajectory by back substitution.

The remainder of the paper is outlined as follows: in
Section II we provide a brief description of the mathematical
background used to develop our solution. Section III describes
our incremental solution, while Section IV presents our exper-
imental results and discussion and Sections V and VI present
related work and conclusions.

II. BACKGROUND

To solve equation (3) we use 𝑄𝑅 factorization of matrix 𝐴 .
The 𝑄𝑅 factorization calculates 𝐴 = 𝑄𝑅, where 𝑄 ∈ ℝ

𝑚×𝑚

is an orthogonal matrix and 𝑅 ∈ ℝ
𝑛×𝑛 is an upper triangular

matrix [7]. By using 𝐴 = 𝑄𝑅, equation (3) is transformed into
𝑅𝑥 = 𝑄𝑇 𝑏, which is solved by back substitution. Usually,
matrix 𝑄 is not formed: the vector 𝑄𝑇 𝑏 is calculated by
working directly on the augmented matrix [𝐴∣𝑏] instead. This
is because 𝑄 is orthogonal and factorizing [𝐴∣𝑏] results in
[𝐴∣𝑏] = 𝑄

[
𝑅∣𝑄𝑇 𝑏

]
. From now on, when we refer to matrix

𝐴, it is assumed that we are working with the extended matrix
[𝐴∣𝑏].

Because matrix 𝐴 is sparse, we factorize it using multi-
frontal 𝑄𝑅 factorization (MFQR), which is a well known
algorithm for calculating sparse matrix 𝑄𝑅 factorizations
[10]. The MFQR algorithm has two phases: analysis phase
and numerical factorization phase. In the analysis phase, the
algorithm determines a graph 𝑇 (𝐴) called elimination tree of
matrix 𝐴, whose nodes follow the important property (among
others) that, if two nodes belong to different subtrees, can
be eliminated in parallel. The numerical factorization phase
calculates 𝑅 using 𝑇 (𝐴) as a guide, beginning on the leaf
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Figure 1: Elimination tree of matrix 𝐴 of the system of
equations 𝐴𝑥 = 𝑏 formed after a WSN observed 7 states of the
robot trajectory and ordered by Nested Dissection algorithm.

nodes and ending on the root. For every node 𝑖, a frontal
matrix 𝐹𝑖 is calculated, which is composed by rows of matrix
𝐴 and one update matrix 𝑈𝑐ℎ for every children of node 𝑖 in
𝑇 (𝐴). Then, the algorithm calculates 𝐹𝑖 = 𝑄𝑖𝑅𝑖 , in which
the first row of 𝑅𝑖 corresponds to the 𝑖th row of 𝑅 and the
rest of the matrix is the update matrix 𝑈𝑖 which is used by
the parent of node 𝑖 to form its frontal matrix.

In our solution, we exploit the parallelism obtained by
𝑇 (𝐴). This parallelism depends on the structure of the sparse
matrix and a parallel factorization may not be possible [4].
This is the case for the problem at hand, for which 𝑇 (𝐴) is
a chain, as a result of the Markov property followed by the
robot’s state model [1]. To achieve parallel factorization, we
used the Nested Dissection column ordering algorithm [5] due
to the fact that, for the trajectory estimation problem, it results
a 𝑇 (𝐴) with less levels and more subtrees than the obtained
with other algorithms.

Matrix 𝐴 grows with time and has a known structure. To
develop our solution, we exploit these knowledge to propose
a way to factorize it incrementally. The main idea is to find a
column ordering of matrix 𝐴 whose 𝑇 (𝐴) allows incremental
factorization. This column ordering is possible owing to the
fact that the ordering of the nodes of 𝑇 (𝐴) is topological
[6]. To ilustrate this idea, consider the 𝑇 (𝐴), as depicted
in Figure 1, which corresponds to the principal matrix of a
system of equations 𝐴𝑋 = 𝑏 formed after a WSN observed 7
robot’s states and after its columns being reordered by Nested
Dissection. If 7 new states are observed, 7 new columns
will be added to matrix 𝐴 at its right side, resulting in a
new matrix 𝐴′. If we order the new columns using Nested
Dissection, leaving the old columns intact, the resulting 𝑇 (𝐴′)
resemble two concatenated sub-trees, as shown in Figure 2.
This happens because the ordering is topological and the child
nodes (columns) in the tree are always placed at the left side
in the matrix. Consequently, the root of 𝑇 (𝐴) has to be child
of at least one of the new nodes introduced in 𝑇 (𝐴′). In the
example, node 4 (the old root) is child of node 8, which is a
leaf of the sub-tree formed by the new nodes.

The advantage of ordering the columns in this manner is that
𝑇 (𝐴′) allows us to factorize matrix 𝐴′ incrementally. Having
factorized matrix 𝐴 using 𝑇 (𝐴), to factorize matrix 𝐴′ we
do not need to eliminate all nodes of 𝑇 (𝐴′) because most of
them have been eliminated in the first factorization. However,

Figure 2: 𝑇 (𝐴′) which allows the incremental factorization.
The blue arrows show the path of the MFQR algorithm to
update the 𝑅 factor incrementally.

to exploit that, we have to analyze the structure of matrix
𝐴′, because 𝑇 (𝐴′) does not show clearly the relations of the
columns of matrix 𝐴′. In our example, because of the Markov
property of the state model, state 8 is related to state 7 in
matrix 𝐴′. This is not seen in 𝑇 (𝐴′) although it has to be
considered to properly factorize matrix 𝐴′. As a consequence,
we have to re-eliminate node 7 and all nodes within the path
from node 7 to node 4 to calculate 𝑈4, which is required by
node 8 to form its frontal matrix. Figure 2 shows the algorithm
path in solid blue arrows.

III. INCREMENTAL COLLABORATIVE ALGORITHM

Here, we present our incremental collaborative algorithm to
estimate a mobile robot’s trajectory. It is collaborative because
the sensors have to collaborate with each other to factorize
matrix 𝐴. It is incremental because at every time window Δ𝑇
we update matrix 𝑅 incrementally.

Our solution consists of three phases, executed every Δ𝑇 :
data collection phase; factorization phase and back substitution
phase.

Data collection phase: In this phase, during the time
window Δ𝑇 , the sensors collect observations of the robot’s
position and, for each observation, the sensors send a detection
notification message to the robot. With these messages the
robot forms a table that we call Table of Observed States.
This table contains the information of the states and the group
of sensors that have observed the robot.

Factorization phase: This phase begins at the end of Δ𝑇
and consists of three steps: determination of 𝑇 (𝐴); cluster
formation; and numerical factorization. In the determination
of 𝑇 (𝐴) step, the robot uses the ordering described in section
II to determine 𝑇 (𝐴) in order to calculate the incremental
factorization. Then, in the cluster formation step, the robot
maps 𝑇 (𝐴) to the WSN by assigning a cluster of sensors
to every node of the tree. For doing so, the robot uses the
Table of Observed States. In the end, the robot sends this
information to the WSN to proceed to the factorization. In
the numerical factorization step, the WSN uses the MFQR
algorithm to factorize matrix 𝐴. The procedure was described
in section II.
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Figure 3: Incremental collaborative trajectory estimation

Beginning at the leaves, each cluster head will collect all
observations of the cluster’s members and all update matrices
of its children in 𝑇 (𝐴) to form its corresponding frontal
matrix, then calculates the line 𝑟𝑖 which is sent to the robot
and 𝑈𝑖 which is sent to its parent cluster head in 𝑇 (𝐴).

Back substitution phase: After the factorization phase, the
robot estimates its trajectory by solving the system 𝑅𝑋 ′ =
𝑄𝑇 𝑏 using back substitution and re-ordering vector 𝑋 ′ fol-
lowing the column ordering used in the factorization phase.

IV. EXPERIMENTAL RESULTS & DISCUSSION

We performed experiments with simulated data and real
hardware. Simulations were used to evaluate the estimation
performance of our solution and were done using Mathematica
9. To validate the implementation feasibility, we conducted
experiments using a TelosB mote.

A. Simulations

We modeled a WSN with 𝑛 = 361 omni-directional sensors
evenly spaced in a square grid. Despite this configuration, our
algorithm does not depend on any WSN topology to work.
Also, we assume that if the robot is detected between two
sensors, they are able to communicate and share information.
For the robot’s state model, we used the Discrete White Noise
Acceleration (DWNA) model [1]. This model facilitates the
demonstration of the incremental and collaborative character-
istics of our algorithm due to its simplicity.

To explore our solution quality we compared it to the
centralized estimator, which collects all observations of the
WSN, forms the system 𝐴𝑥 = 𝑏 and solves it by least-
squares. Figure 3 shows an estimated trajectory obtained by
our solution that closely follows the robot’s trajectory. In
addition, when the same set of observations of the robot’s
trajectory is used by the centralized estimator, the estimated
trajectory is exactly the same.

(a)

(b)

Figure 4: RMS error for the incremental and centralized
solutions: (a) Incremental RMS error with an average value of
0.0275 and (b) Centralized RMS error with an average value
of 0.0277

Table I: Memory space used and average factorization time
spent by a Crossbow TelosB mote

Matrix Size
(𝑚× 𝑛)

𝐹𝑖 Memory Space
(KiB)

Avg. Factorization Time
(sec)

28× 13 11.38 2.452
30× 13 12.19 2.771
32× 13 13.00 3.104

The reason for obtaining the same estimated trajectory with
both estimators is the fact that, with the MFQR factorization,
we can distribute the same system solved by the centralized
estimator into the WSN, without reformulations or minimiza-
tions.

Moreover, this result is corroborated by the Root Mean
Square (RMS) error of both estimators, shown in Figure 4,
where we see that the average incremental RMS error is
equal to 0.0275 and that the average centralized RMS error is
equal to 0.0277. The RMS error results demonstrate that both
solutions have the same performance.

B. Implementation viability

To verify that a mote has enough processing power and
memory to store the frontal matrices, we conducted a 𝑁 = 100
Monte Carlo run with the simulator and, for every run, we
extracted the largest frontal matrix. Then we used a TelosB
mote to factor every matrix and to calculate the factorization
time. In this experiment, matrix elements are represented by
a 32-bit floating point data type.

Table I shows the results, in which for the largest matrix
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the TelosB used 13 KiB of memory and spent 3.104 sec in the
factorization. This demonstrates that the mote could execute
the factorization and have enough memory to store 𝐹𝑖, but
suggests that we have to be careful with the factorization
time. If the WSN has to use a large 𝑇 (𝐴) at a particular time
window, the factorization time will be too large for a good
operation of the algorithm.

C. Communication

Our solution has three specific communication patterns.
The first occurs in the data collection phase, in which the
sensors send the detection notification message to the robot.
This corresponds to 1 byte message with its corresponding
acknowledgement message sent by the robot.

The second pattern occurs after the cluster formation, when
the robot sends the column ordering, 𝑇 (𝐴) and the cluster in-
formation to the cluster heads. This information is represented
by vectors that varies in size with the configuration of the
network. Concerning our simulations configuration, a single
message of 100 bytes and its acknowledgement message are
sufficient to send this information.

The third pattern occurs in the numerical factorization step,
in which there are 4 types of communication:

1) In the begining, the communication between the robot
and the root cluster head, which corresponds to 1 start
factorization message, that also serves as a request
message for the 𝑟𝑟𝑜𝑜𝑡 line of 𝑅, and its response.

2) The communication between the cluster head and sen-
sors in the cluster, which corresponds to 1 request of
observation message and the observation response.

3) The communication between cluster heads, which con-
sist in a request message for 𝑈𝑖 and its response

4) The communication between cluster heads and robot,
which correspond to the transmission of the 𝑟𝑖 line of the
𝑅 factor and the reception acknowledgement message

V. RELATED WORK

Most proposed solutions to the WSN target tracking prob-
lem use filters (such as Kalman filter) that have been adapted
to fit to the restricted WSN resources [11], [12], [14], [15].
Our work differs from these solutions in that we use a batch
estimation approach. Our work was inspired by the use of
the MFQR factorization to solve the distributed multi-robot
Simultaneous Localization and Mapping (SLAM) problem
[3], in which the MFQR factorization was used to distribute,
between a system of mobile robots, the estimation of the
map and their trajectories. In subsequent work, Kaess et. al.
presented iSAM2 [9], an incremental solution to the Smooth-
ing and Mapping (SAM) problem, where the authors use a
Bayes tree to store and compute the Cholesky factor 𝑅 and to
allow incremental reordering and fluid relinearization of the
problem. Our solution differs from these works in that the
trajectory estimation problem with WSN has a very different
structure than the SLAM and SAM problems. Additionally,
they use robots, which have more resources and power than
WSN nodes. For this reason, based on our knowledge of the

structure of the trajectory estimation problem and to minimize
the processing and memory usage of the sensor, we use the
elimination tree to maintain frontal matrices small, instead of
other data structures such as the clique tree and the Bayes tree,
which could lead to larger frontal matrices.

VI. CONCLUSION

We presented a new algorithm for trajectory estimation with
WSN. Our approach use the MFQR algorithm to distribute the
solution between the sensor nodes, which incrementally factor-
ize the principal matrix 𝐴 of the problem. Our results show
that this new method has the same estimation performance
that the centralized approach. Additionally, we showed that
a mote with low resources, a TelosB, could store the frontal
matrix 𝐹𝑖 in memory and perform the factorization of it. This
factorization is the principal calculation of our algorithm.

In future work, we plan to implement our algorithm on an
actual robot-WSN collaboration system.
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