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Abstract—For a wireless multi-tier heterogeneous network with  in a multi-tier network([8] and a two-tier network with lineit
orthogonal spectrum allocation across tiers, we optimize e packhaul capacity [4].
association probability and the fraction of spectrum alloated One major issue‘in modern heterogeneous networks is tier

to each tier so as to maximize rate coverage. In practice, the association. Since the transmit bowers of APs in each tier
association probability can be controlled using a biased eeived lation. >l It pow ! !

signal power. The optimization problem is non-convex and we _differ, a max-rec_eived signa_l power c_riterion W0U|_d result
are forced to explore locally optimal solutions. We make two in users connecting to the tier with higher transmit power.

contributions in this paper: first, we show that there existsa  Although desirable from the received power point of view,
relation between the first derivatives of the objective funtion ha achieved rate decreases since each user receives arsmall

with respect to each of the optimization variables. This carbe fracti f th Theref | thod is t
used to simplify numerical solutions to the optimization problem. raction or the resources. ereiore, a popular method Is to

Second, we explore the optimality of the intuitive solutionthat @dd, in dB, a chosen bias to the average received power

the fraction of spectrum allocated to each tier should be eqal and use this biased received power as the tier association

to the tier association probability. We show that, in this c@e, metric. The chosen bias controls the tier association proba

a closed-form sqlutlon exists. Importantly, our numericalresults bility. Another issue of importance is dealing with intenda

show that there is essentially zero performance loss. The salts . .

also illustrate the significant gains possible by jointly ogimizing intra-tier '“terfe_rence- Two .approach(.as ha.lve been prepdge

the user association and the resource allocation. spectrum sharing among tiers but with different reuse facto
within each[[5] or fractional frequency reuse [6]; 2) ortioogl
spectrum allocation among tiers, thereby eliminatingritiesr

. INTRODUCTION interference (spectrum partitioning, e.a.l [7]) [8]).

Multi-tier heterogeneous networks are receiving strong-co " this paper, we consider the latter case of spectrum par-
sideration as the means to meet the huge anticipated growtf{ioning. We maximize the rate coverage (the complementar
traffic demand due to mobile voice, video and wireless daghmulative distribution function (CDF) of the achievedefat
Such networks comprise multiple tiers of access points JAPY OPtimizing the tier association probability and the frai
where each tier differs in spatial density and transmit pow&f Spectrum allocated to each tier. Optimizing the rate caye
Importantly, it is expected that these APs will be deployed jeads to a non-convex problem, and we obtain the derivatives
a non-deterministic manner. with respect to each optimization variable to enable efficie

The analysis and design of heterogeneous networks ned@gﬁerical sc_)lutions. We then gxplore the intuitive case of
sitate a tractable model for the random AP locatidns [1]. Orf¢ting the tier's allocated fraction of spectrum equalfie t
common 2-D spatial model that captures this randomnesdify association probability. In this case, we obtain a etbs
the Poisson point process (PPP) characterized by only JREM solution for the desired variables. Our numerical ltssu

parameter,\, the density of the nodes. In this model, nogahow that the resulting loss in performance is negligible.

locations are independent and the number of nodes in disjoin
regions are independent random variables. Given the gensit _ L _
and assuming a reuse-1 spectrum allocation within each tier/Ve consider a network comprisirig tiers in the downlink.
such networks are interference limited. Using this model, YVithin each tier, indexed by, the APs follow a homogeneous
et al. derived the outage probability and the ergodic igtef2 PPP®x characterized by Py, Ay, Ry} respectively denoting

a multi-tier network with flexible tier association. The hats the transmit power of each AP in the tier, the AP density and
use the signal-to-interference ratio (SIR) and a pre-§ipeci the desired rate threshold. The tiers are orgamzed_lna_lscmg
threshold to define outage at a reference user independ@iter of density i.e.di < As--- < Ak. Users are distributed
of the load and availability of resources at the serving AB! the network according to an independent PPP with density
Estimating the distribution of number of users per AP, thidu- Given the density;, the number of APs belonging to tier

analysis was extended to derive the downlink rate distigput ¥ in aread is a Poisson random variable with me&pA, that
is independent of other tiers. The channel between an AP and
The authors are with the Edward S. Rogers Sr. Department esftrilal @ user is modeled as Rayleigh with average power set by the
and Computer Engineering, University of Toronto, ON, Can@mail:{ssadr, path loss exponenty.

rsadvg @comm.utoronto.ca). They would like to acknowledge thenfiiel . . . . . s
support of the National Science and Engineering ResearcimcldNSERC) The user is associated with the tier with the Iargest biased

of Canada and TELUS. average power”, i.e., the average received power from the
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potential serving AP in tiek is multiplied by a bias factor Theorem 1. In a K-tier network with orthogonal spectrum
By = 1; the user then associates with the tier with the higheafiocation across tiers, and APs in each tier distributed
resulting product. If all the tiers have the same bias factaccording to a homogeneous PPP with density A, the prob-
(B; = 1, Vj), the tier association metric is the maximurability of the rate coverage is given by:

received power, hence, maximum SIR criterion (here, reterr K
to as max-SIR). In calculating the achievable rate at the, use R, = 2 _1;, (4)
we assume orthogonal spectrum allocation across tiers with = A+ o(Tks )

reuse-1 within a tier. Of the total bandwidfly, tier k£ is Ry Ny

allocated a fractionv, < 1. Therefore, for a user connectegvhere 7, = 2%= — 1, and A, denotes the association

to a specific AP in tierk, all other APs in tierk, but tier k  Probability to tier k.

only, act as interferers. _ _ Proof: See the Appendix. (]
While the tier association is only a function of tier AP

density, transmit power and bias factor [2], the actualeatd A. Optimization Problem

rate is a function of the allocated spectrum and the load (inUsing the result derived in Theoref 1, the optimization

terms of the connected users) at each AP. To calculate fi@blem with the objective of maximizing the total probitil
reference user’s share of spectrum, we useatleeage number  of rate coverage can be formulated as:

of users per AP in tiek given by [2]: K

1
Ny = M7 (1) {Ak}ffi);k}le ,;1 At + p(Tis @)
Ak K K (5)
where A, denotes théth tier association probability. Another subject to: 2 A =1, Z wy =1
expression for the average load, considering AP load as a k=1 k=1
random variable, is given in[3][4] a&), = 1+ 1.28 42 A 20w 20 k=1,--- K.

this accounts for the reference user and the implicit ar@&hough this optimization problem is non-convex, therais
biasing. This higher load will not affect the procedure toidie relation between the first derivative of the objective fimrct
the overall rate coverage and formulation of the optimarati with respect to each pair of optimization variables which
problem in SectioIll. For mathematical tractability, hewer, simplifies the gradient-based schemes to obtain the local
we use [(l) to calculate the bandwidth to be allocated tptima. Defining fi(Ag, ws) = WIM’ the equivalent
each user; a comparison with the higher average load withconstrained objective function is given by:

be presented through numerical simulations. Aslin [3], [5], K K
[7], [B], we use the proportionally fair model where each AP L(Ag,n,11) = > (A, wi) — 17 (2 Ay — 1)
equally divides its available bandwidth amongst its uséne k=1 k=1
rate achieved by a user associated with kiés then given by: K
W —H (2 Wk — 1) ) (6)
TR = WmlogQ(le%), (2) k=1

h q he fracti ¢ AP i where n and p are the Lagrangian multipliers. The KKT
wherew, denotes the fraction of spectrum per in der conditions (in addition to two equality constraints) are:

and~, denotes the received SIR at the user associated with tier of(A of (A
k. The user is said to be in coverage if it achieves a threshold M =1, M =pu Vk. (7

rate Ry, i.e.,r, > Ry. In general,R;, is a function of the tier. _ _OAk ok
The derivative offy(Ax, wi) W.r.t. wy is given by:
IIl. PROBLEM FORMULATION

. . - . 0 (A, wr) — Ge(rcr)
Given a total spectrum off’, we aim to optimize the tier Rk T O ’ 8)
association probability, and the spectrum partitioningoam Jwg (A" + p(7k, )2
tiers to .maximize the overall rate coverage. Usihp (2), the](l op(ti,a)  dplmi,a) omy 9
probability that the user associated with tiert connection Where oo om o 9)
distancer receives its rate threshold is given by:
wi op(me, @) _ 2 (T, @) + _ (10)
P(’I’k = Rk | 7’) = P(WN_;C 1(1)?%%7&1 + '}/k) = Rk | 7’) aTk Tk P\Tk, 1+ Tk_1 )
=Py >2" —1]r) (3) or “RyN,
@, 7k p(7h S Jog(2) ()2 P N/ Wk 11
) Fr ~ 082" (12)

RN . .
where 7, = 2W= — 1 is the SIR threshold given theUsing [9)-[11) in [8), an@®Ne/Wwr — 7 4 1, we have:
rate thresholdRy, and @) results from the probability of

SIR coverage at connection distancewith p(7;,a) = Of(Aw, wr) _
TE/“ S:waa —7zdu [9, Theorem 2]. Qwy,

Having characterized the rate coverage in a single tier with _21 log(2)/cx 5 [(1 + 7)p(7, @) + T (RkNQk)] )
average load per AP, the probability that the user is in cyer (A" + p(7i, @) Tk Wwy
in a multi-tier network is given by the following Theorem. (12)



Similarly, the derivative offy(Ag, wg) W.r.t. Ay is given by:

VIn-—1 (23)

= A = —
Ofu(Ar ) _ 1= A20p(ry, 0)/0A, w3 P, @)
oA, 1+ App(rs, )2 Applying Y% Ay = 1, we have \/1/5y — 1 =
1
———— . Using this expression i 3), the optimum
where 6p§Tk,a) _ 6p(jk,a) iy A S Up(ma) g p Mm(23) p
0Ag 0Ty, 0Ag k=1 T . . .
tier association and spectrum allocation for fieis given by:
0T Ridu RN _
2 = log(2) (= )2 B N/ W 15 1 :
Hence, Zk:l /p(Tka CY)
i.e., in this special case when we equate the two fractioms, w
ap(f’“’ @) = 210g(2) [ (1+ 7w)plrr, @) + 7 ([ Rk . have a closed-form solution tb](5).
04, « Tk e Wy,
(16) IV. S R
Using (16) in KIB) results in: . IMULATION ESULTS
We consider a three-tier network<( = 3) with \, =
2 log(2 1+, Tk ,)+T, Ry
Ofe(Ap,wy) 1A 22 [( Lot k(,\k&/wk)] 5/100, {\1, Ao, A3} = {0.01,0.05,0.2}\, and {Py, P», Py} =
0A, - (1 + App(ri, )2 * {46, 30, 2¢ dBm denoting the user density, tiers’ AP density
(17) and transmit power respectively. We obtain the optimum tier
Comparing [(IR) with[(T7), we have: association probability and spectrum partitioning forethr
Ofi (A, wr) 1 wy, 0fx(Ag, wy) different scenarios: 1A, }%_, and{w}~_, are interior-point
Ay (T Ao A dwr (18)  solutions to the optimization problem il (5); 2y = wi} K,

- _ ] ) are solutions usingl(24); 3jw;}X , are solutions to the
Note that the conditions in7) imply that any solution to th%ptimization problem in[{5) whemB, = 1 Vk, ie., the

optimization problem must satisfy the fixed point equation: 54y SR scenario. We compare the obtained results with the

_ 1 Wk optimum solution through a brute force search. The optimum
g (1+ Agp(mi, @))? Aku' tier association and spectrum partitioning with the higher

However, the complicated relation betwegfr;,«) and the average load per ARY};, are also presented for cqmparison.
variablesA, andw, makes it difficult to derive a closed-form & Usea = 3.5 as the path loss exponent for all tiers.

solution. Hence, we will usd_(12) anf {18) to simplify the, Fig.1 shr(])wsr:hledovecr:filll ra}te C(;veragefgerequalfand dlﬁere?]
interior-point method to solve the optimization problem. tier rate thres olds. - Liearly, the max-s performs muc
worse than optimizing the relevant fractions, illustrgtithe

B. Equating the Two Fractions advant_age of offlqading _(if dpne jointly with the resource

' allocation). More interesting is the rate coverage aclieve

This section explores a simple, and intuitive, solutioni® t \yhen the tier's share of spectrum is equal to the share of
optimization problem in({5). The optimization variables &e ysers it serves as given by {24). While the overall network
fraction of users associated with each tlﬂfgl and the fraction coverage is almost identical to the Optimum case, there is a
of spectrum allocated to that tiew(). Therefore, an intuitive slight difference in tier association and spectrum partitig
solution is to setd, = wy, i.e., to use the same fractionas shown in Figi]2. Note that if the rate threshold increabes,
for both variables. As our results will show, this solutian itjer's probability of coverage decreases. Hence, the métwo
extremely close to the (numerical) solution ¢ (5). In theeca coverage is maximized by moving users (followed by the

(19)

of Ay, = wy, the optimization problem is reduced to: required spectrum) from the tier with the increasing rate
K 1 threshold to the other tiers.
max Z o1 =
{Artoa k=1 A+ p(Th, Q) V. CONCLUSIONS
subject to: 2 Ap =1 (20) We considered the problem of optimizing the tier asso-
k=1 ciation probability and spectrum portioning in a multirtie
Ay =20 k=1,---K, network with the objective of maximizing the rate coverage.

where{A,}X | is now the only set of optimization variablesour results show a significantly improved coverage by jgintl

andr; — 2%/ WAe _1_ It is easy to show that this IorOblemoptlmlzmg the user association and spectrum allocation. |

is concave. The equivalent unconstrained objective fands: terestmgly, the_ |_ntumve solution of equatlr_lg the tV\{oc_fhans
results in negligible performance loss. This result is intgot

X Ayg, X from the system design point of view: (i) it simplifies the
L(Ax,m) = Z m - (Z A — 1) - (21 optimization problem reducing it to one with a closed-form
_ ok ’ =l ~ solution given by[[24); (i) the tier with the smallest frast
Differentiating [21) with respect tal;., and setting the deriva- of spectrum also serves the least number of users. Comsideri
tive to 0, we obtain: a reasonable threshold fdy, (hencewy,), a tier can potentially
OL(Ak,m) 1 be eliminated from the network with little impact on the

oAy (1 + App(7, @))% =0, (22) network rate coverage.
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°© Fig. 2: Comparing the optimum tier association and spectrum
g ort ] partitioning for different tiers with the solution to[_(RO)i.e,
E AZ = w,’: {P1, P2, P3} = {46, 30, 20}dBm and {)\1,)\2,)\{;} =
Z o = {0.01,0.05,0.2} x A,. The results obtained by the Interior-point
S N _— B method and the optimum values considering the higher aedcgl
osl I ———— — | Ny, are referred to as ‘IP’ and ‘HL' respectively.
——
04 0‘.2 0‘4 0.‘6 0‘8 i 112 1‘4 1‘.6 1‘5 2 K )\ P B 2/(1
Ry (Mbps) 2 \gre” ™" and A;l = Zj:l )\—; gPiBi [2]. Note
(b) Different rate thresholds{R1, Rz} = {0.5, 1} Mbps. that we do not consider a random load at each AP, but constant

_ _ _ _ average load only affected by the user and AP densities and
Fig. 1. Overall rate coverage in a 3-tier network with (a) thehe tier association probabilities. Using the sum proliigtif

same rate threshold for all tiers, (b) different rate thotdé In
both cases{P:, P», Ps} = {46, 30, 23dBm and {\1, A2, A3} =
{0.01,0.05,0.2} X As.

APPENDIX
PrROOF OFTHEOREM[I

Proof: This is a special case of the rate coverage derived
in [3] with average number of users per AP and orthogonﬁ
spectrum allocation across tiers. The probability that ar ugy
connects to tierk at connection distance is given b}/ [2,
Lemma 1]P(n =k | r) = Hﬁil)#k e~ (P; Bj/PuBi)**r®
Therefore, the probability of the joint event that the useg
connects to tiek and meets its rate threshold is given by:

]P(rkZRk,n=k)ZET[P(7k>Tk,n=k|7’)] &

—E PO > 7 [1) - P(n = k| 1)] 2

_ f P e mara(na) ﬁ o~ () £r(r)dr 18]
r=0 j=1,j#k

@Joo 27r)\k7’e_7r/\”2 P(T@) T Ty %(ﬁigi )2/"‘] dr v
r=0

1
(A, +p(rr,@)”
(25)
where @) results from the distribution of the connection
distance in a PPP network with density given by f,. (r) =

disjoint events, the overall probability of rate coverage i

K K
1
Re= ) P(rp 2 Ryn=k)= ) ———, (26)
1;1 ];1 Akl er(TkvO‘)
and the proof is complete. ]
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