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Adaptive Space-Time Coding using ARQ
Behrooz Makki, Tommy Svensson, Thomas Eriksson and Mohamed-Slim Alouini, Fellow, IEEE

Abstract

We study the energy-limited outage probability of the blockspace-time coding (STC)-based systems utilizing automatic

repeat request (ARQ) feedback and adaptive power allocation. Taking the ARQ feedback costs into account, we derive

closed-form solutions for the energy-limited optimal power allocation and investigate the diversity gain of different STC-

ARQ schemes. Also, sufficient conditions are derived for theusefulness of ARQ, in terms of energy-limited outage

probability. The results show that, for a large range of feedback costs, the energy efficiency is substantially improvedby

the combination of ARQ and STC techniques, if optimal power allocation is utilized.

I. INTRODUCTION

Automatic repeat request (ARQ) techniques are commonly used in wireless networks to combat the loss of data packets

due to channel fading. In ARQ schemes, if the receiver fails in decoding the data correctly, it asks for a retransmission.

Then, depending on the data retransmission approach, different types of ARQ are defined in the literature [1]–[8]. Type

I is the simplest version of ARQ, where both the error-detecting and the forward error correction information are added

to each message and the receiver disregards the previous messages, if received in error. In Type II (resp. Type III), a new

(resp. the same) data is sent in the retransmission rounds and, in each round, the receiver combines all signals received

up to the end of that round.

With multiple antennas, an alternative for Types I-III ARQ is to use the space-time coding (STC) techniques in an

ARQ-based fashion. With a STC-based ARQ approach [9]–[14],a permutedversion of the initial sub-codeword is sent in

the retransmissions and, in each round, the receiver combines all received permutations of the initial signal for message

decoding. Thus, the STC-based ARQ is anintermediatetype of ARQ with (almost) the same complexity as in Type III

and data transmission efficiency comparable with Type II ARQ[9]–[14]. Moreover, the implementation of STC-ARQ

protocols is of interest when we remember that the STCs are among the best approaches for exploiting the spatial

diversity and are considered in different standards, e.g.,[15]. Then, as shown in the following, the performance of the

STC-based setups is improved substantially, if they are combined with ARQ. These are the main motivations for this

correspondence, in which we analyze the performance of STC-ARQ systems using adaptive power allocation1.

Copyright (c) 2013 IEEE. Personal use of this material is permitted. However, permission to use this material for any other purposes must be

obtained from the IEEE by sending a request to pubs-permissions@ieee.org.

B. Makki, T. Svensson and T. Eriksson are with Chalmers University of Technology, Email: {behrooz.makki, tommy.svensson,

thomase}@chalmers.se. M.-S. Alouini is with the King Abdullah University of Science and Technology (KAUST), Email: slim.alouini@kaust.edu.sa

1Here, we study the fixed-length coding schemes. Thus, as illustrated in the following, adaptive energy allocation is achieved by updating the

sub-codewords powers which are the sub-codewords energiesscaled by a constant (length of the sub-codewords).
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Adaptive power/energy allocation in Types I-III ARQ protocols is addressed in many papers, e.g., [1]–[8]. Moreover,

the combination of ARQ and different STCs is studied in, e.g., [9]–[14], where the results are obtained with uniform

(non-adaptive) power allocation.

In this correspondence, we study the problem of energy-limited outage probability minimization for data transmission

in block STC-ARQ protocols. The contributions of the paper are three folds:

• We derive closed-form solutions for the outage-limited optimal power allocation in different STC-ARQ schemes and

show substantial energy efficiency improvement via optimalpower allocation in STC-ARQ protocols. For instance,

consider the antenna switching (AS), the Alamouti, the spatial multiplexing with repetition (SMR) and the cyclic

delay diversity (CDD) kinds of STC with a codeword rate 1 nats-per-channel-use (npcu) and outage probability

10−4. Then, compared to the STC approach, the implementation of STC-ARQ improves the energy efficiency by

6.4, 8.7, 10.8 and9.3 dB, respectively.

• We analyze the moderate/high signal-to-noise ratio (SNR) performance of the STC-ARQ protocols; we show that

the diversity gain of the AS, the Alamouti, the SMR and the CDDkinds of STC-ARQ increases from 2 without

ARQ to 3, 6, 6 and 6, respectively, if they are combined with ARQ and the transmission powers are optimally

allocated between the retransmissions.

• For different STCs, we find sufficient conditions for the usefulness of ARQ, in terms of energy-limited outage

probability. Specially, we show the combination of STC and ARQ techniques to be considerably useful for a large

range of feedback costs.

Notations. The probability density function (pdf) of the random variable ∆ is denoted byf∆. Also, det(X), X∗, XT

andXh are the determinant, the conjugate, the transpose and the Hermitian of the matrixX, respectively.

II. PROBLEM FORMULATION

Consider a2×1 multiple-input-single-output (MISO) setup utilizing STC. With the STC, the mother codeword, of length

2L channel uses, can be represented asX =





x11 x12

x21 x22



 ∈ C2×2L where the sub-codewordX2 = [xT
12 xT

22]
T ∈ C2×L is

a permuted representation of the initial sub-codewordX1 = [xT
11 xT

21]
T ∈ C2×L. Consideringn information nats for the

sub-codewordX1 and becauseX2 is a permuted representation ofX1, the codeword rate is given byR = n
2L npcu. The

codeword can be sent in two ways as follows.

Scenario 1 (STC-ARQ): Using the ARQ-based STC, the data is sent in two rounds; first, X1 is sent viaL channel

uses. Thus, the received signal is

Y1 = [h1h2]X1 + Z1, (1)

whereZ1 ∈ C1×L is the independent and identically distributed (iid) complex Gaussian noise matrix whose elements

follow CN (0, 1) andH = [h1 h2] represents the fading matrix.
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Let us denote the maximum achievable rate of the channel model (1) by C1 and, in harmony with, e.g., [5]–[10],

assume the codewords to be Gaussian and sufficiently long (see [1] for discussions on the length of the ARQ sub-

codewords). IfC1 ≥ n
L
= 2R, the data is correctly decoded by the receiver, a positive acknowledgement (ACK) is fed

back to the transmitter and the data retransmission stops. Thus, in this case, the consumed energy of the forward link

is ψ1 = φ1L whereφi is the power of the sub-codewordXi. Otherwise, ifC1 < 2R, the receiver sends a negative

acknowledgement (NACK) and asks for a retransmission. Hence,L more channel uses are used to sendX2 and the total

consumed energy in the forward link increases to(φ1 + φ2)L. In this way, the total weighted energy of the ARQ-based

approach is obtained by

ΨSTC-ARQ= φ1LPr(C1 ≥ 2R) + (φ1L+ φ2L) Pr(C1 < 2R) +wψf

= φ1L+ φ2LPr(C1 < 2R) + wψf . (2)

Here,ψf is the energy consumed by the transmitter and the receiver during the feedback process andw is a weighting

factor motivated by the fact that the transmitter and the receiver have different power supplies, etc. Also, (2) is based

on the fact that, independently of the message decoding status, an ARQ feedback signal (resp. no feedback) is sent at

the end of the first (resp. the second) round.

SendingX2, the receiver combines the received signals of the two rounds. Hence, at the end of the second round, the

equivalent channel model is changed to

Y2 = [h1 h2][X1X2] + Z2,Z2 ∼ CN 2×2L. (3)

Denoting the maximum achievable rate of the channel model (3) by C2, the data is correctly decoded (resp. outage

occurs) ifC2 ≥ n
2L = R (resp.C2 < R). Thus, the outage probability of the STC-ARQ based approach is Pr(C2 < R)

and, for a given feedback costψf and codeword rateR, the energy-limited outage minimization problem is rephrased as


















min
φ1,φ2

Pr(C2 < R), (i)

s.t. φ1 + φ2 Pr(C1 < 2R) ≤ φ̄STC-ARQ, (ii)

φ̄STC-ARQ .
= ψ̄−QfL

L
, Qf .= wψf

L
.

(4)

Here,ψ̄ is the total energy budget,Qf .= wψf

L
denotes the relative feedback cost and (4.ii) follows from (2).

Scenario 2 (STC): With the STC, which we consider as the baseline,2L channel uses are used to send the whole

codeword inone shot. Thus, the channel model is the same as the one in (3) and the outage probability isPr(C2 < R),

the same as in the ARQ-based scheme. Then, as there is no feedback and the whole codeword is sent in one round, the

total consumed energy is found as(φ1 + φ2)L which rephrases the energy-limited outage minimization problem as










min
φ1,φ2

Pr(C2 < R), (i)

s.t. (φ1 + φ2) ≤ φ̄, φ̄
.
= ψ̄

L
. (ii)

(5)
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Intuitively, (4) and (5) mean that with the ARQ we dogambling; first, half of the STC-based codeword is sent. If the

channel quality is high, the data is correctly decoded at theend of the first round and the energy cost for the second run

is saved. Otherwise, the sub-codewordX2 is sent, the same as in the non-ARQ approach. The cost of the gambling is

the cost for feedback, i.e.,ψf . Thus, depending on the feedback cost, the implementation ofARQ might or might not

improve the performance of the STC-based schemes. In the following, we study (4) and (5) for different kinds of STC.

III. PERFORMANCE ANALYSIS FOR DIFFERENTSTCS

This section analyzes the energy-limited outage minimization problem for the AS, the Alamouti, the SMR and the

CDD kinds of STC (See Section I). First, the probabilitiesPr(C1 < 2R) andPr(C2 < R) are derived for the considered

STCs and then (4) and (5) are solved for each one. Note that theconsidered STCs are only examples and, as illustrated

in Subsection III.B, the same techniques are applicable forthe other kinds of STC/number of antennas.

To calculate the probabilities, we need to find the achievable rate termsC1 andC2 for each scheme. While these

terms are summarized in Table 1, because of the mathematicalsimilarity, we only explain the procedure for deriving the

achievable rate terms of the CDD code.

Using the CDD, the mother codeword is given byXCDD =





√

φ1

2 u
√

φ2

2 v
√

φ1

2 v
√

φ2

2 u



 , 1
L

∑L
l=1 |u[l]|2 ≤ 1, 1

L

∑L
l=1 |v[l]|2 ≤ 1.

Thus, the channel models in the first and the second rounds, i.e., (1) and (3), are

YCDD
1 = H̃

CDD
1 [u v]T + Z1, H̃

CDD
1

.
=

√

φ1

2 [h1h2],

YCDD
2 = [h1h2]XCDD + Z2 ≡ H̃

CDD
2 [u v]T + Z2, H̃

CDD
2

.
=





√

φ1

2 h1

√

φ1

2 h2
√

φ2

2 h2

√

φ2

2 h1



 ,
(6)

whereH̃i denotes the equivalent channel model of a scheme at the end ofround i. In this way, we use the capacity of

the multiple-input-multiple-output (MIMO) setups [16] tofind the maximum achievable rates as

CCDD
1 = log(1 + H̃

CDD
1 (H̃CDD

1 )h) = log(1 + φ1

2 G), G
.
= g1 + g2, gi = |hi|2, i = 1, 2, (7)

CCDD
2 = 1

2 log det

(

I2 + H̃
CDD
2 (H̃CDD

2 )h

)

= 1
2 log det

(

I2 +
[ φ1

2 G
√
φ1φ2Re{h1h∗2}

√
φ1φ2Re{h1h∗2} φ2

2 G

])

= 1
2 log

(

(1 + φ1

2 G)(1 +
φ2

2 G)− φ1φ2Re{h1h∗2}2
)

,

(8)

whereIm denotes them×m identity matrix. Note that for Rayleigh fading channelshi ∼ CN (0, 1),∀i, on which we focus,

the pdf of random variablesgi = |hi|2, i = 1, 2, andG = g1 + g2 are given byfgi(g) = e−g andfG(g) = ge−g, g ≥ 0,

respectively. Also, the achievable rate terms of the other STCs considered in Table 1 are obtained with the same procedure

as in (6)-(8).

Using Table 1, the probabilitiesPr(C1 < 2R) andPr(C2 < R) are obtained for different STCs as follows.

AS-based STC-ARQ:

October 6, 2014 DRAFT
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Table I

THE EQUIVALENT CHANNEL MODELS AND THE ACHIEVABLE RATES OF DIFFERENTSTC-ARQSCHEMES.

Mother STC method H̃1 C1 H̃2 C2

AS:







√
φ1u 0

0
√
φ2u







√
φ1[h1 0] log(1 + φ1g1) [

√
φ1h1

√
φ2h2]

1

2
log(1 + φ1g1 + φ2g2)

SMR:







√

φ1
2

u
√

φ2
2

u
√

φ1
2

v
√

φ2
2

v







√

φ1
2
[h1 h2] log(1 + φ1

2
(g1 + g2))







√

φ1
2
h1

√

φ1
2
h2

√

φ2
2
h1

√

φ2
2
h2







1

2
log(1 + (φ1

2
+ φ2

2
)(g1 + g2))

Alamouti:







√

φ1
2

u −
√

φ2
2

v∗
√

φ1
2

v
√

φ2
2

u∗







√

φ1
2
[h1 h2] log(1 + φ1

2
(g1 + g2))







√

φ1
2
h1

√

φ1
2
h2

√

φ2
2
h∗
2

−
√

φ2
2
h∗
1







1

2

∑

2

i=1
log(1 + φi

2
(g1 + g2))

CDD:







√

φ1
2

u
√

φ2
2

v
√

φ1
2

v
√

φ2
2

u







√

φ1
2
[h1 h2] log(1 + φ1

2
(g1 + g2))







√

φ1
2
h1

√

φ1
2
h2

√

φ2
2
h2

√

φ2
2
h1






Eq.(8)

Pr(CAS
1 < 2R) = Pr(log(1 + φ1g1) < 2R) = 1− e

− θ

φ1 , θ
.
= e2R − 1, (i)

Pr(CAS
2 < R) = Pr(φ1g1 + φ2g2 < θ) =

∫

θ

φ1

0 fg1(x) Pr(g2 <
θ−φ1x
φ2

)dx

=







1− φ1

φ1−φ2
e
− θ

φ1 − φ2

φ2−φ1
e
− θ

φ2 , if φ1 6= φ2

1− e
− θ

φ1 − θ
φ1
e
− θ

φ1 , if φ1 = φ2.
(ii)

(9)

SMR-base STC-ARQ:

Pr(CSMR
1 < 2R) = Pr(G ≤ 2θ

φ1
) =

∫

2θ

φ1

0 fG(x)dx = 1− e
− 2θ

φ1 − 2θ
φ1
e
− 2θ

φ1 , (i)

Pr(CSMR
2 < R) = Pr(G ≤ 2θ

φ1+φ2
) = 1− e

− 2θ

φ1+φ2 − 2θ
φ1+φ2

e
− 2θ

φ1+φ2 . (ii)
(10)

Alamouti-based STC-ARQ:

Pr(CAlamouti
1 < 2R) = Pr(G ≤ 2θ

φ1
) = 1− e

− 2θ

φ1 − 2θ
φ1
e
− 2θ

φ1 , (i)

Pr(CAlamouti
2 < R) = Pr(

∑2
i=1 log(1 +

φi

2 G) ≤ 2R)
(a)
= Pr(G ≤ σ) = 1− (1 + σ)e−σ , (ii)

σ
.
= −( 1

φ1
+ 1

φ2
) +

√

( 1
φ1

+ 1
φ2
)2 + 4θ

φ1φ2
.

(11)

Here,(a) follows from the fact thatθ ≥ 0, G ≥ 0 and, as a result, the equation(1+ φ1

2 G)(1 +
φ2

2 G) = e2R has a single

positive solutionG = σ.

CDD-base STC-ARQ:

Pr(CCDD
1 < 2R) = 1− e

− 2θ

φ1 − 2θ
φ1
e
− 2θ

φ1 , (i)

Pr(CCDD
2 < R) = Pr

(

(1 + φ1

2 G)(1 +
φ2

2 G)− φ1φ2Re{h1h∗2}2 ≤ e2R
)

, (ii)
(12)

while, to the best of authors’ knowledge, the probabilityPr(CCDD
2 < R) can not be further simplified.

Observation 1. From (9)-(12), it is found that for all considered STCs we have Pr(CA
2 < R) = ΩA

2 (φ1, φ2),A =

{AS,Alamouti,SMR,CDD}, whereΩA
2 (φ1, φ2) is a symmetric function ofφ1 andφ2, i.e., the power termsφ1 andφ2,

are interchangeable inΩA
2 (φ1, φ2). Also, Pr(CA

1 < 2R) = ΩA
1 (φ1) which is a function ofφ1 only.
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As a direct consequence of Observation 1, it is found that forall considered STCs the minimum energy-limited outage

probability of the STC-based schemes, i.e., the solution of(5), is achieved by uniform power allocationφ1 = φ2 =

φ̄
2 , φ̄ = ψ̄

L
. This is because both the objective function and the constraint of (5) are symmetric functions ofφ1 andφ2.

To determine the energy-limited minimum outage probability of the considered STC-ARQ protocols, i.e., solving (4),

we write the Lagrange multiplier function

ΥA = φ1 + φ2Ω
A
1 (φ1) + λAΩA

2 (φ1, φ2), (13)

whereλA is the Lagrange multiplier satisfyingφ1 + φ2Ω
A
1 (φ1) = φ̄STC-ARQ for the STC-ARQ scheme A. Setting the

derivatives with respect toφ1 andφ2 equal to zero leads to






∂ΥA

∂φ1
= 1 + φ2

∂ΩA
1

∂φ1
+ λA ∂ΩA

2

∂φ1
= 0,

∂ΥA

∂φ2
= ΩA

1 + λA ∂ΩA
2

∂φ2
= 0,

⇒ 1 + φ2
∂ΩA

1

∂φ1
= ΩA

1

∂ΩA
2

∂φ1
(
∂ΩA

2

∂φ2
)−1. (14)

Thus, usingφ2 = φ̄STC-ARQ−φ1

ΩA
1 (φ1)

from (4.ii), the optimal power allocation rule of differentSTC-ARQ protocols are found

as the solution of














φ̂1 = arg
φ1

{

1 + ( φ̄
STC-ARQ−φ1

ΩA
1

)∂Ω
A
1

∂φ1
− ΩA

1

(

∂ΩA
2

∂φ1

∣

∣

∣

∣

φ2=
φ̄STC-ARQ

−φ1

ΩA
1

)(

∂ΩA
2

∂φ2

∣

∣

∣

∣

φ2=
φ̄STC-ARQ

−φ1

ΩA
1

)−1

= 0

}

, (i)

φ̂2 =
φ̄STC-ARQ−φ̂1

ΩA
1 (φ̂1)

, (ii)

(15)

where ∂ΩA
2

∂φi

∣

∣

∣

∣

φ2=
φ̄STC-ARQ

−φ1

ΩA
1

denotes rewriting∂Ω
A
2

∂φi
as a function ofφ1 via (4.ii). Also, φ̂1, φ̂2 are the optimal values

of powers, in terms of (4). Note that (15.i) is a single-variable equation from whicĥφ1 is derived. For instance, as
∂ΩSMR

1

∂φ1
= −4θ2

φ3
1
e
− 2θ

φ1 and ∂ΩSMR
2

∂φ1
= ∂ΩSMR

2

∂φ2
= −4θ2

(φ1+φ2)3
e
− 2θ

φ1+φ2 , the optimal powers of the SMR-ARQ approach are given by



















φ̂1 = arg
φ1

{

e
− 2θ

φ1 =
1+

φ2
1

4θ2
+

φ1
2θ

− φ̄STC-ARQ

φ1

(φ1
2θ

+1)2

}

, (i)

φ̂2 =
φ̄STC-ARQ−φ̂1

1−(1+ 2θ

φ̂1
)e

−
2θ
φ̂1

. (ii)
(16)

Then, havingφ̂1, φ̂2 the outage probability is calculated (The same procedure isapplied for the other STCs2). Specially,

it is interesting to obtain the optimal powers of different protocols at moderate/high SNRs, which is the range of interest

in outage-limited conditions [5], [6], [9]. The results aresummarized in Theorem 1.

Theorem 1. Consider the moderate/high SNRs and the optimization problem (4). Then, the optimal powers of the

AS-ARQ protocol are given by(φ̂1, φ̂2) = (2φ̄
STC-ARQ

3 , 2φ̄
STC-ARQ2

9θ ). Also, the Alamouti-, the SMR- and the CDD-based

STC-ARQ protocols follow the same optimal power allocationrule (φ̂1, φ̂2) = (2φ̄
STC-ARQ

3 , 2φ̄
STC-ARQ3

27θ2 ).

2As Ω
CDD
2 does not have closed-form expression based on, e.g.,fgi ’s, the optimal powers of the CDD-ARQ should be derived via

approaximation/bounding techniques, as illustrated in the following.
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Proof. Using1− e−1

x = 1
x

ande
−1

x = 1− 1
x
+ 1

2x2 in (9.i) and (9.ii), respectively, and becauseφ1 6= φ2 when optimizing

the power terms in the STC-ARQ protocols, we haveΩAS
1 = θ

φ1
and ΩAS

2 = θ2

2φ1φ2
for high values ofφ1, φ2. Thus,

implementing the AS-ARQ at moderate/high SNRs, (4) is rephrased as










min
φ1,φ2

θ2

2φ1φ2
,

s.t. φ1 +
φ2θ
φ1

= φ̄STC-ARQ
≡











max
φ1,φ2

φ1φ2,

s.t. φ2 =
(φ̄STC-ARQ−φ1)φ1

θ
,

(17)

which follows from the fact thatΩAS
2 = θ2

2φ1φ2
is a decreasing function of the productφ1φ2. Solving (17), the high-SNR

power allocation rule of the AS-ARQ scheme is found as(φ̂1, φ̂2) = (2φ̄
STC-ARQ

3 , 2φ̄
STC-ARQ2

9θ ), as stated in the theorem. The

optimal powers of the other protocols are obtained with the same procedure; using the first-order Taylor expansion of

the exponential terms in (10), we haveΩSMR
1 = 2θ2

φ2
1

andΩSMR
2 = 2θ2

(φ1+φ2)2
at high SNRs, which rephrases (4) as











min
φ1,φ2

2θ2

(φ1+φ2)2
,

s.t. φ1 +
2φ2θ

2

φ2
1

= φ̄STC-ARQ
≡











max
φ1,φ2

(φ1 + φ2),

s.t. φ2 =
(φ̄STC-ARQ−φ1)φ2

1

2θ2 .

(18)

Hence, the optimal power allocation rule of the SMR-ARQ protocol is obtained by
∂(φ1+

(φ̄STC-ARQ
−φ1)φ2

1
2θ2

)

∂φ1
= 0 which,

ignoring its lowest term at high SNRs, results in(φ̂1, φ̂2) = (2φ̄
STC-ARQ

3 ,
2φ̄STC-ARQ3

27θ2 ).

For the Alamouti coding, we note thatΩAlamouti
1 = 2θ2

φ2
1

at high SNRs. Also,

ΩAlamouti
2 = 1− (1 + σ)e−σ

(b)
=
σ2

2
=

1

2
(
1

φ1
+

1

φ2
)2(−1 +

√

1 +
4θφ1φ2

(φ1 + φ2)2
)2

(c)
=

2θ2

(φ1 + φ2)2
. (19)

Here, (b) follows from e−σ = 1 − σ + σ2

2 for small σ’s (note thatσ → 0 as φ̄STC-ARQ → ∞) and (c) is obtained by
√
1 + x = 1 + x

2 asx → 0. In this way, the optimal power terms of the Alamouti-based scheme are obtained by (18),

the same as in the SMR, i.e.,(φ̂1, φ̂2) = (2φ̄
STC-ARQ

3 ,
2φ̄STC-ARQ3

27θ2 ).

Finally, for the CDD-ARQ scheme, we note 1) the SMR- and the Alamouti-based schemes follow the same power

allocation rules at high SNRs, 2)ΩSMR
1 = ΩCDD

1 = ΩAlamouti
1 ,∀φ1, and 3) using Table 1 it is straightforward to show that

CSMR
2 ≤ CCDD

2 ≤ CAlamouti
2 for every given set ofh1, h2, φ1, φ2. Hence, the outage probabilities are ordered as

ΩSMR
2 ≥ ΩCDD

2 ≥ ΩAlamouti
2 ,∀R,φ1, φ2, (20)

and, from (18)-(19),ΩSMR
2 = ΩAlamouti

2 = 2θ2

(φ1+φ2)2
at high SNRs. Thus, based on the Squeeze Theorem of limits [17,

Chapter 14.2], the high-SNR optimal powers of the CDD-ARQ protocol are(φ̂1, φ̂2) = (2φ̄
STC-ARQ

3 , 2φ̄
STC-ARQ3

27θ2 ), the same

as the Alamouti- and the SMR-ARQ schemes.

Intuitively, Theorem 1 indicates that at high SNRs the data is correctly decoded at the end of the first round with a very

high probability. Thus, with a total energy budget, substantially high energy can be assigned to the second round, as it is

rarely used. Also, as an interesting corollary, the theoremshows that, although the Alamouti-based (resp. the CDD-based)
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scheme outperforms the CDD-based (resp. the SMR-based) approach, in terms of outage probability, they lead to the same

performance at high SNRs. To elaborate on this point and emphasize the effect of optimal power allocation, we obtain

the diversity gainD = − limSNR→∞
log(Pr(Outage))

logSNR [9, eq. 14] of the considered schemes in Corollary 1. Particularly, the

corollary shows that the implementation of power-optimized ARQ scales up the diversity gain of the AS, the Alamouti,

the SMR and the CDD protocols from2 to 3, 6, 6 and6, respectively3.

Corollary 1. The diversity gains of the AS-, the Alamouti-, the SMR- and the CDD-based STC-ARQ protocols are

3, 6, 6 and6, respectively, if the power terms are optimized in terms of (4).

Proof. Considering the high SNRs, i.e.,̄φSTC-ARQ→ ∞ in (4), we have(φ̂1, φ̂2) = (2φ̄
STC-ARQ

3 , 2φ̄
STC-ARQ2

9θ ) for the AS-ARQ

which, following the same arguments as in Theorem 1, resultsin outage probabilityΩAS
2 = 27θ3

8φ̄STC-ARQ3 and

DAS-ARQ = − lim
φ̄STC-ARQ→∞

log( 27θ3

8φ̄STC-ARQ3 )

log φ̄STC-ARQ
= 3. (21)

The same procedure is applied to derive the diversity gain for the other protocols; replacing(φ̂1, φ̂2) = (2φ̄
STC-ARQ

3 , 2φ̄
STC-ARQ3

27θ2 )

into the approximate expressions of the outage probabilityin (18)-(19), we have

DSMR-ARQ = DAlamouti-ARQ = − limφ̄STC-ARQ→∞

2 log(
√

2θ

2φ̄STC-ARQ
3

+
2φ̄STC-ARQ3

27θ2

)

log φ̄STC-ARQ = 6. (22)

Finally, for the CDD-ARQ we reuse the Squeeze Theorem and (20) which leads toDCDD-ARQ = 6.

SettingQf = 0 andR = 1 (npcu), Fig.1a shows the outage probability of different STC-ARQ protocols and compares

the results with the ones achieved by the STC. As demonstrated, the implementation of ARQ improves the energy

efficiency substantially. For instance, with an outage probability 10−4, the required transmission SNR, i.e.,φ̄, of the AS,

the Alamouti, the SMR and the CDD kinds of STC is decreased by6.4, 8.7, 10.8 and9.3 dB, respectively, if they are

combined with ARQ. Moreover, we can use, e.g., [6]–[8], [10], [14], and follow the same procedure as in (6)-(8) to

show that, for a2× 1 MISO setup,CType II
i = CAlamouti

i andCType III
i = CSMR

i , ∀h1, h2, i = 1, 2. Thus, with a maximum

of M = 2 retransmissions, the energy-limited outage probability of the Alamouti-ARQ (resp. SMR-ARQ) is the same

as the one achieved by Type II [6] (resp. Type III [8]) ARQ, which is becausePr(CType II
i ≤ x) = Pr(CAlamouti

i ≤ x)

andPr(CType III
i ≤ x) = Pr(CSMR

i ≤ x),∀x, i = 1, 2. Finally, the figure emphasizes the validity of Theorem 1/Corollary

1, where the outage probability of different schemes followthe same order as in (20) and the diversity gains, i.e., the

negative of the slope of the curves at high SNRs, matches the ones derived in Corollary 1.

Shown in Fig.1b are the optimal values ofφ2 for the AS- and the Alamouti-ARQ protocols and the ones achieved

through the approximation techniques of Theorem 1. For moderate/high SNR, the approximations match the exact values

with very high accuracy.

3Following the same procedure as in Corollary 1, the diversity gain of all considered STCs (without ARQ) is found asD = 2.
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Figure 1. (a): Comparison between the STC, the STC-ARQ and the data transmission schemes of Scenarios 3-4. The same outage probability as

in the Alamouti-ARQ (resp. SMR-ARQ) is achieved by Type II (resp. Type III) ARQ protocol. (b): Comparison between the optimal values of

φ2 obtained via numerical simulations and the theoretical approximations of Theorem 1. (c): Acceptable range of relativefeedback costQf vs the

transmission SNR̄φ. For the considered STCs, the bounds in Theorem 2 match the ones obtained via Corollary 2. (d): Outage probability for the

QOSTBC-ARQ protocol with different partitionings of the mother codeword. In all figures, we setR = 1 npcu. Figs.(a)-(c) are for a2× 1 MISO

setup. Fig.(d) represents the results for a4× 1 MISO system. In Figs. (a), (b) and (d) the results are obtained for Qf
= 0.

Throughout the paper, we concentrate on the ARQ schemes, motivated by the fact that the ARQ is already implemented

in most standards and implies low implementation complexity. However, the same procedure can be applied to combine

the STC and other feedback approaches. For instance, let us consider the scenarios where the transmitter is informed

via one bit channel state information (CSI) feedback at the beginning of the codeword transmission (resp. at the end of

round 1) whether the channel is in outage, such that the wholecodeword (resp. the second sub-codeword) should not be

sent. In these models, referred to as Scenario 3 (resp. Scenario 4), the power allocation problem (4) is rephrased as

Scenario 3:











min
φ1,φ2

Pr(C2 < R),

s.t. (φ1 + φ2) Pr(C2 > R) ≤ φ̄−Qf,

Scenario 4:











min
φ1,φ2

Pr(C2 < R),

s.t.φ1 + φ2 Pr(C1 < 2R&C2 > R) ≤ φ̄−Qf.

Fig.1a shows the performance of these scenarios for the SMR STC. As seen, at moderate/high SNRs, on which we focus,

the same performance as in the STC (resp. STC-ARQ) is achieved in Scenario 3 (resp. Scenario 4). Thus, depending on

the complexity/available feedback resources, one can consider different feedback approaches. Finally, it is straightforward

to prove that the diversity gain and the high-SNR optimal power allocation of Scenario 3 (resp. Scenario 4) are the same
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as the ones in Scenario 2 (resp. Scenario 1) (For further comparison between different feedback schemes, see [7]).

A. On the Effect of Feedback Cost

As mentioned before, the implementation of ARQ improves theenergy efficiency of a STC scheme if the expected gain

achieved by sending only part of the mother codeword exceedsthe feedback cost. To investigate the range of feedback

costs for which the STC-ARQ approach outperforms the original STC, in terms of energy-limited outage probability,

one can derive the optimal power allocation rules of these schemes and compare their outage probability for each kind

of STC. The procedure is as follows. For every given value ofφ̄, uniform power allocation and (5) are used to determine

the minimum outage probability of the considered STC. Then,considering (4), we sweep on different values of relative

feedback costsQf in the range of[0, φ̄] and follow the same procedure as in (15) to find the maximum value ofQf for

which the STC-ARQ leads to less outage probability, compared to the STC-based scheme.

The following Theorem demonstrates a sufficient condition for the usefulness of the ARQ.

Theorem 2. The AS-based (resp. the Alamouti-, the SMR- and the CDD-based) STC-ARQ outperforms the STC

scheme, in terms of energy-limited outage probability, ifQf ≤ φ̄
2 e

−2θ

φ̄ (resp.Qf ≤ φ̄
2 (1 +

4θ
φ̄
)e−

4θ

φ̄ ).

Proof. As shown before, the minimum outage probability of all considered (non-ARQ) STC schemes is achieved by

φ1 = φ2 =
φ̄
2 . Let us consider the same power for the first round of the STC-ARQ protocol, i.e.,φ1 = φ̄

2 , which is not

necessarily optimal for the STC-ARQ protocol. As the outageprobability is a decreasing function of transmission power

φ2, the STC-ARQ leads to less outage probability, compared to the STC scheme, ifφ2 >
φ̄
2 . Moreover, using (4.ii) and

φ1 =
φ̄
2 , we have

φ2 =
φ̄
2 −Qf

Pr(CA
1 < 2R)

,A = {Alamouti, AS, CDD, SMR}. (23)

Thus, considering the constraintφ2 >
φ̄
2 , a sufficient condition for the usefulness of ARQ, i.e., a lower bound on the

acceptable range of feedback costs, is found as
1− 2Qf

φ̄

Pr(CA
1<2R)

≥ 1 which, using (9)-(12) andφ1 =
φ̄
2 , leads to

Qf ≤







φ̄
2 e

−2θ

φ̄ , for AS-STC
φ̄
2 (1 +

4θ
φ̄
)e−

4θ

φ̄ , for Alamouti-, CDD-, SMR-STC.
(24)

Considering the AS and the SMR kinds of STC, Fig.1c shows the acceptable range of feedback costs versus the SNR.

Each curve in Fig.1c shows the set of feedback costs for whichthe ARQ is useful improving the energy efficiency of

the STC-based systems. This set of feedback costs corresponds to the area below each curve. Thus, the higher the curve

is, the higher feedback cost is tolerated. Also, the figure compares the numerical results with the bounds developed in

Theorem 2. As it is seen, 1) the proposed bounds are very tightat moderate/high SNRs. 2) At low SNRs, the AS-ARQ

tolerates higher feedback costs, compared to the SMR (and the Alamouti/CDD-ARQ, although not demonstrated in the

figure). However, the acceptable range of feedback costs of the considered schemes converges at high SNRs.
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B. Extension of Results to Other Kinds of STC/Network Configurations

Throughout the paper, we concentrated on the2 × 1 MISO setup and the results where obtained for the AS, the

Alamouti, the SMR and the CDD kinds of STC. Our reasons for selecting the2 × 1 MISO setup are 1) the analytical

results can be easily explained/followed, and 2) the STCs have been first designed for the2×1 MISO channel. However,

the same procedure as the one presented in Sections II-III can be applied for the cases with more number of antennas/other

kinds of STC. Specially, partitioning the mother codeword of a STC approach intoM equal-length sub-codewords and

sending the sub-codewords in an ARQ-based fashion, the weighted energy and the outage probability are obtained by

ΨSTC-ARQ= L(
∑M

i=1 φiΩi−1 +Qf ∑M−2
i=0 Ωi),Ω0

.
= 1, (i)

Pr(Outage) = ΩM , Ωm
.
= Pr(Cm < MR

m
), (ii)

(25)

respectively, whereΩm is the probability that the message is not correctly decodedin roundm. Then, deriving the

achievable rate termsCm, one can follow the same iterative derivation approach as in(15) or use other optimization

algorithms such as [7, Algorithm 1], to find the optimal powers, in terms of energy-limited outage probability. Indeed,

with more number of antennas or other kinds of STC the mother codeword can be broken into sub-codewords in several

ways, and the proper partitioning of the mother codeword canbe determined based on, e.g., the feedback cost. As an

example, considering a4×1 MISO setup andQf = 0, Fig.1d shows the performance of the quasi-orthogonal space-time

block code (QOSTBC) [13, eq. 2] in the cases with a maximum ofM = 2 and4 (re)transmissions, i.e., partitioning the

QOSTBS mother codeword into 2 and 4 equal-length sub-codewords, respectively (see [13, eq. 2] for the mother codeword

of the QOSTBC). As it can be seen, the combination of ARQ and STC reduces the outage probability considerably, and

the effect of ARQ increases by increasing the maximum numberof retransmissionsM .

We close the discussions with the following corollary that extends the results of Theorem 2 to different ARQ schemes.

Corollary 2. For every STC-ARQ protocol, a sufficient condition for the usefulness of ARQ, in terms of energy-limited

outage probability, is given byQ
f

φ̄
≤ (M−1)(1−ǫ)

M(1+(M−2)ǫ) , whereǫ is the outage probability in round 1 withφ1 =
φ̄
M

.

Proof. The proof follows the same trend as in Theorem 2; setφi =
φ̄
M
,∀i, for the STC-ARQ protocol which is not

necessarily optimal, in terms of energy-limited outage probability. Therefore, the same outage probability is achieved by

the STC and the STC-ARQ schemes. From (25.i) andφi =
φ̄
M
,∀i, the STC-ARQ approach leads to less total weighted

energy, compared to the STC, if

φ̄

M

M
∑

i=1

Ωi−1 +Qf
M−2
∑

i=0

Ωi ≤ φ̄⇔ Qf ≤ φ̄(
1− 1

M

∑M
i=1Ωi−1

∑M−2
i=0 Ωi

)
(d)⇔ Qf

φ̄
≤ (M − 1)(1 − ǫ)

M(1 + (M − 2)ǫ)
. (26)

Here,(d) is obtained by some manipulations and the fact thatΩ0 = 1 andΩi ≤ ǫ,∀i.

ForM = 2 and different STCs, the bound (26) matches the ones presented in Theorem 2. Also, the simulations show

the tightness of the bound at high SNR (Fig.1c). Finally, in harmony with Fig.1c, (26) emphasizes that the ARQ feedback
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cost is of more importance at low SNRs, i.e.,ǫ ≈ 1, while its effect decreases at low values ofǫ, i.e., high SNRs.

IV. CONCLUSION

This correspondence studied the effect of adaptive power allocation on the performance of the STC-based systems

utilizing ARQ. As demonstrated, the energy-limited outageprobability of the STC-ARQ setups is reduced substantially

if the sub-codewords of the STC are scaled appropriately. Specially, optimal power allocation increases the diversity

gain of the STC-ARQ protocols remarkably. Finally, the joint design of ARQ and STC achieves considerable energy

efficiency gain for a large range of ARQ feedback costs.
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