Safe Early Stopping for Layered LDPC Decoding
M. Ferrari, Member, IEEE, S. Bellini, and A. Tomasoni, Member, IEEE

I. INTRODUCTION

ELIEF propagation (BP) decoding of LDPC codes and its

simplified versions Min-Sum (MS), scaled-MS or offset-
MS decoding require iterative activation of the Tanner graph
nodes to increase the confidence about the transmitted symbols
and correct the errors. Different received blocks may require a
different number of iterations to be corrected. Stopping criteria
able to understand when further decoding iterations are useless
may help saving power consumption, processing time, or enable
a larger maximum number of iterations.

Existing literature has tackled this issue, and proposed differ-
ent solutions, both for LDPC and Turbo Codes (TC), based on
hard or soft decisions. Stopping criteria based on hard-decisions
generally test that the variable estimates get stable [1], or satisfy
the Check Nodes (CNs) [2], or match both criteria [3]. The
test can be applied using the CN input or posterior LLR L,
signs [4]. In case of layered (or serial-C) decoding [5], the
test can be performed one CN after the other, or at the end of
each iteration. Stopping criteria based on soft-decisions, e.g.,
triggered by the average or the minimum |L,| [6], [7], or by
their Cross-Entropy [8] are often too complex to implement.
Recently, a stop criterion for shuffled (or serial-V) decoding
has been proposed in [9]. All these stopping criteria, being
heuristic, are verified by simulation only, at medium bit error
rates (BER).

In this letter we focus on safe early stopping criteria, that halt
LDPC decoding when decisions will not change with further
iterations. These criteria can be applied at very low target BERs,
with the guarantee that they do not affect the error rate. In [10]
the authors propose a completely safe early termination strategy
for an M-dimensional turbo code. In this letter, we first apply
that safe stopping criterion to layered LDPC decoding. Then,
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we propose a criterion more efficient than [10], in the sense that
it can save more iterations. Finally, we propose two simplified
safe criteria that are less efficient, but easier to test in practical
LDPC implementations.

II. SYSTEM MODEL AND PROPERTIES

Layered LDPC decoding exhibits implementation advan-
tages and fast convergence [5]. In layered decoding, the N,
CNs are activated sequentially, and each Variable Node (VN)
of degree d is updated d times per iteration. Let 0,<:l> represent
the nth update of the a posteriori LLR of the kth VN. If we
allow N; decoding iterations, the index n evolves from O up to
d - N;— 1. The nth estimate of the kth variable is

s 2 ign (0,2”)) (1)
where sign(0) = 0. Let S, be the set of VNs connected to the
cth CN of degree d.. In general each VN k € & has its own
degree d; and update index ny at each activation of CN c. To
keep notation simple, we start considering a regular LDPC code
(dy = d, Vk) with parity check matrix arranged in stripes as in
[5]. The CN decoder is fed by

(n) A H(n=1) (n—d)
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where E,E"id) is the extrinsic message generated by the CN at

the previous iteration. The CN messages E,E"> are eventually

combined with the inputs, to achieve the updated 0,(:1)

o =1 +EM. 3)
The update equation can also be written as
oM ="V EW gD _ oV LAED (4
We also define the signs
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MS decoding usually replaces BP in practical implementa-
tions. The minimum input reliability can be corrected by a scale
factor o0 < 1 or by an offset § > 0 [11] to give the CN output.
In one formula the extrinsic reliability reads

()| _ ; (n)
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The sign of the extrinsic message reads
s it || >0
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Finite precision implementations require rounding or trunca-
tion, and saturation to a maximum value. We collect all these
effects, including scaling or offset of (6), in a function f
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We assume that the following property holds.
Property 1: The scalar function f(x) in (8) is monotonically
non-decreasing, and 0 < f(x) < x. Therefore
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The inequality (9) is obvious for (6). If E,E”) and I}"> are
quantized in the same alphabet, rounding, ceiling, flooring and
saturation do not change the inequality. Besides, (8) is the
composition of monotonic functions (minimum, scaling, offset,
rounding, ceiling, flooring and saturation), and is monotonic.
Almost all practical CN decoders proposed so far fit this model.
An exception is the conditional offset MS [11], for which
monotonicity is not guaranteed.

A final remark concerns the behavior of a CN decoder obey-
ing (4)—(5)-(7)—(8) and Property 1. If the input LLRs satisfy
the CN, the output signs match the inputs and the extrinsic
messages can not disagree, i.e.,

Hsl(n)>0 = s = Sk,
lese

A less obvious property is the following.
(n)

Property 2: If a CN is satisfied by the outputs Ok but not
(n)

oSk > 0. (10)

by the inputs /; ’, the only sign mismatch s 7é S ) affects the
minimum \Ij(-"> |. Elsewhere s,(( " _ S,((") .
Proof: Since, by hypothesis,
15" >0, TIs" (11)
€S lese
in the update (3) an odd number of variables change their sign.
For these variables |E,£n)| > |I,En>\. According to (9), this can

happen only for one variable, say the jth, with the minimum
1. For k # j, s\ = s}".

III. SAFE EARLY TERMINATION STRATEGIES

A heuristic early stopping criterion requires that the outputs
satisfy the CNs and remain unchanged for at least one itera-
tion. We call this criterion CN Satisfaction and Sign Stability,
namely SS

(m) _ o(m—1) (m—d+1)
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Condition SS is not safe: we have verified that the posterior
LLRs can identify a codeword, be stable for a whole iteration,
and still change signs during subsequent iterations.

As in [10], we obtain a safe criterion if we add the condition
that the growth of the extrinsic messages in the last d — 1
updates supports in sign the a-posteriori decisions:

D:AE" S >0, Vki=0,1,...

d—2. (13

The following Theorem can be stated.

Theorem 1: During layered decoding of an LDPC code, if at
sub-iteration n — 1 conditions SS and D hold, further iterations
will only reinforce the decoder decisions, i.e.,

S(m) _ S(nfl)
SSD = { ko
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Proof: We will show that if SSD holds at sub-iteration n —
1, it holds also at sub-iteration #, i.e.,

s =5V AEMS™ >0, k.

(15)
Besides, if SSD holds at sub-iteration n, then
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Thus the Theorem will be eventually proven by induction.
From the update rules (2)—(4) we have

n—1
=1 3 A, (17)
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Thus by D and SS we have
2 AE( )S(” d) > 0.
m=n—d+1
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This means that for all inputs /;

(18)

that agreed in sign with

S,(cn_d) , the sign is confirmed and the reliability is increased (i.e.,

\I,E">| > \I,E |) Conversely if s 7é S; 1=4) either the sign
sﬁ-") at iteration n is correct or the mismatch survives.

We need to discuss only two cases: messages £ ,E"id) generated
by d. — 1 inputs without sign mismatches (i.e., s}”id) = S;'Hi)7
V1+#k), and messages E,E"id) with some mismatched input.

In the former case since |I ") | > \I (n=d) | Vi # k, we
have \E | > |E | by Property 1, and G<n d)S( )
o!"s"") > 0 by SS and (10). Therefore

AE" s ‘E ‘E,f”*"”’ >0. (19)

In the latter case, by Property 2 and SS there is just one
mismatch, say sﬁ-n_d) # S(." “¥ We have

AE< )S(n d) _S]((nfd)EIEn) . S[((nfd)E]Enfd)
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76 S k” 9 The ﬁrst addend can be negative, but
7$ S’Z 9 is the one with
= )| by (18). This, in
|, by Property 1. Therefore

because Gk
by Property 2 the input with s
the minimum reliability and |/ j” | < |I |
turn, means that |E,E")| < |E,£"7d)
AE,E")S,(("%) > 0 also in this case.
Finally, by SS at time n — 1 and (4),
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where the strict inequality comes from CN satisfaction. From
(n—d) _ on)

the above equation we conclude that S S, . Thus
AE,E")S,((”) > 0,Vk, i.e., SSD holds at sub-iteration 7.



Note that with MS and scaled-MS decoding (without quan-
tization and saturation), Theorem 1 is in agreement with [10].
In fact, layered decoding of LDPC codes may also be seen as
Turbo Decoding of a Serially Concatenated TC with N, Single
Parity Check component codes. Besides, MS and scaled-MS
behave like Max-Log and scaled Max-Log in TC, if SS holds.

Carefully inspecting the proof of Theorem 1, it is apparent
that condition D is not necessary. It is enough that

nil AEM ™ > 0. (22)
m=n—d+1
In fact, by repeatedly applying (4) we obtain O,(("_l) — O,((m) =
Zt":—”ll 41 AE,EI). Then, condition D can be replaced by
D2: (0" —0f" ")s{" =0, Vki=1..d-1 (23)

and the following theorem holds.

Theorem 2: During layered decoding of an LDPC code, if
at sub-iteration n — 1 conditions SS and D2 hold, then further
iterations will only reinforce the decisions, i.e.,

S]((Vn) _ S]((nfl)
SSD2 =- (m) (n—1) Vm>n—1. 24)
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With irregular LDPC codes, or regular codes not arranged in
stripes as in [5], it is no longer guaranteed that all VNs have the
same degree d and the same update index » in (8). The kth VN
has degree dj, while CN irregularity is implicitly managed by
the set S.. In (8), at each activation, the CN decoder exploits the

most recently updated input messages I;"’ ®&m) " where n(k,n)
counts the number of updates of variable [, till the nth update
of variable k. Of course these indexes run with the iterations i
at proper rate dy, i.e., |ng/dy| = |n;/d;| = i. Equations (6) and
(9) need the same generalization. In (7), (10), (11), and (12) that
link LLRs from different VNs, we need to replace the common
n or m with specific update indexes ny,n;,m;. These are only
formal changes. Theorems 1 and 2 hold even with a different
update index for each VN.

IV. REDUCED COMPLEXITY SAFE STOPPING CRITERIA

In practical implementations, condition D2 is not easy to
check. The last d — 1 updates should be stored for each VN to
evaluate 01(<n) - 0,(("7“1). Condition D is easier as O,i") - 0](:17 D

at each update matches the difference between the new extrinsic

E,E") and the old one E,E"id) that is already needed to evaluate (2)
during the CN update. In the following we will also work on the
simplification of condition D, but let us first focus on testing SS.

To test condition SS the d. signs should be carried on
during CN processing, and compared to the new ones when CN
processing is completed. A condition easier to check during lay-
ered decoding is whether the signs of the CN inputs match the
old outputs and satisfy the CNs. The satisfaction of the CN by
the input signs is tested during the extrinsic sign evaluation, and
the condition s,((”) = S,(("fl) can be checked during extrinsication
(2) of the LLRs. The first condition should be tested for the last
d — 1 updates, whereas the latter needs be true for the last d
updates. We name it condition SSi.

(m—i) _ o(m—i—1) . .
SSi;{Sk =5, Wk i=0,1...d-2
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TABLE 1
SAFE CRITERIA COMPLEXITY

SSiB I SSiA SSD | SSD2
Nxor/Nv 2d+ R —2 3d-R—3
Nipp/Ne -—RrRO-dH [30-—R”Rd-d T d—1
Nargar [Ny 0 T [14+{d-1)Ng

Note that if SSi holds at time m, then S,im) = ,({m_l) =

...S<m_d+1>, i.e., also SS holds at time m, and the following

corollary holds.

Corollary 1: During layered decoding of an LDPC code, if
at sub-iteration n — 1 conditions SSi and D hold, then further
iterations will only reinforce the decisions, i.e.,

S(’”) — S("_l)
SSiD = ¢ 7k koo VYm>n—1. (26)
0" >0y,

With the aim of reducing the complexity of the test for
condition D, note that the signs of E,Em) support S,(Cm)

condition SSi. Thus, a condition simpler to test than D is

under

A EMT) > M) Yki=0,1,...,d-2.  (27)

Also note that for all practical CN decoders that obey (8),
|E,E")| e {u" /MYy Vi € S, with u) < /"), Then, condition
A can be tested with few comparisons between unsigned values.
An even simpler condition is

B : min ‘E,ﬁ’”*’” E,E’"*d*")( . Vk,i=0,1...d—2. (28)

> max
k

which requires just one comparison between unsigned values,
namely u™ > /"=9)_ Since B = A we have the following
Corollary.

Corollary 2: During layered decoding of an LDPC code, if
at sub-iteration n — 1 condition SSi holds, and also B or at least
A holds, then further iterations will only reinforce the deci-
sions, i.e.,

S(’") _ S(”*l)

k
‘Olim) Vm>n—1.

i

SSiB = SSiA k
iB = 1 =>{ > ’01(;1—1)

In Table I we compare the number of sign comparisons
(Nxor), differences (Nsapp) and memory bits (Nygp) required
to test the four safe criteria presented so far.!

V. SIMULATION

The efficiency of the discussed stopping criteria has been
tested by simulation for a large (N, = 30 kb), high rate (4/5)
regular (3,15) code, and two small (N, = 1 kb), rate 1/2,
irregular codes. To compare the safe criteria proposed, we have
tested also the most popular unsafe stopping criteria. Criterion S
verifies that all CNs are satisfied by the messages Oy, at the end
of an iteration. Criterion Sq verifies that all CNs are satisfied

by the messages O,(cn) at their processing time. Criterion SS

requires CN satisfaction and sign stability as defined in (12).
Fig. 1(a) refers to the large LDPC code with rate R = 4/5.

We plot the probability that the number of iterations exceeds

qu is the number of quantization bits used to store each Oy, d is the VN
degree and R is the code rate. Complexity is normalized by N,, to make it
independent of the block size. Nyog and Napp refer to just one iteration.
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Fig. 1. Probability distribution of the number of iterations required by the
scaled-MS decoder (o0 = 3/4) to meet the various early stopping criteria:
(a) R=0.8, SNR=2.5dB; (b) R=0.5, SNR =2 dB.

the abscissa i before the stopping criterion is met. Obviously,
S is the most efficient criterion. Sq is less efficient than S and
only slightly more efficient than SS. In practice, Sq becomes
true only after sign stability is achieved.

SSD2, the most efficient safe criterion, requires half an iter-
ation more than SS. Surprisingly, SSD and SSiA have the same
efficiency, and require less than half iteration more than SSD2.
This makes SSiA an interesting safe solution, requiring only
one iteration more than Sq or SS. The simpler SSiB criterion
needs one additional iteration.

In Fig. 1(b) we plot the cumulative probability distribution
of the number of iterations for a small (N, = 1000), R =
1/2, irregular LDPC code of polynomials A(x) = 0.636x> +
0.364x'* p(x) = 0.502x7 + 0.498x% and threshold E;/Ny =
0.9 dB. Many of the previous comments are still valid. The
number of iterations is lower than for the first code, due to the
small block. The most interesting difference is that criterion
SSiB almost always fails to halt decoding. This is due to

irregularity of the VN degrees. For each CN, mink\E,Em is
very likely to belong to the set of VNs of degree 3, whereas

maxk|E,E")| has degree 15. Then it is very unlikely that the
minimum grows larger than the previous maximum in just
one iteration, as requested by (28). We have designed also an
irregular LDPC with less VN degree dispersion, namely A(x) =
0.928x> 4 0.072x*, p(x) = 0.332x* +0.668x°. In this case SSiB
works, despite the (mild) irregularity, as shown by the curve
labeled SSiB(c) in Fig. 1(b). In conclusion, SSiB works only
with regular, or almost regular, LDPC codes.

Unsafe stopping criteria may halt the decoder with errors
still correctable by successive iterations, thereby increasing the
BER. The amount of this increase depends on the LDPC code.
When S or SS is tested, decoding is stopped only by valid
codewords, thus errors due to termination practically occur
only in the error-floor region. We have chosen a small (N, =
240), high rate (R = 0.825), LDPC code with small minimum
Hamming distance (dy = 4) and high error-floor. Fig. 2 shows
that a BER difference occurs when unsafe criteria (S, SS) are

E¢/N, [dB]

Fig. 2. Example of performance of decoders with safe versus unsafe stopping
criteria (Reed Solomon-LDPC code, R = 0.825, N, = 240, dy = 4).

applied in place of safe ones (SSD). In this case the differences
are small. In general we do not know without simulation. The
real advantage of safe stopping criteria is that no validation
is needed, since they are guaranteed not to affect the decoder
performance. This is useful in particular with very low error
floors, when it is hard to test the impairment coming from
unsafe stopping criteria.

VI. CONCLUSION

We have stated and proven a safe early stopping criterion
for layered LDPC decoding (SSD). A more efficient criterion
(SSD2) and two less efficient but less complex, still safe
stopping criteria (SSiA, SSiB) are obtained from SSD.

For three different LDPC codes, we have simulated these
criteria and compared their efficiency, also against CN-based
criteria, that are simpler but unsafe.
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