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Abstract—Physical layer security is investigated over mixture
Gamma (MG) distributed fading channels with discrete inputs.
By the Gaussian quadrature rules, closed-form expressions are
derived to characterize the average secrecy rate (ASR) and
secrecy outage probability (SOP), whose accuracy is validated
by numerical simulations. To show more properties of the finite-
alphabet signaling, we perform an asymptotic analysis on the
secrecy metrics in the large limit of the average signal-to-
noise ratio (SNR) of the main channel. Leveraging the Mellin
transform, we find that the ASR and SOP converge to some
constants as the average SNR increases and we derive novel
expressions to characterize the rates of convergence. This work
establishes a unified and general analytical framework for the
secrecy performance achieved by discrete inputs.

Index Terms—Discrete inputs, mixture Gamma distribution,
physical layer security, secrecy performance analysis.

I. INTRODUCTION

Due to the broadcast nature of radio propagation, wire-
less communication networks have been suffering from se-
rious information leakage that arises from eavesdropping at-
tacks. Given this backdrop, physical layer security (PLS) has
emerged as an attractive paradigm for secure communication
[1]]. In [2]], Wyner showed that leveraging a pair of properly
designed encoder-decoder, PLS approach can achieve perfect
secrecy where the eavesdropper cannot obtain any information
about the message dedicated to the legitimate receiver. Hence,
the issue of PLS has received considerable research attention.

Over the past years, secrecy performance analysis over
fading channels has become a hot research focus in area of
PLS, and such an analysis can unveil valuable system design
insights. Specifically, the secrecy performance measurement
metrics including the average secrecy rate (ASR) and secrecy
outage probability (SOP) have been analyzed over the simple
small-scale fading channels, e.g., the Rayleigh [3]], Nakagami-
m [4], n-p 3], and x-p [6] models, the large-scale fading
channels, e.g., the M-distributed model [7], the cascaded
fading channels, e.g., the double-Rayleigh model [8], and
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the composite fading channels, e.g., the Generalized-K (K¢)
[9] model. Recently, it was found that the mixture Gamma
distribution (MGD) serves as a general model to characterize
the received signal-to-noise ratio (SNR) of various fading
types [10], including many classical fading distributions, such
as Rayleigh, Nakagami-m, n-u, x-p, and Kg. The secrecy
performance over the MGD fading model was studied in [11].
Due to the wide generality of the MGD model, the work in
[L1] serves as a generalized framework of [3]-[6], [9].

The derivations in the aforementioned works were based on
the assumption that the transmitter leveraged a Gaussian ran-
dom codebook to encode the secret message [12]. In a nutshell,
these works have laid a solid foundation for understanding the
secrecy risks in the wireless physical layer exploiting Gaussian
inputs. Yet, in practical systems, the symbols in wiretap codes
are taken from a set of discrete finite alphabets, which makes
the input signals non-Gaussian in general [[13]]. Thus, it makes
more sense to analyze the ASR and SOP of finite input signals.
Yet, research on the PLS under discrete inputs focused more
on the precoding design [13] and the problem of secrecy
performance analysis has received scant attention.

To fill this knowledge gap, this work performs both explicit
and asymptotic analyses to the ASR and SOP achieved by
finite-alphabet signaling. As previously stated, many classical
fading distributions can be characterized by the MGD model.
To establish a unified and general analytical framework for
secrecy performance evaluation over these mixture Gamma
distributed fading channels [[10], we take the MGD model
into consideration. For other fading channels where the in-
stantaneous received SNRs cannot be rewritten in terms of
the mixture Gamma distribution such as the M-distributed
[7] and double-Rayleigh [8] fading channels, their secrecy
performance will be analyzed in our future works.

II. SYSTEM MODEL

In a classical Alice-Bob-Eve wiretap fading channel [2],
the transmitter (Alice), the legitimate receiver (Bob), and
the eavesdropper (Eve) are all single-antenna deviced]. The
received signals at Bob and Eve can be written as

yi = his + z;, (1)

'We note that the statistics of the singular values in a random matrix with
mixture Gamma distributed elements still remain as open issues, which makes
it challenging to analyze the secrecy performance of multiple-input multiple-
output (MIMO) channels. Thus, this work considers single-input single-output
(SISO) channels and the MIMO cases will be considered in our future works.
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where z; ~ CN(0,1) (i € {B,E}) denote the additive
white Gaussian noises, h;€C denote the channel gains, and
s denotes the transmitted symbol satisfying E{|S|2} = 1.
Assume that the transmitted symbols are taken from an M -ary
quadrature amplitude modulation (QAM) constellation S with
equal probabilities. Aided with [14]], [15)], the instantaneous
mutual information over the main and eavesdropper’s channels
can be written as Zys (v;) = logy 22 — L/ (i), where

1 M-1 ue s |2
L) == 3 {/@e fu- 7|
M—-1
x log, (Zk—o e_|u—ﬁ8k|2> du:|_

Here, C represents the complex plane sj € S denote the
M-QAM symbols, and v; = |h;|* denote the instantaneous
received SNRs. Generally, L () lacks any close-form ex-
pressions and can be only calculated by methods of numerical
integration [13]. Yet, for the commonly used square M-QAM
signals, a closed-form approximation of £,y (v;) is available.
Particularly, for square M-QAM signals, we can obtain [14]]

cr - [
x log, (Zgl e—(“—ﬁpk)2) du] ,

where p; denotes the real part of s;. On the basis of the Gauss-
Hermite quadrature rule [16, eq. (25.4.46)] we have

Lar (i) =L (1) \/—27 o Zl )
vVM-1

% log, (Zk_o

where pji, = p; —pr; {wi} and {¢;} denote the weight and ab-
scissas factors of the Gauss-Hermite integration. We comment
that a larger value of n yields a higher approximation preci-
sion. By numerical sunulatlon we ﬁnd that settmg n= 20 can

(@)

*\/WPJ‘)Z
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generally ensure ESW ‘E M ‘ =
Based on [3]], the 1nstantaneous secrecy rate is glven by
Iy = max{Zy (y8) — Znm (7E) , 0} ©)
=max {Ly (ve) — La (18),0} (6)

We consider 7; follow the mixture Gamma distribution with
probability density functions (PDFs) and cumulative distribu-
tion functions (CDFs) respectively given by [10]

Li 1 ¢,
Fily) =307 ann et
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=2 i1Gig (Bi1, Cirvi) s (8)
where L;, o;;, Biy, and (;; denote the fading parameters
satisfying fo fi(y)dy = Zz ol (Bia)G, lﬁ” =1
[10]; ' (z) £ [, e “t*~'dt is the Gamma function [17, eq.
(8.310. 1)] T (a,p) = [7t*e~"dt is the lower incomplete
Gamma function [17, eq. (8.350.1)]. By [10]], the MGD serves
as a general model to characterize the received SNRs of
various types of fading channels and the values of L;, o,
Biu, and (;; depend on the specific target fading type.

ITII. AVERAGE SECRECY RATE
A. Explicit Analysis

According to [18], Zs () is monotone increasing. Conse-
quently, the ASR can be written as

i:/w/w[zM@)—zM(y)]fB( ) fe (y)dedy — (9)
0 Y

:/OOO/:OMM(ZI)—

where ([0) holds for Zp (y) =
To facilitate the derivation, similar as [9, eq. (6)], we
rewrlte @) as Z, = I3 — IQ - Il, where I3 =
Jo7 L (y ) fe () dy, Iz = [ Lm ) fe (y) Fs (y) dy.

Ly (2)] f8 (z) fe (y) dedy, (10)

log, % - Ly ()

and 7, = fo L () fs (z) Fg (x) dz. Then it follows that
ii agioe; [ Ly (x)T(ﬁE,pCE,jI)dx an
IBE . o 21—Bs,1elB.17 ?
=1 j5=1
QB,1OE, j Ly (y) Y (Bs1, CB1Y)
Z Z 53 ! / yl—,@E,jeCE,g‘y dy, (12)
=1 j5=1 ©
I3 = Zj—l OE,j / Lar (y) y=i~ e wavdy. (13)
= 0

We find that Z;, 75, and Z3 can be efficiently calculated using
the GaussLaguerre quadratl_lre rule [16, eq. (25.4.45)]. Taken
together, the final result of Z is summarized in (I4)) as follows

E o Ly Lg o
T E,j -1 E,j
L~} 5 ) =l D D) D
: C E,j CE] < B,l
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where {w,} and {7,} denote the weight and abscissas factors
of the GaussLaguerre integration. Note that a larger value of p
yields a higher approximation precision. By simulation, setting

p = 30 can generally ensure ’fs - fs(p)‘ =0 (1078).

(14)

B. Asymptotic Analysis

Denote the average SNRs as 7; = E {|hz|2} The following

section will discuss the asymptotic ASR in high SNR regimes.
Specifically, we set 7p to infinity while simultaneously fixing
~e. Before deriving the asymptotic ASR, we rewrite Z; as

7 - / T Tar () e () Fe () + e (9) F ()] dy

—/OOOIM() /OOOIM

+/OOOIM() (Fs B (7)) =logy M — / Fs (v)

X Fg (v)dZm () —

(v)dy

IM( ) fe (v) dy

() Fi
15)
0



We define Zeon = [° Fg () Fe (v)dZn (v) and Zim =
logo M — fo Zn () fe () dv. Note that Ty, can be calcu-
lated by the GaussLaguerre quadrature rule, which yields

le—10g2€+z ﬂE] quﬁM ( ) ﬂEj_I. (16)

Jj=15E,j q=1

Based on [10], lim~, , ¢g,; = 0 holds, which together with
the fact of lim, o Y (s,z) = ””—S [17} eq. (8.354.1)], yields

(CBBIZZ ZBBI 531' (17)

As explained earlier, the MGD model is proposed to character-
ize several fading distributions and the values of L;, o 1, 5,
(i,1 vary with the target distributions. Fortunately, we find that

Ly as.i, By,

regardless of the target fading distributions, ) ;™ vt
can be re-expressed as follows ’

Z agp ZBB l,.YﬁBz _ Z (I)B,IFYAB’ZFYB B,L,

where Ap;, ®p;, Up, are target-distribution-specific con-
stants; AB,LB > e 2> AB)2 > AB71 > 0, (I)B,l > 0, and
Ug p, >+ > Wpo > Vg > 0. We comment that (I8) can
be directly derived by leveraging the analytical results in [10]
and [[15]. Since the derivation is trivial, we omit the detailed
steps here. Additionally, dIM Iu) — MMSE,, (7) holds [18],
where MMSE ), () denotes the minimum mean square error
(MMSE) function of M-QAM. Hence, we obtain

. . Lg (I)BJ > Apl
ﬁggnooIcon = Zl:l —ﬁ/gB*l ‘/0 Yy FE (’}/) MMSE]W (’7) d’y

_Z q)Bl

‘I’B L

where M [f (¢ £ [0t f (t)dt denotes the Mellin
transform of f( ) For the sake of brevity, define ©7; =
M [Fg (7v) MMSEy (7) ; As, + 1]. Specifically, the following
theorem can be found [19]:
Theorem 1. If f(t) is O(t*) as t — 0T and O (t*) as
t — +oo, then M|[f(t);z] converges absolutely in the
strip (—a, —b) [f(t);2]] < oo when
—a < R(z) < —b. Here, R (z) denotes the real part of z

Based on [20], we have lim,_,o+ Fg (7) MMSEj; () = 0
and lim, o Fg () MMSE; () = o (e_d””) (dayr > 0).
Therefore, Fg (7) MMSE ) (7) is O (v*) (k > 0) as v — 0™
and O (z') (I = —o0) as # — +oo. As stated before,
Ag; > 0; thus, R(Ap;+1) € (—k,—I), which together
with Theorem [ yields |Oy;;] < oo. Moreover, by [18]],
MMSE,; (y) > 0, which yields ©,; > 0. In summary,
VI € [1,Lg), Oan, € (0,400) and Oy can be calculated
by methods of numerical integration. Hence, we obtain

+0(7 GdB)7

where Ga,B,]W = Z\PB,L:\PB,1 GM,l(I)B,l > 0 and Gd,B =
Up1 > 0; o(-) denotes the higher order term. Consequently,
the asymptotic ASR can be written as

—Ga,B +o (:Y];Gd,B) )

Lg

'Yl}ll)nooFB( ):Z

=1 <B,z

(18)

Fg () MMSEy (v) 5 Agg + 1], (19)

liIn:YBHoo Icon = Ga-,B7M’YB (20)

j:O = Ilim - Ga,B,IW:YB (21)

Based on (21), the ASR converges to Zy, as 7 — oo and
the rate of convergence (ROC) is determined by G, 5,5 and
G 4. Besides, it can be concluded from that the secrecy
diversity order (SDO) is G4 = Vg 1. Actually, the fact of
limy, 00 7. = Tim was observed in [13] and the references
therein, but the ROC of Z; has not been investigated in prior
works. Last but not least, aided with [10]], [15], we obtain
lims, oo fi (1) = Ef;l @iﬂlAiﬂl'y?i’l_l__ “! Based on this
and (18], the asymptotic ASR when both 4 and ¥g approach
infinity can be also characterized. Since the derivations are
similar as those above, the details are left to our future work.

IV. SECRECY OUTAGE PROBABILITY
A. Explicit Analysis
The SOP is defined as the probability when the instanta-
neous secrecy rate is lower than a preset value R > 0, and it
is written as P (R,) = Pr(Z}, < Rs). By (@), when 45 < g,
Zy; = 0 < Ry; thus, P (Rs) can be further written as

P(Ry) =Pr(Z5; < Rs,v8 >7E)+Pr(ys <e). (22)

Define Hy = I/ (logg M — Ry) and Fu(y) =
T,/ (Rs + I (7)), where Z,;' (-) denotes the inverse func-
tion of Zys (-). Though Z,,' (-) lacks an explicit expression,
its value can be found via a simple bisection search. Then, the
following theorem can be found:

Theorem 2. The SOP with discrete inputs is given by

Har
P(Rs)=1-Fg (Hm)+ Fg (Fa (y) fe (y)dy. (23)

Proof: Please see Appe%dix Al [ |
Substituting (Z) and (8) into gives
Lg Ly Lg

ST G Gt + 3 3

=1 SE|l q=1 j=1

H
. / Y (BB, CB.gFmr (y))y5 e ®avdy. (24)
0

The integral in 24) can be effectively evaluated by the Gauss-
Legendre quadrature rule [16, eq. (25.4.30)], which yields

P(R)=1-

L Ly Lg
« 8] (@)
P(R)~1=Y" 250 (Ber Geata) + DY Bqﬁsij
= 1CEl q=175=1
Ho0i T (B.q: Go.oFur (2528 + 20))

23

i=1

. 25)
(Bt + H) 7 (52 g 11)

Here, {¢;} and {&;} denote the weight and abscissas factors
of the Gauss-Legendre integration. Note that a larger value
of v yields a higher approximation precision. We find that
approximately v = 30 is required to achieve 10~7 accuracy.

B. Asymptotic Analysis

Based on and (I8), when ~ is fixed, lims, o Fg (7) =
Zz | Pp e W ¥B! Thus, as 45 — oo, (23) can be wrltten
as Poul hm'n;%oo P (R ) =1-Fg (HM)+Zl:1 AMJ 7‘I’B,L s

7B

where Ajy; fo A'”
substitution v — Zj; ( ) I

+oo
Ay = /
I, (Rs)

fE( )dvy. By using variable
(Znr (z) — Ry), we obtain

oAy fE (201 (2)) MMSEy (2)
MMSE (2 ()

dz.  (26)



TABLE I
SIMULATIONS PARAMETERS [[10]
Distribution Parameter Asymptotic GasB
™y 7”B T
Nakagami-m (m > 0.5) Li=1 001 = gy Bia = mi, Gy = N Pp,1 = gy > AB1 =ms, U1 =mg | mp
. L; =2 = (051,81, C 1 =20—1 o :MA =1,¥p; =1,
Hoyt (Nakagami-q¢) (0 < ¢ < 1) ¢ (13(1 o)‘” W ( Z’l’ﬁ(ll’jr’qil)’l)’ B l1 2l—2 B,1 B,1 B,1 1
_ ; q
Cll - —; i,l — 2(11’77;1—‘(1)1(171)! (8(] '7:01) \IIB,LB > > \I/B72 > \I/B’l >0
Kg (m >0,k >0), mand k Li =15, a0 = ¢ (01,81, Cist)» Big = ma, ‘IIBL = Vg1 = mg, Ag,; = Ap,1 = mas, _—
o . s ) AT k—m=—1 kmB mp—1 Lp
are distribution shaping parameters Ai = %, Cii = ’t\—;, 0;1 = % Z dp; = m Z Tk —ms
o (6 B o - M _
Kot (5> 0, ji > 0) L; =20, o, =9 (91,17512,1145%), Big = ujl lll+ll, PB,1 = Fipyexpenmn) AB,1 = B, .
o opi(4sg) g pi Tt TA4RMIT T R v S N
Gl Fio VBT i m I T ) B.Ly > > WB2> W1 =i
8 ] ; ,‘Gaussian 10° 12 10
74" Simuldtion.___, %, | * Simulation ‘ /./’" A =0 dB * Simulation
—Analytical //” 256-QAM X |[—Analytica . —Andlytical
6f——Limitation| - \- - Asymptotic| J& =2 dB - - Asymptotic
=, | 10? 256-QAM Tos / //,‘
2 64-QAM | ) e =4 dB -
;&4 //—' N? ;&o_e / //"" CL ] H? A5 =0dB
< //— 16-QAMY 10 <04 i — 0% 5, =6 dB
2 ® Simulation
1 02 —Analytica e =4dB
//." 4-QAM . - Limitation 5 = 2dB
% 0w s P 20 3 2 50 0 0 2 2 4 15 0 30
s [dB] 5 [dB] g [dB] 35 [dB
(a) ASR versus g, 7 = 0 dB. (b) Zcon versus 4g, g = 0 dB. (a) ASR versus ¥p. (b) Zcon versus .
Fig. 1. ASR versus 4 over Nakagami-mm channels for mp = mg = 2. Fig. 2. ASR of 4-QAM versus 7 over Hoyt channels for gg = ¢g = +/0.5.
. 9:. . .
For simplicity, we define W)y (z) £ fe(Zn(2)) MMSEr (2) g and Y (051, Big, Cit) = L =5 . The simulations

MMSE s (2 ()

0<z<Z,' (R

g ) T (R,)
T > Ly s

ICM (‘T) £ { WM (I),

Hence, we have Ay = M Ky (x) ; Ap, + 1]. Particularly,
the following theorem captures the main result of the asymp-
totic SOP.

Theorem 3. The asymptotic SOP can be written as
Py = 1= Fe (Har) + Glp ¥ " +0 (3 °) . @7)

out
dowy—wy, Dri®sy > 0 and Gap =

0,

where G, 5 \r
\11371 > 0. ’
Proof: Please see Appendix [ |
The proof in Appendix [Bl suggests that Ay, € (0,00) and
Apr,; can be calculated by the Gauss-Legendre quadrature
rule. Based on (27), we find that the SOP converges to
1 — Fg(Hym) as 48 — oo and the rate of convergence is
determined by G4 g and G;)RM. Besides, it can be concluded
from that the secrecy diversity order is G4 g. We note
that the ASR and SOP yield the same SDO but their ROCs
are different. Following the similar steps as described above,
the asymptotic SOP when both 4 and Ag approach infinity
can be also discussed, which will be left to our future work.

V. SIMULATION

As explained earlier, the MGD model serves as a general
tool to characterize various types of fading distributions. In
this part, we provide four examples listed in Table [l to verify
our former derivations. In Table [l {ww,} and {7;} denote the
weight and abscissas factors of the GaussLaguerre integration

> 00, (Bi)C
are based on the commonly used square M- QAM signals.

To validate the precision of (I4), we plot the ASR over
Nakagami-m fading channels for various modulation schemes
in Fig. and compare the analytical results with the
simulated results. The analytical ASR is calculated by and
(@4). As stated before, setting n = 20 can generally ensure
el () = 0 (1075) and thus we set n = 20 to approximate
the ASR. Besides, the value of p in is set as 30. As shown,
the analytical results fit well with the simulations. Moreover,
we plot the secrecy rate achieved by Gaussian signaling in
Fig.[Il for comparison. As shown, the ASR of Gaussian inputs
tends to infinity as 7 increases, whereas the ASR of discrete
inputs converges to its limitation, namely Zjn, in the large
limit of 4. As discussed in Section =Bl Zy = Zcon + Ziim.
where lims, o0 Zcon = 0 and Zjiy is a constant. This means
that the ROC of Z, equals that of Z.,,. To show the ROC of
T, we plot Z ., versus 7g in Fig. As shown, in the high
SNR regime, the derived asymptotic results track the numerical
results accurately. Besides, it can be observed that a lower
modulation order yields a faster ROC. Fig. plots the ASR
of 4-QAM versus 4 over Hoyt channels for selected values
of 4. As shown, the ASR decreases with Ag, suggesting the
passive influence of the eavesdropper. Then we use Fig.
to illustrate the ROC of the ASR. It can be seen from this
figure that a larger value of 4g corresponds to a faster ROC.

In the sequel, we provide some simulation results to verify
the accuracy of (23). Fig. compares the analytical and sim-
ulated SOP achieved by M-QAM signals over Generalized- K
(K@) fading channels. The analytical SOP is calculated by
@3), where v is set as 30. As shown, the analytical results
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Fig. 3. SOP of M-QAM versus 4 over g channels for 4g = 5 dB,
kg =5, mp =2, kg =2, mg =1, and Rs = 1 bps/Hz.
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Fig. 4. SOP of 4-QAM versus 4 for 4g = 0 dB and Rs = 1 bps/Hz. The
main channel undergoes x-p fading (kg = 1, up = 2), while the wiretap
channel respectively undergoes Nakagami-m (mg = 6), Kg (kg = 3, mg =
3), and k-p (kg = 2, ug = 1) fadings.

match the simulated results perfectly. For reference, the SOP
achieved by Gaussian inputs is also plotted. By [4], the SOP
of Gaussian inputs converges to zero in the large limit of
~s. Yet, as discussed in Section the SOP achieved
by discrete inputs converges to a positive constant, namely
1 — Fe(Hu), as s increases, which is consistent with the
results shown in Fig. It can be observed from this graph
that a higher modulation order yields a smaller limiting SOP,
which is similar as the observation from Fig. Based on
Section the rate of P (Rs) converging to 1 — Fg (Har)
equals the rate of P, converging to zero. To show the ROC,
we plot P, versus 4 in Fig. B(b)} As shown, the derived
asymptotic results accurately characterize the secrecy diversity
order. Furthermore, a higher modulation order yields a slower
ROC, which is consistent with the conclusion drawn from Fig.
Actually, 23) can be used to evaluate the SOP even
though the main and eavesdropper’s channels undergo different
fading models. An example to verify this has been shown in
Fig. @ which further validates the correctness of (23).

VI. CONCLUSION

In this letter, leveraging the mathematically tractable form of
the MGD model, we investigated the explicit and asymptotic
secrecy performance of finite input signals over MGD fading
channels. Our study provided novel insights on the wireless
PLS, which may be exploited to guide future system designs.
Besides, this work established a unified and general analytical
framework for evaluating the secrecy issues over wireless
channels driven by finite-alphabet signals when the fading
distributions can be characterized by the MGD model.

APPENDIX A
PROOF OF THEOREM[2]
Proof: When Rs+Zy (8) < logy M, we find Zas (y8) —
Znm (98) < Ry is equivalent to IA_; (Rs +Znr (98)) > 8-
Besides, when Rs + Zns (7g) > logy, M, we have Zys (8) —
I (v8) < I (y8) —logy M + Ry < Ry, which yields 7}, <
Rs. Taken together, we obtain Pr (73, < Rs,vs > ) =

P1 + P2, Where P1 = HM f’;’:M 'YE) f ('YB) fE ("YE) d"de")/E,

Mar = Tiyt logy M — R, Far (1) = T (u+Tas (1),
and P, = [;;™ [ fg (78) fi () dypdye. In addition,
Pr(ys <7e) can be written as Pr(yg <) = 21 +
Z3, where Z; = foHM o fs (98) fe (he) dyedye  and
Zy = ;Lr ;O " fs (08) fe (WE)dWBdWE Particularly, we note
that P + Z f;;’j fe(v) [ fo (@) dady = 1 —

Fe (Ha) and P+ 7y = HM fe (v) fOFM(y) fe (z) dady =

fOHM Fs (Fu () fe(y )dy. As a result, 22) can be written

asP(R) P1—|—P2—|—Z1—|—Z2:(P1+Zl)—|—(P2+ZQ):
1= Fis (Mar) + J3™ Fs (Far () fi () dy. n
APPENDIX B

PROOF OF THEOREM 3]

Proof: By [20], we have lim, ,o+ Ky () = 0 and
limg 400 Kar (z) = 0(e7M%) (dps > 0), which together
with Theorem [ yields |[M [Kas(z);Ap; +1]] < +oo.
Besides, when = > IA_Jl (Rs), we have Wy, () > 0, which
implies that Aps; > 0. Taken together, Apr; € (0, 400).

Hence, the asymptotic SOP can be written as P* = 1 —

Fe (Har) + GQ,B,MWI; " +o (VB dB)’ where G:z,B,M =

Z‘I’B,L:\PB,l AM,l(I)B,l > (0 and Gd,B = \IJB,l > 0. |
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