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Abstract—We propose a distributed cooperative positioning
algorithm using the extended Kalman filter (EKF) based spatio-
temporal data fusion (STDF) for a wireless network composed
of sparsely distributed high-mobility nodes. Our algorithm first
makes a coarse estimation of the position and mobility state
of the nodes by using the prediction step of EKF. Then it
utilizes the coarse estimate as the prior of STDF that relies
on factor graph (FG), thus facilitates inferring a posteriori
distributions of the agents’ positions in a distributed manner. We
approximate the nonlinear terms of the messages passed on the
associated FG with high precision by exploiting the second-order
Taylor polynomial and obtain closed-form representations of each
message in the data fusion step, where temporal measurements
by imperfect hardware are considered additionally. In the third
stage, refinement of position estimate is performed by invoking
the update step of EKF. Simulation results and analysis show that
our EKF-STDF has a lower computational complexity than the
state-of-the-art EKF-based algorithms, while achieving an even
superior positioning performance in harsh environment.

Index Terms—Cooperative positioning, extended Kalman filter
(EKF), high mobility, sparsely distributed, wireless localization.

I. INTRODUCTION

HE location information of radio devices plays a crucial

role in many emerging applications relying on wireless
networks [1]. In harsh environments where the global naviga-
tion satellite system (GNSS) is denied, cooperative positioning
(CP) [2]-[7] is capable of providing the essential location
information by solving a parameter estimation problem, where
the wireless links between adjacent radio nodes are used to
exchange spatial and/or temporal information, such as ranging
measurements, angle of arrival [8], [9], and inertial measure-
ments. In particular, a class of distributed CP algorithms based
on the factor graph (FG) have attracted intense attention [1]-
[3], [6], [7], and they are actually specific adaptations of
the sum-product algorithm (SPA) [1]. In these algorithms,
FG enables calculating the marginal a posteriori probability
density functions (PDFs) more efficiently, and the use of FG
is more suitable for distributed implementations.
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In some practical wireless networks, the nodes whose po-
sitions are unknown move fast and are sparsely distributed.
However, the SPA-based algorithms ignore the mobility state
of the nodes in the modeling process, hence resulting in
increased positioning error in the high-mobility scenario over
time. Additionally, in wireless networks comprising sparsely
distributed nodes, the number of ranging measurements for
agents (i.e., the nodes to be localized) may be insufficient,
which inevitably leads to degraded positioning accuracy. To
achieve more accurate location estimation in mobile networks,
Huang et al. proposed a state-transition and observability
constrained extended Kalman filter (STOC-EKF) scheme [10],
which employed EKF to characterize the velocities of agents.
However, it approximates the nonlinear system model as a
linear model around selected linearization points, which in-
evitably degrades the positioning accuracy. In [11], the authors
proposed an SPA-aided CP scheme, dubbed SPA-EKF, which
utilized EKF to estimate the velocities of agents as the a priori
information. However, it requires a large number of samples to
approximate the nonlinear terms in the ranging measurements,
hence imposing a high computational complexity. The authors
of [12] proposed a graph neural network (GNN) enhanced
belief propagation (BP) scheme for network navigation. This
scheme refines the original messages propagated on FG by
information learned from data driven GNNs. However, it also
suffers from high complexity caused by massive particles
and iterative message computations. Furthermore, all the ap-
proaches of [10]-[12] ignored the temporal-domain internal
ranging measurements of agents, i.e., the distance traveled by
each agent during a given period.

Against the above background, we propose an EKF-based
spatio-temporal data fusion (STDF) algorithm for solving
the distributed CP problem in wireless networks composed
of sparsely distributed high-mobility nodes. This problem is
challenging and important for both commercial and military
applications. Our contributions are summarized as follows.
i) We develop a second-order Taylor polynomial (TP) based
parametric method to approximate the nonlinear terms of
both spatial and temporal messages passed on the FG. As a
beneficial result, closed-form representations for each type of
messages are derived, and our method enjoys a competitive
representation accuracy and a significantly reduced compu-
tational complexity than particle-based approaches. ii) We
develop a joint prediction and refinement framework based
on the integration of EKF and the second-order TP based
parametric STDF to estimate the mobility state information
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of nodes, which is beneficial not only for compensating
the lack of spatial ranging measurements caused by sparse
distribution of nodes, but also for improving the accuracy of
the prior knowledge used by STDF at each time slot. Thus,
the proposed EKF-STDF alleviates performance degradation
caused by the EKF-based model linearization and is more
suitable to distributed CP than the data fusion module of [11]
that relies on the original FG-free BP method. iii) Simulation
results demonstrate that the proposed EKF-STDF achieves a
significantly higher positioning accuracy than the schemes of
both [10] and [11] at an even lower computational complexity.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider a mobile network comprising N agents and A
anchors in a GNSS-denied environment, and the transmission
time is slotted. We denote the set of anchors and the set of
particular agents from which agent 7 receives signals at time
slot ¢ by A! and U!, respectively. In the two-dimensional (2D)
scenario!, the sTtate vector of agent ¢ can be described as s‘g =

(@), ()|

t A [t T t At .t T "
x; = [z}, yf]" and v] = [v] ,, v} |" represent the position and

the velocity of agent ¢, respectively.
The noise-contaminated external ranging measurements ob-
tained by agent i from node j at time slot ¢ is written as’

j*)l = dt + e]%m (D

where dt is the Euclidean distance between agent 7 and node j
at time slott eb i ~N(0,(0f_,;)?) represents the Gaussian
noise with zero-mean and variance (o ; ;)% and j € ALUTL
In addition, we assume the error of internal measurement zf int
obeys the Gaussian distribution with zero-mean and variance
(a;im)Q. We denote all the noisy ranging measurements (both
external and internal) obtained by agent i at time slot ¢ as z!.
Our goal is to estimate the positions of agent ¢ given only
these noisy measurements, i.e. p (x! | 2).

where ()T denotes the transpose operation,

III. THE PROPOSED EKF-STDF ALGORITHM

The proposed EKF-STDF comprises three stages: 1) pre-
diction, 2) spatio-temporal data fusion, and 3) refinement.

A. Stage 1: Prediction

The prediction stage is based on the prediction step of EKF,
with the purpose of producing a coarse prediction concerning
the state of the agent at the current time slot.

Consider a state transition model of EKF for agent i as

st =Fsi™! +w!, )
where F' denotes the state transition matrix, satisfying
| Ia ATI
F = [ o I ] : 3)

'Our algorithm can be extended to the three-dimensional space, but for
convenience of presentation, in this paper we only discuss the 2D case.

2The scenario considered in this paper is different from that of our previous
work [6], where we studied CP for wireless networks composed of static
or slowly moving agents that operate in three-dimensional non-line-of-sight
(NLOS)/LOS mixed environments.

30ur EKF-STDF is not limited to any specific state transition model.

where Iy and 0y represent the identity matrix and the zero
matrix of dimension 2, respectively; AT is the duration of a
single time slot; and w! represents the state transition noise
that is modeled by the Gaussian vector with zero mean and
covariance matrix Q. Then, the predictions about the mean
and the covariance of the state s!, relying on the a posteriori
estimate at time slot ¢ — 1, are given by

ot = F 8l e )

_pit‘t—l _ F_l’jit—l‘t—lFT + Qf (5)

Here, given observations up to and including at time ¢ — 1,
(-)!=11t=1 represents the a posteriori estimate at time ¢ — 1,
(-)1*=1 represents the a priori estimate at time ¢, since
éf‘;:n and If’flt_l are utilized by the data fusion stage as the
a priori distribution.

B. Stage 2: Spatio-temporal data fusion

We first factorize the a posteriori distribution of the position
concerning agent ¢ at time slot ¢ as
t—1
;")

). ©

p ()| 2}) o p () p (2]l @

I pGEilal e

JEALUT?

The a priori distribution of x!, i.e., p(x!), is obtained in
Stage 1 upon assuming x! ~ N(&! Rt)
[#},9{] denotes the position components* in &; . . R} =
diag ((61 )%, (61,)?), while (67,)° and (&;y)Q are the
(1,1)th and (2, 2)th elements of Pitlt_l, respectively. Then an
iterative SPA is run on the FG of p (x! | 2!), as depicted in
Fig. 1°. Since the proposed EKF-STDF is fully distributed, let
us consider the belief about the x-component of the position
concerning agent ¢ at time slot ¢ and iteration [, i.e., b; (:c’i),
as an example. It satisfies

At|t—1 Dt

bi(x )O(th%xfﬂj“m H Hiag; s i—ats (7
j€U§UA§

where we have i, 0 = p(zt) oc N (2, (67 ,)?), [

denotes the temporal message obtained by 1nterna1 measure-
ments, and f .,y represents the spatial messages passed
from factor ¢;_,; to variable x! at iteration [, satisfying

M,y —at O<// Gjibi(a)bi (v} )daidysdy;.  (8)

In particular, when j = k € Al, in (8) we have b(z}) =
§ (zh, — E{zL}), bi(yL) = & (v — E{yL}), and the factor rep-
resenting the likelihood function of 2} .., i.e., ¢j_,; satisfies

_ (thcﬂz — Hmﬁ — mZHQ)Q

2
2ak—>i

9

1
i = T &XP
\% 27T0k—>i
where 6(-) is the Dirac delta function, E{-} denotes the
expectation, and || - |2 represents the Euclidean norm. How-
ever, (8) involves integrals and it is difficult to obtain the

4The velocity components are not involved in the data fusion.
SFor more details about how to create and represent an FG, see [7].
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where
o (ot — B{at))?
bi(rh) = ——=exp{ ——L—7FL1 (15)
L\L 5 P 2 ’
data fusion stage of t / 27T0'§t‘ 20’1".
t 1 (v — B{w}})"
bi(y;) = exp{ — . (16)

2
2wo?, 20yt_
Y; J

We utilize the second-order TP to approximate Hm - mJH

¢ At (87,1, 9i-1,%5,1,95,-1), and the message Hi,¢; i —at
satisfies

refinement stage of t| ﬂ
t
agent j € Ut anchor k € AZ; N 5,1 V4,1
Wi oyt OX (17)
7¢]4>z_>$ (206]7 206]7 )
i where we have
Fig. 1. FG of p (! | z!), where agent j € U, anchor k € Al, ff = p (x!), ,
t -1 .t t
2t m ,xt ), and ¢pj_; = 2t | et 2t ).
Lint = P (% int | i $ivi =p (2 | 225 o = —q3 - (28m1m2n104,l ])
J

Bin = 28maminioy, (g3 —2)+ a2 (g3 +2),

. . . :
closed-ftorm ixpressmn due to the nonlllne.ar functl(in of t:ci, ~vid = 18minyqi (g2 — 28mym2n, G;lt‘ . ),

e., ||z — x|, of (9). To address this issue, |z} — x|, -1 T
is approximated by invoking the second-order TP, which is g =1, gQ]T = [i:ﬁ 1~ E L — g;H} ,
different from the method used in [6], [7]. Upon substituting q1 = 3m U 2, (3n1 T 4myo2, )

Yii—1"’

bi(zt), bi(yL) and (9) into (8) we obtain®

J,l—
) G2 = 3m2Q1 - 9||9||2m1Q17
 (2hsi — =t = E{zf )

q3 = ?mlmlmQE {y7 l—l} 0-2 a'2t

t

P, iy it (X/eXp 2 dy;.- 7 Y

b 205, ' —4m1m2n2032ﬁ105r - 9(11713,

SOOI IRUTE N I P A

The second-order TP of r, 2 H:cfl —E{:ck}H _ gt ! »

9 . ] ' ) ma = 225 ;9192

(27,-1,9;,_1) satisfies: n = 0o;_;gll3,

~ ~ A~ ~ ~ Nno = —Zt . 2
reo=r@ gD+ Y, (R R) () (@) n27zt ﬁzg|‘2”|f2”i7 (24,219
re{ztl} 37 Aot 191 T o) g g (18)

+ 1 Z (k—R)A—A) (r1)7 (2 ,_1,9{;_1) + Ry,, Similar to the treatment of the spatial messages originating
rAE{zt Yt} from j € U!, the z-component temporal message of agent i
(11) from time slot t — 1 to t, i.e., ft sats satisfies’
where R, denotes the remainder term. Substituting (11) into ’

So N Bi v
( 10),' the message passed from anchor k to agent 7 at iteration it vt N( . z. 5 7,- ), (19)
[ satisfies Qg 4G
Brd Yk
izt XN , ), (12) where we have
: 20,1 20, )
where we have a; = —q2 — (28m3mﬁn403?,1) :
kg =3 (2hoie = llell2) (shoied — llell3) — 7(zh) eled, Bi = 28maminao . (4 = 2) + 45 (46 +2),
Bra =6 (2hsiereafii 1 + 2z ierllellz — 2k ie380 4 vi = 18managa(gs — 28mgminao, ),
+E {332}) (HeHS Zk—neZ) 14Zk_,16162 (E {yk} h = [h1, hQ]T = [:Tf - xf 17391‘ Qf 1] )
+ohsieallells = zhoiell 1 + 2hoiereait ) qa = 3”4U§¢—1 (3n4 + 4m30§¢—1 )
ea =6lelliofs (el = 2 ie?) 15 = 3migs — Ol 3mags o
_ t—
e=ler,eo]" = [#,, ~E{at}. o0, B {ui}]" o = 3namymaB {7} (o Ohin) T3y
Wh have j € Ut tisfi 4 —Ammans (0} )” 0y 9‘14”6’
en we have j € Uf, .ot satisfies ‘
i Ml,% —at ) ms thnth2 ||hH%7
my = 2z¢. hiho,
]—»z ||$§ - m§||2) * tz,mt 21 ° 3
My ¢]H1—>z €Xp 4§ — 202 _ (14) ng = (Gi,int) Hh”Qa
e ns = =2 inha |13,
bi(x5)bi (y})daldyf dys, ne = 2 | |hl3 — (2t mt) ha|[R]2.

The positions of anchors are known constants during the iterations. "Note that the temporal messages do not participate in the spatial iterations.



ACCEPTED BY IEEE COMMUNICATIONS LETTERS, JUN. 2023

Upon substituting (12), (17), (19) and the expression of
p(xt) into (7), and completing the iterations, we obtain

where [ 1S the maximum number of iterations, and we have

Z B s

kGAt ’yk Limax

2y

t|t 1

t‘t 1
UZI
ﬁ% Limax i
|

EUt ’7.7 llmx

B{x|z} =

O' t‘zt

(22)

2
O- =
atl=t

1 Qakl
_"_ s Ymax
tt—1)2 Z

- Yk linax
(0.7:,1 ) kGAfL ma

n Z 2éj,1n1ax n

jEUt /yjalmax Vi

(23)

—1
20&1'

The p(y!|z!) can be obtained in a similar manner. Therefore,

the mean vector m! and covariance matrix R! concerning the

position of agent ¢ satisfy
= [B{zilzi} B{yil=i}]",
. 2 2

(24)
(25)

C. Stage 3: Refinement

This step uses the update step of EKF to refine the a pos-
teriori distribution of agent ¢ at time slot . The measurement
residual Am! and its covariance matrix C} are given by

At|t—1
—HS'

Amf = m i,mean’ (26)

and

c!=HP!"'H" + R, 27)

respectively, where H = [ I, 0y | is the observation
matrix. Thus the near-optimal Kalman gain is given by

1

K/ =P"'H" (C!)", (28)

and it refines the marginal state distribution by weighting the
measurement residual with

gtlt  _ gtlt—1 +KtAm

7,mean z mean

Ht|t Stlt—1
Pl =P -

(29)
K!C!(K!)" (30)
To sum up, our EKF-STDF is presented in Algorithm 1.

D. Computational Complexity

Since we consider a fully distributed network, it is suffi-
cient to analyse the computational complexity imposed on a
single agent during one time slot. Specifically, the proposed
EKF-STDF has a complexity of O (Niellmax + 1085 (Nrellmax)),
while each of the particle-based schemes, e.g., the SPA-EKF
[11], the particle-based SPAWN [1] and the NEBP [12], has
a complexity of O (Nye1 Nolmax + 1085 (Nie1 Nslmax))- Here Niey
is the number of neighbors of the agent considered, while N
denotes the number of particles required.

Algorithm 1 The proposed EKF-STDF algorithm
P , Vi.

Ensure: the refined marginal distribution sl‘fnean, P.t ‘t, V4.
for agent 7 = 1 to N do
predict the a priori distribution according to (4) and (5).
compute the internal measurements based messages according to (19).
for iteration [ = 1 to lmax do
broadcast b;_ 1( 5.
receive by_ 1(:13 ) Jj € At U IUt and compute the corresponding
incoming messages accordmg to (12) and (17).
using (22) and (23) to calculate the a posteriori distribution.
end for
obtain the position statistics ! and R! by (24) and (25).
refine the a posteriori state distribution using (29) and (30).
end for

Require: The a priori distribution sL mean?

IV. SIMULATION RESULTS

We evaluate the performance of our EKF-STDF against
some representative positioning algorithms by numerical sim-
ulations in terms of root mean squared error (RMSE) between
the estimated positions and the true positions. Specifically,
consider a wireless network composed of 13 anchors in the
area of [0,3000] m x [0,3000] m and a given number of
agents (30 ~ 60) uniformly placed in the area of [100,2900]
m x [100,2900] m. The communication radius is set to
600 m. We assume that® the initial speed of each agent is
50 m/s and the random variation of the speed of each agent
follows a Gaussian distribution with zero-mean and standard
deviation of 5 m/s. We also assume that UJQ-_”» = 0.0ldﬁj and

(O’iim)Q = 0.01]|z! — !~ !||. To ensure that the number of
agents in the network remains constant, we place a new agent
whenever an existing agent has left the considered area.

In Fig. 2 we compare the positioning performance of our
EKF-STDF against the particle-based SPAWN [1], STOC-
EKF [10], SPA-EKF [11] and NEBP [12], by considering
a single agent of interest that may have insufficient spatial
ranging measurements from time to time. We set the number
of agents to 40 and [ln,x = 30. We have the following
observations. Firstly, the performance of SPAWN and NEBP
degrades rapidly when the agent does not have sufficient
spatial ranging measurements, as characterized by the number
of neighbor nodes, while the SPA-EKF, STOC-EKF, and EKF-
STDF schemes are more robust to the deficiency of spatial
ranging measurements. The results are compliant with our
intuition that the prediction operation of EKF is helpful to
improve the accuracy of the agent position estimation, and
the high-precision prior values used in data fusion can reduce
the ambiguity of the agent position estimation. Secondly,
our EKF-STDF outperforms the SPA-EKF and STOC-EKF
schemes whether the number of neighbor nodes is sufficient
or not. This is attributed to the high-accuracy second-order TP
approximation based STDF and the exploitation of the internal
measurements based temporal information. Thirdly, the STOC-
EKF is inferior to the SPA-EKF, because it linearizes the
nonlinear observation model. This causes intrinsic perfor-
mance degradation, especially in the high mobility scenario
with insufficient neighbor nodes. Finally, when the number of

S8Typically agents do not know in which direction they move, but they do
know the distance they travel by internal ranging measurements.
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w

N

Observation time (s

Fig. 2. The positioning performance of a single agent under insufficient
number of neighbors.

neighbor nodes is sufficient, the positioning performance of
NEBP is slightly superior to that of our EKF-STDF. However,
the former is inapplicable to the scenario of insufficient
neighbors.

Then we evaluate the positioning performance under differ-
ent numbers of agents. We assume that the number of agents
is increased from 30 to 60. Fig. 3 shows how the number of
agents influences the positioning performances of the above
schemes. We have the following observations. Firstly, as the
number of agents in the network increases, the gap between
the EKF-based algorithms and SPAWN becomes smaller, but
the positioning performance of the latter remains inferior to
that of the former. This observation is consistent with our
intuition that when the distribution of agents is sparse, the lack
of sufficient spatial ranging measurements leads to endogenous
positioning bias in the regular SPA based SPAWN. When the
number of agents in the network becomes larger, the existence
of gap between SPAWN and EKF-based algorithms is due to
the fact that the prediction and refinement modules of the latter
make the a priori and the estimates of agent positions more
accurate. Secondly, our EKF-STDF outperforms NEBP when
the number of agents is increased from 30 to 50, and the
situation is reversed when the number of agents reaches 60.
This indicates that when the number of agents is small, NEBP
is limited by insufficient spatial ranging information, which
results in degraded positioning accuracy. However, when the
number of agents in the network is sufficient, the NEBP
outperforms the EKF-based schemes. Other observations are
similar to those obtained from Fig. 2.

V. CONCLUSION

We have developed a low-complexity high-performance
EKF-STDF algorithm to achieve a more attractive trade-off be-
tween the positioning accuracy and computational complexity
for wireless networks that operate in sparsely distributed high-
mobility environments. The proposed EKF-STDF exploits the
prediction step of EKF to compute the a priori state of the
agents. Then aided by the a priori position estimates and
spatio-temporal ranging measurements, the data fusion stage

50 T

SPAWN [1]
45 - —#—STOC-EKF [10] 1
—£— SPA-EKF [11]
40 b —e— The proposed EKF-STDF |
—6—NEBP [12]

5 . .
30 40 50 60
Number of agents

Fig. 3. The positioning performance under different numbers of agents.

infers the marginal distribution of the positions of the agents
on the FG. In particular, we leverage the second-order TP to
approximate the nonlinear functions in the messages passed
on the FG in order to reduce the complexity. Finally, the
refinement stage further enhances the positioning accuracy.
Analysis and simulation results validated that our EKF-STDF
has achieved competitive positioning performance with a lower
computational complexity in the high mobility scenario with
insufficient neighbor nodes.
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