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Neural Network-Based Repetitive Learning
Control of Euler Lagrange Systems:
An Output Feedback Approach

Enver Tatlicioglu, Necati Cobanoglu, and Erkan Zergeroglu

Abstract—In this letter, position tracking control problem
of a class of fully actuated Euler Lagrange (EL) systems
is aimed. The reference position vector is considered
to be periodic with a known period. Only position mea-
surements are available for control design while velocity
measurements are not. Furthermore, the dynamic model
of the EL systems has parametric and/or unstructured
uncertainties which avoid it to be used as part of the
control design. To address these constraints, an output
feedback neural network-based repetitive learning control
strategy is preferred. Via the design of a dynamic model
independent velocity observer, the lack of velocity mea-
surements is addressed. To compensate for the lack of
dynamic model knowledge, universal approximation prop-
erty of neural networks is utilized where an online adaptive
update rule is designed for the weight matrix. The func-
tional reconstruction error is dealt with the design of a
novel repetitive learning feedforward term. The outcome
is a dynamic model independent output feedback neural
network-based controller with a repetitive learning feedfor-
ward component. The stability of the closed-loop system
is investigated via rigorous mathematical tools with which
semi-global asymptotic stability is ensured.

Index Terms—Nonlinear feedback, neural

networks, Lyapunov methods.

output

[. INTRODUCTION

ULER Lagrange (EL) systems are utilized for completing
Esome tasks over and over again. In performing peri-
odic tasks, an effective tool is learning controllers that have
the advantage of learning dynamic model uncertainties with
an update rule. Readers are referred to the surveys [1]-[3]
or to [4] for more about learning controllers. One line
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of research on learning controllers was devoted to design-
ing repetitive learning controllers and their modifications.
Repetitive learning controllers are mainly used for tracking
and/or rejecting periodic signals where their period is known.
References [5]—[8] are some of the earlier works in this field.
Some extensions were proposed in [9] and [10] mostly to
ensure boundedness of the closed—loop system via adding a
saturation function to the update laws. By making use of Pade
approximation, in [11]-[13], a linearized version of the update
law was obtained from the saturation function based one. This
yielded linear controllers to be used in conjunction with the
learning law but only convergence of the position tracking
error to a hyperball at the origin was ensured. In the litera-
ture, adaptive methods and especially neural networks were
utilized to compensate for some part of the dynamic model
uncertainties when controlling EL systems [14], [15]. These
methods were also fused with learning controllers [10], [16].
In [10], an adaptive component were used to compensate
for the parametric uncertainties in the robot dynamics. And
in [16], neural networks were utilized to compensate for some
part of the uncertain robot dynamics. While learning con-
trollers were improved with the use of adaptive components all
of the above works required knowledge of full-state feedback
(i.e., position and velocity sensing are required) for control
design.

In this letter, position tracking control of EL systems is
considered under the constraints that only position measure-
ments are available and velocity sensing is not and dynamic
model is uncertain and thus not to be used as part of the con-
trol input. Since periodic reference position vector is to be
tracked a repetitive learning control strategy is preferred. To
address the lack of velocity sensing an observer based out-
put feedback strategy is employed. And to compensate for the
lack of dynamic model knowledge, neural networks are used.
The final form of the control input is a dynamic model inde-
pendent output feedback neural network based controller with
a repetitive learning feedforward component. The stability of
the closed—loop system is investigated via the use of a novel,
four—step Lyapunov based strategy. Firstly, the boundedness of
all the closed—loop signals is investigated. Next, the bounded-
ness of the velocity observation error is utilized in obtaining
an integral inequality where this result is used in obtaining
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an auxiliary non—negative integral function that is later used
in the convergence analysis. The stability analysis yields a
semi—global asymptotic result.

Il. EULER LAGRANGE SYSTEM MODEL
AND ITS PROPERTIES

The dynamic model of an n degree of freedom fully
actuated Euler Lagrange system is given in the following
form [17], [18]

M(@)q + Vin(q. 94 + G(q) + Fag = 7, (D

where ¢(1), ¢(1), ¢(t) € R" denote position, velocity, and
acceleration vectors, respectively, M(g) € R"™" is the inertia
matrix, Vy,(q,q) € R models the centripetal-Coriolis
terms, G(q) € R" includes the gravitational effects, F; € R"
is the constant, diagonal, positive—definite, viscous frictional
effects, and () € R” is the control torque input. The stan-
dard assumption that the left-hand side of (1) being first—order
differentiable will be made use of along with the following
properties all of which will later be utilized in the controller
design and the accompanying stability analysis.

Property 1: The inertia matrix M(q) is positive—definite and
symmetric and satisfies the following inequalities [19]

mil, < M(q) < mly, ()

with m1, my € R being known positive bounding constants
and I, € R™" being the standard identity matrix. Likewise
the inverse of M(q) can be bounded as

1 _ 1
—IL, <M (g < —1I,. 3)
my nmj

Property 2: Following
satisfied [19]

skew—symmetry  property  is

£ (M —2V,)E =0 Ve e R". 4)

Property 3: The switching property of the centripetal—
Coriolis matrix is satisfied [20]

Vin(q, V)& = Vin(q,§)v Vv, &, €R". ®)

Property 4: Following bounds are valid for the dynamic
terms in (1) [9], [20]

IME) ~ M) lino < Etll§ = vl ©
M © - < gl -, )
1Vin @ O)line = 1l ®)

V& w) = V0, Wi < EallE = wllIwl, 9)
IGE® - Gl < &llg = vl 10)

IFallioo < &, an

V&, v, w € R", where {1, &m2, Cels $e2, Cg» § € R are positive
bounding constants.

The desired form of the Euler Lagrange system dynamics
given in (1) can be written

Xd = M(qa)ia + Vin(qa, §a)ga + G(qa) + Fada,

where xi(qd. 4a,4a) € R" and qq, g4, ga € R" denote
respectively the desired position, velocity and acceleration.

12)

Property 5: Via utilizing the universal approximation
property of neural networks [21]-[23], the term in (12) can
be written in the form

xa=¢"o +e, (13)

where ¢ € R¥*" is the constant weight matrix with bounded
entries, 0 (g4, 4d, 4d) € R3" is the activation function, and
€(q4, qa, 4a) € R" is the functional reconstruction error. To
ease the notation, let x; £ [qz c']g qg ]T € R3. The entries of
the functional reconstruction error are bounded via |€;(xg)| <
€ Vi=1,...,n with € being positive constants.

[1I. CONTROL DESIGN

The main aim of the controller design is to ensure track-
ing of a periodic desired position vector satisfying g,(¢f) =
qa(t = T). 4a(t) = qa(t = T), Ga(r) = §a(t — T) for a known
period T. There are two constraints that should be dealt with.
Firstly, only position measurements are available while veloc-
ity measurements are not. Secondly, the terms in the Euler
Lagrange dynamics are considered to be uncertain and thus
not to be utilized as part of neither the control input torque
nor the velocity observer.

The tracking control objective is quantified via the definition
of the position tracking error, denoted by e(r) € R", as

e2qi—q. (14)

Let the velocity observation error, shown with é(t) e R", is
defined as

i2q—q (15)

and the corresponding position observation error, shown with
q(t) € R", being defined in a similar manner as

7=9-4 (16)
in which é(t), q(t) € R" denote respectively the observed
velocity and the corresponding observed position.

To ease the presentation of the rest of the design and
analysis, a filtered version of the tracking error, shown with
r(t) € R", and a filtered version of velocity observer, shown
with s(r) € R", are defined as

a7)
(18)

r2é+ae,
s2G+ag
where o € R is a positive constant control gain.

Motivated by the subsequently presented stability analysis,
the velocity observer is designed as

§=p+Kog —Kee, (19)
b= KiSgn(@) + Kag — aKee (20)
with p(t) € R", Ko, K., K|, K € R™" being

positive—definite, diagonal gain matrices, and Sgn(¢) =
[sgn(gl) sgn(gn)]T € R" V¢ € R". Also motivated by
the subsequently presented stability analysis, the control input
torque 7(¢) is designed as

r=¢To+e+Kpe+Kealq—a) +Ke(aa—d) @D
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where K, € R"*" is a positive—definite, diagonal gain matrix,
o) € R is the estimated weight matrix generated
online via

¢ = kn (a (De’ (1) — o (0)e” (0)

t
— f (6 (v) —a(r(v))eT(v)dv> (22)
0
in which k,, is a constant gain and the feedforward learning
term €(z) € R" is obtained from

&) = Sate (et = 1) + kir(aa — 3) +kiaa — ) 23)

where k; € R is a positive constant gain, € £ [& -+ & ] €

R"™ denotes the limits of the vector saturation function
Satz(-) € R" whose entries are defined as

. €;sen(€;),

Satéi(fi) = { Al g ( l)

éi > €

€| <&

Y (24)

To ensure boundedness a projection algorithm such as the one
in [24] is considered to be utilized at the right hand side
of (22). It is noted that

(25)
(26)

qd — EI =e+ ér
Ga—q+a(ga—q) =r+s
using which the controller of (21) and the feedforward learning
term of (23) are written as
t=¢'c +é+Kpe+ K (r+ ),
€M) = Satz (€t — T)) + ki(r + s).

27
(28)

It is highlighted that the controller along with the feedforward
learning term designed above does not require velocity mea-
surements but for the ease of the presentation in the rest of
this letter, the formulations in (27) and (28) will be made use
of rather than their implementable versions.

A. Observer Error Dynamics

To obtain the observer error dynamics, the time derivative
of (18) is taken first, then (19), (27), (28) are inserted, next
Ky is designed as

K> = a(Ko — aly), (29)
and finally performing simplifications yields
. 1
§=Ng+ Np — K1Sgn(q) + K.r — ;Kzs, (30)
in  which  Ny(q, 94, 44, Ga, ) € R"  and
Ny(q, 4,494, qa, e, r,s,t) € R" are defined as
Na 2 Ga+M (g [Satg (Ec—T) —e) + &Ta], 31)
Ny = [M_I(Q) - M_I(Qd)]M(CId)Zid
+ M @[ Vin(qa q@)da = Vinla, i
+ G(qa) — G(@) + Fae + Kpe
+ Ko(r+s) 4+ ki(r+s)]. (32)

Applying (3), (6)—(11) to Ny and N, yields the following
bounds

(33)
(34)

INall < &,
INoIl < prllell + p2llrll + pslisll + pallrl®
where ¢4, p1, P2, p3, p4 € R are positive known bounding

constants (readers are referred [25] for the details of upper
bounds).

B. Tracking Error Dynamics

To obtain the tracking error dynamics, the time deriva-
tive of r(¢) is taken first, then pre-multiplied by M(g), and

next (1), (14), (21) are utilized to obtain
Mi=—Vur+ 7 +¢ 0 +&—Kpe—Kc(r+s), (35

in which () £ e —¢ € R", ¢(t) 2 ¢ — ¢ € R and
x (1) € R" is defined as

X EM@Ga+ae)+ Viu(Ga+oae) +G+Fag—xa  (36)
which can be bounded as [25]
XN < (&1 + &2llelDllell + (&3 + ZalleD 7|l (37)

with ¢1, &, &3, &4 € R being known positive bounding
constants.

IV. STABILITY ANALYSIS

In view of the closed—loop error dynamics in (30) and (35),
following theorem is introduced to analyze the stability of
position tracking error and velocity observation error.

Theorem 1: The velocity observer in (19), (20) and the con-
trol law in (21) with the feedforward learning term in (23) and
the neural network weight update in (22) guarantee the closed—
loop system to be semi—globally asymptotically stable in the
sense that

eI,

provided that the observer gain is selected to satisfy (29), the
controller gain K, is chosen to satisfy Amin{K,} > é, the
controller gain K, is designed as

§() H S 0ast—0 (38)

K= (kat? + ka3 + &+ katd + V)l (39)

and the observer gain K» is designed as
2 2 2, ki
Ky = o\ kapi +kaps + p3 + kapi + 7 +1), (40

where k; is a positive damping constant.

Proof: The proof is conducted in four steps where first
a boundedness analysis is performed whose result yields a
lemma from which an inequality is obtained which is then
used to ensure non—negativeness of an integral term as part of
the convergence analysis.

Firstly, a non—negative function, denoted by V,(y) € R, is
defined as

1 1 1
|43 £ —rTMr+ —eTer + —sTs,

2 2 2 “D
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which is bounded as

Mlyl? < Vi < 2aliyll? (42)

where y £ a2 mln{ml, Amin{Kp), 1}, A2 =
1 max{mz, Amax{Kp}, 1} in Whlch Amin{-} and Amax{-} denote
respectively minimum and maximum eigenvalues of a matrix.

After taking the time derivative of V, and substituting
for (17), (30) and (35), results in

[€T rT ST]

Vo= rT[=Vir + 7 + 870 + & = Kpe
— 1 T Y T p—
K.(r+s)|+ Er Mr + e Ky(r — ae)
. 1
+ 57 [Nd + Np — K1Sgn(q) + Kcr — &Kzs} 43)

from which, after canceling common terms, then substitut-
ing (28), making use of the bounds in (33), (34), (37), bound
of the functional reconstruction error in Property 5, bounded-
ness of the projection algorithm along with the fact that the
outputs of saturation and signum functions being bounded,
then substituting (39) and (40), and finally making use of the
nonlinear damping argument in [24], following is obtained

Vi < i1V + k2 (44)

where x| and k; are positive constants (with x, depending
on the bounds of [|$7o |, [Sate(@(t — )| < l|é]l, e <
l€ll, INa@Il = Za, [1Killico < Amax{K1}). From (41) and (44),
Vi(y) € Lo and thus e(r), r(t), s(t) € L. Linear signal
chasing tools are applied to show the boundedness of all the
remaining signals under the closed-loop operation, including
g(r) and g(1).

Following lemma of [26] is essential for the next step of
the proof. )

Lemma 1: Provided the boundedness of g(r) and g(¢), fol-
lowing inequality can be obtained for the upper bound of the
integral of the absolute value of the i entry of q(t)

t

t
[Jawlay < n +1ao1+ 5 [iaoa,

fo fo

(45)

with y; and y» being positive constants.

Following lemma of [27] will be utilized in the convergence
analysis part of the proof.

Lemma 2: Provided the entries of the control gain matrix
K are chosen to be greater than the upper bound of the aux-
iliary term Ny(1) £ Ny Satz (é(t—T)) —€(f) € R”, following
scalar term

t
Pég—AszWAw—m%Mﬁva (46)

is non—negative where ¢, is a positive constant.

To analyze the convergence of the tracking error and the
velocity observation error, following non-negative function,
denoted by V. (¢) € R, is introduced

Ve £ Vp+ P+ 2knntr{qﬁ ¢}
1
2 ) ”Satg(e(v)) — Satz () |*dv.  (@47)

The time derivative of (47) is
R 1 .
Ve = ErTMr + M+ eTKpé + 575
_ 5 1 O
= s [Na = KiSen(@] + —tr(¢" )
nn

1 ~
+ % ||Satg (e() — Satz(€(1)) ||2

T)) — Sate (é(t —

1
~ % | Sate (e(r — (48)

to which after substituting (17), the time derivative
of (22), (30), (35), making use of (4), and then canceling
common terms yield

V. = rT<)~( +¢lo — Kcr> — aeTer
1 -
+ 7 (N;, - —Kzs) —tr{p or’}

HSate (e(1) — Sate(€(1)) H Ié(t) I

+ k(r+s)Ts— E||r+s||2 (49)

where Satz(e(t — T)) — Satz(€(t — T)) = €(t) + k;(r + s) was
utilized as well. Following relationship of [10] is essential for
the rest of the convergence analysis

|Sate (e (1)) — Sate (e(1)) H2 — lley? (50)

Substituting (34), (37), (39), (40), then making use of (50) and
the property of trace operator that tr{¢p”or’} = r’¢” along
with (49) yield

<0.

Ve < —aAmin{Kp}llel® — lIrl1* —

ki 2 2
> 7= — llsll
+ alirlllell — kg rll?

+ oollrlllel® = kag3 17l
+ gallrl*lell — kagi 7l
+ pilisllllell — kapt sl
+ o2llsllirll = kap3 sl
+ pallslliFl* — kapz sl (51)

with which utilizing the nonlinear damping argument in [24]
gives

. k;
Ve < —chmintKptllel? — 17l — Enru2 — [Isl?
1 2 1 4 1 2 2
+ — el + —llell"+ —lle
2 el + el + =lel i

— — — 1, 52
+ 4kdllell +4kd||r|| +4kd||r|| (52)

from which is possible to upper bound the right-hand side as

Ve<—|1——— i||y||2 IylI* < —mslyl® (53)
- 2kq 2kq -

where k3 € R is some positive constant (0 < «3 < 1).
Integrating (53) in time from initial time to infinity gives
that y(f) is square integrable. Since from the first part of the
proof boundedness of y(r) and its time derivative was guar-
anteed, then Barbalat’s Lemma [24] can be utilized to prove
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semi—global asymptotic convergence of the velocity estimation
error and the tracking error to the origin. |

V. SIMULATION RESULTS

To illustrate the performance of the designed controller, a
numerical simulation was performed with the model of a two
link, planar robot manipulator. The dynamic model in (1) with
additive disturbance term 7, is considered with the following
functions

M= | P2 +P362} 54)
| P2 +p3c2 )2
[ —p3sagn —p3sa(q1 + o)

Vin = . 55
"L pas2dn 0 ] (55)
G- 0.5myglic1 +moag(licy + 0.5lhc12) (56)

L 0.5moglrc12
_[53@
Fa= _1.1512] (57)
. sin(0.27¢)

=01 |:cos(0.2m‘)] (58)

in which ¢y = cos(q1), s2 = sin(g2), c2 = cos(q2),

Cl12 = COS(q1 + qz), and P1 = 3.473, P2 = 0.193, p3 = 0.242,
m; = 3.6, my = 2.6, ll = 0.4, 12 = 0.36, g = 9.8. We
would like to note that the above dynamic model is not uti-
lized in the control design when performing the numerical
simulations.

The periodic desired joint space trajectory was selected as

0.3+ sin(0.27 1)

d= [0.3+ sin(O.ert)i|' (59)
The robot manipulator is considered to be at rest with the
initial joint position as g(0) = [0.1,0.1] rad. Satisfactory
tracking performance is obtained when the gains were set as
K, = 20, K. = 2D, Ko = 100, K1 = 5, a = 0.1,
k. = 100, kz, = 0.01, and the limits of the saturation function
were chosen as £1. Hyperbolic tangent function is used for
the activation function of the neural-network. When choosing
the gains, following the linear system convention, the observer
gains are chosen bigger to achieve velocity observation first
and then the control gains were chosen.

The results of the numerical simulation are presented in
Figures 1, 2, 3. In Figure 1, the joint space tracking error e() is
shown. Position observation error g(¢) is presented in Figure 2.
Control input torque is given in Figure 3. From Figure 1, it
is clear that the joint tracking objective was successfully met
and from Figure 2, the joint velocity observation objective was
successfully met. And from Figure 1, it can be observed that
the proposed repetitive learning controller ensures an improve-
ment on the joint space tracking error in every period of the
desired joint trajectory.

Additional numerical simulations were performed by
removing the learning component €(¢) or the neural network
component from the control input in (21). The tracking error
and the velocity observation error were observed to be driven
to zero. Square of the integral of the norm of the tracking error
(i.e., [lle(w)[|?dv) and the control input (ie., [ [|T(v)|*dv)
were calculated and recorded as performance measures and

[deg]

8o 1
g-
4+ 4
6 ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50 60
Time [sec]
Fig. 1. Joint position tracking error e(t).
0
0.1 :
0.05 i
=)
g o
-0.05 i
-0.1 I 1 I I I
0 10 20 30 40 50 60
3
0.1 :
0.05 i
=)
g o
-0.05 i
-0.1 I 1 I I I
0 10 20 30 40 50 60

Time [sec]

Fig. 2. Auxiliary position observation error g.

[Nm]
o

Time [sec]

-20

[Nm]
o
o
o

0 10 20 30 40 50 60
Time [sec]

Fig. 3. Control input torque (t).

are presented in Table I. From Table I, it is observed that
when the learning component is removed a slightly more
amount of control input yielded more tracking error while
on the other hand removing the neural network component
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TABLE |
PERFORMANCE MEASURES
[lle)Zdv | [ir @)]*dv
The control input in (21) 56.93 31.17
Without € (£) 5721 31.22
Without ¢7 (t) o (t) 126.40 21.40

yielded more tracking error. This demonstrates that the design
objective is met in the sense that neural network has com-
pensated for most of the modeling uncertainties and the
learning component compensated for the functional recon-
struction error where in [10] a bigger k;, was required as the
learning component had to compensate for all the modeling
uncertainties.

VI. CONCLUSION

In this letter, design of a velocity observer based output
feedback neural network controller with a repetitive learn-
ing feedforward term was presented for tracking control of
EL systems. Via a novel four—step Lyapunov type stability
analysis, semi—global asymptotic tracking and velocity obser-
vation was ensured. While in this letter tracking of a periodic
reference position vector was presented a possible important
application of the proposed control strategy is for control of
active magnetic bearings [28] or atomic force microscopy [29]
where the control problem is to reject periodic disturbance type
effects (rather than following a periodic reference trajectory).
It is our sincere belief that the proposed strategy can with
some effort be applicable to address this important research
problem.

Note that the system equation considered in this letter
does not contain additive disturbance terms. When external
disturbance terms are present, the proposed stability anal-
ysis would not be able ensure asymptotic convergence of
the tracking error signal to zero but at best, to an ultimate
bound around the origin. Future work will concentrate on
the disturbance rejection properties of the proposed controller.
Additionally robustness to the mismatch in the period and
dealing with time—varying period are also possible extensions
to the proposed work.
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