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COMPOSITIONAL SYNTHESIS OF SYMBOLIC MODELS FOR NETWORKS OF
SWITCHED SYSTEMS*

ABDALLA SWIKIR! AND MAJID ZAMANI?:3

ABSTRACT. In this paper, we provide a compositional methodology for constructing symbolic models for
networks of discrete-time switched systems. We first define a notion of so-called augmented-storage functions
to relate switched subsystems and their symbolic models. Then we show that if some dissipativity type
conditions are satisfied, one can establish a notion of so-called alternating simulation function as a relation
between a network of symbolic models and that of switched subsystems. The alternating simulation function
provides an upper bound for the mismatch between the output behavior of the interconnection of switched
subsystems and that of their symbolic models. Moreover, we provide an approach to construct symbolic
models for discrete-time switched subsystems under some assumptions ensuring incremental passivity of each
mode of switched subsystems. Finally, we illustrate the effectiveness of our results through two examples.

1. INTRODUCTION

The notion of symbolic models (a.k.a. finite abstractions) plays an important role in the control of hybrid
systems (see [Tab09] and the references therein). Symbolic models allow us to use automata-theoretic methods
to design controllers for hybrid systems with respect to logic specifications such as those expressed
as linear temporal logic (LTL) formulae [BKO§]. Symbolic models are established for incrementally stable
switched systems, a class of hybrid systems [Lib03], by providing approximate bisimulation relations between
them [GPT10,[GGMI6LISGI7[CGGI3]. However, as the complexity of constructing symbolic models grows
exponentially in the number of state variables in the concrete system, the approaches proposed in
IGGMT16/[SG17] limit the application of symbolic models to only low-dimensional switched systems. Although
the result in [CGG13] provides a state-space discretization-free approach for computing symbolic models
of incrementally stable switched systems, this approach is still monolithic and reduces the computational
complexity only for switched systems with few modes, see [CGG13, Section IV (D)].

Motivated by the above limitation, in this work we aim at proposing a compositional framework for con-
structing symbolic models for interconnected switched systems. To do so, we first ) partition the overall
concrete switched system into a number of concrete switched subsystems and construct symbolic models of
them individually; 47) then establish a compositional scheme that allows us to construct a symbolic models of
the overall network using those individual ones.

The compositional framework based on a divide-and-conquer scheme [Keall] is not new. Several results have
already introduced compositional techniques for constructing symbolic models of networks of control subsys-
tems. The results in [TI08,[PPB16,[MSSMI8,[SGZ18,[SZ18] provide techniques to approximate networks of
control subsystems by networks of symbolic models by assuming some stability property of the concrete sub-
systems. Other compositional approaches provide techniques to design symbolic models of concrete networks

without requiring any stability property or condition on the gains of subsystems [MGWT7,[HATI7[KAZTS].
However, none of the aforementioned results in [TT08[PPBI16/MSSMI8|[SGZ18|SZI8MGWIT7[HATI7[KAZIS]

provide a compositional framework for constructing symbolic models for interconnected switched systems.

In this paper, we provide a compositional methodology for the construction of symbolic models of inter-
connected switched systems based on dissipativity theory [AMPI6]. We first define a notion of so-called
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augmented-storage functions to relate switched subsystems and their symbolic models. Then, by leveraging
dissipativity-type compositional conditions, we construct a notion of so-called alternating simulation functions
as a relation between the interconnection of switched subsystems and that of their symbolic models. This
alternating simulation function allows one to determine quantitatively the mismatch between the output be-
havior of the interconnection of switched subsystems and that of their symbolic models. Moreover, we provide
an approach to construct symbolic models together with their corresponding augmented-storage functions for
discrete-time switched subsystems under some assumptions ensuring incremental passivity of each mode of
switched subsystems. Finally, we apply our results to a model of road traffic by constructing compositionally
a symbolic model of a network containing 50 cells of 1000 meters each. We also design controllers composi-
tionally maintaining the density of traffic lower than 30 vehicles per cell. Additionally, we apply our results
to an interconnection of switched subsystems admitting multiple incrementally passive storage functions.

The results presented in this paper are mainly concerned with the compositional construction of symbolic
models of interconnected discrete-time switched systems. The constructed symbolic models here can be used to
synthesize controllers monolithically or also compositionally. Compositional approaches for controller synthesis
can be found in [PPBI8MGW17] and references therein.

2. NOTATION AND PRELIMINARIES

2.1. Notation. We denote by R, Z, and N the set of real numbers, integers, and non-negative integers,
respectively. These symbols are annotated with subscripts to restrict them in the obvious way, e.g., R
denotes the positive real numbers. Given N € N1, vectors v; € R™, n; € N>, and ¢ € [1; N], we use
v = [v1;...;vN] to denote the vector in R™ with n = . n; consisting of the concatenation of vectors v;.
The closed interval in N is denoted by [a;b] for a,b € N and a < b. We denote by diag(Ai,...,An) the
block diagonal matrix with diagonal matrix entries Ay,..., Ax. We denote the identity matrix in R™*" by
I,. The individual elements in a matrix A € R™*™ are denoted by {A};, where ¢ € [1;m] and j € [1;n].
We denote by ||| the infinity norm. We denote by |- | the cardinality of a given set and by @ the empty
set. For any set S C R™ of the form of finite union of boxes, e.g., S = U;‘il S; for some M € N, where

S; = H?:l[cg,dg] C R™ with cg < d{, and positive constant n < span(S), where span(S) = minj—1 . ar7s,
and ng, = min{|d} — ¢}|,...,|d} — ¢l |}, we define [S], = {a € S | a; = ki, ki € Z,i=1,...,n}. The set [S],,
will be used as a finite approximation of the set S with precision 7. Note that [S], # @ for any n < span(S). We
use notations K and Ko to denote different classes of comparison functions, as follows: £ = {a : R>g — R>¢|

« is continuous, strictly increasing, and a(0) = 0}; Koo = {a € K| lim a(r) = oo}.
T—00

2.2. Discrete-Time Switched and Transition Systems. In this work we consider discrete-time switched
systems of the following form.

Definition 1. A discrete-time switched system 3 is defined by the tuple ¥ = (X, P,W, F, Y1, Ya, h1, ha), where

o X W,V, and Yo are the state set, internal input set, external output set, and internal output set,
respectively, and are assumed to be subsets of normed vector spaces with appropriate finite dimensions;
P ={1---,m} is the finite set of modes;

F={f1,--+, fm} is a collection of set-valued maps fp, : X x W =2 X for all p € P;

hy : X — Y, is the external output map.

ho : X — Yo is the internal output map.

The discrete-time switched system X is described by difference inclusions of the form

x(k+1) € fou (x(k),w(k)),
DI Y1 (k) = hl(X(k)), (1)
y2(k) = ha(x(k)),
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where x :N = X, y1 :N—= VY, y2:N—= Yo, p: N—= P, and w: N — W are the state signal, external output
signal, internal output signal, switching signal, and internal input signal, respectively. We denote by X, the
system in ({Il) with constant switching signal p(k) = p € P Yk € N. We use Xy 5w and Yq, pw to denote
the sets of infinite state and external output runs of X, respectively, associated with infinite switching sequence
D = {po,p1,. ..}, infinite internal input sequence w = {wp, w1, ...}, and initial state xo € X.

Let ¢,k € N>1, denote the time when the k-th switching instant occurs and define ® := {¢y : k € N>1} as
the set of switching instants. We assume that signal p satisfies a dwell-time condition [Mor96] (i.e. there
exists kg € N>1, called the dwell-time, such that for all consecutive switching time instants ¢, dp+1 € P,

k1 — Ok > ka, for any k €N).

System 3 is called deterministic if | fp(z,w)| <1 Vx € X,¥p € P,Yw € W, and non-deterministic otherwise.
System ¥ is called blocking if Jxr € X,Vp € P,Yw € W such that | fp(z, w)| = 0 and non-blocking if | fp(z, w)| #
0 Ve e X,dp e P,3weW. System % is called finite if X and W are finite sets and infinite otherwise. In this
paper, we only deal with non-blocking systems.

Next, we introduce a notion of so-called transition systems, inspired by the one in [GPTI0], to provide an
alternative description of switched systems that can be later directly related to their symbolic models

Definition 2. Given a discrete-time switched system L= (X, P,W, F, Y1, Ya, h1, ha), we define the associated
transition system T'(X)=(X,U, W, F,Y1,Ya, H1, Hz). where:

X =XxPx{0,---,kqg— 1} is the state set;
U = P is the external input set;
W =W 1is the internal input set;
F is the transition function given by (z/,p',1") € F((z,p,1),u,w) if and only if ' € fp(z,w),u =p
and the following scenarios hold:
-l <kqg—1,p =pandl =1+ 1: switching is not allowed because the time elapsed since the
latest switch is strictly smaller than the dwell time;
—l=kg—1,p =pandl = kg — 1: switching is allowed but no switch occurs;
—l=ky—1,p #pandl =0: switching is allowed and a switch occurs;
Y1 =Y is the external output set;
Yo =Y, is the internal output set;
Hi: X — Y7 is the external output map defined as Hi(x,p,l) = hi(x).
Ho : X — Y3 is the internal output map defined as Ha(xz,p,l) = ha(z).

We use T(X),,am and T(Y),, zz to denote the sets of infinite state and external output runs of T'(X),
respectively, associated with infinite external input sequence @ = {ug, u1, ...}, infinite internal input sequence
w = {wp, w1, ...}, and initial state zg = (zo, po, lo) € X, where ug = py and ly = 0.

In the next proposition, we show that sets Y., 5z and T(Y),, zm, where p = u and zy = (2o, po,0), are
equivalent.

Proposition 3. Consider =, T(X), b = {po,p1,...} = U, w = {wo,w1,...}, and xo € X. Then, Yo 55 =
T(Y)., mw, where zo = (2o, p0,0).

Proof. The proof consists of showing that for any infinite run in Y., 55, denoted y, 5w, there exists an
infinite run in T(Y) ., .z, denoted T(y)z,. a5, and vise versa. Since p, w, and xo are given, one can construct
Yeopw € Yaz,p5m- Then by utilizing the definition of #; in Definition 2] we have y,, 55 = T(¥)20m5 €
T(Y)., mm- Now since =P and zg = (g, po,0), one can construct T(y)., zz € T(Y )2,z Then again by
using the definition of #; in Definition 2, we have T(y)., a5 = Yzo.p.5 € Yao,p.o- O

From now on, we use ¥ and T'(X) interchangeably.
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If ¥ does not have internal inputs, which is the case for interconnected systems (cf. Definition [7), Definition
[Mreduces to the tuple ¥ = (X, P, F,Y, H), the set-valued map f, becomes f, : X = X, and () reduces to:

. { X(k + 1) € fp(k)(x(k))u (2)
y(k) = h(x(k)).

Correspondingly, Definition [2] reduces to tuple T'(X) = (X, U, F,Y,H), and the transition function F is given

by (z/,p',1") € F((x,p,1),u) if and only if 2’ € f,(x),u = p and the following scenarios hold:

el <ky—1,p=pandl' =1+1;
e l=kg—1,p=pandl =kq —1;
e l=ky—1,p #pand !l =0.

3. AUGMENTED-STORAGE AND ALTERNATING SIMULATION FUNCTIONS

Inspired by the definition of the storage function in [ZA17], we introduce a notion of so-called augmented-
storage function, which relates two transition systems with internal inputs and outputs.

Definition 4. Consider T(X)=(X,U,W,F,Y1,Ya,H1,Ha) and T(3)=(X,U,W ,F,Y1,Ya,H1,Hsa) where W C W
and Y1 CYy. A function § : X X X = R>o is called an augmented-storage function from T(E) to T'(X) if
V(z,p,l) € X and V(&,p,1) € X, one has

a(”?_[l (Iapv l)_ ﬁl(jvpa Z)H) SS((Iapv l)7 (‘iapv l))7 (3)

and ¥(z,p,1) € X and ¥(&,p,1) € X, Va e U, Yw e W, Yo € W, V(z',p/, ') € F((z,p,1),a,w) @, p,l') €
F((&,p,1),0,w) such that one gets
R:=

A VNN AR . wW—w R R! wW—wW
< N N
S((ZE D ,l )7($ P 7l )) US((I b, ) ({E,p,l))—I—E—I— H2($,p,l)—7'[2(j,p,l):| |:R21 R22 Hg(%,p,l)-%z(f,p,l) )

(4)
for some o € Ko, 0 < 0 < 1, € € R, and some symmetric matrizx R of appropriate dimension with
conformal block partitions RY. i,j € [1;2]. We say that T(i) is an abstraction of T'(X) if there exists an
augmented-storage function from T(2) to T(X). In addition, if T(X) is finite (X and W are finite sets), we
say that T() is a symbolic model of T ().

Now, we introduce a notion of so-called alternating simulation functions, inspired by Definition 1 in [GP09],
which quantitatively relates transition systems without internal inputs and outputs.

Definition 5. Consider T(X) = (X,U,F,Y,H) and T(X) = (X,U,F,Y H) where Y C Y. A function
S : X x X — Rsg is called an alternating simulation function from T(X) to T() if Y(x,p,1) € X and
V(x,p,l)EX, one has

d(H'H(.’E,p, l) - I}:{(i'vpv l)||)§5'((x,p, l)v (,%7]9, l))v (5)

and ¥(z,p,1) € X, V(2,p,1) € X, Vi e U, V(' p/,l') € F((x,p,1),a) 3@, p/,I') € F((&p,1),0) such that one
gets

S, p'\ 1), (@0, 1) <68(x,p,1), (2,p,1) + &, (6)
for some & € Ko, 0 <6 <1, and € € R>g.

Note that the notions of storage and simulation functions in [ZAI17, Definitions 3.1, 3.2] are defined between
two continuous-time control systems with continuous state sets, whereas we define the augmented-storage and
alternating simulation functions between two transition systems associated with two discrete-time switched
systems. Moreover, on the right-hand side of (@) and (@), we introduce constant ¢ € R>q to allow the relation
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to be defined between two systems with either infinite or finite state sets. The role of € will become clear in
Section V' where we introduce symbolic models. Such a constant does not appear in [ZAT7, Definitions 3.1,
3.2] which makes them only suitable for systems with continuous state sets.

The next result shows that the existence of an alternating simulation function for transition systems implies
the existence of an approximate alternating simulation relation between them as defined in [Tab09].

Proposition 6. Consider T(X) = (X,U, F,Y,H) and T(X) = (X,U, F,Y,H) where Y C Y. Assume S is
an alternating simulation function from T(X) to T(X) as in Definition[3. Then, relation R C X x X defined
by R= {((gc,p, 1),(z,p,1) € X x X|S((x,p,1), (&,p,1)) Sgo} , where ¢ = =57 U) 5+ and 1 can be chosen arbitrarily

such that 0 < ¢ < 1, is an é-approzimate alternating simulation relation, defined in [Tab09)], from T(i]) to
T(X) with é=a"Yyp).

Proof. The proof consists of showing that (i) V((z,p,1), (&,p,1)) € R we have ||’H(9c7 1) —H(z,pl)| <&
(i1) Y((x,p,1), (&,p,1)) € R and Y € U, ¥(',p',l') € F((z,p,1),0) 3 (&,p,I') € F((Z,p,1),0) satisfying
(', 1), (&, 1)) € R

First observe that (6) can be written as

S, ), (@9, 1)< max{oS(z,p,1), (2, p. 1))} (7)

where o = 1—(1—19)(1— &) < 1. Then the first item is a simple consequence of the definition of R and condition
® (e a([H(pl) — 1 p D) < S((.p,0), (#p,1) < ¢), which results in |[H(z,p,1) — H(@,p, )] <
a~Y(¢) = & The second item follows immediately from the definition of R, inequality (@), and the fact that
0 < ¢ < 1. In particular, we have S((z',p’,1'), (#',p',1")) < ¢ which implies ((«',p’,1’), (&',p',l')) € R. O

4. COMPOSITIONALITY RESULT

In this section, we consider networks of discrete-time switched subsystems and leverage dissipativity type
conditions under which one can construct an alternating simulation function from a network of abstractions
to the concrete network by using augmented-storage functions of the subsystems. In the following, we define
first a network of discrete-time switched subsystems.

4.1. Interconnected Systems. Here, we define the interconnected discrete-time switched system as the fol-
lowing.

Definition 7. Consider N € N>y switched subsystems £; = (X, P;, W;, F;, Y1,,Ya,, h1,, ho,), and a static ma-
triz M of an appropriate dimension defining the coupling of these subsystems, wherd] M sz\il Yo; C sz\il W,
The interconnected switched system ¥ = (X, P, F,Y, h), denoted by Z(31,...,XN), is defined by x:l‘[zﬁlxi,
P=H£1Pi, F=H£1Fi, Y:Hi%i, h(z):=[h11(z1);...; hin(zN)], where x = [21;...; xN], with the internal
inputs constrained according to |wy;...;wy] = Mlhoy(z1);...;han(2n)].

Similarly, given transition subsystem T;(X;),i € [1; N], one can also define the network of those transition

subsystems as Z(T1(31),...,Tn(ZN)).

Next subsection provides one of the main results of the paper on the compositional construction of abstractions
for networks of switched systems.

LThis condition is required to have a well-defined interconnection.
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4.2. Compositional Abstractions of Interconnected Switched Systems. In this subsection, we as-
sume that we are given N discrete-time switched subsystems ¥;, or equivalently, T;(X;), together with their
corresponding abstractions T;(3;) and augmented-storage functions S; from T;(%;) to T;(%;).

The next theorem provides a compositional approach on the construction of abstractions of networks of
discrete-time switched subsystems and that of the corresponding augmented-storage functions.

Theorem 8. Consider the interconnected transition system T'(X) = (X,U, F,Y,H) induced by N € N>y
transition subsystems Ty(S;),V i € [1;N]. Assume that each T;(%;) and its abstraction T;(%;) admit an
augmented-storage function S; as in Definition [f] If there exist u; > 0, i € [1;N], such that the matriz
inequality and inclusion

Rs
—_——

T ~ ~
M [Ri1 Ris] [M
AR <0, 8
[Iq] [321 Rz‘j Lq] - ®)
N ) N )
M Yai € W, 9)
=1 =1

are satisfied, where Ry = diag (,ulRilj,, . ,,uNRé\,,j,), Vi’ 3" € [1;2], and q is the number of columns in M,
then

S((l‘,p,l ,T Pa Zﬂz 7 iCuPu z) (jiapiali))u

is an alternating simulation function from T(X) = Z(Ty(21), ..., Tn(EN)), with the coupling matriz M, to
(X)) =Z(T1(%1),. ... Tn(EN)).

Proof. First, we define z = [z1;...;2n], £ = [21,.. 2N] 2l = [2;.. .5 2y], and 2 = [2];...; 2], where
zi = (@i, i, ), 2 = (@i, pis L) 2 = (27,0, 17), and 2 = (&7, p;, [7), Vi € [1;N].

Now, we show that (@] holds for some K function &. Consider any z; € X, 2; € X, Vie [1; N]. Then, one
gets

[H(2)—H(2)]| SZHHu(zi)—ﬂu(éi)H Szafl(&(%iz‘)) <a(8(z,2),

where a(s) = 2138({25\11 a; M) |pts = s}, 8= [s1;...;5n] € RN and p = [u1;...;un]. Hence, (@) is
satisfied with @ =a .

Now, we show that (@) holds. Let 6 = H[laX]{Uz} £ = Zfil iigi, and consider the following chain of
inequalities "

N

S, 2)=5" miS(!, %)
=1
Ri::

w; —Ww; R!' R}? w; —w;
< 1 (O 1y ~1 7 » N : : > ~ . 1
Zu <U (i B2) e+ sz‘(zi)—%i(zi)] [Rzzl sz} [7'[21'(21')—7'[%(21')}) (10)
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Using condition (8)), and the definition of matrix Rs, the inequality (I0) can be rewritten as

- N T ~ N .
w1 w1 w1 w1
WN WN WN Wy
/ 3! 2 : 2 :
< ,U/’LO.’L Zuzz + ,LL'LE’L Y R6 >

<ZM101

< ZMZUZ

‘TZ bl ‘TZ +Z/’LZE’L

Z’L? Z’L + Z/’L’LE’L

Ha1(21)—H21(%1)

[ Haon (2n)
Hoi (21)~Ha1 (1)

HQN(ZN);ﬁzN(i’N)

— Hon (N

_HQN(ZN);ﬁzN(éN)_

R;

Ha1(21)—Ha1(%1)

Hor(21) —Hoai(%1)

M
{ ! ] HZN(ZN)iﬂzN(i’N)

SJS (z, Z)+éE.
which satisfies (@), and implies that S is indeed an alternating simulation function from 7'(3) to T(X). O

Remark 9. Condition ) is a linear matriz inequality which can be verified by some semi-definite program-
ming tools (e.g. YALMIP [Lof0j]]). Note that condition Q) is required to have a well-defined interconnection
of abstractions and is automatically fulfilled if one constructs the internal input sets of each abstractions Tl(iz)
such that the equality M Hivzl Yo = Hfil W, holds.

Remark that similar compositionality result as in Theorem[8 was proposed in [ZA17]. Since [ZA17] is concerned
with infinite abstractions (a continuous-time control system with potentially a lower dimension), extra matrices
(i.e. W, W, H in [ZAT17, equation (9)]) are required to formulate the dissipativity-type conditions. However,
as our work is mainly concerned with symbolic models, we formulate the dissipativity-type conditions without
requiring those extra matrices.

5. CONSTRUCTION OF SYMBOLIC MODELS

In this section, we consider X=(X,P,W,FY;,Y2,h1,hs) as an infinite, deterministic switched system, and assume
its external output map h; satisfies the following general Lipschitz assumption: there exists £ € K such that:
[[h1(x)—=hy(z")|| < £(||lx—2'||) Vz, 2" € X. In addition, the existence of an augmented-storage function between
T(X) and its symbolic model is established under the assumption that ¥, is so-called incrementally passive
(6-P) [SGZ18| as defined next.

Definition 10. System X, is §-P if there exist functions Sy : X X X = R>0, q,, € Koo, a symmetric matriz
Qp of appropriate dimension, and constant 0 < K, < 1, such that for all z,2 € X, and for all w,w € W

ap(llz = 2[]) < Sp(z,2) (11)

Q=
11 12 B
“no] 8 88 ]

We say that S, and @), Vp € P, are multiple 6-P storage functions and supply rates, respectively, for system
3 if they satlsfy (@) and ([@2). Moreover, if S, = S, and Q, = Qp, Vp,p' € P, we omit the index p in (I,
([2), and say that S and @ are a common §- P storage function and supply rate for system X.

S
S

Sp(fp(x,w), fp(2,10)) <kpSp(w, &) + [hg(:zr) (12)
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Now, we show how to construct a symbolic model T'(3) of transition system T'(X) associated to the switched
system X where X, is J-P.

Definition 11. Consider a transition system T(X) = (X, U, W, F,Y1,Ys, H1,H2), associated to the switched
system ¥ = (X, P,W, F, Y1, Ya, h1, hg), where X, W are assumed to be finite unions of boxes. Let ¥, be
6-P as in Definition I0. Then one can construct a finite transition system (a symbolic model) T(X) =
(X,ﬁ, W,ﬁ,fﬁ,}}gﬁ':ll,ﬁz) where:

e X =X x P x{0,--,ka— 1}, where X = [X], and 0 < 1 < span(X) is the state set quantization
parameter;

U =U = P is the external iput set;

o W= (W], where 0 < @ < span(W) is the internal input set quantization parameter.

@9/, 1') € F((&,p,1), 0, 0) if and only if || f,(&,0) —&'|| <n, & = p and the following scenarios hold:
—l<kg—1,p=pandl =1+1;
—l=kg—1,p=pandl =ky—1;
—l=kqg—1,p #pandl' =0;

Yl Yl,Yz Ya;

Hi: X = Y1 is the external output map defined as ’Hl( p,1) = H1(Z,p,1) = h1(2);

Ho : X — Yy is the internal output map defined as Ha(2,p,1) = Ha(&,p,1) = ha(2);

Remark 12. Although one can freely construct W, in the context of networks of subsystems, it should be
constructed in such a way that the interconnection of finite transition subsystems is well-defined (cf. Remark

9.

Let us point out some differences between the symbolic model in Definition[ITland the one proposed in [GPT10].
There is no distinction between internal and external inputs and outputs in the symbolic model defined
n [GPT10], whereas their distinctions in our work play a major role in interconnecting subsystems and
providing the main compositionality result.

In the following, we impose assumptions on function S, in Definition [[0] which are used to prove some of the
main results later.

Assumption 13. There exists u > 1 such that
Yo,y € X, Vp,p' € P, Sp(a,y) < pSy(z,y). (13)

Assumption [[3]is an incremental version of a similar assumption that is used to prove input-to-state stability
of switched systems under constrained switching assumptions [VCLOT].

Assumption 14. Assume that Ype P, 3y, € Koo such that
Va,y,z € X, Sp(x,y) < Sp(z,2) + %y — z[)). (14)

Assumption [[4] is shown in [ZMEM™14] to be a non-restrictive condition provided that one is interested to
work on a compact subset of X x X.

Now, we establish the relation between T'(X) and T'(3), introduced above, via the notion of augmented-storage
function as in Definition A

Theorem 15. Consider a switched system ¥ = (X, P,W, F, Y1, Yo, hq, hg) with its equivalent transition system
T(X) = (X UW,F, Yl,Yg,Hl,Hg) Let 3, be §-P as in Definition [ZAl Consider a finite transition system
T(Z) (X U,W,F, Yl,YQ,Hl,Hz) constructed as in Definition [ Suppose that Assumptions [13 and [T}

hold. Let € > 1 and define k=maxpep {kp}. If, ka > € ln(( )) + 1, and there exists a symmetric matric Q such
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thatVge {1,... kg —1},Q — < Z;nzl Qp = 0, then function V defined as
V((@,p,1), (&,p,0) =k Z (15)
is an augmented-storage function from T(3) to T(X).

Proof. Given the Lipschitz assumption on h; and since, ¥p € P, ¥, is 6-P , from (), V(z,p,!) € X and
V(#,p,1) € X, we have

1 (2,0, 1) = Ha (@, p, Dl = [ ha(2) = ha (@) < Ul — 2ll) S0 @y (Syle, &) <Loay ! <Z Sp(, i))

=toa, (V@) (30, 1)) S0 0yt V(D) (02, 1) 6 V(0,0 (8p,1)

where &:malg({ﬁ oa,'}. Hence (@) is satisfied with a=a"".
pe

Now from (Id)) and Definition [T} Vz € X, Vi € X, YweW, Vi € W, we have

Sp(fp(,w), &) < Sp(fp(, w), fp (&, D))+ (12— (2, D))
< Sp(fpla,w), (&, @) + 7p(n)-

for any &’ such that (#/,p/,1') € F((&,p,1), 6, 0). Let T(w,z,w, &) := [w — w; ho(2)—he(&)] and note that by
(@2, one gets

Sp(fp(@,w), fp(2,0)) <kpSp(w,2) + T (w, 2,10, j)TQpT(w, T, W, 1).
Hence, Vz € X,V € X and Yw € W,Vw € W, one obtains
(fp('r U}) ) </€pSp(I,ii?)+T(U],.I,UA},.f)TQpT(’LU,.I,’LZ),.f)—F”Yp(T]), (16)

for any 2’ such that (&/,p',1') € F((&,p,1), 1, w). Now, in order to show function V defined in (I7) satisfies
@), we consider the different scenarios in Deﬁnition [IT as follows.

e [ <ky—1,p=pandl =1+ 1, using (IH), we have
Zz}:l Sp/(x/7:%/) 21:1 Sp(fp(x7w)7:%l) p= 1HPS (:Z?,:%) ;nzl(’f-(wvwiv‘%v QP)+’YP(77))

V((.'I?/,p/, ll)? ("'%/7pl7 ll)): 1 = 41 S 1 + 1+1
Ke K € Ke l{e K e
R S T(w,2,d,%,Qp) 30 7p(n)
< 5T V((,p, 1), (5, p, 1)+ e + =
K € K e

el=kqs—1,p =pandl' =kq— 1, using [I6) and <! < 1, one gets
D=1 Sp (&) 300 Sp(fp(z,w),2") 300, kpSp (93756)4_2;”:1(7'(107?67 0,2, Qp)+7p(n))

V(' p\ 1), (@0, 1) = v = : < - :
Ke Ke Ke Ke
e—1 N wﬂ&Q m: TN
<k V((x,p,0), (3,p, 1)+ 2y Tl - ») 4 2 2;’( 5
Ke K €

kg—1

e l=kyg—1,p  #pandl =0, using (I8, kd>eln((“))—|—1<:>wipé <1, and <1 <1, one has

m L Sy, s (S0 (5 S, DT (w0, 2,0, 5, Q)+ (1)
V((:El,p/,l/),(:%l,p/,l/))—gzz)_l—lf)<ﬂzs fp T w) A/)< ( i kg—1 ’ ’ )
K e p=1 KR €
Somy kpSp(a, @) S (T (w, 2,1, &, Qp)+7p(n)) R S T (w, 2,0, 2,Qp) S yp(n)
: : 1/{’“4*1 } = /‘ikd71 <"{ € V(( Z, P, )7($7p7l))l = defl | pﬁlﬁd !
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Let 7 = k" X0 v, Y(@,p,1) € X, Y(#,p,1) € X, Vw € W, and Vi € W. Since Ha(2,p,1) = ha(#) and
Ho(z,p,1) = ha(x), one obtains

e—1 w—w w

T
“ V(@ pD), (@,p,0) +30) + m(x,p,o—m@e,p,o} @ {sz,p,w—fzg(f,p,w’

V((xlapla l/)u (iluplu ll)) S K

Hence, inequality () is satisfied with o = m%, R= Q, e =4(n). Thus, V is an augmented-storage function
from T(%) to T(X). Using exactly the same argument, we can show the V is an augmented-storage function
from from T'(X) to T'(X). O

Remark 16. If equation (I2) is satisfied with the same Qp,VpeP, then function V in Theorem [I3 reduces to

V((x,p, 1), (Z,p, l)):zn% Sp(z, ). In addition, if ¥ admits a common 6-P storage function, function V reduces
to V((z,p,1), (2, p,1)) := S(x, 2).

Remark 17. For affine switched systems(i.e.,x(k—+1) = Ay x(k)+Dpkyw (k)+Byry, y1(k)=C1x(k), y2 (k)=
Cox(k)), we can restrict attention to §-P storage functions of the form S,(z,2) = (x—2)" Zy(x—1), Z,> 0.
It is readily seen that such functions always satisfy (L) and [@3). Moreover, inequality [I2)) reduces to the
linear matriz inequality

<

0,A7 2,4, ATZ,D, ] an

2 |:Iipr+C2T Q20, QY
Drz,A, 6,DTZ,D,

Q0o Q'
in which Z, and Q) can be determined by semi-definite programming, where 0, > 1,0 < k, < 1. Consequently,

it can be readily verified that € in @) would be defined as € = cpAmax(Zyp), for some c,>0 depending on 6, and
the dimensions of Z,.

6. CASE STUDY

6.1. Model of road traffic. Consider the switched system ¥ which is adapted from [dWOKI12] and described
by

[ x(k+1) = Ax(k) + By,
E'{ y(k) =x(k),

where A € R%%% js a matrix with elements {A},, = 0.9 — Z¥ if ¢ € Q1 = {q is odd |¢ € [1;50]} and
{A}qgq =0.65 — T if ¢ € Q2 = {q is even |q € [1;50]}, {A}(g+1)g = {A}150) = T, Vg € [1;50], and all other
%, d =1, and v = 120 are sampling time interval in hours, length
in kilometers, and the flow speed of the vehicles in kilometers per hour, respectively. The vector B, € R
is defined as By, = [b1p,;- - - ;b2sp,s| such that by, = [0;0] if p; = 1, and b, = [0;12] if p; = 2, Vi € [1,25],
[p1;...;pes] € P ={1,2}?5 where P is the set of modes of ¥.

elements are identically zero, where 7 =

The chosen switched system X here is the model of a circular road around a city (Highway) divided in 50 cells
of 1000 meters each. The road has 25 entries and 50 exits. A cell ¢ has an entry and exit if ¢ € @)1 and has
an exit and no entry if ¢ € Q2. All the entries are controlled by traffic signals, denoted s,.,r € [1;25]. In 3,
the dynamic we want to observe is the density of traffic, given in vehicles per cell, for each cell ¢ of the road.
During the sampling time interval 7, we assume that 12 vehicles can pass the entry controlled by a traffic
signal s, when it is green. Moreover, 10% of vehicles that are in cells ¢ € Q1, and 35% of vehicles that are in
cells ¢ € Q2 go out using available exits.

Now, in order to apply the compositionality result, we introduce subsystems ¥;, Vi € [1;25]. Each subsystems
3; represents the dynamic of one link of the entire highway, where each link contains 2 cells, one entry, and
two exits, as schematically illustrated in Figure[ll The subsystems ¥; is described by

xi(k+1) = Aix;(k) + Dyw;(k) + Bip, (k)
DI vii(k) =x(k),
YQZ(]C) = CZiX’i(k)a
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Road Traffic
Network

with traffic signal

FIGURE 1. Model of a road traffic network in a circular highway composed of 25 identical links,
each link has two cell.

T
0.9-7¢ 0 v 0 12 0
. |4 - .
Az—|: Tdv 0.65— ‘rv:|a D1_|: 0 :|7 le— |:0:|7Bz2—|: :| 021 |:1:|
and the set of modes is P, = {1,2}, Vi € [1;25]. Clearly, ¥ = Z(X4,...,X25), where the elements of the
coupling matrix M are {M}11); = {M }1(25) = 1, Vi € [1;25], and all other elements are identically zero.

Note that, for any i € [1;25], conditions (1) and (I2)) are satisfied with Sip, (i, %)= (z; — )T Zip, (x; — 24),
Zip, = Iy, g, (s) = 8%, mpl = 0.98, Q) = 0.3527, = Q) = 0.0937, Q7> = —0.6785 Vp; € P;. More-
over, since Siy, = Sip, Vp,p’ € P, and accordmg to Remarks 6l and [I7] functlon Vi((zi, 01, 1), (4,04, 1)) =
S;(x,4;) is an augmented-storage function from Tj(3;), constructed as in Definition [T} to Tj(X ) de-
fined in Definition Now by choosing p; = 1,Vi € [1;25] and finite internal input sets W; of T;(3;)
in such a way that H W M H25 Xl7 condition (§) and (@) are satisfied. Therefore, applying Theo-

rem 8 function S((z,p, l)7 (&,p,1)= EZ Vi((@i, pis i), (Zi,p4,1;)) is an alternating simulation function from
I(Tl (El), cee ,T25(225)) to I(Tl(El), ce ,T25(225)).

Let us now design a controller for ¥ via symbolic models Tz(il) such that controllers maintain the density of
traffic lower than 30 vehicles per cell (safety constraint), and to allow only 2 consecutive red lights for each
traffic signal (fairness constraint). The former constraint implies that each vehicle can keep a 30-meter safe
distance from the one directly in front. The latter constraint is a way to avoid the trivial solution (always red)
of the safety constraint and ensures fairness between modes 1 and 2. The idea here is to design local controllers
for symbolic models Tz(il), and then refine them to the ones for concrete switched subsystems ;. To do so,
the local controllers are designed while assuming that the other subsystems meet their specifications. This
approach, called assume-guarantee reasoning [HSR98], allows for the compositional synthesis of controllers.

Note that the direct computation of the symbolic model for the original 50-dimensional system ¥ is not possible
monolithically. To the best of our knowledge, there does not exist any software toolbox for constructing
symbolic models of systems with this number of state variables. On the other hand, we are able to construct
the interconnected symbolic model and controllers for the 50-dimensional system ¥ by applying the proposed
compositionality method here. We leverage software tool SCOTS [RZ16] for constructing symbolic models and
controllers for ¥; compositionally with the state quantization parameter n; = 0.03 and the computation times
are amounted to 10.2s and 0.014s, respectively. Figure [2] shows the applied modes of sample subsystem ;.
Moreover, the closed-loop state trajectories of X, consisting of 50 cells, are illustrated in Figure [Bl
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Modes

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Time

FIGURE 2. Applied modes of sample subsystem X;.

304

25

15

Traffic density

10+

58—

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Time

FIGURE 3. Closed-loop state trajectories of system ¥ consisting of 50 cells.

6.2. Fully Connected Network. In this example, we apply our results to an interconnected switched systems
Y composed of N > 2 linear switched subsystems ¥;,¢ € [1; N], admitting multiple J-P storage functions and
supply rates. In this respect, we choose the dynamics’ parameters such that neither condition (III) nor (I2)
holds with common §-P storage functions and supply rates for all subsystems. In particular, as all subsystems
are affine switched systems, we choose their the dynamics’ parameters such that the solution of the linear
matrix inequality (I7) with common Z; and Q; (ie. Zip, = Ziy and Qip, = Qupr, Vp,p' € Pyi € [1;N])
is infeasible. Hence, non of the subsystems admits a common J-P storage function and supply rate. The
dynamic of the interconnected switched system X has the set of modes P={1,2}", NENs,, and it is given by

E { x(k+1) = Ao x(k) + By,

y(k) = x(k).
The vector B, € R™, where n = 2N, is defined as {B};1 = By, such that B,, = [-0.9;0.5] if p; = 1, and
By, =10.9;-0.2] if p; = 2, Vi,j € [1; N],i # j. The elements of the matrix A, € R"*" are as follows:
0.05 0 .
0.015 [ 0.9 0.03] ifpi =1,

0
{A}ij_[ 0 0.015}{‘4}”_‘4“_ [0.02 ~1.2

0 0.05} ifpi=2.
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Now, by introducing ¥; described by
xi(k+1) = Aip,xi(k) +wi(k) + Bip,(x)»

Ei : Yi1 (k) = Xi(k),
yi2(k) = xi(k),
0.05 0 0.02 —1.2 —0.9 0.9
A“_[o.g 0.03]’Ai2_[ 0 0.05]’3“_[ 0.5 }Bﬂ_[—oz}

and the set of modes is P;={1,2}, one can readily verify that ¥ =7(%;,...,Xx), where the elements of the
coupling matrix M are {M};; =0, and {M}, ;={A},;, Vi,j €[1;N],i # j. Note that, for any ¢ € [1; N],
conditions ([ and (I2) are satisfied with S, (vi, )= (2 — 2:)T Zip, (v — 24),
g 0.3030 0.0087 7 0.4899 —0.0033
47 10.0087  0.4938|° 72 T |-0.0033  0.4291 |’

Qi1 = 1073L;1, ki1 =0.7, ;1 (5) =0.35%,, Qi2 = 1073 Ly, ki2=0.7, a;5(s) =0.4s% where

27 0 -1 -3 20 0 —14 27
L0 1 -3 0|, |0 16 27 0
471 -3 —201.3 —17 72|14 2.7 156 17.5

-3 0 =17 2708 27 0 175 =294

Since Assumption I3l and kg > e 4 1 hold with uw = 163, kg = 3, ¢ = 1.01, one can easily find
In(1/kp)

a matrix Q such that Vg € {1,2},Q — 0.7+< 212):1 @p = 0 by using semi-definite programming such that
function V;((xs, s, i), (£i,pi, i) = Zfil Sip; (xi,ii)/{;il/e is an augmented-storage function from T;(3;) to
T;(%;). Choose an arbitrary N, then by choosing 3 =-+- = uy = 1 and finite internal input sets W; of
T5(3;) in such a way that sz\il W; = Mnfil X;, condition () and (@) are satisfied. Hence, using Theo-
rem 8 function S((z,p,1), (&,p,1)) :E?lei((:vi,pi, 1;), (#:,pi,1;)) is an alternating simulation function from
i(Tl(il), . ,TN(iN)) to I(Tl(El), . ,TN(EN)).

Given N > 5, X; = [0,1], and n; = 0.1, we observe that constructing the symbolic model for the original
system X is only possible compositionally even with this small range of state set and coarse quantization
parameters. The computation time for constructing symbolic models of ¥; is amounted to 0.53s, using tool
SCOTS |RZ16] with the state quantization parameter n; = 0.1.

7. CONCLUSION

In this work, we proposed a compositional scheme for the construction of symbolic models of interconnected
discrete-time switched systems. First, we used a notion of augmented-storage functions in order to construct
compositionally an alternating simulation function that is used to quantify the error between the output behav-
ior of the interconnected switched system and that of its abstraction. Furthermore, under some assumptions
ensuring incremental passivity of each mode of switched subsystems, we showed how to construct symbolic
models together with their corresponding augmented-storage functions of the concrete systems.
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