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Asymptotic Stability Analysis of Lur'e Systems
With Butterfly Hysteresis Nonlinearities

M. A. Vasquez-Beltran

Abstract—We study the asymptotic stability of Lur’e
systems with butterfly hysteresis nonlinearities modeled
by the Preisach operators with respect to a set of equi-
librium points. We present the input-output rate property
of the Preisach operators that exhibit butterfly hysteresis
behavior. Based on this characterization, we present suffi-
cient conditions on the linear systems that guarantee the
asymptotic stability of the closed-loop system to a set
of equilibrium points via circle criterion. Finally nhumerical
simulations are presented to demonstrate these resulits.

Index Terms—Stability of nonlinear systems, nonlinear
output feedback, mechatronics.

[. INTRODUCTION

YSTERESIS is a nonlinear phenomenon that affects

many classes of physical systems, such as, electrome-
chanical systems that use ferroelectric, piezoelectric, ferro-
magnetic and/or magnetostrictive materials and mechanical
systems with friction. In literature, a number of models
have been proposed and analyzed that can well describe the
hysteresis behavior [1]-[4].

Some of the mathematical properties inherent in these mod-
els have accommodated the design of control systems which
contain such hysteresis in the feedback loop. There are a vari-
ety of approaches for dealing with the control design problem
of systems with hysteresis. For instance, a well-known control
design strategy is to deploy an inverse hysteresis model for lin-
earizing the hysteresis operator as pursued in [5], [6] where
they assume either the Duhem or Preisach models, respec-
tively. Such an approach has a number of challenges. Firstly,

Manuscript received March 1, 2019; revised May 16, 2019; accepted
May 27, 2019. Date of publication July 3, 2019; date of cur-
rent version July 19, 2019. This work was supported in part
by Data Science & Systems Complexity (DSSC) Doctoral Training
Programme, in part by the Marie Sklodowska-Curie COFUND under
Grant DSSC 754315, and in part by Nederlandse Organisatie voor
Wetenschappelijk Onderzoek/Netherlands Space Office Partnerships
for Space Instruments & Applications Preparatory Programme Funding.
Recommended by Senior Editor J. Daafouz. (Corresponding author:
M. A. Vasquez-Beltran.)

M. A. Vasquez-Beltran and B. Jayawardhana are with
the Faculty of Science and Engineering, Engineering and
Technology Institute Groningen, University of Groningen, 9747AG
Groningen, The Netherlands (e-mail: m.a.vasquez.beltran@rug.nl;
b.jayawardhana @rug.nl).

R. Peletier is with the Faculty of Science and Engineering, Kapteyn
Astronomical Institute, University of Groningen, 9747AG Groningen, The
Netherlands (e-mail: r.peletier@rug.nl).

Digital Object Identifier 10.1109/LCSYS.2019.2921850

, B. Jayawardhana

, and R. Peletier

the domain discretization of an infinite dimensional opera-
tor, such as Preisach operator, introduces discretization error
and the finite-dimensional approximation loses its predictive
capability when it is used beyond the compact support of the
approximator. Secondly, these models are phenomenological
models that may not capture all essential physical elements
in the physical systems, such as, the accommodation prop-
erty in ferromagnetic materials is not captured in Preisach
model despite its widespread use for modeling ferromagnetic
systems. This affects strongly the exactitude.

Another control design approach is pursued in [7]-[9]
where, instead of using the inverse model to cancel the hys-
teresis behavior, a particular mathematical property of the
hysteresis is taken into account in the control structure. The
property that is of interest in these papers is the dissipativity
property which is related to the energy dissipation inherent in
physical systems, including, hysteretic systems. Particularly,
such dissipativity property lends to the commonly observed
counterclockwise or clockwise behavior in many hysteretic
systems.

Despite all of the aforementioned state-of-the-art
approaches in literature, the stability analysis of control
systems, where a hysteresis element that exhibits a butterfly
hysteresis behavior is in the feedback loop, remains an open
problem. Butterfly hysteresis behavior is characterized by
the presence of both clockwise (CW) and counter-clockwise
(CCW) input-output dynamics. Roughly speaking, the
input-output phase portrait with a periodic input of constant
amplitude contains two loops in opposite directions which
are connected at a crossing-point. In our recent work [10], a
framework based on the use of Preisach operator is proposed
that is capable of describing such butterfly hysteresis behavior
and used to model an asymmetric butterfly hysteresis behav-
ior in a new piezoelectric material developed for a novel
hysteretic deformable mirror application [11].

Motivated by the results in [10], in this letter, we study the
asymptotic stability of the feedback interconnection of a linear
system with a Preisach butterfly operator with respect to a set
of equilibrium points. We follow a differential approach as
in [12] where a time-varying relation between the input and
output rates of a given Preisach operator that satisfies a sector
boundary condition (under mild assumptions over the weighting
function of the Preisach operator) is established. In this way,
we can analyze the interconnection as a Lur’e type system so
that classical circle criterion can directly be applicable.
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This letter is organized as follows. In Section II we give
the preliminaries regarding the Preisach operator and the
recently introduced Preisach butterfly operator. In Section III
a differential formulation of the Preisach operator as a
time-varying relation between the input and output rates is
introduced. Section IV presents the analysis of the feedback
interconnection of a linear system with a Preisach butterfly
operator. A numerical example is included in Section V and
the conclusions are finally given in Section VL.

Il. PRELIMINARIES

Notation: We denote by C(U, Y) and Cpw(U, Y) the space
of all continuous and piecewise continuous functions ' : U —
Y and AC(U, Y) the space of all absolute continuous functions
f: U — Y, respectively.

A. Preisach Operator

The operator%é?ﬂ ACRL, R)x{—1,1} - Cow(Ry, R) is
the (counterclockwise) relay operator parametrized by o > 8
and the initial condition rg, and is defined by

1 ifu(t) > a,
—1O if u(r) < B,
. Ry g(u, 10))(t=) if B <u(t) <a,
(2w, 1)) () = (s ) and i = 0, (1)
1o if B<u( <a,
andt = 0,

Note that the unconventional use of rg for initial condition of
the relay, instead of using directly —1 or 1, is to accommodate
the incorporation of initial condition in the Preisach operator
using the notion of interface as defined below.

Let P be the Preisach plane which is a subset of R? defined
by P = {(a, B)|a > B}. We denote by .# the set of all so-
called interfaces L C P, which are monotonically decreasing
staircase curves {y(x) € Plx € Ry} where y : Ry — P
defines a curve in P and y(0) = (B, B) for some B € R.
By monotonically decreasing we mean that for every pair of
points (&, B1), (a2, B2) € L with L € .#, we have that oy >
ar whenever 81 < . Following the formulation in [3] and
with an explicit description on the initial conditions of the
relays, the Preisach hysteresis operator ® : AC(R4+, R) x .9 —
AC(R4, R) is defined by

(® (. Lo) 1) = f f (@, B) (%5 (1 Fap(L0)) ) (1) dcd B
(a,p)eP

2

where u € Cpw (P, R) is a weighting function that takes value
from the Preisach plane P and Ly € .# is the initial interface.
The parametrized function 74, : ¥ — {—1, 1} is defined as

1, if LoN{(ay, B)la < a1, B < B1} #0,
—1 otherwise.

’A’a,ﬁ(LO) = {

In definition (2) of the Preisach hysteresis operator, 7 g is an
auxiliary function that determines the initial condition rg of
every relay RS 8 according to its («, B)-coordinates w.r.t. the
initial interface Ly, such that ro = —1 for all relays above Ly
whereas ryp = +1 for all relays below Ly.

One can observe from the definition in (1) that at time t = 0
the state of every relay Rfi 8 (u, rg) at t = 0 is consistent with
the input u(0), i.e., the initial state ry only plays a role when
B < u(0) < « and otherwise u(0) defines the state of the relay
at t = 0. However, the use 74 g(Lo) in (2) may result in the
inconsistency of the initial state of the relays RS P (u, 7o, 8 (Lo))
at t = 0 for some initial input u(0) so that (®(u, Lo))(0)
is not well posed. Therefore, for well-posedness, we assume
throughout this letter that every pair of input u and the initial
interface Ly in the Preisach operator (2) satisfy (u(O), u(O)) €
Ly. Another formulation of the Preisach operator where the
Preisach plane P is rotated by —37/4 can be found in [1].

The mathematical properties and dynamical behavior of
Preisach operator have been widely studied in [1], [2]. Roughly
speaking, the Preisach operator is an integral of infinitesimal
relay operators (also known as hysterons) that are modulated
by the weighting function w. All infinitesimal relay operators
react instantaneously and simultaneously to the input signal.
Consequently, at any given time ¢ > 0, the interface func-
tion L, € .7 that separates between the relays in 1 state and
those in —1 state will dynamically be changed according to
the history of the input from the initial time O until the cur-
rent time ¢ and we always have that L, € .# for all r > 0 [3].
We denote by P (f) the domain in Preisach plane P where
the relay operators are in —1 state at time ¢ and by P_(¢) the
domain in P where the relays are in +1 state at time 7. Thus
P =L, UP_(t)UP_(t). One can check that due to the particu-
lar property of relays in the Preisach operator, the interface L,
determines completely the state of all relay operators and out-
put value of the Preisach operator. We remark that although L,
is dependent on the input signal u, we remove its dependence
to u in its notation for conciseness.

B. Preisach Butterfly Operator

In literature, it is common to restrict the Preisach operator
weighting function u as a positive or negative semi-definite
function which helps in the fitting of the Preisach model
to the measured hysteresis input-output data. Moreover, it
has recently been established that such sign definite func-
tion p exhibits nice input-output behavior of the Preisach
operators [13]. Positive semi-definite 1 gives a counterclock-
wise (CCW) hysteresis operator while negative semi-definite
wu yields a clockwise (CW) hysteresis operator.

On the other hand, the input-output property of Preisach
operator with sign-indefinite function p has not been well-
studied. In our recent paper [10], we introduce the notion
of butterfly hysteresis operator which is a class of hysteresis
operator that exhibits both the clockwise (CW) and counter-
clockwise (CCW) input-output behavior. The following formal
definition of butterfly hysteresis operator is adapted from [10].

Definition 1: A Preisach hysteresis operator @ is called a
Preisach butterfly hysteresis operator if there exist an input-
output pair of signals y,u € AC(Ry, R) and Ly € .#, where
u is periodic with period of 7 > 0 and y = ®(u, Lj), and a
constant 7 > O such that

T
%/Tl (u(0)y(r) — y(v)ia(r))dT = 0 3)
holds forall Ty > Topand T, =T + T.
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The left-hand side of (3) denotes the signed area
that is enclosed by the input-output phase portrait
{0, u(m) |t e [T1, T2]}.

In the main results of [10], we show that a Preisach operator
with a two-sided p can exhibit the butterfly hysteresis behav-
ior under some additional mild assumptions. The two-sided
weighting functions are characterized by the existence of two
disjoint regions in the Preisach plane P that are separated by a
simple monotonically decreasing curve. The following result
also from [10] shows a sufficient condition on w such that the
resulting Preisach operator is a Preisach butterfly hysteresis
operator.

Theorem 1: Consider a Preisach operator & as in (2)
with a two-sided piecewise continuous weighting function p
satisfying

o r
| wappp=ce. [ e pade=co. @
r —0o0
and whose boundary curve B = {(a, B)|u(a, B) = 0} is
monotonically decreasing. Then & is a Preisach butterfly
hysteresis operator.

One can observe from the condition on the first moment
of p with respect to the first and second arguments in (4)
that o cannot decay too rapidly to zero as its arguments go
to infinity. This condition can, in fact, be relaxed by only
imposing the two-sidedness of p and w can be a compactly-
supported function. The proof for this claim follows a similar
line as the proof of [10, Th. 1] with a modification on the way
a sub-plane P within P is identified such that

/ / e, B)dadp = 0,

(a,p)eP

in which case, the weighted area under the counterclockwise
loop is equal to the weighted area under the clockwise loop.
We will present this result in an extension paper of [10].

Although it can be checked that several of the known proper-
ties that are derived for Preisach operator with sign-definite p,
such as the Lipschitz continuity (see, for instance, [14]), hold
also for the Preisach butterfly operator as in the Theorem 1,
the monotonicity property of the output due to the piecewise
monotone input functions does not hold any longer because
of the sign-indefiniteness of p. Therefore, it restricts the use
of inversion methods as presented in [6], [15] for the con-
trol design when the Preisach butterfly operator exists in the
feedback loop.

I11. INPUT-OUTPUT RATE PROPERTY OF THE PREISACH
BUTTERFLY HYSTERESIS

We present in this section a differential formulation of the
Preisach operator that allows us to express explicitly the time-
varying relation between the output rate and the input rate.
When we consider an infinitesimal change to the input, the
infinitesimal change to the output will be proportional to the
infinitesimal state change of the hysterons that are located on
the interface L, and modulated by the associated weight. In
other words, in our differential formulation of the Preisach
operator, we show that the output rate is proportional to input

rate where the proportionality factor is given by a weighted
line integral over the last horizontal or vertical linear segment
of the interface L, corresponding to the instantaneous change
of the relays’ state on L,. To properly state this, let us denote
by L and L; the last horizontal and vertical linear segments
of the interface L; respectively, defined by

L} = {(a, B) € Lila = u()},
L7 = {(a, B) € Lyl = u(®)).

Then we define two functions m; : .4 — Rand M; : ¥ — R,
which will be used later in our main results, by

m; = iléf{ﬂl(ot, B) € L),

M; = sup{a|(e, B) € L; '},

where we remove the dependence on L, in the above notations
for conciseness.

A simple interpretation of the scalar value of m; and M,
can be made using the Preisach operator memory behavior as
studied in [1], [3]. In these books, the corners of L, are given
by the points in (¢, B)-coordinates determined by the subset
of extrema of the truncated input u; = {u(r)|0 < 7 < t}.
In this regards, M; and m; correspond to the last maximum
and last minimum of the truncated input u; that are stored
in the Preisach memory and coincide with the corner whose
coordinates are given by («, 8) = (M, my).

Proposition 1: Consider a Preisach operator @ as in (2).
Let &« € C(,R) for some nonempty open interval I C
R, . Then the time derivative of the Preisach operator out-
put y € ACR4,R) at every time instant t € [ is
given by

Y0 = Y (u) )

with

u(t)
2 [ nu(), Bydp if i) > 0,
A
V= 2 [ e, u@®)da if i) <0, ©
u(t)
0 otherwise.

Proof: Let us first prove the case when u(f) > 0 at
some time instant ¢+ € I. Since it € C(I,R), there exists
a constant Ar > O such that u(r) > O for all T €
[, + Atr]. Assume without loss of generality that At is
small enough to guarantee that m; = m; for all T €
[t,t + At]. Let us define three subsets of Preisach domain
given by

Q ={(,p) la=p, ul) <a<ul+ A,

ut) < B <u(t+ An}
Q = {(a, Blu®) <a <u(t+ A1, m < B <u)}
Q ={(o, Bl =B, m <o <u(®), m < B <u®},

and use them to partition P (see an illustration of such partition
in Figure 1) such that the Preisach operator output at ¢ is
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Fig. 1. Anillustration of a partitioning of the Preisach plane P thatis Fig. 2. An illustration of a partitioning of the Preisach plane P that is

used in the first part of the proof of Proposition 3.1. The domains €24
(in purple), Q5 (in blue), and Q3 (in green) are defined according to the
changes of the hysterons due to an increasing input (i.e., i(t) > 0) in an
infinitesimal time interval [t,t + Af].

given by
V) = — f/ pe. B) dadp — // p@. B) dadp
(a,B)e2) (a,B)e2
/ / ue. B) dadp
(o, B3

i

P/(QlUﬂzUﬂs)

e, B) (23 Fop (L)) ) 1) decdp.

Since the relays Ra 8 with (o, B) € P/(21 U2, U23) have
a constant output in the time interval [¢, f + At], the Preisach
operator output at a time instance ¢ + At is given by

y(t + Af)

ff i, f) dadp + // (e, B) dadp

(a.p)es2) (o, f)€2

/ [ (e, B) derdp

(@, B)e3

l

P/(QlUﬂzUﬂs)

(@, B) (% (1,7 p (L)) ) 1) dardB,

Therefore the rate of change of the output can be computed by
y(t + At) =y y@+ At — y(0) ut + At) — u(?)

T u(t+ A —u@) At
f / paprdads [ up) dacs
(a,B)eR (oz BEQn Au
u(t + At) — u(t) u(t + At) — u(t)
:u(t+At) B u(t) u(t+Ar) 7]
w(a, B) dadp (e, B) dadp
_ u(®  u(t) me () M
=2 + A
u(t+Ar)—u(r) u(t+At)—u(r)

used in the second part of the proof of Proposition 3.1. The domains Q4
(in purple), Q5 (in green), and Qg (in blue) are defined according to the
changes of the hysterons due to a decreasing input (i.e., U(t) < 0) in an
infinitesimal time interval [t,t + Af].

By taking the limit Ar — 0,

u(t)

0 = (2 [ . p) e Jico

nm
holds when #(f) > 0. Consider now the case when (7)) < 0
for some time instance ¢ € I. By similar arguments we can
take Ar > 0 such that i(t) < O for all T € [t,t + At] and
assume without loss of generality that Af is small enough to

guarantee that M, = M; for all t € [¢,t + Af]. As before, let
us define three subsets of Preisach domain as follows

Q={a,p) la=p, ult+ A <a <u@),
ut+ A < B < u@}
Qs = {(o, B)lu(®) <o <M, ut+ A1) < B < u(®)}
Qo ={(a, Bla=b, u(t) <o <M, u(t) <p <M},
so that the Preisach plane P can be partitioned as illustrated
in Figure 2. Accordingly, we can compute the rate of change
of the output as follows

y(t+ At) —y(0)  y@+ A — y(1) u(t+ At) — u(r)

T u(t+ AN — u(d) At

/ f (e, B) dadf / f (e, B) dadf

(o, B) €S2 (a B Au
u(t + At) — u(r) u(t + At) — u(r)
= u®y  un u®y M 7
[wapoass [ [ p daas
— u(t+At B +u(t+Az) u() % .
u(t+At)—u(r) u(t+Ar)—u(r)

By taking the limit Ar — 0, we obtain
M;
5o = |2 / ulet, u() dat | o).
u(t)

which holds for the case when #(f) < 0. Finally, when () = 0
we have y(f) = 0 and (5) holds. [ |
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An immediate consequence of Proposition 1 is that when
w has a compact support, it is possible to find a sector bound
for (6) which can be useful for the feedback loop analysis. We
formalize this in the following proposition.

Proposition 2: Suppose that i € Cpw (P, R) has a compact
support. Then there exist A,,, Ayy € R with X,,, < Ay such that

Am =Y (0) < Ay (7

Proof: Let P; C P be the compact support of p. Then A,
and Ay are the extrema of (6) on Pi. In other words,

Y Y
Am = 2 min inf / ,B)dp, inf / o, k)da
m oot u(y, p)dp ot e
K K
)]
and
Y Y
Ay =2 maxq{ sup /M(y,ﬁ)dﬁ, sup /u(a, k)da
(y.k)eP; (y.k)eP;
K K
)
| |

In practice, when Preisach operator is used to model a
physical phenomenon, it is commonly assumed that w has
a compact support which is partly due to the limited range
of measurement data. We refer, for instance, to the works
in [13], [15], [16]. We remark that a weaker condition on u
such that v lies in a sector bound is by requiring that the zero
upper and lower partial moments of p with respect to each of
its arguments are finite.

Note that both Propositions 1 and 2 are valid for any
Preisach operator (2) regardless whether it has a sign-definite
or sign-indefinite weighting function. In particular, it fol-
lows from Proposition 2 that when u is positive semi-definite
(resp., negative semi-definite) then 0 < A, < Ay (resp.
Am < Ay < 0). On the other hand, when p is sign-indefinite as
in the case of the Preisach butterfly operator (see Theorem 1),
the sector bound of ¥ (¢) satisfies A, < 0 < Apy.

IV. SET STABILITY WITH PREISACH BUTTERFLY
HYSTERESIS IN THE FEEDBACK LOOP

Let us now analyze the interconnection of a linear system
with a Preisach butterfly operator in the feedback loop. We will
focus on the set stability and convergence analysis. Consider
the following feedback interconnection of linear system X
and a nonlinear operator X, as follows

X, : k() = Ax(t) + Bv(),  x(0) = xo,
2(t) = Cx(1)
T y(@) = (P (u, Lo)) (1), Ly e 7,

(10)

where x(f) € R”, z(¢), v(t), y(t) € R and A, B, C are system’s
matrices with suitable dimension and transfer function of X
is given by G(s) = C(sI — A)"'B. The set of equilibria of
the combined state of systems in the interconnection (10) is
given by

& = {(xss, Lss) € R" x F|Axyy — BP(Cxgs, Lss) = 0}.

with v(t) = —y(1), u(®) = z(0),

G G
:| 54 L
) %(—l{/(—s

(2) (b)

Fig. 3. Feedback equivalence of a linear system with Preisach hys-
teresis in the feedback loop: (a). The original feedback loop as in (10);
(b). The equivalent loop as in (14) which is based on the differential
formulation as in (5).

Proposition 3: Let & be the Preisach hysteresis opera-
tor (2) with a compactly supported p. Assume that (A, C)
is observable and (A, B) is controllable. Suppose that G(jw)
given by

G(jw) = (1 + Ay G(jw))(1 + L,G(jw)) ", an

with Ay and A, be as in (9) and (8) is strictly positive
real. Then (x(¢),L;) — & as t — oo. Moreover, if A is
invertible then

(®(z Lo)) (@) 1
—
z(1) CA-'B
Proof: Using the differential form of @ as given in (5) in

Proposition 1, the output of Preisach operator ® at any given
time ¢ can be expressed as

as t — 00.

12)

t
y(®) =y(0) +/0 v (D)u(r)de

t
= (@(u,Lo))(O) +/0 Y (v)u(r)dr, (13)
where ¥ (f) € [Ayn, Al is as in (6). Using (13), an equivalent
representation to (10) is given by the following piecewise time
differentiable state equations

X(t) = Ax(t) + Bv(t)

() = Cx(t)

v(t) = =y (0z(),
This is illustrated in Figure 3. Consequently, by the circle
criterion results [17], [18], the above interconnected systems
with time-varying sector-bounded i satisfying (11) is abso-

lutely stable and x(f) — 0 as t — oo. It follows immediately
from (10) that

aa. teR;,. (14)

Ax(1) — B(®(z, Lo)) () > 0 as 1 — oo,

and therefore the combined state (x(), L;) of the closed-loop
system approaches & as t — oo. Furthermore, when A is
invertible, a simple algebraic computation to the above limit
shows that (12) holds. |

From Proposition 3 we can see that the value of the ratio
between the input and output of the Preisach operator con-
verges to the negative inverse of the zero frequency gain of
the linear system. This means that the input-output phase por-
trait of the Preisach operator will approach a line crossing the
origin with slope given by (12). We note that the conditions
of observability, controllability and strict positive realness of
G can be relaxed to stabilizability, detectability and positive
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—x,0
3 _xz(t)
xg(h)
2
1
: >& —
-1
0 2 4 6 8

Fig. 4. The plot of state trajectories x(t) from the numerical simulation
in Section V.

-0.5

Fig. 5. Input-output phase portrait of the closed-loop system from the
numerical example. The dashed black line is the major hysteresis loop,
the dashed red line is a linear line with the slope of %1 = -2, and

the solid blue line is the simulation data with initial values (u(0),y(0))
marked by a circle and final values (u(co),y(c0)) marked by a cross.

realness conditions when the version of the circle criterion in
[17, Corollary 9] is considered.

V. NUMERICAL EXAMPLE

Let us consider a numerical example to illustrate the results
of the previous sections. Consider a feedback interconnection
as in (10) with

o 1 0 0
A=l o0 0 1[|,B=|0]|, c=[t 0 0]
24 20 -7 12

and the weighting function p of ® be given by

-1 ifa < -8, («,B) € Py,

u,B)=31 ifa>-8, (o, B) € Py,
0  otherwise,

where Pp is defined by P; = {(a,8) € P | o > B,a <
1,8 = —1}. It is clear that P; is the compact support of u
and it can be checked that the sector bound defined in (8)
and (9) satisfies A,, = —2, Ay = 2 and Gp(jw) defined as
in (11) is strictly positive real. Therefore, following the result
in Proposition 3, this feedback interconnection is stable and
the steady state gain of the Preisach operator converges to
%IB = —2. Figures 4 and 5 show the simulation results
of this feedback interconnection with the initial states of the
linear system given by xo = [—0.7, —0.8, O.9]T, and the initial
interface given by Ly = {(«, B) € P| = —0.7, o > B}.

VI. CONCLUSION

In this letter, we study the absolute stability property of
a linear system with a Preisach butterfly operator in the

feedback loop. Using the differential formulation of the opera-
tor, we provide sufficient conditions that guarantee the stability
of the closed-loop and show the property of its asymptotic
behavior.
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