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Combined Backstepping/Second-Order
Sliding-Mode Boundary Stabilization of an

Unstable Reaction–Diffusion Process
Alessandro Pisano , Yury Orlov , Alessandro Pilloni , and Elio Usai

Abstract—In this letter we deal with a class of open-
loop unstable reaction-diffusion PDEs with boundary con-
trol and Robin-type boundary conditions. A second-order
sliding mode algorithm is employed along with the back-
stepping method to asymptotically stabilize the controlled
plant while providing at the same time the rejection of an
external persistent boundary disturbance. A constructive
Lyapunov analysis supports the presented synthesis, and
simulation results are presented to validate the developed
approach.

Index Terms—Reaction-diffusion equation, boundary
control, backstepping, second-order sliding modes.

I. INTRODUCTION

SLIDING mode control synthesis for processes governed
by partial differential equations (PDEs) is well docu-

mented [11], [14] and it generally retains the distinguishing
features of high accuracy and robustness that are possessed by
its finite-dimensional counterpart. Particularly, the backstep-
ping approach is a powerful strategy to deal with the boundary
control of several classes of PDEs (see, e.g., [16]).

In recent years, the backstepping method and the sliding-
mode control approach have been successfully combined
in order to enhance the robustness features of the con-
ventional backstepping design by admitting the presence
of persistent boundary disturbances to be rejected via
suitably chosen backstepping/sliding-mode boundary control
inputs.

Examples of combined, synergic, use of backstepping and
first-order sliding-mode techniques can be found in the recent
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works [1], [5], [6], [7], [9], [10], [17], [18]. In all the
quoted references, the backstepping method is combined to
first-order sliding-mode laws and, as a result, the designed
boundary control law (or the observer output injection in [1])
is discontinuous.

More precisely, the class of PDEs dealt with in the present
work encompasses boundary controlled reaction diffusion
processes that possess three distinct instability sources: the
reaction term, an unstable Robin’s type boundary condition,
and a matched persistent boundary disturbance located at the
controlled boundary. In the disturbance-free case, the under-
lying stabilization problem was solved in [15] by means of
the backstepping approach. In this letter we combine the
backstepping approach and a second-order sliding mode algo-
rithm to additionally reject a class of persistent matching
disturbances by means of a continuous boundary control
input. This robustness feature represents the main novelty
behind [15].

This letter also extends the results of [13] by admitting the
presence of a destabilizing reaction term and of a destabiliz-
ing boundary condition of the Robin’s type. In [2], preliminary
related results were announced. Namely, a backstepping and
first-order sliding-mode based discontinuous boundary control
scheme was proposed to ensure the system stabilization in
the space L2(0, 1) while rejecting a class of persistent bound-
ary disturbances. In this letter we combine the backstepping
approach with a continuous second-order sliding mode bound-
ary control law, thereby obviating the chattering phenomenon,
and we additionally prove stability in the higher-order Sobolev
Space H2(0, 1).

The rest of this letter is organized as follows. Section II
states the problem under investigation and outlines the
proposed solution. Section III illustrates the construc-
tive Lyapunov-based synthesis of the boundary controller.
Section IV deals with the simulation results and, finally,
Section V collects some concluding remarks.

A. Notation and Instrumental Lemmas

The notation used throughout is fairly standard. Hl(0, 1),
with l = 0, 1, 2, . . ., denotes the Sobolev space of abso-
lutely continuous scalar functions z(ζ ) on (0, 1) with square
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integrable derivatives z(i)(ζ ) up to the order l and the Hl-norm

‖z(·)‖l =
√∫ 1

0
�l

i=0[z(i)(ζ )]2dζ . (1)

Throughout this letter we shall also utilize the standard nota-
tion H0(0, 1) = L2(0, 1). The following well-known results
will be employed within this letter.

Lemma 1 [13]: Let y(ξ) ∈ H1(0, 1). Then, the following
inequalities hold:

y2(i) ≤ y2(1 − i)+ 2‖y(·)‖0‖yξ (·)‖0, i = 0, 1 (2)

y2(i) ≤ 2y2(1 − i)+ 2‖yξ (·)‖2
0, i = 0, 1 (3)

Lemma 2: Let y1(ξ), y2(ξ) ∈ L2(0, 1). Then, the following
inequality holds:

‖y1(·)+ y2(·)‖2
0 ≤ 2(‖y1(·)‖2

0 + ‖y2(·)‖2
0) (4)

Lemma 3: Let a, b, γ ∈ � with γ > 0. Then, the following
inequalities hold:

−
(
γ

2
a2 + 1

2γ
b2
)

≤ ab ≤ γ

2
a2 + 1

2γ
b2. (5)

II. PROBLEM FORMULATION AND SOLUTION OUTLINE

We consider the space- and time-varying scalar field z(ξ, t)
evolving in the space H2(0, 1), with the spatial variable ξ ∈
[0, 1] and time variable t ≥ 0. Let it be governed by the next
Boundary Value Problem (BVP) equipped with controlled and
perturbed Boundary Conditions (BCs)

zt(ξ, t) = θzξξ (ξ, t)+ λz(ξ, t) (6)

zξ (0, t) = −qz(0, t), (7)

zξ (1, t) = v(t)+ ψ(t) (8)

where v(t) is the manipulable boundary control input, θ, λ
and q are known system’s parameters, and ψ(t) is a nonvan-
ishing disturbance. For large positive λ and q, the BVP (6)-(8)
possesses arbitrarily many unstable eigenvalues. The initial
condition (IC) is z(ξ, 0) = z0(ξ) ∈ H2(0, 1).

The class of initial functions and admissible disturbances is
specified by the following assumption.

Assumption 1: The initial function z0(ξ) is compatible to
the perturbed BC’s z0

ξ (0) = −qz0(0), z0
ξ (1) = ψ(0), whereas

the disturbance ψ(t) is twice continuously differentiable, and
there exists an a priori known constant M > 0 such that

|ψ̇(t)| ≤ M, ∀t ≥ 0. (9)

It should be stressed that the time derivative of the dis-
turbance needs not to be calculated. Through the a-priori
choice of parameter M in eq. (9), which reflects in the tun-
ing parameters of the control law, one gives the proposed
control algorithm the capability of rejecting the entire class
of disturbances specified by (9). With the assumption above,
the stability of the considered heat process is studied in an
appropriate Sobolev space being specified to H2(0, 1).

The proposed control strategy comprises two logical steps:
Step 1: Following [15], the backstepping transformation

x(ξ, t) = z(ξ, t)−
∫ ξ

0
k(ξ, y)z(y, t)dy (10)

is employed to map system (6)-(8) into the target dynamics

xt(ξ, t) = θxξξ (ξ, t)− cx(ξ, t) (11)

xξ (0, t) = −qx(0, t), (12)

xξ (1, t) = u(t)+ ψ(t) (13)

x(ξ, 0) = x0(ξ) = z0(ξ)−
∫ ξ

0
k(ξ, y)z0(y)dy (14)

where u(t) is a new manipulable boundary input, and c is an
arbitrarily chosen positive constant.

Step 2: A second-order sliding mode algorithm is employed
to design a continuous boundary input u(t) providing the
asymptotic stabilization of the target dynamics (and, therefore,
of the original dynamics (6)-(8) as well) in the space L2(0, 1).

III. MAIN RESULT

The proposed boundary control algorithm takes the form

v(t) = −λ
∗

2
z(1, t)+

∫ 1

0
kξ (1, y)z(y, t)dy + u(t) (15)

where λ∗ = λ+c
θ

and

kξ (1, y) = −λ
∗

2
z(1, t)− λ∗

∫ 1

0

I1(
√
λ∗(1 − y2))√
λ∗(1 − y2)

z(y, t) dy

− λ∗
∫ 1

0

I2(
√
λ∗(1 − y2))

1 − y2
z(y, t)dy

+ qλ∗2

2
√
λ∗ + q2

∫ 1

0

[∫ 1−y

0
e− qτ

2 sinh

(√
λ∗ + q2

2
τ

)

× (2 − τ)I0
(√
λ∗(1 + y)(1 − y − τ)

)
√
λ∗(1 + y)(1 − y − τ)

dτ

]
z(y, t) dy (16)

and u(t) is given by the following dynamical controller

u̇(t) = −λ1sgn x(1, t)− λ2sgn xt(1, t)

− W1x(1, t)− W2xt(1, t), u(0) = 0 (17)

The explicit representation of x(1, t) and xt(1, t) in terms of
the original systems coordinates is derived by (10) as

x(1, t) = z(1, t)−
∫ 1

0
k(1, y)z(y, t)dy (18)

xt(1, t) = zt(1, t)−
∫ 1

0
k(1, y)zt(y, t)dy (19)

with

k(1, y) = −λ I1(
√
λ∗(1 − y2))√
λ∗(1 − y2)

+ qλ∗√
λ∗ + q2

∫ 1−y

0
e−qτ/2sinh

(√
λ∗ + q2

2
τ

)

× I0

(√
λ∗(1 + y)(1 − y − τ)

)
dτ, (20)

whereas λ1, λ2, W1 and W2 are constant parameters subject to
appropriate inequalities that shall be derived throughout this
letter, and sign · stands for the multi-valued function

sgn z ∈
⎧⎨
⎩

1 z > 0
[−1, 1] z = 0
−1 z < 0.

(21)
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Remark 1: Since the proposed dynamic boundary control
input term u(t) is governed by the ODE (17) with discontinuous
right-hand side, the meaning of the solutions of the target
dynamics (11)-(13) is then specified in the sense of Filippov [4].
Extension of the Filippov solution concept towards the infinite
dimensional setting can be found, e.g., in [12].

Well-posedness of the underlying system, under the assump-
tions, imposed on the ICs and BCs, is actually verifiable in
accordance with [3, Th. 3.3.3] by taking into account that the
dynamic boundary control (17) is twice piece-wise continu-
ously differentiable along the state trajectories of (11)-(13).
Thus, in the remainder, it is assumed the following.

Assumption 2: The closed loop target system (11)-
(13), (17) possesses a unique Filippov solution x(·, t) ∈
H2(0, 1) and its time derivative w(·, t) = xt(·, t) ∈ L2(0, 1)
verifies the auxiliary boundary-value problem

wt(ξ, t) = θwξξ (ξ, t)− cw(ξ, t) (22)

wξ (0, t) = −qw(0, t), wξ (1, t) = u̇(t)+ ψ̇(t), (23)

w(ξ, 0) = w0(ξ) = θx0
ξξ (ξ)− cx0(ξ) (24)

Notice that (22)-(23) are formally obtained by differentiat-
ing (11)-(13), in the time variable t, whereas the IC (24) is
straightforwardly derived from (14) and (11).

The next Theorem investigates the convergence features of
the proposed boundary control design and summarizes the
main result of this letter.

Theorem 1: Consider the boundary value problem (6)-(8),
satisfying the Assumption 1, along with the boundary con-
trol strategy (15)-(20). Let the controller parameters be chosen
such that

c > θq2 (25)

λ1 − λ2 > M, λ2 > M, W1 >
q

2
, W2 > q (26)

Then, the global asymptotic convergence to zero of the aug-
mented state (z, zt) in the space H2(0, 1) × L2(0, 1) is in
force.

Proof of Theorem 1: The proof if splitted in three different
steps.

1. Backstepping transformation: To map system (6)-(8) into
the target dynamics (11)-(13) the backstepping transforma-
tion (10) is employed, and the associated kernel PDE was
derived in [15, Sec. VIII] as follows:

kξξ (ξ, y)− kyy(ξ, y)− λ∗k(ξ, y) = 0, (27)

ky(ξ, 0) = −qk(ξ, 0) (28)

k(ξ, ξ) = −λ
∗

2
ξ (29)

where λ∗ = λ+c
θ

. These three conditions are compatible
and form a well-posed PDE with the twice continuously
differentiable solution [15, Sec. VIII]

k(ξ, y) = −λξ I1(
√
λ∗(ξ2 − y2))√
λ∗(ξ2 − y2)

+ qλ∗√
λ∗ + q2

∫ ξ−y

0
eqτ/2sinh

(√
λ∗ + q2

2
τ

)

× I0

(√
λ∗(ξ + y)(ξ − y − τ)

)
dτ (30)

Spatial differentiation of (10) at ξ = 0 and ξ = 1 yields

xξ (0, t) = zξ (0, t)− k(0, 0)z(x, t) (31)

xξ (1, t) = zξ (1, t)− k(1, 1)z(1, t)−
∫ 1

0
kξ (1, y)z(y, t)dy (32)

Substituting into (31) the boundary condition (7), noticing
that by (10) the equality z(0, t) = x(0, t) is in force, and
observing that, by (29), k(0, 0) = 0, one derives that the
boundary condition (12) is satisfied.

Substituting into (32) the boundary condition (8), and
observing that, by (29), k(1, 1) = −λ∗

2 , one obtains

xξ (1, t) = v(t)+ ψ(t)+ λ∗

2
z(1, t)−

∫ 1

0
kξ (1, y)z(y, t)dy (33)

Therefore, choosing v(t) as in (15)-(16), where (16) is
obtained by spatial differentiation of (30) at ξ = 1, one
derives that the boundary condition (13) is also satisfied. Thus,
by means of the backstepping transformation (10) comple-
mented by the boundary feedback (15)-(16) system (6)-(8) is
transferred into the target dynamics (11)-(13).

2. Stability of the target dynamics: Differentiating with
respect to time system (11)-(13), and substituting (17) in the
corresponding BC, one obtains

xtt(ξ, t) = θxξξ t(ξ, t)− cxt(ξ, t), (34)

xξ t(0, t) = −qxt(0, t), (35)

xξ t(1, t) = u̇(t)+ ψ̇(t) = −λ1sgn x(1, t)

−λ2sgn xt(1, t) − W1x(1, t)− W2xt(1, t)+ ψ̇(t) (36)

whose augmented state vector (x, xt) evolves in the Hilbert
space H2(0, 1) × L2(0, 1). Introduce the next Lyapunov
function

V1(t) = λ1θ |x(1, t)| + 1

2
θW1x2(1, t)+ 1

2
‖xt(·, t)‖2

0. (37)

In light of (34), the corresponding time derivative takes the
form:

V̇1(t) = λ1θxt(1, t)sgn(x(1, t))+ θW1x(1, t)xt(1, t)

+
∫ 1

0
xt(ν, t)xtt(ν, t)dν = λ1θxt(1, t)sgn(x(1, t))

+ θW1x(1, t)xt(1, t)+ θ

∫ 1

0
xt(ν, t)xξξ t(ξ, t)dν

− c
∫ 1

0
x2

t (ν, t)dν (38)

Integration by parts along with the BCs (35) and (36) yield

θ

∫ 1

0
xt(ν, t)xξξ t(ν, t)dν = θxt(1, t)xξ t(1, t)

− θxt(0, t)xξ t(0, t)− θ‖xtξ (·, t)‖2
0 = −λ1θxt(1, t)sgnx(1, t)

− λ2θ |xt(1, t)| − W1θxt(1, t)x(1, t)− W2θx2
t (1, t)

+ θxt(1, t)ψ̇(t)+ θqx2
t (0.t)− θ‖xtξ (·, t)‖2

0 (39)

Now substituting (39) into (38), and rearranging, one
straightforwardly derives the next

V̇1(t) = −θλ2|xt(1, t)| − θW2x2
t (1, t)+ θxt(1, t)ψ̇(t)

+ qθx2
t (0, t)− θ‖xtξ (·, t)‖2

0 − c‖xt(·, t)‖2
0 (40)
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By (2), specified with y(·) = xt(·) and i = 0, and by then
applying inequality (5), one derives that

qθx2
t (0, t) ≤ qθ

(
x2

t (1, t)+ 2‖xt(·, t)‖0‖xtξ (·, t)‖0

)
≤ qθ

(
x2

t (1, t)+ γ1‖xt(·, t)‖2
0 + 1

γ1
‖xtξ (·, t)‖2

0

)
(41)

where γ1 is an arbitrary positive constant. Substituting (41)
and (9) into (40), and making simple manipulations, one
derives the next estimation

V̇1(t) ≤ −θ(λ2 − M)|xt(1, t)| − θ(W2 − q)x2
t (1, t)

− θ

[
1 − q

γ1

]
‖xtξ (·, t)‖2

0 − [
c − qθγ1

]‖xt(·, t)‖2
0 (42)

If the inequalities λ2 > M, W2 > q, γ1 > q, c > q2

are in force then the negative semidefiniteness condition
V̇1(t) ≤ 0 holds. Notice that the positive parameter γ1 is arbi-
trary, as it does not enter in the plant closed-loop dynamics
but just in the convergence proof, and the obtained inequalities
on λ2,W2 and c coincide with those appearing in (25)-(26).
Condition V̇1(t) ≤ 0 allows one to conclude that for all con-
stants R ≥ V1(0) ≥ 0 the domain V1(t) ≤ R will be invariant.
As a trivial consequence, the next inequalities

|x(1, t)| ≤ R

λ1θ
, ‖xt(·, t)‖2

0 ≤ 2R (43)

hold. Now define

V2(t) = V1(t)+ 1

2
κ1θW2x2(1, t)+ 1

2
κ2

∫ 1

0
x2(ν, t)dν

+ κ1x(1, t)
∫ 1

0
xt(ν, t)dν (44)

where κ1 and κ2 are positive constants to subsequently be
specified. Since the last term in the right hand side of (44)
is sign-indefinite, it must be proven that V2(t) is a positive
definite function. Applying the triangle inequality, and taking
into account (43), it yields

x(1, t)
∫ 1

0
xt(ν, t) dν ≥ −1

2

[
x2(1, t)+ ‖xt(·, t)‖2

0

]

≥ −1

2

[
R

λ1θ
|x(1, t)| + ‖xt(·, t)‖2

0

]
. (45)

By (45) and (44), function V2(t) can be estimated as

V2(t) ≥ λ1θ |x(1, t)| + 1

2
θ(W1 + κ1W2)x

2(1, t)+ 1

2
‖xt(·, t)‖2

0

− κ1

2

[
R

λ1θ
|x(1, t)| + ‖xt(·, t)‖2

0

]
+ 1

2
κ2‖x2(·, t)‖2

0

=
(
λ1θ − κ1R

2λ1θ

)
|x(1, t)| + 1

2
θ(W1 + κ1W2)x

2(1, t)

+ 1

2
(1 − κ1)‖xt(·, t)‖2

0 + 1

2
κ2‖x2(·, t)‖2

0. (46)

Let us specify κ1 > 0, κ2 > 0 such that

κ1 < min

{
2λ2

1θ
2

R
, 1

}
. (47)

Then, it follows from (44) and (46)-(47) that the augmented
functional (44) is estimated according to

ρ1

(
|x(1, t)| + x2(1, t)+ ‖x(·, t)‖2

0 + ‖xt(·, t)‖2
0

)
≤ V2(t) ≤

≤ ρ2

(
|x(1, t)| + x2(1, t)+ ‖x(·, t)‖2

0 + ‖xt(·, t)‖2
0

)
(48)

for some positive constants ρ1 and ρ2, with ρ1 < ρ2, and it is
thus positive definite and radially unbounded.

Let us now evaluate the time derivative of V2(t) along the
closed-loop system trajectories. One derives

V̇2(t) = V̇1(t)+ κ1θW2x(1, t)xt(1, t)+ κ2

∫ 1

0
x(ν, t)

× xt(ν, t)dν + κ1xt(1, t)
∫ 1

0
xt(ν, t)dν

+ κ1x(1, t)
∫ 1

0
xtt(ν, t)dν (49)

Substituting (11), (12) and (34)-(36) into the correspond-
ing terms of (49), and performing lengthy but straightforward
manipulations, yield

V̇2(t) ≤ −θ(λ2 − M)|xt(1, t)| − θ(W2 − q)x2
t (1, t)

− θ

[
1 − q

γ1

]
‖xtξ (·, t)‖2

0 − [
c − qθγ1

]‖xt(·, t)‖2
0

+ κ1xt(1, t)
∫ 1

0
xt(ν, t)dν − cκ1x(1, t)

∫ 1

0
xt(ν, t)dν

− κ1θ(λ1 − λ2 − M)|x(1, t)| − κ1θW1x2(1, t)

+ κ1θqx(1, t)xt(0, t)+ κ2θx(1, t)xξ (1, t)+ κ2θqx2(0, t)

− κ2θ‖xξ (·, t)‖2
0 − κ2c‖x(·, t)‖2

0 (50)

The sign-undefined terms in the right hand side of (50) are
going to be estimated.

By the Cauchy-Schwartz inequality and (43), one obtains∣∣∣∣∣κ1xt(1, t)
∫ 1

0
xt(ν, t)dν

∣∣∣∣∣ ≤ κ1|xt(1, t)|
∫ 1

0
|xt(ν, t)|dν

≤ κ1|xt(1, t)|‖xt(·, t)‖0 ≤ κ1
√

2R|xt(1, t)| (51)

Applying the extended triangle inequality (3) along with the
Cauchy-Schwartz inequality yields∣∣∣∣∣cκ1x(1, t)

∫ 1

0
xt(ν, t)dν

∣∣∣∣∣ ≤ 1

2
cκ1

[
γ2x2(1, t)+ 1

γ2

×
(∫ 1

0
xt(ν, t)dν

)2
⎤
⎦ ≤ 1

2
cκ1γ2x2(1, t)+ 1

2
c
κ1

γ2
‖xt(·, t)‖2

0, (52)

|κ1θqx(1, t)xt(0, t)| ≤ 1

2
κ1θq

(
x2(1, t)+ x2

t (0, t)
)
. (53)

Rewriting (41) using a different arbitrary constant γ3 in
place of γ1, and substituting the resulting relation into (53),
one gets

|κ1θqx(1, t)xt(0, t)| ≤ 1

2
κ1θqx2(1, t)+ 1

2
κ1θqx2

t (1, t)

+ γ3

2
κ1θq‖xt(·, t)‖2

0 + 1

2γ3
κ1θq‖xtξ (·, t)‖2

0 (54)
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By applying (3), one also derives that

|κ2θx(1, t)xξ (1, t)| + κ2θqx2(0, t) ≤ 1

2
γ4θκ2x2(1, t)

+ κ2

2γ4
θx2
ξ (1, t)+ κ2θqx2(0, t) (55)

where γ4 is an arbitrary positive constant. By prop-
erty (3), specialized with y(·) = xξ (·), relation (11), which
yields xξξ (ξ, t) = 1

θ
xt(ξ, t) + c

θ
x(ξ, t), relation (12), and

inequality (4), one gets the upper-estimation θx2
ξ (1, t) ≤

2θq2x2(0, t) + 4
θ
‖xt(·, t)‖2

0 + 4c2

θ
‖x(·, t)‖2

0. Substituting this
inequality into (55) it yields

|κ2θx(1, t)xξ (1, t)| + κ2θqx2(0, t) ≤ γ4

2
θκ2x2(1, t)

+ 2κ2

θγ4
‖xt(·, t)‖2

0 + 2κ2c2

θγ4
‖x(·, t)‖2

0

+ κ2θq

(
1 + q

γ4

)
x2(0, t) (56)

By exploiting (2), specified with y(·) = x(·) and i = 0,
and relation (3) signal x2(0, t) can be estimated as x2(0, t) ≤
x2(1, t) + +2‖x(·, t)‖0‖xξ (·, t)‖0 ≤ x2(1, t) + γ5‖x(·, t)‖2

0 +
1
γ5

‖xξ (·, t)‖2
0, where γ5 is an arbitrary positive constant.

Substituting this estimation into (56) it finally yields

|κ2θx(1, t)xξ (1, t)| + κ2θqx2(0, t) ≤ θκ2

[
γ4

2
+ q

(
1 + q

γ4

)]

× x2(1, t)+ κ2

[
2c2

θγ4
+ θqγ5

(
1 + q

γ4

)]
‖x(·, t)‖2

0

+ 2κ2

θγ4
‖xt(·, t)‖2

0 + κ2θq

γ5

(
1 + q

γ4

)
‖xξ (·, t)‖2

0, (57)

Substituting (51)-(57) into (50) gives

V̇2(t) ≤ −θ
(
λ2 − M − κ1

√
2R

θ

)
|xt(1, t)|

− θ

[
W2 − q

(
1 + 1

2
κ1

)]
x2

t (1, t)

− θ

[
1 − q

γ1
− κ1

q

2γ3

]
‖xtξ (·, t)‖2

0

−
[

c

(
1 − κ1

2γ2

)
− qθ

(
γ1 + κ1

γ3

2

)
− 2κ2

θγ4

]
‖xt(·, t)‖2

0

− κ1θ(λ1 − λ2 − M)|x(1, t)| − θ

[
κ1

(
W1 − 1

2
q − c

2θ
γ2

)

− κ2

(
γ4

2
+ q + q2

γ4

)]
x2(1, t)

− κ2

(
c − γ5

γ4
θq2 − γ5θq − 2c2

θγ4

)
‖x(·, t)‖2

0

− κ2θ

(
1 − q2

γ4γ5
− q

γ5

)
‖xξ (·, t)‖2

0. (58)

In order to have a nonpositive right hand side of (58), the
next system of inequalities should be satisfied

λ2 − M − κ1
√

2R

θ
> 0, W2 − q − κ1q

2
> 0, (59)

1 − q

γ1
− κ1q

2γ3
> 0, λ1 − λ2 − M > 0, (60)

c

(
1 − κ1

2γ2

)
− qθ

(
γ1 + κ1

γ3

2

)
− 2κ2

θγ4
> 0, (61)

κ1

(
W1 − 1

2
q − c

2θ
γ2

)
− κ2

(
γ4

2
+ q + q2

γ4

)
> 0, (62)

c − γ5

γ4
θq2 − γ5θq − 2c2

θγ4
> 0, (63)

1 − q2

γ4γ5
− q

γ5
> 0. (64)

Inequalities (59)-(60) follow from (25)-(26), and by impos-
ing the following inequality

κ1 < min

{
θ(λ2 − M)√

2R
,

2(W2 − q)

q
,

2γ3(1 − q
γ1
)

q

}
(65)

on the arbitrary positive parameter κ1 in addition to (47).
Relation (61) is rewritten as

c − qθγ1 − κ1

2

(
c

γ2
+ qθγ3

)
− κ2

2

θγ4
> 0 (66)

which follows from (25)-(26) and by imposing the following
inequalities

κ1 <
2(c − γ1θq)

γ3θq + c
γ2

(67)

κ2 <
θγ4

[
c
(

1 − κ1
2γ2

)
− qθ

(
γ1 + κ1

γ3
2

)]
2

(68)

in addition to (47) and (65). Relation (62) is satisfied due
to (26) and by imposing the following inequalities

γ2 <
2θ(W1 − q

2 )

c
, κ2 <

κ1θ
(

W1 − 1
2 q − c

2θ γ2

)
(
γ̄4
2 + q + q2

γ̄4

) (69)

on the γ2 and κ2 parameters in addition to (68). Relation (64)
is equivalent to

γ5 >
q(q + γ4)

γ4
(70)

Substituting (70) in (63), one obtains

c > θq2
(

q + γ4

γ4

)2

+ 2c2

θγ4
, (71)

and it is clear that ∀c > θq2 ∃ γ̄4 such that relation (71) is in
force ∀γ4 ≥ γ̄4. Thus, under the tuning conditions (25)-(26),
and the additional inequalities (65), (67)-(70) along with γ4 ≥
γ̄4, all terms in the right hand-side of (58) are nonnegative,
and it can be readily found ρ3 > 0 such that

V̇2(t) ≤ −ρ3

(
|x(1, t)| + x2(1, t)+ ‖x(·, t)‖2

0 + ‖xt(·, t)‖2
0

)
(72)

Relations (72) and (48), considered together, imply that
V2(t) asymptotically escapes to zero. Particularly, by (48), it
implies that the norms ‖x(·, t)‖2

0 and ‖xt(·, t)‖2
0 asymptotically

vanish. Then, it follows from (11) that ‖xξξ (·, t)‖2
0 asymptoti-

cally vanishes as well. This, in turns, guarantees the asymptotic
stability of (11)-(13), (17), (25)-(26) whose augmented state
vector (x, xt) is evolving in the space H2(0, 1)× L2(0, 1).

3. Stability of the original system: To prove stability of the
original system (6)-(8), (15)-(16) it must be proven that the
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Fig. 1. Solution z(ξ ,t) spatiotemporal profile.

Fig. 2. Left plot: time evolutions of ‖z( · ,t)‖2 and ‖zt ( · ,t)‖0. Right plot:
boundary control v (t) and the disturbance −ψ(t).

transformation (10) is invertible. Associated computations can
be found in [2, Proof of Th. 1]. Equivalence of norms of
z(ξ, t) and x(ξ, t) in H2(0, 1) is thus proven and the same norm
equivalence straightforwardly holds as well for the norms of
zt(ξ, t) and xt(ξ, t) in L2(0, 1), thereby ensuring that ‖z(·, t)‖2
and ‖zt(·, t)‖0 asymptotically decay, too. This completes the
proof of Theorem 1. �

IV. SIMULATIONS

Consider the BVP (6)-(8), with parameters θ = 0.5,
λ = 10 and q = 2, and the disturbance ψ(t) chosen as
ψ(t) = 3 + t + 5sin(4t). The magnitude of the distur-
bance time derivative ψ̇(t) is upper-estimated as M = 25,
according to (9). The state initial condition has been set
to z(ξ, 0) = 20sin(πξ) + 10sin(3πξ). The finite-difference
method is used by discretizing the spatial solution domain
ξ ∈ [0, 1] into a finite number of N = 40 uniformly spaced
solution nodes ξi = ih, h = 1/(N + 1), i = 1, 2, . . . , 40. The
resulting 40-th order discretized system is solved by fixed-step
Euler method with step Ts = 10−4.

The proposed controller (15)-(20) has been then imple-
mented with the parameters c = 5, λ1 = 150, λ2 = 50,
W1 = 2, W2 = 4, which are selected in accordance
with (25)-(26). Figure 1 depicts the spatiotemporal profile of
the closed-loop solution z(ξ, t), which, as expected, is asymp-
totically steered to the zero value. Figure 2-left shows the time
evolutions of the norms ‖z(·, t)‖2 and ‖zt(·, t)‖0, which both
eventually tend to zero according to the theoretical analysis
of Theorem 1, whereas Figure 2-right depicts the time evo-
lution of the boundary control input v(t), showing that it is
continuous and, in addition, that it eventually approaches the
sign-reversed disturbance −ψ(t) as t → ∞.

V. CONCLUSION

A class of reaction-diffusion processes has been stabilized
by employing a synergic combination between the backstep-
ping and sliding mode control methodologies. The natural
continuation of this letter, to be addressed in next publications,
will be the design of a state observer capable of reconstruct-
ing the state z(ξ, t) and its time derivative using boundary
sensing, thereby enabling, once coupled to the presented state-
feedback controller, the output-feedback implementation of the
considered technique.

REFERENCES

[1] A. Abdelhedi, W. Saadi, D. Boutat, and L. Sbita, “Backstepping and slid-
ing modes for observer design of distributed parameter system,” Trans.
Inst. Meas. Control, vol. 40, no. 2, pp. 542–549, 2018.

[2] A. Baccoli, Y. Orlov, A. Pisano, and E. Usai, “Sliding-mode boundary
control of a class of perturbed reaction–diffusion processes,” in Proc.
IEEE Int. Workshop Recent Adv. Sliding Modes RASM, Istanbul, Turkey,
Apr. 2015, pp. 1–6.

[3] R. Curtain and H. Zwart, An Introduction to Infinite-Dimensional Linear
Systems Theory (Texts in Applied Mathematics). New York, NY, USA:
Springer, 1995.

[4] A. F. Filippov, Differential Equations With Discontinuous Right-Hand
Side. Dordrecht, The Netherlands: Kluwer, 1988.

[5] J. J. Gu and J.-M. Wang “Sliding mode control for N-coupled reaction-
diffusion PDEs with boundary input disturbances,” Int. J. Robust Nonlin.
Control, vol. 29, no. 5, pp. 1437–1461, 2019.

[6] B. Z. Guo and J.-J. Liu, “Sliding mode control and active disturbance
rejection control to the stabilization of one-dimensional Schrodinger
equation subject to boundary control matched disturbance,” Int. J. Robust
Nonlin. Control, vol. 24, no. 16, pp. 2194–2212, 2014.

[7] B.-Z. Guo and F.-F. Jin, “Sliding mode and active disturbance rejection
control to stabilization of one-dimensional anti-stable wave equations
subject to disturbance in boundary input,” IEEE Trans. Autom. Control,
vol. 58, no. 5, pp. 1269–1274, May 2013.

[8] M. Krstic and A. Smyshlyaev, Boundary Control of PDEs: A Course
on Backstepping Designs (Advances in Design and Control Series).
Philadelphia, PA, USA: SIAM, 2008.

[9] M. Li and W. Mao, “Sliding mode control to stabilization of the coupled
PDE-PDE system with boundary input disturbance,” in Proc. IEEE Int.
Conf. Netw. Sens. Control (ICNSC), Reggio Calabria, Italy, May 2017,
pp. 121–126.

[10] J.-J. Liu, “Sliding mode control to stabilization of an ODE-Schrödinger
cascade systems subject to boundary control matched disturbance,” J.
Syst. Sci. Complex, vol. 31, no. 5, pp. 1146–1153, 2018.

[11] Y. V. Orlov, “Discontinuous unit feedback control of uncertain infinite-
dimensional systems,” IEEE Trans. Autom. Control, vol. 45, no. 5,
pp. 834–843, May 2000.

[12] Y. Orlov Discontinuous Systems Lyapunov Analysis and Robust
Synthesis Under Uncertainty Conditions (Communications and Control
Engineering Series). Berlin, Germany: Springer-Verlag, 2009.

[13] A. Pisano and Y. Orlov, “Boundary second-order sliding-mode control
of an uncertain heat process with unbounded matched perturbation,”
Automatica, vol. 48, no. 8, pp. 1768–1775, 2012.

[14] Y. Orlov and V. I. Utkin, “Sliding mode control in infinite-dimensional
systems,” Automatica, vol. 23, no. 6, pp. 753–757, 1987.

[15] A. Smyshlyaev and M. Krstic, “Closed-form boundary state feedbacks
for a class of 1-D partial integro-differential equations,” IEEE Trans.
Autom. Control, vol. 49, no. 12, pp. 2185–2202, Dec. 2004.

[16] A. Smyshlyaev and M. Krstic, Boundary Control of PDEs: A Course
on Backstepping Designs. Philadelphia, PA, USA: SIAM Press, 2008.

[17] S. Tang and M. Krstic, “Sliding mode control to the stabilization of a
linear 2 × 2 hyperbolic system with boundary input disturbance,” in
Proc. ACC, Portland, OR, USA, 2014, pp. 1027–1032.

[18] J.-M. Wang, J.-J. Liu, B. Ren, and J. Chen, “Sliding mode control to
stabilization of cascaded heat PDE–ODE systems subject to boundary
control matched disturbance,” Automatica, vol. 52, pp. 23–34, Feb. 2015.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


