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Abstract— Stability guarantees are critical for cycle-by-cycle
controlled dc-dc converters in consumer electronics and energy
storage systems. Traditional stability analysis on cycle-by-cycle
dc-dc converters is incomplete because the inductor current
ramps are considered fixed; but instead, inductor ramps are
not fixed because they are dependent on the output voltage
in large-signal transients. We demonstrate a new large-signal
stability theory which treats cycle-by-cycle controlled dc-dc con-
verters as a particular type of feedback interconnection system.
An analytical and practical stability criterion is provided based
on this system. The criterion indicates that the L/R and RC
time constants are the design parameters which determine the
amount of coupling between the current ramp and the output
voltage.

I. INTRODUCTION

Cycle-by-cycle controlled dc-dc converters are widely used
in PoL (point-of-load) regulators [1], VRMs (voltage regula-
tion modules) [2], battery chargers [3], and LiDAR power
supplies [4] because of its faster transient response com-
pared to the traditional averaging-based control [5]. How-
ever, the well-known averaging theory cannot model the fast
switching-frequency-scale dynamics of cycle-by-cycle con-
trolled dc-dc converters due to the slow-varying perturbation
assumption. The switching-synchronized sampled-state space
(5S) model is an accurate and tractable alternative [6].

In comparison to the bilinear nonlinearity in the averaging
model, the converter model in 5S illustrates more complicated
nonlinear behaviors. While the small-signal stability in 5S has
been widely discussed in [6], the large-signal stability of cycle-
by-cycle controlled dc-dc converters has not been adequately
addressed.

This paper focuses on one of the most widely-used cy-
cle-by-cycle controlled dc-dc converters — current-mode dc-
dc converters, which have a number of varieties including
constant on-time control [7], constant off-time control [8],
and fixed-frequency peak current control [9]. In the existing
large-signal stability analysis for current-mode converters, the
current block and voltage block shown in Fig. 1 in current-
mode dc-dc converters are considered decoupled and are
designed separately. The stability of the current block, which
is referred to “fast-scale stability”, was studied by assuming
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the rising ramp and falling ramp of the inductor current are
fixed as m1 and m2 [10]. The stability of the voltage block,
which is referred to “slow-scale stability”, was studied by
utilizing averaging theory because of negligible voltage ripple
and treating the current block as a controlled current source.

However, during large-signal transients, the output voltage
significantly changes, hence the inductor current ramp changes
every switching cycle. The cycle-varying inductor current
ramp affects the amount of charge pumped into the output, and
ultimately affects the output voltage dynamics. The traditional
large-signal stability analysis of the current block, which fully
neglects the voltage block and assumes a fixed inductor current
ramp, cannot guarantee the stability of the current block for
large-signal transients.

To address this deficiency in the large-signal stability the-
ory of current-mode dc-dc converters, we develop a new
large-signal stability theory which models the current-mode
buck converter as a feedback connection system in 5S shown
in Fig. 1. Several discrete-time robust control tools, including
small-gain theorem, dissipativity theory, and Lure system
theory are utilized to rigorously study the stability of the
resulting discrete-time nonlinear system.

This paper is organized as the following: (i) Section I
introduces the paper; (ii) Section II develops the large-signal
models for the current block and voltage block of a current-
mode buck converter using constant on-time control; (iii) the
ultimate goal, which is illustrated in Section III, is to derive
the large-signal stability guarantees for current mode dc-dc
converters; (iv) Section IV concludes the paper.
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Fig. 1. The current block and voltage block are coupled if the inductor current
ramp is cycle-varying.

II. 5S MODELING OF CONSTANT ON-TIME
BUCK CONVERTER

A. Converters, Systems, and Definitions

Consider a class Σ buck converter [6] using constant on-
time current-mode control is illustrated in Fig. 2. The inductor
current and capacitor voltage trajectories are shown in Fig. 3.
Vin and Ton are the input voltage and constant on time,
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Fig. 2. Schematic diagram of a digitally-controlled current-mode constant
on-time buck converter.
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Fig. 3. Constant on-time buck converter using cycle-by-cycle current-mode
control.

respectively. According to the cycle-by-cycle control law in
[6], the output voltage is sampled during the on-time, once
per switching cycle. The sampling time point for v[n] can
be expressed as the convex combination of the time of the
inductor current valley tv[n] and the time for the inductor
current peak tp[n].

ts[n] = λtv[n− 1] + (1− λ)tp[n], (1)

the parameter λ can be chosen to be from 0 to 1.
The slopes of the rising and falling ramps of the inductor

current are denoted by m1[n] and m2[n]

m1[n] =
Vin − v[n]

L
, m2[n] =

v[n]

L
. (2)

We introduce the one-cycle-delayed valley current sequence
{ipv[n]} as

ipv[n+ 1] , iv[n]. (3)

We denote the equilibrium of the system by vout[n] = Vout,
iv[n] = Iv , ipv[n] = Iv , and toff[n] = Toff. The interference
signal in the inductor current measurement is denoted by w(t)
[11]. The equilibrium is defined by the following equations:

Iv ,
Vout

R
− 1

2

Vin − Vout

L
Ton, Iv = Ic − w(Toff), (4a)

Toff ,
Vin − Vout

Vout
Ton, T ss

s , Ton + Toff, (4b)

B. Current Block Modeling

According to [11], the large-signal dynamical model (trans-
lated to the origin) of the current block follows

ĩpv[n+ 1] = ĩpv[n]− ṽ[n]

L
Ton −

ṽ[n]

L
Toff −

v[n]

L
t̃off[n],

(5a)

ĩpv[n+ 1] = ĩc[n]− ψ(t̃off[n]), (5b)

where the translated variables ṽ[n], ĩpv[n], t̃off[n], and ψ satisfy

ṽ[n] = v[n]− Vout, ĩpv[n] = ipv[n]− Iv, (6a)

t̃off[n] = toff[n]− Toff, ψ(x) = w(x+ Toff)− w(x). (6b)

From (5), the current control block diagram can be represented
by Fig. 4.
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Fig. 4. Current block diagram of current-mode buck converter using constant
on-time.

C. Voltage Block Modeling

From [6], constant on-time current-mode buck converters
have the following two properties: (1) the output RC-filter
time constant is much greater than the switching period; (2)
the output voltage has a small ripple so the inductor current
can be considered as a cycle-varying piecewise linear (ramp)
waveform. Property (1) implies

Ts[n]

RC
� 1, (7)

where Ts is the switching period at the nth switching cycle.
Property (2) implies that the quasi-steady state discharging of
the capacitor, i.e. the discharging current to the load, can be
treated as constant throughout a given switching cycle, and
the small output-voltage ripple

Ts[n]Ton

2LC
� 1. (8)

The large-signal dynamical model (translated to the origin) of
the voltage block follows [6]:

ṽ[n+ 1] = ṽ[n] +
1

C

 3∑
j=1

Q̃
(j)
in [n]− Q̃out[n]

 , (9a)

Q̃
(1)
in [n] = (1− λ)Tonĩ

p
v[n]− 1− λ2

2

ṽ[n]

L
T 2

on, (9b)

Q̃
(2)
in [n] =

1

2

(
ĩpv[n]− ṽ[n]

L
Ton + ĩpv[n+ 1]

)
toff[n]

+

(
Iv +

M1Ton

2

)
t̃off[n], (9c)
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Fig. 5. Linear fractional transformed system.

Q̃
(3)
in [n] = λToni

p
v[n+ 1]− λ2

2

ṽ[n]

L
T 2

on, (9d)

Q̃out[n] =
ṽ[n]

R

(
Ton + toff[n]

)
+
Vout

R
t̃off[n]. (9e)

To prevent the switching transient from disturbing the valley
current detection denoted by the sense voltage vs in Fig. 2, the
time-varying off-time is bounded from below [6]. To avoid the
misdetection of the valley current event, the time-varying off-
time is bounded from above by

Tmin
off ≤ toff[n] ≤ Tmax

off . (10)

III. STABILITY AND CONTROL PERFORMANCE ANALYSIS
OF CONSTANT ON-TIME BUCK CONVERTERS

A. Current Block

To calculate the L2 gain from ṽ[n] to ĩpv[n], denoted by
Γv→i, we introduce the following dissipativity theory. If the
system can be expressed in Fu(L,∆) form [12], as shown in
Fig. 5, then the state-space representation of Fu(L,∆) is

x[n+ 1] = Ax[n] +B1h[n] +B2r[n], (11a)
p[n] = C1x[n] +D11h[n] +D12r[n], (11b)
e[n] = C2x[n] +D21h[n] +D22r[n], (11c)

h[n] = ∆
(
p[n]

)
, (11d)

the upper bound of the L2 gain can be calculated as

Theorem 1. Assume ∆ : R→ R is an [α̂, β̂] sector-bounded
nonlinearity. Also, assume Fu(L,∆) is well-posed. If ∃P > 0,
λ ≥ 0, and γ̂ > 0 such thatATPA− P ATPB1 ATPB2

BT1 PA BT1 PB1 BT1 PB2

BT2 PA BT2 PB1 BT2 PB2 − γ̂2I


+ λ

[
C1 D11 D12

0 I 0

]T [−α̂β̂ α̂+β̂
2

α̂+β̂
2 −1

] [
C1 D11 D12

0 I 0

]

+

CT2DT
21

DT
22

 [C2 D12 D22

]
< 0, (12)

then ‖Fu(L,∆)‖ ≤ γ̂.

Proof. Let r ∈ L2 be any input and assume x[0] = 0. Let
(x, p, h, e) be the resulting solutions for this input r.

Multiply the left and right of (12) by
[
x[n]T p[n]T r[n]T

]
and its transpose to obtain

V (x[n+ 1])− V (x[n])− γ̂2r[n]T r[n]

+ Λ

[
p[n]
h[n]

]T [−α̂β̂ α̂+β̂
2

α̂+β̂
2 −1

] [
p[n]
h[n]

]
+ e[n]T e[n] < 0, (13)

where the storage function V (x) is defined as V (x) , xTPx.
By summing up both sides of (13) from n = 0 to n = N ,

we have

V (x[N + 1])− V (x[0])− γ̂2
N∑
n=0

r[n]T r[n]

+ Λ

N∑
n=0

[
p[n]
h[n]

]T [−α̂β̂ α̂+β̂
2

α̂+β̂
2 −1

] [
p[n]
h[n]

]
+

N∑
n=0

e[n]T e[n] < 0.

(14)

(14) can be equivalently expressed as

V (x[N + 1])− V (x[0]) +

N∑
n=0

e[n]T e[n]−
N∑
n=0

γ̂2r[n]T r[n]

+ Λ

N∑
n=0

(
h[n]− α̂p[n]

) (
β̂p[n]− h[n]

)
< 0. (15)

V (x[N+1]) ≥ 0 because P > 0. V (x[0]) = 0 because x[0] =
0. h[n] ≥ α̂p[n] and β̂p[n] ≤ h[n] because of the sector-
bounded nonlinearity. The last term in (15) is non-negative
because of both the sector-bounded nonlinearity and positive
scalar term Λ. Therefore, (15) implies

N∑
n=0

e[n]T e[n] <

N∑
n=0

γ̂2r[n]T r[n]. (16)

Take N →∞ to show ‖e‖22 < γ̂2‖r‖22. In all, the L2 norm
of Fu(L,∆) is bounded by γ̂.

We reformulate the current block in a unitless Fu(L,∆)
form as

ĩpv[n+ 1] = ĩi[n], ĩe[n] = ĩpv[n]− ĩi[n] + ũ[n], (17a)

ĩpv[n] = ĩpv[n], ĩi[n] = ∆(̃ie[n]), (17b)

where

ũ[n] =
T ss
s

L
ṽ[n], ∆(z) = −ψ

(
z

m2[n]

)
, (18)

and ∆(z) ∈ [α̂, β̂] is a sector-bounded time-varying nonlin-
earity.



Fig. 6. Gain of system (17) as a function of sector bounds. For no interference,
α̂ = β̂ = 0, system (17) has zero gain, and voltage does not affect the current.
As α̂ decreases and β̂ decreases, system (17) has larger gain.

From Theorem 1, the gain γ̂ of unitless Fu(L,∆) form can
be obtained from following optimization problem:

min
γ̂,λ,P

γ̂2 (19a)

subject to P > 0, λ ≥ 0, γ̂ > 0, (19b)

λ

 −α̂β̂ α̂β̂ + α̂+β̂
2 −α̂β̂

α̂β̂ + α̂+β̂
2 −2α̂β̂ − α̂− β̂ α̂β̂ + α̂+β̂

2

−α̂β̂ α̂β̂ + α̂+β̂
2 −α̂β̂


+

1− P 0 0
0 P 0
0 0 −γ̂2

 < 0. (19c)

Problem (19) is in linear matrix inequality (LMI) form, hence
is convex and the global minimum exists. By applying an LMI
solver (e.g. CVX), we obtain the gain of system (17) as a
function of the sector bounds,

γ̂ = g(α̂, β̂). (20)

If there is no interference, α̂ = β̂ = 0, system (17) has zero
gain, and voltage doesn’t affect the current. As α̂ decreases and
β̂ increases, system (17) has larger gain, as shown in Fig. 6.

The following corollary follows Theorem 1:

Corollary 1. Given the class Σ buck converter modeled by
[6], the L2 gain from the sampled output voltage sequence
{ṽ[n]} to one-cycle-delayed inductor current sequence {̃ipv[n]}
is bounded from above by

Γv→i ≤
T ss
s

L
g(α̂, β̂), (21)

where T ss
s is the steady-state switching period,

T ss
s , Ton + Toff. (22)

B. Voltage Block

The voltage dynamics, which is described by the nonlinear
time-invariant system (9), is a nonlinear system with quadratic
and fractional nonlinearities. A straightforward mathematical
tool does not exist to analytically study the stability and
calculate the L2 gain in closed form. The algorithmic method
only applies to a buck converter with specific L, C, and R.
Therefore, it is difficult to generalize the algorithmic methods
and give engineering intuitions to the designers.

We solve this challenge by taking advantage of the inherent
physical constraint of constant on-time buck converters that
the cycle-varying off-time is bounded by (10).

Theorem 2. Given the class Σ buck converter modeled by
[6], the L2 gain from the one-cycle-delayed inductor current
sequence {̃ipv[n]} to sampled output voltage sequence {ṽ[n]}
is bounded from above by

Γi→v ≤
R(

1 + Ton
2τ2

) Tmax
s

Tmin
s

, (23)

where Tmin
s and Tmax

s are the shortest switching period and
longest switching period, respectively, and τ2 is the L/R time
constant,

Tmax
s , Ton + Tmax

off , Tmin
s , Ton + Tmin

off , τ2 ,
L

R
. (24)

Proof. (i) Voltage Block Model Reformulation
The nonlinear time-invariant system (9) can be transformed to
the following linear time-varying system

ṽ[n+ 1] = α[n] ṽ[n] + β[n] ĩpv[n] + γ[n] ĩpv[n+ 1], (25a)

α[n] = 1− Ton + toff[n]

RC
−
Ton
(
Ton + toff[n]

)
2LC

, (25b)

β[n] =
1

C

(
(1− λ)Ton +

1

2
toff[n]

)
, (25c)

γ[n] =
1

C

(
λTon +

1

2
toff[n]

)
. (25d)

From (10), the time-varying coefficients are bounded by

0 < α[n] ≤ αmax = 1− Tmin
s

RC
− TonT

min
s

2LC
, (26a)

0 < β[n] ≤ βmax =
1

C

(
(1− λ)Ton +

1

2
Tmax

off

)
, (26b)

0 < γ[n] ≤ γmax =
1

C

(
λTon +

1

2
Tmax

off

)
. (26c)

We transform the linear time-varying system into standard
state-space representation

ṽ[n+ 1] = α[n]q[n] +
(
β[n] + α[n]γ[n]

)
ĩpv[n], (27a)

ṽ[n] = q[n] + γ[n]̃ipv[n]. (27b)

(ii) Gain Estimation
We utilize a storage function V[n] = q2[n] to calculate the L2

gain of the dynamical system (27a)

V[n+ 1]− V[n] = q2[n+ 1]− q2[n]. (28)



From the Cauchy-Schwartz Inequality, given any µ1 > 0,
q2[n+ 1] can be bounded from the above by

q2[n+ 1]

=
(
α[n]q[n] +

(
β[n] + α[n]γ[n]

)
ĩpv[n]

)2
≤

(
α2[n]q2[n] + (β[n] + α[n]γ[n])2

(̃ipv[n])2

µ1

)
(1 + µ1) .

(29)

We let µ1 = (1− α[n])(α[n])−1. It can be verified that µ1 > 0
from (7) and (8)

q2[n+ 1] ≤ α[n]q2[n] +

(
β[n] + α[n]γ[n]

)
1− α[n]

(̃ipv[n])2. (30)

Substitute (30) to (28),

V[n+ 1]− V[n] ≤(
β[n] + α[n]γ[n]

)2
1− α[n]

(̃ipv[n])2 − (1− α[n])q2[n] ≤

(βmax + αmaxγmax)
2

1− αmax
(̃ipv[n])2 − (1− αmax)q2[n] =

(1− αmax)

(
(βmax + αmaxγmax)

2

(1− αmax)2
(̃ipv[n])2 − q2[n]

)
. (31)

Summing both sides of the inequality for all n yields

V(∞)− V(1) ≤ (1− αmax)
(

Γ2
1‖̃ipv‖22 − ‖q‖22

)
, (32)

where ‖ · ‖2 is the L2 norm and

Γ1 =
(βmax + αmaxγmax)

(1− αmax)
. (33)

The L2 norm of q[n] can be bounded by

‖q‖2 ≤ Γ2
1‖̃ipv‖22 +

V (1)− V (∞)

(1− αmax)
≤ Γ2

1‖̃ipv‖22 +
V (1)

(1− αmax)
.

(34)

By definition, the L2 gain of system (27a) is bounded from
above by Γ1.

The L2 gain of the system (27b) can be obtained from the
Cauchy-Schwartz Inequality as

ṽ2[n] = (q[n] + γ[n]̃ipv[n])2 ≤(
q2[n] + γ2[n](̃ipv[n])2

Γ1

γ[n]

)(
1 +

γ[n]

Γ1

)
≤(

Γ1 + γ[n]
)

Γ1(̃ipv[n])2 +
(
Γ1 + γ[n]

)
γ[n](̃ipv[n])2 ≤

(Γ1 + γmax) (̃ipv[n])2. (35)

Summing both sides of the inequality for all n yields the L2

gain of the system (27b)

‖v‖2 ≤ (Γ1 + γmax) ‖̃ipv‖2. (36)

By (33), the L2 gain of the voltage block can be bounded
from above

Γi→v ≤ Γ1 + γmax =
βmax + γmax

1− αmax
=

R(
1 + Ton

2τ2

) Tmax
s

Tmin
s

, (37)

where Tmin
s and Tmax

s are the shortest switching period and
longest switching period, respectively, and τ2 is the L/R time
constant.

C. Overall System

From the Small Gain Theorem [13], the current-mode buck
converter is finite-gain L2 stable if

Γi→v · Γv→i < 1. (38)

By substituting (21) and (37) into (38), (38) is equivalent to

g(α̂, β̂) <

(
τ2 +

Ton

2

)
Tmin
s

Tmax
s

1

T sss
, (39)

where Tmin
s , Tmax

s , and T ss
s are the shortest switching period,

longest switching period, and steady-state switching period,
respectively.

Because both current and voltage blocks are zero state
observable [14], finite-gain L2 stability implies the current-
mode buck converter is large-signal asymptotically stable. The
following corollary follows from Corollary 2:

Corollary 2. The current control loop of class Σ buck con-
verters using constant on-time current-mode control is globally
asymptotically stable if

g(α̂, β̂) <

(
τ2 +

Ton

2

)
Tmin
s

Tmax
s

1

T sss
, (40)

Tmax
s

(
1 +

Ton

2τ2

)
< τ1, (41)

where g(α̂, β̂) follows (20), Tmin
s and Tmax

s are the shortest
switching period and longest switching period, respectively,
τ1 is the RC time constant, and τ2 is the L/R time constant,

Tmax
s , Ton + Tmax

off , Tmin
s , Ton + Tmin

off , (42)

τ1 , RC, τ2 ,
L

R
. (43)

IV. MODELING AND STABILITY OF CONSTANT OFF-TIME
BOOST CONVERTER

The modeling and stability of the constant off-time boost
converters can be studied in the similar manners.

A. Current-Mode Boost Converter Using Constant Off-Time

Consider a class Σ boost converter using constant off-time
defined in [6], the on-time in steady state is denoted by Toff.
The time-varying on-time is bounded from above by

Tmin
on ≤ ton[n] ≤ Tmax

on . (44)

The large-signal stability guarantee is shown in Proposition 1.
The detailed proof can be found in [15]:

Proposition 1. The current control loop of the class Σ
boost converter using constant off-time control is globally
asymptotically stable



TABLE I
DESIGN PARAMETERS OF THE CONSTANT ON-TIME CURRENT-MODE

BUCK CONVERTER

Param. Values Param. Values Param. Values

Vin 12 V L 240 nH Ton 100 ns

Vout 2.2 V C 100 µF Rs 10 mΩ

TABLE II
VALIDATIONS OF THE PROPOSED STABILITY CRITERION (39)

Case R Icmd |α̂| Corollary 1 [11] (39)

1 0.4 Ω 4.5 A 0.48 |α̂| < 0.5 |α̂| < 0.24

2 0.05 Ω 43 A 0.3 |α̂| < 0.5 |α̂| < 0.44

(i) if
(

(1− λ)Toff + VoutL
VinR

)(
1− T ss

s

RC −
Tmax
s

RC −
T 2

off
2LC

)
+(

λToff − VoutL
VinR

)
≥ 0 and

g(α̂, β̂) ≤ 1

2
+ τ2

(
T ss
s + Tmin

s

T ss
s Toff

)
; (45)

or (ii) if
(

(1− λ)Toff + VoutL
VinR

)(
1− T ss

s

RC −
Tmax
s

RC −
T 2

off
2LC

)
+(

λToff − VoutL
VinR

)
< 0 and

g(α̂, β̂) ≤ (46)

2τ2
(
Tmin
s + T ss

s

)
+ T 2

off

2τ2 (Tmax
s + T ss

s ) + T 2
off

2τ1 − T ss
s − Tmax

s − T 2
off

2τ2

2Vout
Vin

+ (1− 2λ)Toff
τ2

Toff;

where g(α̂, β̂) follows Fig. 6, Tmin
s and Tmax

s are the shortest
switching period and longest switching period, respectively, τ1
is the RC time constant, and τ2 is the L/R time constant,

Tmax
s , Ton + Tmax

off , (47)

Tmin
s , Ton + Tmin

off , (48)

τ1 , RC, τ2 ,
L

R
. (49)

V. SIMULATION VALIDATION

The proposed stability criterion was validated by a
high-fidelity switch-circuit simulation model in MAT-
LAB/Simulink. The parameters of the constant on-time buck
converter system in the validation are shown in Table I. Two
case studies were performed with different resistive load
conditions as shown in Table II. The inductor currents were
controlled so that the steady-state output voltages were kept
the same. The inadequacy of the existing stability criterion
[11] is illustrated for Case 1 in Fig. 7. The proposed stability
criterion, which guarantees the large-signal stability of the
power converter system, is demonstrated for Case 2 in Fig. 8.

VI. CONCLUSION

The theoretical contribution of this paper provides an an-
alytical and practical stability criterion for designing current-
mode dc-dc converters with large-signal stability guarantees.

Fig. 7. In case study 1, for R = 0.4 Ω and Icmd = 4.5 A, according to
stability criterion (39), the current control loop is stable if the interference is
sector-bounded by |α̂| < 0.24. In the Simulink simulation, interference with
sector bound |α̂| = 0.48 is added to the inductor current measurement; the
inductor current waveform is unstable for a current step. This result shows
that the expectation of stability from pre-existing theory that ignores the
dependence of the current ramp on the output voltage (corollary 1 in [11]) is
inadequate.

Fig. 8. In case study 2, for R = 0.05 Ω and Icmd = 43 A, according to
the proposed stability criterion (39), the current control loop is stable when
the interference is sector-bounded by |α̂| < 0.44. In the Simulink simulation,
the interference with sector bound |α̂| = 0.3 is added to the inductor current
measurement; the inductor current waveform is stable for a current step.

The criteria indicate that the L/R and RC time constants are
the design parameters which determine the amount of coupling
between the current block and voltage block. The current block
and voltage block can be decoupled by increasing L/R, RC,
or Tmin

s , or by decreasing Tmax
s .
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