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Optimal control of distributed ensembles
with application to Bloch equations™

Roman Chertovskih!, Nikolay Pogodaev?, Maxim Staritsyn®, and A. Pedro Aguiar'

Abstract— Motivated by the problem of designing robust
composite pulses for Bloch equations in the presence of natural
perturbations, we study an abstract optimal ensemble control
problem in a probabilistic setting with a general nonlinear
performance criterion. The model under study addresses mean-
field dynamics described by a linear continuity equation in the
space of probability measures. For the resulting optimization
problem, we derive an exact representation of the increment of
the cost functional in terms of the flow of the driving vector
field. Relying on the exact increment formula, a descent method
is designed that is free of any internal line search. The numerical
method is applied to solve new control problems for distributed
ensembles of Bloch equations.

I. MOTIVATION

Consider a population of homotypic individuals labeled by
the points w of some set €2. The state of the wth object at
the time moment ¢, x(¢,w) € R™, evaluates on a given time
interval T = [0,7] under the action of the parameterized
vector field V' : R™ x R® x U — R", starting from a given
position xo(w) € R™:

{ 8t117(t,W) =Vu (I(tvw)v 77(“))

weQ (D)
2(0,w) = zo(w)

The dynamics involves two types of structural “param-
eters”: the function n : £ — R° manifests disturbances
or structural variations of the underlying model, while an
exogenous signal u with values in a given set U C R™
models the control action.

In the simplest case, the parameterization space €2 is just a
finite set of indexes, and () reduces to a multi-agent system
of non-interacting units. In a more general setup, we deal
with the continuum of individuals moving in a discoordinated
way. Commonly, in such models, {2 is a simply organized
compact subset of R?, and 7 is the identity mapping 2 — 2.

Problems of ensemble control arise when one has to design
a control signal in a “broadcast” way, i.e., such that it acts
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simultaneously on all individual trajectories z(-,w), w € 2,
to force them towards a desired behavior; this means that
u should be a function ¢ — wu(t) of time variable only
(independent of w).

A canonical example is the problem of designing external
excitations of quantum ensembles. Pioneering works in this
area were focused on the famous Bloch equation [1], [2],
which models the macroscopic evolution of bulk magne-
tization in a population of non-interacting nuclear spins
immersed in an intense static magnetic field, which is mod-
ulated by the radio frequency (rf-) field. In nuclear magnetic
resonance (NMR) experiments, the strength of the applied
magnetic field is subject to unavoidable perturbations (static-
and/or rf-field inhomogeneity), while the spin ensembles
demonstrate perceptible variations in their dissipation rates
and/or natural frequencies (Larmor dispersion). The related
problem of control engineering is to design robust signals
(so-called composite pulses) compensating for the mentioned
disturbances; mathematically, this task can be formalized
as a problem of optimal ensemble control, see, e.g. [3].
In NMR spectroscopy, the designed pulse sequences are
typically desired to be selective, i.e., some sub-populations
(with prescribed Larmor frequencies) have to be excited,
while the other ones should remain intact or saturated [4];
such are, e.g., contrast problems in NMR imaging [5], [6]. In
the language of ensemble control, this means to drive several
uncoupled populations of spins by a common magnetic field.

A. Probabilistic Setup. Distributed Ensembles

In contrast to [5]-[7], our approach stems from the prob-
abilistic interpretation of the ensemble dynamics, assuming
that 2 is endowed with the structure of probability space
(92, A, P) with a specified o-algebra A C 2% and a canonical
probability measure P on (€2, F) (we shall write P € P(Q)).

This interpretation is motivated by practical applications,
in which the individual states x(-,w) can not be measured
directly, and all the available information is based on some

“observables” — measurement outputs accompanying the
dynamics (1) and involving certain statistical characteristics,
see, e.g., [8].

In the probabilistic setup, the map (¢, w) — (z(t,w), n(w))
is naturally viewed as a deterministic random process, and
the behavior of the random variable w — (x(t,w), n(w)) can
be analyzed by investigating the time-evolution of its law

oe = (a(t,-),n(-)), P € P(R""*). @)

Hereinafter, the operator Fy : P(X) — P()) denotes the
pushforward of a measure p € P(X') through a (Borel) map
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F: X — ) between two measurable spaces that acts on
functions ¢ : ) — R with the property @ o F' € L1(X; u)
by the rule

/so d(Fyp) = /so o Fdp. 3)
Y x

Under the standard regularity of the map (z,n) — V,(z,7),
the measure-valued curve ¢t — p; is a unique distributional
solution of the continuity equation [9]

815915 + V- (Vu(t) Qt) =0, o0o= (ZC()('), n())ﬁpa “4)

V. denotes the gradient w.r.t. z € R", and “.” means the
scalar product.

The discussed interpretation of postulates a passage
from the multi-particle, microscopic model represented by
many copies of an ODE to a distributed, macroscopic rep-
resentation described by a PDE and called the mean field;
systems (I) and (@) are the so-called Lagrangian and Eulerian
forms of the mean-field dynamics, respectively [10].

Remark that, as a result of this passage, a nonlinear finite-
dimensional object is replaced by an infinite-dimensional but
state-linear (p-linear) one. The linearity of the reduced model
plays a vital role in our study as it gives rise to an exact
representation of the increment (co-order variation) of the
cost functional in the corresponding optimal control problem
to be presented in §

Finally, observe that PDE @) can be viewed as a family
n + uy of P(R™)-valued curves solving, Z-a.e., the “sliced”
continuity equation of the same structure with the vector field
V" = V(-,n) and initial condition ] = 9" € P(R™), where
the map n — " is obtained by disintegrating the distribution
0o w.r.t. the projection = = ((x,n) — 1)400. We call such a
family the distributed ensemble; this concept separates two
types of uncertainty: dispersion in the initial data w — xq(w)
is converted to the mean field, while fluctuations of the
dynamics, n — V", are treated independently.

B. Contribution and Novelty

This work contributes to the line of research [3], [S]-
[7] devoted to optimal control of quantum ensembles. We
elaborate on a general approach that captures the natural
probabilistic flavor of ensemble control problems. From
practical viewpoints, it enables us to improve the quality
of designed control signals since it takes into account the
available statistical information, and in this way allows us to
concentrate the “resource” of feasible control options around
relevant values of w. A key result is the development of a
descent algorithm for optimal ensemble control originating
from an exact increment formula for the nonlinear cost
functional. In contrast to familiar indirect methods [11] based
on the 1st variation (i.e. on Pontryagin’s maximum principle,
PMP), our approach is free of any hidden parameters and
does not involve any internal line search. This essentially
improves the computational performance, where the algo-
rithm is proved to converge towards a PMP extremal, but the
convergence is, typically, faster than as for the conventional
gradient descent. Furthermore — due to the nonlocal nature of
the underlying increment formula — our algorithm can step

over local solutions, and therefore, has the potential of global
search/[l]

This paper generalizes our recent works [12], [13], where
the exact increment formula and a nonlocal algorithm were
derived for models of linear and linear-quadratic structure.
Now, we consider an arbitrary nonlinear cost functional on
the space of probability measures, which has the so-called
intrinsic derivative (see [14] and the discussion in sec. [[II-C).

II. OPTIMAL CONTROL PROBLEM

First, we introduce some necessary notations: Let X be a
metric space, and I = [0,7]. We denote by C(I; X) the
spaces of continuous maps I — X with the usual sup-
norm. If X C R™, C1(X) denotes the space of continuously
differentiable functions X — R, and C>°(X) the space of
smooth functions with a compact support in X'; L,(I; R™),
p = 1,00, the Lebesgue spaces of summable and bounded
measurable functions I — R™, respectively.

P(X) the set of probability measures on X, and P.(X) C
P(X) the set of measures having compact support in X;
P.(R™) is a complete separable metric space as it is endowed
with any p-Kantorovich (Wasserstein) distance W,,, p > 1.

Among all measures on R", we mark out two specific
ones — the usual Lebesgue measure, £”, and a Dirac point-
mass measure concentrated at x € R"”, §,.

A. General Problem Statement

Our prototypic mathematical object is the following opti-
mization problem on P.(R"):

(P) min Tl = f(ur)
subject to Oyt + Vi - (Vi pie) = 0, 5)
teI=[0,T]; po="1; (6)
u() €U = Loo(I;U), UCR™, ()

where ¢ : P.(R™) — R is a given performance criterion,
and V : R" x U — R" a control vector field[d Despite
its probabilistic appearance, (P) is a deterministic optimal
control problem, in which the trajectories are measure-valued
functions p € C(I,P.(R™)), and the control signals are
usual functions u € L (I, U). This problem can be specified
to the case of distributed ensembles as follows:

£0yc) dE().
RS
where ¢ — py [u] solves the linear PDE (@), (@) with V,, =
Vil for E-a.a. n € R®.

We make the following standard regularity hypotheses:

(P) min

)

(A1) the map (z,v) — V,(z) is continuous, continuously
differentiable in z and satisfies the sublinear growth
condition: there exists a constant M/ > 0 such that
Vo(z) < M(1+ |z|) for all z € R® and v € U.

(A2) The set U is convex and compact.

ISince the formula is exact, the generated control variations should not
be sufficiently “small”; they also should not be of any specific class such as
needle-shaped or weak variations, as it is common for the classical optimal
control theory.

2With slight abuse of notation, we use the letter V' in different contexts.



(A3) ¥ € P.(R™), and £ : P.(R™) — R is continuous.
(A4) € € C!in the sense of intrinsic derivative (to be specified
below).

(A7) is the standard set of assumptions to guarantee the
well-posedness of the PDE (3) [9]. (A;)-(A3) imply the
existence of a minimizer for problem (P) [15, Theorem 3.2];
under these assumptions, the solution p; of (@), (6) is sup-
ported in a ball whose radius depends only on the problem
data [15, Lemma A2]. Hence, u; € P.(R™) for all t € I.

B. Problem Specification

Below, we provide some examples of the performance
criterion ¢ that cover typical optimization tasks in the area
of ensemble control.

Targeting: In several NMR applications, the guide is
supposed to transfer the ensemble from one given profile
2(0,-) = xo(+) (as close as possible) to another one x(T, ) =
27(-), which means to minimize the quantity

/Q (T, ) — 7 (w) 2 dP(w).

Such are problems of selective spin excitation, see [7], [16]
and the bibliography therein.

This problem is formulated in our setting by using (2)), the
definition of u”, and the change of variable formula (G):

win [ 6o () d=(), ©)

where £(p;x) = / |y — |? du(y). Typically, the map z7

is chosen to be coﬁstant, which means that the ensemble is
assumed to be aggregated around some given position.

Statistical Tracking: In some cases [13], [17], the previous
performance criterion could be too rigid. Instead of matching
the desired profile in average, one may require that the
target distribution has prescribed statistical characteristics,
for instance, its expectation and variance approach some
desired values. The cost functional can be reset in the
language of distributed ensembles as follows:

/Rs[wl (£h) = &) + v (Vi) V)| =), 0)

where £(p) and V(i) denote the expectation and variance
of u € P(R™), respectively, EecRand V € R are target
values of the statistical characteristics, and ¥; : R® — R
and ¥, : R — R are given penalty functions.
Minimum-Energy Control: In many applications, the dis-
cussed cost functionals are accompanied by the energy term

T
o 2
o O

with some weight a > 0. In particular, this produces a sort
of regularization of the underlying problem.

Y

ITII. PRELIMINARIES

In this section, we provide the necessary theoretical back-
ground and collect some auxiliary results.

A. Flows of Vector Fields. Transport Equation

Let V : I x R" — R"™ be a time-dependent vector field
generating a flow, i.e. amap X : I x I x R® — R" such
that, for all s € R and = € R", the function ¢t — X ,(z) is
a solution of the ODE

ath,t =Vo Xs,ta Xs,s = ldu (12)

where id stands for the identical map R™ — R”. In view of
the semigroup property Xy, ¢, = Xy, 4, © X4g,¢, V0,101,102,
the inverse of X ; is the map X, ;.

Fixed s, abbreviate P, = X,; and )y = X;,. Then,
by the chain rule, 0 = 9;(id) = 9:(Qt o P;) = (0:Q+ +
D,Q:V;)o P;. Since the expression in the brackets vanishes
for all values P;(x), and therefore, for any z € R”, we
conclude that the inverse flow should satisfy the linear
operator equation

0Qi+ D,Q:Vy =0, Qs=id.

Returning to the X -notation, and recalling that the Jacobian
Jis = Dy Xy s satisfies [18, Ths. 2.2.3 and 2.3.2] the linear
problem

8iEJt,s = _Jt,s (Dm‘/t o Xt,s)v

13)

Js,s = E7 (14)

where E/ denotes the identity matrix, we express the deriva-
tive of the inverse flow w.r.t. ¢ as follows:

atAXVt,s = _Jt,s ‘/t (15)

Note that operators P and () refer to the concepts of
the left and right chronological exponents in the tradition
of geometric control theory [19].

B. Continuity Equation

Recall that the continuity equation (3) on the space
P.(R™) is understood in the weak (distributional) sense. A
function p : t — py is said to be a weak solution of () iff
the following equality holds

T
0 Z/ dt/ (Dot + Vapr - V) dpse (16)
0
for all ¢ € C2°((0,7) x R™); hereinafter, we abbreviate | =
fR"‘ Under assumptions (A;), there exists a unique weak
solution to (3) with initial condition (6)); this solution admits

the following representation [9] in terms of the characteristic
flow (@2): p¢ = (X¢)p0, where X; = Xo 4.

C. Differentiation w.r.t. the Probability Measure

Since P. is merely a metric space and does not have a
linear structure, standard concepts of the directional deriva-
tive are not applicable here (there are simply no “directions”
in common sense). At the same time, there is an option
to differentiate a function F' : P.(R™) — R at some
i € P(R™) in the “direction” of a (Borel measurable and
locally bounded) vector field f: R®™ — R™ pushing the
measure /i d% ‘)\fOF ((id +Af)4p). Under some reasonable

regularity [14] of the map F, this derivative does exist and

takes the form: [ D,F(u) - fdp, where the linear map



D,F: P.(R") x R" — R™, called the intrinsic derivative,
can be calculated as follows

DF()(@) = D lim - (F (b8, —) = F(u). - (17)

The expression under the sign of D, is called the flat deriva-
tive of F' (typically denoted by ‘;—5). Note that the notions
of intrinsic and flat derivatives are naturally connected to
another useful concept of derivative on P.(R™), the so-called
localized Wasserstein derivative [20].

In contrast to the other concepts of derivative in the space
of measures, the quantity can be computed explicitly
(and rather easily) for many functionals arising in practice,
in particular, for those specified in § [I-Bl Below, we shall

utilize this advantage.

IV. INCREMENT FORMULA

Given two controls #,u € U, where « is an initial
(reference) one, and u # u is the target one, we abbreviate
by X and X the flows of the vector fields V; = Va() and
Vi = Vi), respectively, and by @ ¢ = u[u] = (X¢)d
and i : t — p[a] = (X¢)#0 the corresponding solutions to
the Cauchy problem (3D, (@).

Consider the increment A, Z[a] = Z[u] — Z[a] = €(ur) —
{(fir) of the cost functional. The base of our approach is the
following result proved in Appendix [Al

Theorem 1 (Increment formula): Assume that (A;1)—(As)
hold. Then, the following representation is valid:

A Tlu) =

T
/O dt/D“é*‘(Xt,ToXt)ﬁ o Xy i (Vi — Vi) dp.

Here, J denotes the solution of the linear problem
corresponding to v = % and s = T'; * stands for the matrix
transpositioné

Observe that formula (I8) represents the variation of Z at
the point 4 w.r.t. any other admissible signal v € U; this
formula is exact (i.e. it does not contain any residuals).

Remark 1: The representation (I8) (and the consequent
numeric method) can be literally adapted to the case of
distributed ensembles by replacing (V,X,.J, X, V) with
(Vn, X", Jn, X" V") and taking the expectation w.r.t. =.

(18)

A. Control Improvement

The main consequence of the increment formula is the
structure of controls of potential decrease from the reference
point @ provided by minimizers w;[u] in the problem

in [ Dut"| X BV, d 19
mln/ M (Xt,TOX)% t,T Jt H 19

velU
viewed as pu-feedback controls of the PDE (). Indeed, if
t — [i; is a well-defined solution to an initial value problem
), (€) with a backfed nonlocal vector field V; = V11,
3The term D, ¢* |(5<t,ToXt) 9° Xeq Ji in is the gradient V. pj}
of a characteristic solution (¢, x) +— p¢(x) to the dual trang;)ort equation

of the form with u = @ and the final condition pr = g

and u(t) = wy[pe], then, obviously, A, Z[a] < 0. Thus, the
cost of open-loop controls u generated by the feedbacks (19)
does not exceed (potentially, smaller than) the one of .

B. Numeric Algorithm

A pitfall in the discussed control-update rule is due to the
(generic) discontinuity of the map x + V;(x) that makes
the Cauchy problem (12) ill-posed. To resolve this issue, one
can employ the classical semi-discrete Krasovskii-Subboting
sampling scheme [21] with a time discretization (partition)
aN={0=ty<ti<...<ty=T}CI.

Let u*, k € 0,1,..., be given/computed. On the con-
ceptual level, an iteration of the announced iterative method
consists of just three steps:

i) integration of the ODE (I2)) together with the linearized
system (I4)), for u = u¥ and various initial conditions over
some mesh 77, = {y*}1L, C spt ¥, to obtain (X*, J%),

ii) numeric solution of the PDE (@), (@) backfed by
with (X, J) = (X%, J*), to obtain p**!, and

iii) control update u**1 := w;[uf 1.

Arguments similar to [13, Appendix B] show that this
iterative method converges in the residual of Pontryagin’s
maximum principle [11] for the convexified problem (P) as

max [t; —ti—1| + max ly* —y* | — 0 over mp’ x 7l

V. APPLICATION: BLOCH EQUATIONS

We now apply the algorithm from § to a non-
standard problem of designing composite pulses in a multi-
population of nuclear spins, mentioned in the Introduction.
Consider a family of Bloch equations, parameterized by the
(dimensionless) resonance offset 7. For simplicity, we focus
on the non-dissipative case and rewrite the Bloch equations
in spherical polar coordinates in the rotating frame [22]:

0 . 0
( ¢)=V£<97¢>)=u( oo cos )—n( . ) (20)

Here, § € [0,27] and ¢ € [0,7] are the azimuthal and
polar angles identifying the position on the Bloch sphere,
(z1,22,23) = (cosfsin@,sinfsin ¢, cos ¢); control input
t — u(t) is the envelope of the actuating rf-field

Remark 2: 1t may be apt to stress that the Bloch equations
are not really of the quantum feature. These phenomeno-
logical ODEs describe the dynamics of an averaged nuclear
magnetization in a macroscopic sample, and are inapplicable
to an individual nuclear magnetic moment. In other words,
each ODE (20) already represents the dynamic ensemble.
One can say that, in this example, we actually deal with an
“ensemble of ensembles”.

A canonical task in NMR experiments is to transfer
the bulk magnetization vector from an equilibrium position
(aligned with the static magnetic field) to the excited state

4In [11], the PMP is formulated for a y-linear problem with the functional
of the form ¢(p) = [ ¢ dp. Following the same line of reason, this result
can be extended to a general C' functional by an adequate modification of
the transversality condition.

SWe restrict the control options to a single parameter representing the
envelope of the exciting field, which essentially reduces the controllability
and makes the resulting ensemble control problem much more challenging.



(01, d1) = (0,7/2) (so-called 7/2-transfer). In practice, the
static field is inhomogeneous, which gives rise to probability
distributions 4 € P([0,27] x [0,7]) in the initial values
(6o, ¢0), and leads to an optimal control problem of type
@). We assume that 4 are absolutely continuous with a
common density function po(6, ¢), and consider a more del-
icate performance criterion similar to (I0) by incorporating
a variance-like term and the energy cost (II). The resulting
problem is adapted to the framework of distributed ensembles
as follows:

(0%

1 T
min Z[u] :[1é(ug) dE(n)—l—§/0 u?(t) dt, o

()= [otoronydu+ 5 [[gdws ),

Here, g(0, ¢,6',¢') = 3[(sin@—sin6")? + (sin ¢ —sin ¢')*+
(cos —cos 0")?+(cos p—cos ¢')?] = 2—cos(0—0')—cos(p—
¢'), the integral [ is computed over [0, 27] %[0, 7], ® denotes
the tensor product of measures, and «, 5 > 0 are given pa-
rameters. To specify the feedback control (19), we compute:

Dul(1(6.9) = Dio oy £(6,0) + 5 [ Dio.ys(0,6,") d

We performed a numerical case study for the initial density
po (Fig. Il top panel) on a uniform grid with a spacing of
0.01 for both angles, and for the distribution = chosen to
be uniform on [—0.55, —0.45] (due to the lack of space, the
results are presented for the mean value n = —0.5). The
standard Lax-Friedrichs numerical integration scheme was
implemented (for integration in time from 0 to 7" = 2 with
the constant time step 10~%). To exclude the singularity at the
poles, the problem was solved for ¢ € [0.05,0.0957], assum-
ing the boundaries for 6 to be periodic, and vanishing normal
derivative for (bﬁ The following values of the parameters in
the cost function 2I) were taken: v = 0.25 and 8 = 0.5.
It turned out that the simulations are time consuming, thus,
the code was parallelized for multiprocessor computers with
shared memory. The simulations are also memory demand-
ing — storage in memory of a large four-dimensional array
(a function of (¢, 6, ¢,n)) is required (about 150 GB for the
parameter values described above).

The initial control was taken to be constant, ©v° = 0.1,
with the cost Z[u®] ~ 0.88. Computing the iterations of the
proposed algorithms, the cost Z was observed to decrease
monotonically (as it is expected): =~ 0.59, 0.49, 0.46, 0.44,
0.43 and then stagnating at a value ~ 0.43. Terminal density
pr and the corresponding control v computed after five
iterations are shown in Fig. [l (middle and bottom panels,
respectively).

VI. CONCLUSION

We finally stress that the suggested nonlocal algorithm
generates a Z-monotone control sequence, and typically takes
a few (2-5) iterations to reach an acceptable solution. Free of
any intrinsic parametric optimization, the method can be a

SFor future simulations, in order to increase the computational efficiency
of our codes and fix the pole problem, we plan to implement the pseu-
dospectral methods using spherical harmonics.
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Fig. 1. Initial, for ¢ = 0, (top), final, for t = T, (top) density pr and the

corresponding control w (bottom panel) after five iterations of the algorithm.

“lifeline” for computationally demanding problems (like the
presented one), where the direct approach, as well as dif-
ferent versions of the gradient descent, become prohibitively
expensive.

Although the proposed approach has a fairly wide scope
of application, there are significant restrictions. For instance,
the concept of flat derivative (and, as a consequence, intrinsic
derivative) does not apply to functionals F' : P. — R
that are undefined (= +oo) for measures, singular w.r.t.
some reference one (typically, £™); this makes it impossible
to treat several useful performance criteria such as entropy
functionals of the Kullback-Leibler type [9].
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APPENDIX
A. Proof of Theorem 1
Let t — py and ¢t — [y denote the weak solutions of
the PDE (@) with initial condition pg = 9, corresponding
to control inputs u and u, respectively. Recall that p; =
(X07t)ﬂ/l9’ :L_Lt = (XO,t)]iﬁv and Xs.,s = Xs,s =1id Vs € R,
where X and X are the corresponding characteristic flows.

Denote F; = X; 1 o Xo4. Since the map = — JF;(7)
is a composition of two bijections, it is invertible. Standard
arguments from the ODE theory imply that under assump-
tions (A1)—(A3), the maps ¢t — X; r(z) and t — Xo(z)
are Lipschitz on I, for any x € R"™. Hence, for any
x € R™, the function ¢t — F;(z) is absolutely continuous
on [ as a composition of Lipschitz maps; in particular it
is Ll-ae. differentiable: Fy\ = F; + A0 F; + o(\) =
(id +X 0, F; o F; 1) o F;. Assumption (A,) guarantees that,
for any Borel measurable, locally bounded map ¢: R" —
R", the function A\ — ¢ ((id +AF)su) is differentiable at

C((d+Af)gp) = | Dpb(p) - f dp, where

D, 0 stands for the intrinsic derivative. Thus,

o ¢ ((ﬂ)ﬁ 19) =

zero, and i‘
’ dX\ Ix=0

- ﬁ’ 6( Fen)y )

= | t(GamaFioFT), ((F),9))
/D / (.7:15 ) at]:to]—‘t ((]:t)ti 0)
/Dy’é}(xt,TOXt)uﬁ o (Xt,T ° Xo,t) .

(9t (Xt,T (e] XO,t) d’l9 (22)

In the last expression, the partial derivative in t is repre-
sented by the chain rule as

O(Xer o Xoy) = [0-Xir 0 Xor + 0- X710 Xoy] |

T=t’

where 0;|__ X, 70X, = (D, XtTVt)oXOt = (Jor Vi)o
Xo,t by d1rect computation, and 0, | Xer=—Jy7 Vi by
(I3). Plugging these expressions to , we obtain

ot ((Fo)y0) = / [DHK*’(Xt’Toxt)uﬁ o Xy

Jor(V, — Vt)} o Xo.dd.  (23)

Now, the cost increment is represented as follows:
AZla) = fpr) — fir)
= f ((XT,T O X07T)ﬁ’l9)
— [0 ((Xo,r 0 Xo,0)30)

— (X117 ° Xo,1)49)
— € ((Xo,1© Xo0,0)39)]

0
/&e (X1 0 Xo,)39) — € (Xer 0 Xoa)g?) | dt
By the semigroup property, X; 7 o Xo; = Xor, which
implies that the second term under the sign of the time
derivative in the latter expression is, in fact, independent of
t, and therefore, A, Z[a] equals

/OT ol ((Xt,T o Xo’t)li 19) dt = /(;T ol ((‘Ft)ﬁ 19) dt.

To complete the proof, it remains to combine the latter
expression with (23) and use the representation formula
pe = (Xo,e)g0-
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