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Distributionally Robust Differential Dynamic Programming with
Wasserstein Distance

Astghik Hakobyan

Abstract— Differential dynamic programming (DDP) is a
popular technique for solving nonlinear optimal control prob-
lems with locally quadratic approximations. However, existing
DDP methods are not designed for stochastic systems with
unknown disturbance distributions. To address this limitation,
we propose a novel DDP method that approximately solves the
Wasserstein distributionally robust control (WDRC) problem,
where the true disturbance distribution is unknown but a
disturbance sample dataset is given. Our approach aims to
develop a practical and computationally efficient DDP solution.
To achieve this, we use the Kantrovich duality principle to
decompose the value function in a novel way and derive closed-
form expressions of the distributionally robust control and
worst-case distribution policies to be used in each iteration of
our DDP algorithm. This characterization makes our method
tractable and scalable without the need for numerically solv-
ing any minimax optimization problems. The superior out-
of-sample performance and scalability of our algorithm are
demonstrated through kinematic car navigation and coupled
oscillator problems.

I. INTRODUCTION

Nonlinear optimal control problems are difficult to solve
exactly, particularly when the state space dimension is high.
Differential dynamic programming (DDP) alleviates this
issue using locally-quadratic approximations of the system
dynamics and cost function [1]-[6]. It efficiently computes an
approximate solution with superior scalability compared to
the standard dynamic programming (DP) approach. However,
it is generally challenging to apply DDP to systems with
random disturbances without any means to counteract them.

Although various works have extended DDP to handle
stochastic systems, existing methods often rely on either the
ground truth or potentially inaccurate approximate proba-
bility distributions of disturbances. For example, the DDP
algorithms introduced in [7]-[10] either consider Gaussian
multiplicative noise or model the uncertain system dynamics
as Gaussian processes. Another line of research is devoted
to the minimax formulation of the DDP problem (e.g., [11],
[12]), where the optimal control problem is solved in the
face of the worst-case disturbances. However, such methods
often lead to overly conservative solutions.

To address the limitations of stochastic DDP methods and
handle systems with unknown disturbance distributions, we
propose a novel approach inspired by distributionally robust
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control (DRC). The objective of DRC is to design control
policies that maximize the worst-case performance over a
set of candidate distributions without assuming a specific
distribution of disturbances. Several techniques have been
proposed for hedging against distributional uncertainties
in DRC problems, including moment-based and statistical
distance-based approaches [13]-[20]. While moment-based
approaches rely on accurate moment estimates and may not
effectively capture the full distributional information about
the uncertainties, distance-based methods consider distribu-
tions that are close to a given nominal one in terms of a statis-
tical distance measure. Many recent works have focused on
Wasserstein DRC (WDRC) [21]-[25], where the ambiguity
set is designed as a statistical ball with the distance between
two distributions measured by the Wasserstein metric. The
Wasserstein ambiguity set has salient features, including a
finite-sample performance guarantee and the ability to avoid
pathological solutions to distributionally robust optimization
(DRO) problems [26]-[28].

Despite numerous attempts, existing WDRC methods still
face challenges in terms of tractability and scalability. For
instance, the DP-based approach introduced in [21] for solv-
ing the WDRC problem results in a semi-infinite program,
requiring computationally expensive state-space discretiza-
tion or sampling. To overcome this limitation, both [21]
and [25] propose a relaxation technique with a penalty on the
Wasserstein distance, which leads to an explicit solution in
the linear-quadratic (LQ) setting. While these works focus on
the theoretical analysis of the obtained policies, our approach
provides a practical and computationally efficient algorithm
for solving the nonlinear WDRC problem.

In particular, a novel DDP method is developed through
a locally quadratic approximation of a nonlinear WDRC
problem, where the true disturbance distribution is unknown
but a disturbance sample is given. By construction, the
proposed distributionally robust DDP (DR-DDP) algorithm
provides control policies that are robust against inevitable
inaccuracies in empirical distributions of the disturbance.
To make the method tractable, we first approximate the
WDRC problem with its penalty version and then apply the
Kantorovich duality principle. We show that the proposed
approximation provides a suboptimal solution to the original
WDRC problem. The value function is then decomposed in a
novel way that enables us to derive computationally tractable
and efficient backward and forward passes. This allows us
to obtain closed-form expressions for the distributionally
robust control and worst-case distribution policies in each
iteration of the DR-DDP algorithm. By avoiding the need



for numerically solving minimax optimization problems, our
approach makes the algorithm not only tractable but also
scalable. The scalability of our DDP method is a remarkable
advantage because the computational complexity of the stan-
dard DP algorithm in [21] for nonlinear WDRC increases
exponentially with the dimension of the state space. The
experiment results on kinematic car navigation and coupled
oscillator problems indicate that our algorithm outperforms
existing methods in terms of out-of-sample performance and
provides scalable solutions for high-dimensional nonlinear
optimal control problems.

II. PRELIMINARIES

In this section, we introduce the WDRC problem used in
our development of the DR-DDP algorithm in Section

A. Distributionally Robust Control

Consider the following discrete-time stochastic system:

xt+l = f(whutawt)a (])

where z; € R”* and u; € R™ are the system states and
control inputs, respectively. Here, w; € R™» is a random
disturbance with an unknown (true) distribution Qi™¢ €
P(R"™), where P(R™) is the family of all Borel proba-
bility measures supported on R™~. The nonlinear function
f i R x R™ x R™ — R" js assumed to be twice
continuously differentiable.

In practice, it is restrictive to assume that the true prob-
ability distribution Q{™° is known. Instead, we are often
given a sample dataset D, := {wg”, 121,@, . ,w,EM} drawn
from the true distribution, which can be used to construct an
empirical estimate about the distribution of w; as

1 N
Qs = N Z;(Sw{i)v
NOY

where 5w£i) denotes the Dirac measure concentrated at w0,
It is well-known that as N — oo, the empirical distribution
asymptotically converges to the true distribution. However,
if an inaccurate empirical estimate is used in the controller
design, the resulting control performance will deteriorate due
to a mismatch between the true and empirical distributions.

To hedge against such distributional uncertainties, we
adopt a game-theoretic approach and consider a two-player
zero-sum game in which Player I is the controller and Player
IT is a hypothetical adversary. Let m := (mg,...,7T7—1)
denote the control policy, where m, maps the state z; to
a control input u;. The adversary player selects a policy
v = (Yo0,.-.,y7-1), where 7; maps the current state to
a probability distribution [P, chosen from an ambiguity set
D, C P(R™). The ambiguity set is a family of distributions
that possess certain properties to be described.

Throughout this paper, our goal is to design an optimal
finite-horizon controller with the following cost functional:

T-1

J(m, ) =B [0y (xr) + > L(we,ur)],

t=0

where ¢ : R™ x R™ — R and ¢y : R"* — R are the
twice continuously differentiable running and terminal costs,
respectively, and T is the time horizon. In our problem, the
controller seeks a policy 7" minimizing the cost function,
while the adversary aims to find a policy v* to maximize the
same cost, which can be obtained by solving the following
DRC problem:

i J(m,v), 2

gg&ﬁ(ww (2)

where IT := {7 | m(x¢) = uy € R™, Vt} and I'p := {7 |

vi(zy) = Py € Dy, Vit} are the sets of admissible control
and distribution policies, respectively.

B. Wasserstein Ambiguity Set

In problem (2)), the adversary player is restricted to select
a distribution from the ambiguity set DD, which determines
the characteristics of the worst-case distribution. Therefore,
it is necessary to design the ambiguity set to appropriately
characterize distributional errors. Motivated by its advantages
mentioned in Section |I, we use the Wasserstein ambiguity
set constructed around the given empirical distribution. The
Wasserstein metric of order p between two distributions P
and Q supported on W C R" represents the minimum cost
of redistributing mass from one distribution to another using
a small non-uniform perturbation and is defined as

W,(P,Q) := inf

1/p
— Pqd
TEW{( [ o=l arte.n)
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where 7 is the transport plan with II°7T denoting its ith
marginal distribution, and || - || is a norm on R"™ which
quantifies the transportation cost.

In this work, we consider the Wasserstein metric of order
p = 2 with the transportation cost represented by the standard
Euclidean norm. We design the ambiguity set as follows:

D, :={P; € PR"™) | Wa (P, Q;) < 0}, &)

where 6 > 0 determines the size of ;. The ambiguity set
is a statistical ball centered at the empirical distribution Q;
and contains all distributions whose Wasserstein distance
from the empirical distribution is no greater than radius 6.

III. DISTRIBUTIONALLY ROBUST DIFFERENTIAL
DYNAMIC PROGRAMMING

In this section, we present our main result, called DR-
DDP, which efficiently finds an approximate solution to
the WDRC problem. Our method exploits the Kantorovich
duality principle to decompose the value function in a novel
way and devise a computationally tractable algorithm.

A. Approximation with Wasserstein Penalty

In [25], the tractability and effectiveness of a penalty
version of the WDRC problem are studied. Motivated by
this work, we begin our reformulations by replacing the



Wasserstein ambiguity set constraint with a penalty term in
the cost function as follows:
T—1
In(m,y) =BT (L (zr) + ) e, ) — AWa(Py, Q1)?],
t=0
where A > 0 is the penalty parameter adjusting the conser-
vativeness of the controller.

Then, the following minimax control problem approxi-
mates the original WDRC problem (2):

min max In(m,7), “)
where the adversary player selects policies from I" := {v :=
(’YQ,...,’}/T_l) | ’}/t(l't) =P, € P(Rnw)} Note that the
adversary is not restricted to select distributions from the
ambiguity set. Instead, we penalize large deviations from the
empirical distribution via the penalty term, thus limiting the
freedom of the adversary player.

We demonstrate in the following proposition that the
cost incurred by an arbitrary policy m € II under the
worst-case distributions within the Wasserstein ambiguity set
has a guaranteed cost property with respect to the worst-
case penalized cost. Hence, the penalty problem (@) is a
reasonable approximation as it yields a suboptimal solution
to the WDRC problem (2).

Proposition 1. Given A > 0, let m € Il be any arbitrary
policy. Then, the cost incurred by m under the worst-case
distribution policy in 'y is upper-bounded as follows:
sup J(m,v) < AXT0? + sup Jy (7, 7). (5)
Y€l ~er
Its proof can be found in Appendix [l The guaranteed
cost property indicates the role of the penalty parameter A
in adjusting the robustness of the control policy, thereby pro-
viding a guideline on its selection. Specifically, the penalty
parameter can be chosen to yield the least upper bound in (3]
under the given control policy.
To formalize our algorithm, we recursively define the
optimal value function for problem @) as follows:

T—1
Vi(x) := inf sup E™7 [Ef(xT) + Z Uz, us)

ell
el yel —t

— AW (Ps,Qs)? | @ = :c}

fort =T —1,...,0, with the terminal condition V(x) =
¢s(x). Then, the DP principle yields
Vi(x) = inf sup {(x,u)

UER™ pep(Rrw )

(6)
+ Ewa ‘/t-i-l(f(w’ u, w)) — )\WQ(P7 Qt)2:|

with the optimal cost given by

Jx := inf sup Ji(m,v) = Vo(zo).
TrEH,YeF

Unfortunately, the standard procedure for DDP cannot
be applied to the value function (6) as it constitutes an

infinite-dimensional optimization problem over P(R™ ). For
tractability, we employ a modern DRO technique based on
the Kantorovich duality principle [21], [29] and reformulate
the value function as follows.

Proposition 2. Suppose that for each (x,u) € R"» x R,
the value function is measurable and that the outer mini-
mization problem in (6) has an optimal solution. Then, for
any X > 0, we have that

Vi) = inf z(w,u)+wt~@t{
e (7
sup Vi (f (@, 0, w)) = Al — w]|?],
UIG]R""—U

for all x € R™~.

Its proof can be found in Appendix While previous
works (e.g., [21]) use similar approaches to reformulate and
analyze the solution to the WDRC problem, our focus is
on designing a practical and efficient method for obtaining
tractable solutions. For that, we let

D, u, w) o= Lz, w)+ Vi (f (@, u, w)) = A — w2

denote the state-action-disturbance value function or the Q-

function for each sample index ¢ = 1,..., N and
Q:’(i)(m,u) = s%p Qgi) (z,u,w)
weRw
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denote the corresponding “worst-case” state-action value
function. Then, we obtain that

Vi(x) = inf

N
1 %, (1)
Jnf 2} QY (x,w). (8)
i=
It is worth emphasizing that the Kantorovich duality principle
enables us to obtain this novel decomposition of the value
function, which can be used to design a computationally
tractable DR-DDP solution in the following subsection.

B. Solution via DDP

In each iteration of the original DDP algorithm, a back-
ward pass is performed on the current estimate of the
state and control trajectories, called the nominal trajectories,
followed by a forward pass. In the backward pass, the
cost function and the system dynamics are quadratically
approximated around the nominal trajectories to update the
policy, while in the forward pass, the nominal trajectories are
recomputed by executing the latest policy to the system. We
adopt this technique for our problem and derive the backward
and forward passes for the value function (7). The proposed
DR-DDP method is presented in Algorithm

1) Backward Pass: In each backward pass, we are given
nominal state, control input, and disturbance trajectories
(io, .. ,.’TJT), Unom = (ﬂo, ceey ’lTLTfl) and
Wpom = (Wo,...,Wr_1), respectively. For quadratic ap-
proximations, DDP considers the following deviations of the
system state, control input, and disturbance, i.e., dx; =
Tt — C]_St, 5ut = U — ﬂt, (S’th = W — 'lI)t.

Lpnom =



We first consider the following second-order approxima-
tion of Vi1 (2s41):

1
W+1 + ‘/;11’151‘154»1 + §§x;r+1‘/t+l,ajm(sxt+l7 (9)

for some (Vig1, Vi1 4, Vit1,0z) € R X R?™ x R"=X"= to
be determined)| Let Qf) be an approximate Q-function,
defined by replacing V;;; in the definition of Q,Ei) with
the approximate value function (9). Then, Q,ﬁl) (e, ug, wy)
is twice differentiable and its second-order Taylor expansion
is given by

QLY + 601" 5z, duy, dwy), (10
where

i i) T
5@:5 )(5%, dug, dw) = Q;l,—mfsxt + Qzuéut + QE’I)JJ dwy
1
—+ iAQf ((S.It, 5’&1;7 (511/,‘)

with
51‘ ’ Qt,zz Qt,xu Qt,xu} 51‘
AQt (6$, (5U, 6'[1)) = 5“’ Q;xu Qt,uu Qt7uw (S'U,
ow Qj:rw QZuw Qt,ww ow

and

QY = U@ ) + Vier — M, — iy

Qt,ww = gt,ww + ftTg;V;f—i-l,xwft,w + Vvt-Tt,-l,xft,ww

Qt,uu = €t7uu + f;!—uv;ﬂrl,a:wft,u + V;ilwft,uu

Qt,ww = ftTw‘/t+1,:z:xft,w — 2\ + ‘/tIl’;pft,ww

Qt,zu = gt,ru + ftTm‘/;f+1,rxft,u

Qt,mw = ftTmW+1,xmft,w7 Qt,uw = f;ru%+1,mrft,w

Qt,‘x =L+ fthVtH,am Qt,u = L+ ftTth-s-l,x
= Vit — 2X(@, — ).

Here, f;. and /. denote the partial derivatives of f and ¢
evaluated at (&, we, Wy).

Let ’lﬁt = ]Eth@t [wt] and it = ]EthQt [(’llA}t — ’lf}t)(’li}t —
w;¢) "] denote the empirical mean vector and covariance ma-
trix of disturbance wy, respectively. The above approximation
transforms the problem (8) into a quadratic form similar to
that addressed in [25]. This approximation enables us to
explicitly solve the problem with respect to du; and dwy,
as presented in the following theorem.

Theorem 1. Let Q¢ < 0 and ;. > 0. Suppose the
value function at time t + 1 is approximated as ©). Then,
the outer minimization problem in (8) with ng) (¢, ug, wy)
replaced by the approximation (I0) has the following unique
minimizer:

5U: :Ktéxt—i—kt, (11)

where

Kt = 7Qt (Qz—fljzu - Qt,uwQZ}uwQIa:w)

. o (12)
kt = _Qt(Qt7u - Qt,uth,wat,w)

VIf Vi41 is twice differentiable, the parameters (Vit1, Vit+1,2, Vit1,2x)
can be simply determined using the second-order Taylor expansion.

with Qt = (Qt,uu - Qt,uwQ;,;)wQIuw)_l and Qt,w =
ft—!—w‘/t+1,1 — 2)\(1I7t — Uiit)

Moreover, for each i =1,..., N, the maximization prob-
lem in (8) with Qiz) (¢, ug, wy) replaced by the approxima-
tion (I0) has the following unique solution:

sw;W = H,6m, + bV, (13)

where

H; = _Qgguw[QZqut + Qza:w]

i - i (14)
B = Qi Qe + Q)

Proof. Let 5wt(i) = wfz) — w;. Evaluating the approximate

Q-function (I0) for sw!”, we see that it is strictly concave

in 5wt(l) as Q¢ww =< 0. Then, the first-order optimality

condition yields the following unique maximizer:

Replacing Q,Ei)(a:t, ug, wy) with the approximation (T0)), the
objective function in (8) is quadratically approximated as

N

N Z [Qg '+ 6} )(5%75%,5%’( ))]
i=1
1 —x
+ iAQt(CSCEt,(sUt,(;wt ),
where
1Y :
dw, = i Z 5w:’(z)
i=1
= - Q;&;w (szwd‘xt + Qz—fljuwaut + Qt,w)
and

Q1 = 0@y, W) + Vigr — M|, — dy]|* = ATr[3]
— 2N T [Qf by S
To minimize this approximated objective function with re-

spect to duy, the following first-order optimality condition
can be used:

O = Qt,u + Qt,uu(sut + szu(sxt + Qt,uwmz<

(Qtow + Qf g0zt + Qw0 + Qtwwowy ).

By the strong convexity of the quadratic approximation, its
minimizer is uniquely given by
6“: = - Qt (Qt,u - Qt,uwQ;;}th,w
T -1 AT
+ [Qt,a:u - Qt,uwC)t,wat,xw}(sxt)?

which is equivalent to (I1I). By substituting du; into (T3)),
we obtain the maximizer defined in (T3). 0O



Theorem [I] provides the remarkable advantage that a
DR-DDP policy pair (7*,5*) is constructed in the follow-
ing closed-form without numerically solving any infinite-
dimensional minimax optimization problems:

Ty (xe) = e + Ky (2p — &) + ke
N

. 1
Tt (@) = N Z O+ h D L H, (51—0))" (16b)
=1

As a result of the backward pass, we also obtain the follow-
ing equations for updating the parameters of the approximate
value function (©):

Vi=Q: + Qzukt + szht
1 1
+ ik;er,uukt + §h;er,wwht + ktTQt,uwht
V;S,x = Qt,z + Qt,zukt + KtT(Qt,u + Qt,uukt + Quwht)
+ Quwht + H (Qrw + Qravwhe + Qf ki)

V;&,;Eac = Qt,wm + KtTQt,uuKt + HtTQt,wwHt + 2Qt,qut
+ ZKI‘/TQt,uwHt + 2Qt,met,

(16a)

a7

where Ry = vazl hﬁ”.

In practice, it is not common to assume that control inputs
are unrestricted. Often, the control inputs are limited to some
box constraints u© < wu; < u. Taking into account such
control limits requires a careful design of the backward pass
as it is required to minimize the approximate state-action
value function subject to the constraints. To find a closed-
form solution to the constrained problem for all dx;, we use
the projected Newton-based approach proposed in [2], where
the control gains are found by solving a quadratic program.

In the next step, the nominal trajectories have to be recon-
structed using the DR-DDP policy pair (7*,75*) to update
the quadratically approximated models, which is performed
during the forward pass introduced in what follows.

2) Forward Pass: In the original DDP algorithm, the for-
ward pass is performed by executing the control policy to the
system. However, due to the disturbance term in the system
dynamics and lack of knowledge about its true distribution,
it is not trivial to perform forward rollouts for the ambiguous
stochastic system . Instead, we choose to execute the
control and distribution policy pair (7*,5*) in the following
manner. First, using and (T6b), we construct a control
input u; = 4y + ok, + K¢ (zy — T+) and sample a disturbance
realization as w; ~ % Zf\;l 5wt+ah£i)+Hg(xt—izt)’ where
a € (0,1) is a line-search parameter Then, both the control
input and the disturbance sample are executed to the system
fort =0,...,T — 1 starting from the initial state xoﬂ

2Since DDP is a second-order method and potentially takes large steps,
regularization is required to prevent the blow-up of the value. Therefore, we
multiply k¢ and hgl) by scaling a parameter « € (0, 1) and perform a line-
search. In particular, the line-search parameter alpha is iteratively reduced
to improve the total cost.

3The complexity of a single iteration of our algorithm is bounded by
O(T(n3 +n2 + (N + nw)n2)), which is polynomial in state, input and
disturbance dimensions and linear in the time horizon and sample size.

Algorithm 1: DR-DDP algorithm
1 Illpllt: T, Tinits Yinit T, A
2 Apply (Winita ’Yinit) to generate (-’inom7 ﬁnomy wnom)
3 while not converged do
// Backward Pass
Vr + ff(SET), Vie < gfﬂ, Vrea fﬁww
fort =T —1to 0 do
Construct (7,7, ) using and
Update V4, V; 4, V4 2o according to
// Forward Pass
8 Perform line-search to update «
9 fort=0toT —1 do

N & A

10 Compute uy; = wy + aky + Ki(xy — &)

1 N )
1 Sample w; ~ N Zi:l 5ﬂit+ah§l>+Ht(33t—€i't)
12 Execute u; and wy to (I)) and observe x4
13 jnom <~ ZTo:.T, 'anom < UQ:T—1, wnom < Wo:T-1
14 return (7*,5*)

IV. NUMERICAL EXPERIMENTS

In this section, we compare the empirical performance
of our DR-DDP method with two baseline algorithms: GT-
DDP [11], which uses a minimax approach to consider the
worst-case disturbances, and box-DDP [2], a deterministic
DDP algorithm that ignores uncertainties in the controller
design but considers box constraints on control inputs.

In our experiments, we choose the penalty parameter A\ to
minimize the cost upper bound (3) for & = 0.1 under the
DR-DDP policy pair (7*,7*). We estimate the upper bound
by conducting 1,000 independent Monte Carlo simulations
and computing the Wasserstein distance via a linear program.
The optimal penalty parameter is then found via numerical
optimization. All simulations were performed on a PC with
a 3.70 GHz Intel Core i7-8700K processor and 32 GB RAM.

The source code of our DR-DDP implementation is available
online.

A. Kinematic Car Navigation

In the first experiment, we consider an autonomous nav-
igation task for a kinematic car in an intersection where a
randomly moving obstacle obstructs navigation. Consider the
following kinematic vehicle model:

Tepr = {mtﬂ = [ Jour (27, 10)
Py Py + Apg™ +wy
with system state z; € R® and control input u; € RZ
Here, 2$* € R represents the car’s state evolving according
to the differential-drive kinematics fe,, : R? x R? — R3
and consists of the car’s center position p and its heading
angle ¢. The control input vector comprises the velocity
and steering angle of the car and has a lower limit of

u = [0,—0.6]" and an upper limit of @ = [10,0.6].
The state component p¢P® represents the position vector of
a random circular obstacle with radius r,ps = 0.2. It is

4https://github.com/CORE-SNU/DR-DDP
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Fig. 1: Trajectories of the kinematic car, controlled by GT-
DDP, box-DDP, and DR-DDP, in the presence of a randomly

moving obstacle. Star marks represent collisions.

assumed that in each time instance, the obstacle has a pre-
specified deterministic motion represented by Ap¢bs € R2,
which is obstructed with a positional disturbance vector w; €
R2. Each component of the disturbances follows a uniform
distribution ¢/ (—0.001,0.001). Our DR-DDP algorithm uses
only N = 10 samples drawn from the true distribution.
The goal is to safely pass the intersection by tracking the
given reference trajectory 2™*f and avoiding the obstacle in
T = 800 steps. For this purpose, we design the cost function
as

Co(,u) = [ — G + [lul

lp —p°™|?

+ Qobs €XP (—0.5

o (Tobs + rsafe)2

where the last term is a soft constraint for avoiding the

obstacle with a safe margin of rg,ge = 0.2. The weights are

chosen as Q = 101, R = 0.11 and Q,ps = 20. The terminal

cost is similar to the running cost with no control cost. The

penalty parameter is set to A = 9000, which is found as the
minimizer of the upper bound in (3).

Fig. [I] shows the trajectories of the kinematic car for a
single realization of the disturbances, while Table |l summa-
rizes the computation time required for each algorithm. Only
DR-DDP successfully avoids the obstacle and accomplishes
the task. Even though box-DDP drives the car away from
the reference path, it results in a collision due to its inabil-
ity to handle uncertainties. Meanwhile, GT-DDP is overly
conservative, inducing extremely high costs, thus resulting
in a collision. Despite the distinct behaviors exhibited by
the algorithms, the average total times for DR-DDP and
GT-DDP are quite similar (less than 25 sec.), indicating
their comparable computational efficiency. To validate our
results, we conducted 1,000 independent simulation runs
to measure the out-of-sample performance of each method,

TABLE I: Out-of-sample cost, total computation time, and
average computation time per iteration for all algorithms
computed over 1,000 simulations.

DR-DDP GT-DDP box-DDP
Out-of-sample 172.805 201.726 235.248
cost
T‘otal comp. 24.696 23.587 8.532
time (sec.)
Comp. time per. 0.215 0.342 0.086

iter. (sec.)

which are reported in Table The proposed DR-DDP
algorithm achieves an out-of-sample cost as low as 172.805,
while both box-DDP and GT-DDP demonstrate worse out-
of-sample performance costs of 235.248 and 201.726, re-
spectively. These findings demonstrate the effectiveness of
our algorithm in addressing distributional uncertainties in
nonlinear stochastic systems.

B. Synchronization of Coupled Oscillators

In the second experiment, we demonstrate the scalability
of our algorithm through a synchronization problem with L
coupled noisy oscillators using the following discrete-time
Kuramoto model [30]:

L
9&21 = 0,@ + At (wi 4 Kuy Z sin(@t(j) - Ht(l))) + wil),
=1

where i = 1,...,L. Here, 2, = [0\",...,60")]T € R is
the system state, and u; € R is the control input. For each
i-th oscillator, Ht(l) represents its phase, w@ is its natural
frequency, K is the coupling strength, and At = 0.03 sec. is
the discretization step. We assume the frequencies w® and
disturbances wil) follow Gaussian distributions A(0,0.004)
and N(0.001,0.001), respectively. We aim to synchronize
the oscillators within a finite horizon of 7" = 100, assuming
that only /N = 50 disturbance samples are available. For that,
the cost function is designed as

L
Uz, up) =Y sin®(0) — 0”) +0.0001u?,

ij=1

and the penalty parameter is chosen as A = 10000 to
minimize the upper bound ().

To assess the scalability of our method, we evaluate the
computation time to perform a single iteration of our DR-
DDP algorithm depending on the number of oscillators.
The computation times required for our method and two
baselines, as well as the corresponding total costs, are re-
ported in Fig. [2] As expected, the computation time increases
with the number of oscillators. However, consistent with

5The out-of-sample performance of the controller is defined as
Ewe~Qge [lf(zr) + 23:51 L(x¢, 7} (x¢))], which is evaluated using
10,000 disturbance samples drawn from the true distribution er“e and
averaged over 200 simulations. It represents the expected total cost under
a new disturbance sample generated according to the true disturbance
distribution Q™ independent of the sample dataset used in DR-DDP.
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Fig. 2: (a) Computation time per iteration (in seconds)
and (b) out-of-sample cost depending on the number of
oscillators calculated with 1,000 simulations.
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the theoretical complexity, the computation time grows as
a polynomial function of the state dimension, showing the
superiority of our method over the DP algorithm. Notably,
the computation time required to perform a single iteration
of DR-DDP is almost identical to the computation times
required by box-DDP and GT-DDP. Furthermore, our DR-
DDP algorithm consistently returns the lowest out-of-sample
cost for any number of oscillators considered, successfully
synchronizing the oscillators despite the disturbances.

V. CONCLUSIONS

In this work, we have proposed a practical DR-DDP
algorithm for solving nonlinear stochastic optimal control
problems with unknown disturbance distributions. Our ap-
proach leverages WDRC to address limited distributional
information. We reformulated the quadratic approximation
of value functions for WDRC using the Kantorovich duality
principle and then solved it in a DDP fashion to obtain
closed-form expressions of the distributionally robust control
and distribution policies in each iteration. Our simulation
results demonstrate the superior out-of-sample performance
of the proposed method compared to existing DDP methods,
as well as its outstanding scalability to high-dimensional state
spaces. In the future, we plan to investigate the theoretical
properties of our algorithm, including its convergence rate
and performance guarantees.

APPENDIX I
PROOF OF PROPOSITIONIT]

Proof. The proof is based on the arguments used in [25,
Lemma 4.1] for the LQ case. Specifically, fix A > 0. For
any € > 0, there exists v € I'p such that

sup J(m,v) —e < J(m,~).
v€lp

Since ¢ € I'p, it follows that v;(x;) = P; € D;. Thus,

J(m,v¢) < XT0? + J\ (7, )

< ATO? + sup Ji (7, 7).
yel’

Since this inequality holds for any € > 0, we conclude
that (5) holds. O

APPENDIX II
PROOF OF PROPOSITION

Proof. We first note that by the definition of the Wasserstein
distance, the inner supremum in (@) is equivalent to

sup EVP [ml(f(a:, w, w)) — AW (P, @»2]
PEP(R™)

— s [ Vil w)dp)
PeP®Rmw) J W
A inf / lw — 2 dr(w, )
TEP(W?): w2

' r=P,I1°r=Q,

/W2 [V}Jrl(f(:c,u,w)) Aw— w||2] dr(w. )

= sup
TEP(W?):
HZT:QL
(18)

According to the Kantorovich duality principle [26], [27],

W2 (IP7 @)2 =

s | [ otwapo)+ [ vt
where ® = {(¢, ) € L'(dw) x L2(d) | (w) + (@) <
|w — ||, Yw,w € W}. Thus, for any (¢,1) € ®, we have
that

v(h) < inf [l — wlf* = p(w)

for each w € W. Consequently, for any A > 0, weak duality
holds for the inner problem as follows:

sup / [Vtﬂ(f(a:,u,w)) —)\Hw—wHQ} dr(w,w)
TeEP(W?): J W2
2 r=Q,
< [ s [Vina(f(auw) - A - w]?] dQi(w),
w wew

19)

Using Proposition 1 in [29], we can further show that
strong duality holds for the inner problem for any A > 0.
We conclude the proof by substituting the expression for the
inner supremum into (6). O
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