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Sub-Optimal Moving Horizon Estimation in Feedback Control of
Linear Constrained Systems

Yujia Yang, Chris Manzie, and Ye Pu

Abstract— Moving horizon estimation (MHE) offers benefits
relative to other estimation approaches by its ability to explicitly
handle constraints, but suffers increased computation cost. To
help enable MHE on platforms with limited computation power,
we propose to solve the optimization problem underlying MHE
sub-optimally for a fixed number of optimization iterations per
time step. The stability of the closed-loop system is analyzed
using the small-gain theorem by considering the closed-loop
controlled system, the optimization algorithm dynamics, and the
estimation error dynamics as three interconnected subsystems.
By assuming incremental input/output-to-state stability (J-
I0SS) of the system and imposing standard ISS conditions on
the controller, we derive conditions on the iteration number
such that the interconnected system is input-to-state stable (ISS)
w.r.t. the external disturbances. A simulation using an MHE-
MPC estimator-controller pair is used to validate the results.

I. INTRODUCTION

MHE is an optimization-based method that considers a
fixed window of past measurements and the system’s con-
straints in estimating the current state. Due to the inclusion of
the constraints explicitly in the problem formulation, MHE
has been shown to produce more accurate state estimates
compared to the extended Kalman Filter [1]. Assuming
detectability of the system, rather than observability, MHE
was shown to posses robust global asymptotic stability w.r.t.
bounded disturbances and the estimation error converges in
case of bounded and vanishing disturbances [2].

Although MHE offers the benefit of considering con-
straints, its application is limited by the computational cost,
particularly in systems with fast dynamics or platforms with
limited computational resources. To alleviate this issue, [3]
introduced an auxiliary observer to provide pre-estimation
for MHE. However, despite reduced computation time, the
iteration number required to solve the MHE problem with
stability guarantees cannot be determined offline. In [4],
a feasible candidate solution from an auxiliary observer is
improved for a limited but varying amount of iterations to
obtain a sub-optimal solution so that the resulting estimate is
robustly stable. The proximity-MHE scheme in [5] performs
limited optimization iterations with a proximity regularizing
term to improve the prior estimate from an auxiliary observer
and guarantees the nominal stability of the MHE.

Other approaches concentrated on the optimization scheme
that underlies the MHE problem. For example, [6] proposed
to enforce move blocking on the disturbance sequence in
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MHE to reduce the associated computation burden, which
also guarantees the nominal stability of MHE. In [7], a real-
time iteration scheme is applied to MHE without inequality
constraints. Local convergence is guaranteed when a single
optimization iteration is performed per time step. The work
[8] combined this scheme with automatic code generation to
obtain highly efficient source code of MHE algorithms. For
noise-free systems, [9] solves the MHE problem for single or
multiple iterations with gradient-based, conjugate gradient-
based, and Newton methods and achieves local stability.

Compared to the aforementioned works, we study the
stability of the closed-loop with a sub-optimal MHE and
a feedback control law. Earlier studies often treated MHE
and the feedback controller as separate modules, with MHE
providing estimates with bounded error [10], and the con-
troller designed to ensure stability. Instead, we aim to jointly
determine conditions that guarantee stability of both MHE
and the controlled system. To achieve this, we employ an
stability analysis framework from the sub-optimal model pre-
dictive control (MPC) literature [11],[12],[13]. Therein, the
closed-loop system was formulated as an interconnection of
a controlled system and an optimization algorithm dynamics.

In this paper, we propose a sub-optimal MHE scheme
where, at every time step, the MHE problem is warm-
started with the previous solution and then solved by an
optimization algorithm with a fixed number of iterations.
Then, the resulting sub-optimal estimate is used for feedback
control of a linear system with state and input constraints.

Our main contribution lies in the stability analysis, which
follows a similar approach as [11], [12], and [13]. We
first characterize the interaction between the closed-loop
controlled system, the sub-optimality error dynamics (of the
optimization algorithm used for solving the MHE problem),
and the state estimation error dynamics as three intercon-
nected subsystems. Then, assuming the controller is robustly
stabilizing, the small-gain theorem is used to derive condi-
tions on the optimization iteration number for guaranteeing
the interconnected system is input-to-state stable (ISS) w.r.t
to the external disturbances.

Notations: Let S, be the set of positive definite matrices.
Let I" be the identity matrix of size n. Let 0™*" be the
zero matrix of size m X n. For a vector z € R™ and a
matrix U € S{'4™"*, let ||z|| and ||z|y denote the I>-norm
and the weighted ls-norm of z, respectively. Consider square
matrices U and V. Let ||U| denote the spectral norm. Let
Ay and Ay denote the largest and smallest eigenvalues of U,

respectively. Let A := A(U)/A(V). Let I}, ;) denote the set



of integers in [a,b] € R. For a variable v, € R™ and time
steps a,b € ljq 4, let Vig g := {va, - ,vp} and |[Vig || :=
SUper, 4, |lve]|- A continuous function v : Ry — Ry is of
class K if it is strictly increasing and v(0) = 0. If it is also
unbounded, then it is of class K. If 7 is strictly decreasing
and v(s) — 0 as s — 0, then it is of class £. A continuous
function 8 : Ry x Ry — Ry is of class KL if 8(-,s) € K
for each fixed s and 3(r,-) € L for each fixed r.
II. CONTROLLER AND MHE FORMULATION
A. Dynamic System with State Feedback Controller
Consider a system with linear time-invariant dynamics
T4 = Axy + Bug +w}, 0
yr = Cay + w?,

with state z; € X C R", input v, € U C R™, output
measurement y; € ) C R™, external disturbance w;} €

W) C R", and measurement noise w? € W, C R"v,
T oTT
Let w; = [w} ,w? ]T € W C R"%+v be the augmented

disturbance. Let Z2 := X x U x Y x W be the Cartesian
product of the constraint sets.

Assumption 1 Z is convex and contains the origin.
Assumption 2 Consider system (1). There exist P,Q,R €
Sy and n € [0,1) that satisfy
ATPA—nP—-C"RC  ATPB-C'RD
BTPA—-DTRC

B =[I" 0] D =[0""" T ] )

From Corollary 3 of [14], we know Assumption [2] implies
system admits a J-IOSS Lyapunov function and is
detectable. Specifically, for (z,u,y,w), (z',u,y’,w') € Z,
where y = Cx + w? and y = C2’ + w?’, the function

Ws(z,2') = || — 2|3 3)
is a 0-I0SS Lyapunov function for system (IJ), satisfying
Ws(Ax + Bu + w', Az’ + Bu 4+ w")
< gWs(z,2') + w —w'lly + ly = y'lI7 @
Consider the system (I) with a state feedback controller
ug := (%) : X — U satisfying Assumptions [3| and
Ty = Axy + Br(dy) + wy, 5)
where Z; € X is a state estimate with estimation error e; :=
i‘t — X¢.
Assumption 3 There exists a positive constant L, such that,
forany x, 2’ € X, w(-) satisfies
Im(2) = (@)l < Lallz — 2’| (6)
Assumption 4 The closed-loop controlled system in @) is
input-to-state stable (ISS): Given an initial state x; € X,
an input sequence Upy ;g € U X --- X U generated from
applying 7 (-), an estimation error sequence €[t 149 € R™* X

x R"=, and a disturbance sequence Wi; 1 g € VWX -+ X
W, there exist 1 € KL, and v1,3,7}" € K such that, for all

BTPB-Q-D'RD ) =20,

g > 0, the resulting state x4, € X and satisfies

[zegll <Br(llell, 9) +715(lleq.+q)ll) + 1" (Wi e1gl])-
(7

B. Sub-Optimal Moving Horizon Estimation

At time step ¢, we obtain the state estimate £; by solving a

MHE problem based on a prior estimation xi’“% , past inputs

u[;_pr,,t—1]> and past output measurements y;_ s, 1], With
estimation horizon M, := min(M,t), M € I>o. The MHE

problem Py (2} 10;4 ,u4,y¢) is formulated as

(x,W;,y;) = argmin Ve (24—, ¢, We, 3t) (8a)
Xe,We ¥t
St i = Ay + Bug + g, 0 € [yp_pg, e—1), (8b)
Gije = Oy + 7, 0 € Ip—nry 61, (80)
Wi €W, Gy €, 0 € Ip—nryp-1), (8d)
Ty € X, i € lp—nr, (8e)
where the cost is defined as
VMHE (Z¢— 1,6, Wi, Vt) i= 2™ Wi (Ze—nr, e x?”"fvft)
M,
>0 (2 el 5 = veillz) s ©
i=1
with 77, P, Q, and R satisfying (2). The decision variables
X = {Z— M|ts """ It|t} Wy = {ay My|ts """ , Wy l\t}

and V¢ = {Ut—m,|t> - > Y1)+ } denote the estimated states,

augmented disturbances, and measurements, respectively.
The cost functions (9) can be reformulated as
- PPN PRIE
VMHE(Zt— a1, 65 Wi, Vo) i= ll2¢ — Zell 7, (10)

where

o aT AT T AT T T
zp =T, Myt We— M|t Ye— Myt """ 7wt71\t7yt71|t] )

Zt -_[xltjnoll\;[ 0an> y;[Mta e aOan7 y;l]—r’
H, :=blkdiag(2n™: P, 2np™M:=1Q, n™+~'R, ... ,2Q, R).

(11)
Given uy, the state sequence X; can be constructed from z;.
Let (Xf,y;,W;) and z; denote the optimal solution to (g,
considering the formulations in (9) and (10), respectively.
To solve IP’t(xi’"% ,U¢,y:), we consider optimization algo-
rithms that satisfies Assumption [5]

Assumption 5 Pt(acgmlrw , Uy, y¢) is solved by an optimiza-

tion algorithm whose iteration can be described by a nonlin-
ear mapping 28T = ®(2F, z,), where k > 0 is the iteration
number. Furthermore given an initial solution zt, the K-
iteration solution zI obtained from applying ®(-) for K
times is feasible, i.e., satisfying (8b)-(8e), and satisfies

I = 21| < o(K
where ¢(K) € (0,1)VK > 0 and ¢ € L.

Let (x5, 35 W) and 2/ denote the sub-optimal solution
to (8) and define the sub-optimality error as €; := ||z — 27|

Mz — 2|, (12)

III. SuB-OPTIMAL MHE-BASED FEEDBACK CONTROL

In this section, we introduce a sub-optimal MHE scheme.
We characterize the closed-loop system controlled with the



Algorithm 1 Sub-Optimal MHE in Feedback Control

Require: K, M, ®(-), 20, g;gﬂ‘”, U, Yo;
Fort=0,1,2,--- Do '

1. Obtain &/ by solving P, (2}, ,uy,y;) for K iterations
using optimization algorithm ®(-) with initial solution 2?;
2. Warm-starting: 2, < %¢2{*;

3. Update problem parameters: z§", <« &;° e Bl
T(ug, 7(2()), yerr < Y(¥e, 41);

4. Apply 7(25) to the system (§);

End

proposed scheme as three interconnected subsystems and
show each subsystem is ISS. Lastly, we derive conditions
on the optimization iteration number that guarantee the
interconnected system is ISS w.r.t. the augmented disturbance
wy, through the small-gain theorem. We present the proofs
of Propositions 1-3 in the Appendix.

A. The Sub-Optimal MHE Scheme

Alg. 1 introduces the proposed sub-optimal MHE scheme,
employing a warm-start strategy. When ¢ < M, the formu-
lation in represents the full information estimator, which
grows in size as more information is obtained. Due to this,
the solution z/* of Py(«}", ,us,y:) has a lower dimension
compared to the solution z/5 | of Py (2™, 1, W1, yiy1)
when ¢ < M. To ensure the warm-starting step can be
smoothly carried out for time steps ¢ < M, we use the matrix

5 { blkdiag(I"=¢ ~"= =" Qmetmw) ¢ < M,
t =

T, t> M. 13)

in Step 2 to map 2/ to ¥;2/<, which has the same dimension
as z7,. In Step 3, the operator Y (y¢,y;) appends y; to the
end of the sequence y; for all ¢ > 0, and discards the first
element y;_ps, iny: if t > M.

B. Interconnection of Three Subsystems

We identify three dynamic subsystems from Alg. 1:

| w41 = Axy + Br(zy + ep) + w},
Subsys. 1.{ v: — Cay + w2, (14a)
Subsys. 2: €t+1 = @K(et,xt,yt,ut,et), (14b)
Subsys. 3:  epp1 = E(er, xy, €4). (14¢)

They describe the closed-loop controlled system (Subsys.
1), the sub-optimality error dynamics (Subsys. 2), and the
estimation error dynamics (Subsys. 3), respectively. Fig. 1
illustrates the interconnections between the three subsystems.

In subsystem 1, the controller m(z;) attempts to drive x;
to the origin. However, 7(z;) is perturbed to W(ff‘(t) by e;.
In subsystem 2, P, (™%, ,uy,yy) is solved for K iterations
with warm-starting to reduce the sub-optimality error (drive
20 =%, 12/ to 2}). The optimal solution 2} can be seen
as a perturbed solution of z;_;, resulting from the problem
parameter update in Step 3 of Alg. 1. In subsystem 3, the
MHE attempts to drive the estimation error to zero. This
process is disturbed by the change in state x; and the sub-
optimality error €;. The stability of the interconnected system

Closed-Loop Controlled System

w
— ) T4 = Axy + Br(zy +ep) +wy g

> yr = Cay + way
ey
Sub-Optimality Error Dynamics
T, Yt Ut
et &
> €1 = Prc(€r, T, Y, ug, €4)
Estimation Error Dynamics €t
err1 = E(er, v, €r) 7

<

Fig. 1: The interconnection of three subsystems.

(T4) can be analyzed via the small-gain theorem, which
requires each subsystem to be ISS. Note that subsystem 1 in
(I4a) already meets this requirement via Assumption []

C. ISS of the Sub-Optimality Error Dynamics (Subsystem 2)

To prove the sub-optimality error dynamics is ISS, we
first show the difference between two consecutive optimal
solutions z; ; and z{ is bounded w.r.t. the changes in the
parameters of Py (2}, us, yy).

Lemma 1 Suppose Assumptions 1-2 hold. Then, there exists
a Lipschitz constant Lg > 1 such that the optimal solutions

of Pry (22, 1, w1, yi—1) and Py(a3y,  uy,yy) satisfy

11200 = 271 < Lo(lZ-1 = 22l +00), (15
with Z; and Z;_1 defined in (1)), X, defined in (13), and

o e { A= OIH + AL+ 1Bl + €]l + 2, t < M,
b 0, t> M.
(16)

Proof: We prove by treating Py(-) as a parametric
optimization problem, whose cost function is strongly convex
(from Assumption 2), inequality constraints are convex, and
equality constraints are affine. For t > M, using Theorem
3.1in [15] and the fact ¥y = 1"= for t > M from (13), we
know there exists a Lipschitz constant Ly > 1 such that

IZecaziy — 2 < Lollzo - S5 (D)

For t < M, we consider an equivalent expression of
]P)t(i‘()v ut,Yt), given by ]P);(j(b U, Yt Htv Aa Ba Inwv C7 Iny)
The matrix Hy is from the cost (I0). The last five matrices
are from the system constraints @b) and @), i = t — 1,
respectively. Let Py, := P} (&g, us,ye,n~ " Hy, 0% 0" ¥
0"=, 0" > Q0™), with optimal solution Zy. With A, B,
I C 1™ = 0, P, is equivalent to Pi_1(Zo,ue1,yt-1)
with inactive system constraints at 1 = t — 1. Thus, z{ =
Yi_12{_4. Similar to (L7), we know there exists Ly > 1

such that the optimal solutions of z} and z{_, satisfy
12 = 21| < Leoy = |[Be-12i1 = 2| < Laoy. (18)

Since ||Zi—1 — 3] %] = 0 for t < M and oy = 0 for
t > M, we can combine and to obtain (15). m

With the bound in (T3), we can show the sub-optimality
error dynamics defined in is ISS:



Proposition 1 Consider Pt(xgiofwt , ¢, y) solved by an op-
timization algorithm ®(-) for K iterations. Suppose Assump-
tions 1-5 hold. For t > 0, the sub-optimality error €; satisfies

llecll<Ba(lleoll; £) + v2.1([[%70,0-13l) + ~2.5(llejo,e—1 1)

+ 72 (Iwo,e—1ll) + 5 (loo,e—1l) (19)
where (s, t) := ¢(K)'s, y2,1(s) := C1(K)/(1 — ¢(K))s,
Y23(5) = Gu(E)/(1=¢(K))s,  5(s) o=
C3(K)/(1 = ¢(K))s, and 73 (s) := o(K)La /(1 — ¢(K))s,
with C1(K), C3(K), and C3(K) defined in (23)-27).

D. ISS of the Estimation Error Dynamics (Subsystem 3)
Inspired by [14], we first construct an M-step Lyapunov
function for based on W;(-) defined in (3).

Proposition 2 Suppose Assumptions 1-5 hold. Let H =
sup;>o(A(Hy)). For t >0, the state estimate i{ft satisfies

Wi (@1, 1) < 6n™ Ws(21 0,10 s T n1,)
M,
+2H erl|* +6 ) 17 lwe—s -
j=1
Based on the M-step Lyapunov function in 20), we show
the estimation error dynamics is ISS.

(20)

Proposition 3 Suppose Assumptions 1-5 hold. Then, the
estimation error dynamics is ISS and if(lt satisfies
lleell <Bs(lleoll, ) + 3,1 ([[%0,e-1) 1) + ¥3,2([l€[0,e-11 1)
+ 795" (Ilwio,e—11 1) + 5 (loo,e-111) 2D

where B3(s,t) == Co(K)\/p's, v3,1(8) = \/2AE O (K)s,
v32(8) = C(K)s, v§'(s) = Cw(K)s, and v§(s) =

2A§¢(K)L@s, with p satisfying pM = 6n™ and C,(K),
Cw(K), and C.(K) defined in (28)-(30).

E. Stability of the Interconnected System

Given that subsystems 1, 2, and 3 are ISS satisfying ,
@]), and @), respectively, we can establish conditions on
the iteration number K such that the small-gain theorem is
satisfied and the interconnected system is ISS.

Theorem 1 Consider the interconnected system (14). Sup-
pose Assumptions 1-5 hold. Then, for any K satisfying

Y1,3073,1(8) <, (22)
V2,3 073,2(8) < s, (23)
Y1,3073,2072,1(5) < s, 24)

for all s > 0, the interconnected system (14) is ISS w.r.t. the
augmented disturbance w; and virtual disturbance ;.

Remark 1 Since 7v12,71,3,72,1,72,3,73,1,732 € K, and
Y2.1,72,3,¥3,1 — 0 as K — oo, there always exists a
iteration number K such that (22)-(24) are satisfied.

IV. CASE STUDY WITH AN MHE-MPC

To demonstrate Alg. 1 and the theoretical findings, we con-
sider the discrete-time linear system and the corresponding

0l =~ —"—
€
10 0.05
0
-6
10 W
,,,,, constraint

10 20 30 40 10 20 30 40 0 2 4
time step time step estimation horizon
Fig. 2: (a) True state vs. Sub-optimal estimate; (b) Change
in sub-optimality error; (c) The estimated measurement noise
obtained from solving the MHE problem at ¢ = 6.

MPC controller in the case study of [11]. We add an output
matrix C' = [0.1,0.3,0.8,0.5] to the system such that the
system is observable. The state x € R* and measurement
y € R are unconstrained, and the input v € [—1,1] x
[—1, 1]. Each element of the disturbance vector w; is sampled
independently and uniformly from [—0.1,0.1]. We found
~1,3(s) = 28.8s, through the method used in Proposition
2 of [16], and L, = 2.65, through a sample-based method.

The parameters of the MHE problem in (§) are M = 5,
Q= 14, R =1, and n = 0.8, with P computed to satisfy
(). Problem is written in a condensed form and solved
using the partial gradient method [11] with convergence rate
2K — 2] < 0.98%|2) — z7||. Accordingly, we define
#(K) = 0.98%. The Lipschitz constant Ly = 5.32 is
determined through a sample-based method. Finally, the
iteration number K = 652 is computed, which satisfies (22)-
with the previously defined parameters.

Given an initial state zp = [12,-10,10,—10]", 2J =
" = [7,-7,3,-5]T, and empty sequences y, and uo,
Alg. 1 is applied for 40 time steps. Fig. 2(a) shows the
state x1 ; converges asymptotically to a neighbourhood of 0
and the sub-optimal estimate i{ft converges asymptotically
to a neighbourhood of x; ;. Fig. 2(b) shows that the sub-
optimality error €; converges asymptotically to a neighbour-
hood of 0. Thus, subsystems 1-3 defined in (I4a)-(T4c)
are ISS. Fig. 2(c) shows the estimated measurement noise
sequence W?’K obtained from solving (8) at time step t = 6,
which respects the constraint (in red) by the design of MHE.

V. CONCLUSION

In this work, we proposed a sub-optimal MHE scheme
applied to the control of linear systems with constraints.
By characterizing Alg. 1 as three interconnected subsystems,
we derived conditions on the optimization iteration number
for guaranteeing ISS of the interconnected system w.r.t. to
external disturbance and measurement noises. A possible
extension is to consider the stability of systems controlled
by sub-optimal MPC combined with sub-optimal MHE in
applications with limited computation resources.

VI. APPENDIX
We define some terms here for clarity:

Ci(K) = 2¢(K)Le(1+ M(|C| + Lx))
Co(K) = 26(K)Lo(1 + MLy)

(25)
(26)



Cs(K) = 2¢(K)Lo M 27)
Ceo(K) :=2¢/3ABAEG(K) Ly (\f*M+L N/
+44/3AEAE G(K) Ly Ly Z VP T J6AT
+2¢/3ABABG(K) Lo (Ly +1)/p M1, (28)
Cow(K) = /20EC3(K) + 1/6A%(1 — /p) !
+ 40/3AEALH(K) Lg (LM +1) (1 — \/p)~%, (29)
Ce(K) = 206 (K) + /208 (1 — /pM) ™
+ANEG(K) Lo (LM +1) (1 — \/pM)~ 1. (30)

Proof of Proposition 1: We break the proof into two cases.

Case 1: For ¢t < M, due to the warm-start step (Step 2) in
Alg. 1, we have

||z?—z£‘\|— S22, — 2| 31)
<|Sem12fy = Semazf gl + 1Szt — 2 (32)
L&) .

< S emallllzSy — 24|l + Loo. (33)

By multiplying ¢(K) on both sides of the above inequality,
and using (12) and the fact ||X;|| = 1Vt € R, we have

lec][ <o) [lee—1 ] + ¢(K) La[loo,e—1 |-

where we bounded o; with |lo7—1]-

(34)

Case 2: For t > M, due to the warm-start step (Step 2) in
Alg. 1, and ¥ =TI" and o, = 0 for t > M, we have

12 = 250 < ll2ffy = 2ol + llzioy — 2 (35)
(18] . _ _
< 2y =zl + Lall Ze-1 — Z|| (36)
M,—1
<L Z (lug—1—i = we—2—ill + lyt—1-i — Yye—2-ll)
i=0
+ Lq)Hi{iMh:fM - ££M71|t7M71H + llet—ll; (37)

prior _ aK prior —
where we used z,_,, = T Mit—M and x,_p 4y =

/\K . . . .
ARYVIRTEYRE (37). Given the above inequality, we can

bound [[#% /1, _ar = (g pr—y [l With

HjtK—Mﬁ—M - ‘%z{(—M—Ht—M—lH
=|[(xi—m +er—m) — (Te—p—1 + er—nr—1)|| (38)
<we—nr, | + [[we—nr, -1l + lles—nr | + llee—ar,—1ll, (39)

bound ||’UJt_1_i — ut—2—i|| with

xt 2— z”
Le(llze—1—ill + |oe—2—ill + [lee—1—ill + lle—2—4l]), (40)

||Ut 1—i — U—o—i|| < L&y

and bound ||yt—1—i — yt—2—i|| with

Ny—1—i — Ye—o—ill < flwemi—s|l + lwe—o—sl|
+ ICzt—1-ill + ICl|zt—2—ill- (41)

Using the resulting bound to replace the term ||z — 27| on

the r.h.s. of (I2), we have that

el < o(K)[ler—1l + C1(E) [Ix(0,6— 1yl + Ca(K)[[wio,e—1jl
+ ¢(K) Lo (lec—mll + llec—nr—1])

M—-1
K)Lo Y (La(ller—1—ill + llec—2—ill)) - (42)
1=0

where the ||z;[| and [w;|| terms are bounded with |[xo ;— 1|
|le¢|| terms

in @2) with [lej ¢_1]|| gives
lletl| <@ (E)les—1 ]l + CL(K) %[0,y
+ Ca(K)leqo,t—1) | + C5(K) [[wio,e—1y -
Combining the r.h.s. of (34) and @3) gives
leel| <@(K)lee—1 1] + Cr(E) %041l + C2(K)lejo,1—l
+ C3(K)[|wio,t—1)|| + ¢(K) La |loo,e—1 I, (44)

which holds for all time steps ¢ > 0. Finally, applying
@ for ¢ times and using the geometric series to simplify

K)*179 a5 1/(1 — ¢(K)) yield (19). [

(43)

Proof of Proposition 2: We first derive an intermediate
bound on Wi(&) f,xt) Due to Assumption the sub-
optimal solution (XX, yK WwK) is feasible for (§) and forms
a feasible trajectory of the system in (I). Given the actual

trajectory (Xpe—az,¢, ¥[t—M,t—1]s W[t—,t—1])» We can apply
the bound in (@) for M, times to obtain

Wa(@K, 20) <M Ws (@ oy weenr,)
+ 3 T U, — w12 + 165 5 — vsl3)
(45)
< 2|z fth|thtH%’
M| g, — 2o B+ D T 2w
+ i T G = v+ 2008, 01%) (46)
< 2M WS (25 g o aa,» T Mf)+2] 2w 11%
+ Ve (25 Mt\t’Yt K owk) 47

t—M|t —

where (@6) is obtained by applying the triangle inequality to
Wi (@{ 4> Te—n1,) and ||111tKj|t wy ;|3 Next, we derive
a bound on Viug (2 M,|t7yt , WK). We know that

K K

Vaarie (21 a0 97 W) = 28 = 21, (48)
< 207" = 215, +2lle -z, (49)
<22 = 2 1H, + 2Vame(E] 00 915 W) (50)
< 2llerl|3, 4 2VamE (Tt 0, Y01y 0—1), W [t—JV[t,t—l]()Sl)

where (1) holds since (Xp—az, 4, Yt—M,,t—1]s Wit— M, t—1])
forms a sub-optimal solution to (§). Using the above bound
with (@7) and then using () give
W6(§7,{|(tv xt) S 277Mt W5 (i{(_]wt“_]\/[t 5 xt—Mt)
M,
+ 20 T 2w 117 + 2|,
+ 2VMHE (Tt M, » Y[t M, 1]

W[t—Mt,t—l]) (52)



My

= 6™ W5 (2{E pr, oo ag,» Te-nr,) + Y 6w
=1
+2lle|Z, - (53)
Lastly, using ||e;[|3;, < A(Hy)|le]|* < Hlle||* in the last
equality gives (20). |

Proof of Proposition 3: Let t = cM + [, with [ € I} p7_1
and ¢ € I>o. At time step [, plugging M; = [ into 20) gives

Ws (xl|l’xl) <67’ Wé(%waxo) +2H

+6Znﬂ'fluwl_j||z.
j=1

(54)

At time step ¢, applying (20) for ¢ times, and bounding
the resulting W (&}, 21) with (&4) gives

c—1
Wé(jjglf“xt) < pkMGnlW(;(:i:é{‘o,xo) + 2HZpiM||€t—iMH2
i=0
. M
+2Hp"™M |let||* +6 ) p™ > i w1y (59)
i=0 j=1
-1
<2HZp’M||et | +6Z,0 [wi—j—1[|?)
1=0 Jj=0
+6p' Wi (&, z0) (56)

where p™ is used to replace 61 in (53). To obtain (S6), p
is used to bound 7, since p/n = 6'/M > 1. Then, applying
the bounds \(P)les||* < Wg(xtlt,xt) < X(P)]let]|* and

lwell?y < M@Q)llwel|* to G gives
t—1
leal? < 648 S plwn s 212 + 208 " 5 fer_aael?
7=0 i=1

+ 208 [le||? + 6p AR leo 2. (57)

Finally, by bounding ||w;_;_1]| with [[wy;_qj||, bounding
llet—ins]| with |l€fo,+—1;||. taking square roots on both sides

of (57) using v/a + b < \/a++/b, and applying the geometric
series, we obtain

lecll < \/6A5 VP [eoll + /6AZ (1 —
202 (1= VM) "Y€,y + 2Aglletll-

To eliminate ||e;|| in (38), we consider two cases:
Case 1: For t < M, ||¢;]| can be bounded by (34) to obtain

lles|l < \/GAP\f lleoll + 1/6AR(1 —

||W[Ot 1]||

(58)

||W[0t 1]||
20 (1 — /pM) ™! + ¢(K))|l€o,e—1 |
2AE¢(K) La||ojo,e—1 - (59)

where the resulting |[e; 1] is bounded by ||€[g ;—17j]|-
Case 2: For t > M, ||&]| can be bounded by (@2) to obtain

ledll < \/6AE /P [leol| + \/2AE C1 (K ||x(0,— 1)

+ ( 6A§(1—ﬁ)‘1+ 207 C3(K))|[wio,i 1]
2M((1 = V/pM) ™" + ¢(K))l€fo,e—1)]l
M-1
20 ¢(K)La w(llec—1-ill + llee—2-il)))
=0

2AEG(K) Lo (|les—nrll + llee—nr—1l]) - (60)

Using (38) to bound |le;—1—||, [lec—2—:||, ¢ € [0, M — 1] in
(60) and simplifying the expression gives

lec] < Ce(K)v/p' leoll + /208 C1(K) 10,01 |
+ Ce(K)l€o,t— 1| + Cuw (K) [Wio,—1y -
Since C.(K) > /6AE, C.(K) > \/ﬁ((l — M)y

¢(K)), and Cyy(K) > 1/6A%(1 — \/p)~ 1, we can combine
(39) and (6I) to obtain (ZI), which holds for ¢ > 0. |

(61)
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