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Abstract—This paper introduces HO7Pn, the higher-order 7-
calculus with passivation and name creation, and develops an
equivalence theory for this calculus. Passivation [Schmitt and
Stefani] is a language construct that elegantly models higher-
order distributed behaviours like failure, migration, or duplica-
tion (e.g. when a running process or virtual machine is copied),
and name creation consists in generating a fresh name instead
of hiding one. Combined with higher-order distribution, name
creation leads to different semantics from name hiding, and is
closer to implementations of distributed systems. We define for
this new calculus a theory of sound and complete environmental
bisimulation to prove reduction-closed barbed equivalence and
(a reasonable form of) congruence. We furthermore define
environmental simulations to prove behavioural approximation,
and use these theories to show non-trivial examples of equivalence
or approximation. Those examples could not be proven with
previous theories, which were either unsound or incomplete
under the presence of process duplication and name restriction,
or else required universal quantification over general contexts.

I. INTRODUCTION

Background: With the increasing call for fault tolerance,
on-demand computational power and better responsiveness,
higher-order and distribution are pervasive in today’s com-
puting environment. In this paper, we call higher-order the
ability to send and receive processes through communication
channels, and distribution the possibility of location-dependant
behaviour. For example, Dell and Hewlett Packard sell prod-
ucts with virtual machine live migration [17], [5], and Gmail
relies on remote execution of JavaScript in the users’ browsers.
Yet, despite the ubiquity and importance of such higher-order
distributed systems, the inherent complexity of these systems
makes them difficult to analyse, and thus subject to bugs.
Therefore, formal models and methods that help reason about
higher-order distribution are sought after.

Passivation [18], [6], [8], [11] is a language abstraction
for elegantly modelling higher-order distributed systems in
process calculi based on the higher-order 7-calculus [12], [15]
(with which we assume our reader’s familiarity). In its simplest
form, passivation consists of a syntax of located processes
I[P], where [ is a name called a location and P is a process
located at 1, and two labelled transition rules, [[P] = I[P']

if P2 P’ (TRANSP), and I[P] 225 0 (Pass1v), where the

relation P5() in general reads “P does action o and becomes
@.” The TRANSP rule states that locations are transparent,
i.e. do not hide any transition o of the processes they are
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hosting. The PASSIV rule shows how a located process can be
passivated, i.e. stopped and output to a channel of the same
name as the location.

Despite its simplicity, passivation is yet powerful enough
to model complex higher-order distributed behaviours. For
example, one can conveniently model failure of a process P at
location 1 as I[P]|1(X).fail — 0| fail, migration from location
[ to location m as I[P]|1(X).m[X]— 0| m[P], or duplication
as I[P} [ 1(X).(I[XT [ 1[X]) — O [ [[P][ I[P].

Name creation versus restriction: To our knowledge,
previous process calculi with passivation—or, more generally,
with higher-order distribution (i.e. communication of processes
through channels across locations)—all used so-called name
restriction [6], [18], [8], [11]. It hides names, forbidding
reactions like @.Q) | va.(a.Ry | @.R2) — Q | va.(Ry | a.Rg),
where the syntax va.P in general means that name a is local
to process P, hidden from the outside. Although the name a
is textually present in the process @.) above, the a under the
v operator is only visible to a.R; and @.R2, hence not usable
for synchronisation with @.Q).

Nonetheless, sharing of hidden names is possible via name
extrusion, as in the reaction [[va.¢(a).Q] | m[c(z).R] — va.
(1[Q]|m[R{a/x}]). This reaction shows that the name a, which
was local to location [, can be sent on another channel ¢ and
shared with the receiver outside [. In other words, extrusion
extends the scope of the sent name to contain the receiver too,
possibly crossing location boundaries outwards.

This makes name restriction harder to implement in higher-
order distributed settings, as one needs to maintain the scope
of extruded names across physically different locations. For
example, guaranteeing that the process va.(I[Q] | m[R{a/x}])
above cannot interfere with another process that coincidentally
uses the same name a seems to require somehow keeping
global information about its scope.

By contrast, real implementations of distributed systems
often use name creation [19], which (perhaps against common
belief) leads to a different equivalence theory from that of
name restriction. Our name creation consists in forbidding
transitions under a v operator and in generating a fresh name
as an internal transition step, shown in the following rule

aés
stvaP 5 su{a} P

CREATE

where the syntax s - () in general reads “process (), given



a set s of already created names.” This rule means that the
process va.P can, in an internal transition step, create a name
a that is stored immediately in the set of created names, and
continue as process P. Assuming that we identify processes
up-to alpha-conversion of names bound by the v operator, the
clause a ¢ s is a simple precaution to guarantee that freshly
created names are indeed unique.

The creationist treatment of names makes the semantics
closer to implementations: for example, suppose name cre-
ation is the generation of random numbers (arguably unique).
Then, two different names in the model would actually be
different numbers in the implementation too, thus ruling out
interferences between processes and eliminating the need for
explicit scope information.

Equivalence of higher-order distributed processes with name
creation differs from that with name restriction. Concretely,
consider the process

P =vil(lva.(a|aaw)] | U(X).(X ]| X))

which, with name restriction semantics, can at best reduce
(in several steps) to vI.(0 | va.(0 | a.@) | va.(0 | a.w)). With
name creation semantics, there is also a reduction sequence
that leads to the exhibition of name w by having creation of
name a happen before passivation and duplication:

{w} Fui(va.(a|aaw)] | 1(X).(X | X))
- A{w,l} Flva.(a|a.aw)] | 1(X).(X | X)(create 1)
- Aw,l,a} Fla|aaw]|(X).(X|X) (create a)
— {w,l,a} FO0]a|aaw]|a|aaw (react on )
— {w,l,a} FO0|0|aw]|a|aaw (react on a)
— {w,l,a} F0]0|w|0]|a.aw (react on a)

Similarly, another (perhaps surprising) difference is the non-
bisimilarity between {[va.vb.P] and [[vb.va.P] with P = a.b.
a.cTﬂd.B.B.ch, which are indistinguishable under name restric-
tion. To see it, suppose s b l[va.vb.P] with s = {l,w;,ws}
creates name a and is duplicated (i.e. is passivated and then
spawned twice), after which the b of each copy is created,
giving s’ - (a.by.a.07 | @.b1.b1.@3) | (a.by.a.w1 | @.by.by.t3)
with s’ = s U {a,by,b2}. Then, this process can exhibit w1
using both @’s and a by, giving s’ F (w7 | by.@3) | (a.bs.a.
@1 | ba.by.w3). Yet, it cannot exhibit @y which is guarded by
two by’s while there is only one be. In order for [[vb.va.
P] to weakly follow and exhibit &y too, it must also share
a, i.e. create it before duplication, forcing the creation and
sharing of b as well. This gives s U {a,b} - (a.b.a.t7 | @.b.b.
@) | (a.b.a.wy | @.b.b.w3) which weakly exhibits not only wy
but also ws, therefore telling apart /[va.vb.P] and {[vb.va.P].
More non-bisimilarities because of name creation semantics
are discussed in Section VI. (We will note, however, that these
processes are still mutually similar.)

In this paper, we argue that name creation is a realistic
alternative to name restriction when modelling higher-order
distribution. We recall that a restriction-based semantics is
harder to implement, because of the difficulty of implementing
distributed scope (which is inherent to the communication of
bound names). Here, we discuss several of such semantics and

their additional differences from name creation in a higher-
order distributed setting. (i) A structural congruence rule a[vc.
P] = ve.alP] (cf. [1]). Under the presence of process duplica-
tion, it is “unsound,” i.e. makes some inequivalent processes
structurally congruent. For example, it allows alve.(élc.c.
)] = ve.a[é|e.c.w], but the two processes are distinguished by
an observer R = a(X).(X | X). (ii) Enforcing extrusion [18]
before passivation like [[ve.P] | I(X).(m[X] | n[X]) — ve.
(m[P] | n[P]). It does not allow duplication without sharing
private channels, keeping passivation from being used as a

general device for copying. (iii) Forbidding passivation when

v is in evaluation position, i.e. [[vc. P] "0, 1t hinders du-

plication with private channels as well. Moreover, expectedly
equivalent processes ([va.a[P]] and [[P] are distinguished by
[(X).w, which reacts only with [[P]. (iv) Vertical extrusion
with an extra rule like [[vc. P] 25 vel[P]. Tt differs from name
creation too: consider Q = l[m[va.P]| m(X).(X | X)] | I(Y).
(Y |Y) which can become Q' = [[va.m[P]|m(X).(X | X)]|
I(Y).(Y]Y) in a step, and then (weakly) become either va.
(P|P|P|P) with one bound name, or va.(P|P)|va.(P|P)
with two. With name creation, there is no reduction QQ = Q’
such that only Q' = P{a1/a} | P{ai/a}|P{a1/a}|P{a1/a}
and Q' = (P{as/a} | Par/a}) | (P{az/a} | P{as/a}) with
a1 and as fresh, whence the difference.

Equivalence and inequivalence in higher-order distribu-
tion: We have just seen that equivalence differs depending on
the semantics of names. Consequently, the equivalence theory
under the presence of name creation needs to be rethought. Be-
havioural equivalence can be characterised as reduction-closed
barbed equivalence (or congruence) [7] which has a simple
definition but is impractical as a proof method because of a
universal quantification on observer processes (or contexts)
in its definition. Therefore, more convenient relations like
bisimulations, whose membership implies reduction-closed
barbed equivalence and which come with a co-inductive proof
method, are sought after.

Accordingly, we define a theory of (environmental [20],
[21], [14], [16], [11]) bisimulation for a higher-order -
calculus with both passivation and name creation. The theory
is proven to be sound and, thanks to name creation seman-
tics, complete. (In contrast, environmental bisimulations for
higher-order m-calculus with passivation [11] were far from
complete under name restriction semantics, being unsound
without severe constraints on environments.) It can then be
used to prove non-trivial equivalences that could not be shown
previously [11], [8], like that of distributed left and right list
folds (simplified versions of “MapReduce” [3]), detailed in
Section V.

One may also want to prove bisimilarity of distributed
programs that are more structurally different than the two
fold functions, e.g. linear and logarithmic implementations of
power functions. Perhaps surprisingly again, these implemen-
tations are not bisimilar. The reason is that the linear dis-
tributed implementation uses more hosts than the logarithmic
one, and is therefore more likely to fail (under either of name



creation and restriction). Thus, bisimilarity may sometimes be
too strong an equivalence. Instead, mutual simulation can be
desirable, so as to provide a coarser equivalence (cf. [9, p. 20,
Exercise 3.10]) still useful for comparing such programs. En-
vironmental simulations can be proven, for example, between
distributed linear and logarithmic power functions as detailed
in Section VI-B.

Summary of our contributions: In this paper, we intro-
duce the higher-order 7-calculus with passivation and name
creation (henceforth HO7Pn) a dialect of HO7P (the higher-
order m-calculus with passivation and name restriction) [8].
We then provide environmental bisimulations that are sound
and complete with respect to reduction-closed barbed equi-
valence and (a reasonable form of) congruence, and use them
to prove a non-trivial equivalence that could not be shown
with previous methods. We also provide sound environmental
simulations that can be used to show reduction-closed barbed
approximation, and give a non-trivial simulation proof as well.

Overview of the paper: The rest of the paper is structured
as follows. Section II defines HO7nPn. Section III formalises
our environmental bisimulations and simulations, and Sec-
tion IV establishes their soundness and completeness. Sec-
tion V shows the example bisimilarity proof of distributed
left and right folds. Section VI discusses non-bisimilarity in
higher-order distribution and shows the simulation proof of
distributed power functions. Finally, Section VII considers
previous and future work.

II. HIGHER-ORDER 7m-CALCULUS WITH PASSIVATION AND
NAME CREATION

We formally introduce HO7Pn through its syntax and
labelled transition system. The syntax of HOmPn processes
P, @ and terms M, N is given by the following grammar
(the same as in [11]):

PQ == 0] aX).P [ aM).P | (P|Q) | a[P]
|  wva.P | P | run(M)
M,N == X | ‘P

Briefly, X ranges over the set of variables, and a over names. 0
is a stuck process, a(X) and @(M) input and output prefixes,
| the parallel composition operator, and a[P] the process P
located at location a. va is the name creation prefix, ! the
replication operator, run the thawing operator which is used
to turn a term into a process, X a variable and ‘P a process
as a term. As in [11], the distinction between processes and
terms is needed for our generic up-to context technique (see
Section III).

The semantics of HOnPn is given by the following labelled
transitions system which is based on that of the higher-order
m-calculus with passivation [8]—itself being based on that
of the higher-order w-calculus [12]—and is now defined on
configurations. A configuration s - P is the pair of a set s
of names and a process P such that fn(P) C s. We casually
write sz or s,x for sU {z} or s Ux when z is a name or a
set of names. Omitting symmetric rules PAR-R and REACT-
R, the transition relation is defined inductively by the rules in

(D) Ho-IN
sta(X).P—=sk P{M/X}

Ho-OuTt

skaM).p X g p

sEPS s EP (8\s)Nfn(Q) =0
sFP|Q3S s P |Q

PAR-L

sFPI s p s Q28 sk
- REACT-L
sEP|QS5skEP|Q
sHP| P s’ =P ads
- ~ CREATE
sHIP 56 =P stva.P—s,at P
sEPSs'EP
- TRANSP
sk alP] = s FalP
p—— PASSIV - RUN
skalPl—>skO0 skrun(‘P)—=sk P

Fig. 1. Labelled transitions system of HO7Pn

Figure 1. Assuming knowledge of the standard higher-order -
calculus [15], [12], [13], we skim over the distribution-related
transitions and comment on the notable changes coming from
name creation. The TRANSP rule expresses the transparency of
locations—the fact that transitions can happen inside a location
and be observed outside its boundaries. The PASSIV rule shows
how a process running inside a location can be passivated, i.e.
stopped, turned into a term, and sent along a channel whose
name corresponds to that of the location. The RUN rule shows
how to retrieve a process from a term at the cost of an internal
transition.

The rule CREATE shows how a process va.P can create a
name a—which is added to the configuration’s set of names—
and become P in an internal transition step. As we identify
processes up-to alpha-conversion of bound names, progress
is guaranteed. The rule PAR-L shows that a transition can
happen in a sub-process provided it does not create a name
that is free in another sub-process put in parallel (the function
fn, which returns the set of free names of a process or a term,
is standard). Again, alpha-conversion is used for guaranteeing
that no free name of ) will be captured.

The other rules are straightforward even in the presence of
name creation and will not be discussed further. As usual with
small-step semantics, when the assumptions cannot be satisfied
or when a case is undefined (as in run(X)), transition does
not progress and the process is stuck.

Henceforth, we shall write @.P for a(0).P and a.P for
a(X).P when X is not free in P. We define structural
congruence = as the smallest congruence on processes with
PEP|0, P1|(P2|P3)E(P1‘P2)|P3, P1|PQEP2|P1
and !P =P | P. Notice that this definition is nor standard: it
allows neither (va.P)| Q@ = va.(P|Q), va.vb.P = vb.va.P,
nor va.0 = 0.



III. ENVIRONMENTAL BISIMULATION AND SIMULATION
FOR HO7PN

We define an environmental relation X as a set of sextuples
(&, r, s, P, t, Q) where & is a binary relation (called the
environment) on terms with no free variables and finitely many
free names, r is a finite set of names (the public names), s
and t too are finite sets of names (the created names) such
that r C sNt, and P and @) are variable-closed processes
(the tested processes). We often write (s = P) X, (tF Q) to
mean (€, s, P,t,Q) € X for an environmental relation X.

Definition 1. We define multi-hole contexts for terms C
(contexts that have holes for terms) and multi-hole contexts
for processes C,, (contexts that have holes for processes) as:

C ==0]|a(X).C|a(D).C|(C|C)]|alC]]|va.C|!C|run(D)

D :=[];| X|C

Cp =[] | 0] a(X).Cp | a(Dp).Cyp | (Cp | Cp) | a[Ch] | va.Cyp

| 1Cp | run(Dp)

D,:=X|‘Cp
Definition 2. We define process context closure and term
context closure as:

(&r)° = {(C[M],CIN]) |

bn(C) N fn(M,N) =0, fn(C) Cr, (M,N) € £}

e s
bn(D) N (M, N) =0, fa(D) C r, (M, N) € £}

The process context closure (£;7)° intuitively represents
the processes that an attacker can craft given some terms and
public names. It allows him to create processes using terms
(M, N) from the environment and names from r. Capture of
names is forbidden, hence the condition on names bound by
the context. As this closure uses a context for terms, it will
necessarily put its terms in an output prefix or under a run.
The term context closure (£;7)* intuitively corresponds to all
the terms that the attacker can craft from his knowledge. We
point out that these closure operations are monotonic on all
their arguments, and thus for any £ and r, (£;7)* includes the
identity ((0;r)*.

A few extra notations are used in this paper. We define the
weak transitions = (or =) as the reflexive transitive closure
of =+ (or —), and = as = % = for any o # 7. Finally, we
write a®b to express the union {a} U b.

We now formally define environmental bisimulations (a
subset of environmental relations):

Definition 3. X is an environmental bisimulation if for all
(SI—P) Xf,‘;r (tl_Q)’
) if s P 5 s’ = P then there is t' & Q' such that
tFQ=t'FQ and (s'+ P') Xe.,. (' FQ),

2) ifsF P My sk P vitha € and (M, N) € (€;7)%,

then there is t' = Q' such that t + Q 2Ny Q' and
(s P Xg;r t'FQ"),

3)ifskH P M s = P’ with a e, then there are
' b Q" and N such that t + Q&t’ F Q' and

(sFP') Xy vyoen (' F Q).

4) for all | € v and (‘P1,'Q1) € &, we have (s = P |
[P]) X, (EE Q[1[Q1]),

5) for all n ¢ sUt, we have (s,nt+ P) X, (t,nt Q)
and

6) the converse of the three first clauses, on QQ’s transitions.

Clause 1 requires weak reduction closure and is fairly usual;
clause 2 requires tested processes in a bisimulation to be able
to input on a public channel any related terms that the attacker
may create (hence the use of the term context closure), and to
have their continuations in the bisimulation; clause 3 enlarges
the knowledge of the attacker with terms that were output on a
public channel, and requires the continuations to be bisimilar
under this new knowledge; clause 4 allows the attacker to
spawn and immediately run terms from the environment as
processes in parallel to the tested processes (this allows to
virtually consider an arbitrary process from the process context
closure, while being much more tractable [11, Section 1]);
clause 5 means that the attacker can create fresh names at
will; finally, clause 6 is just the symmetric of the first three
ones.

We remind that, because the set » of names is included in
both s and ¢, we know that no name created by P nor @) will
clash with r; this is why we do not need extra constraints on
names like (s"\ s)Nr = () (in clause 1) and (¢’ \#)Nr = (in
clauses 1, 2, 3), and why we do not have to require n ¢ 7 in
clause 5. Also, using clause 5, the attacker can always generate
fresh names before creating terms (that will use these new
names) for input in clause 2.

As all the clauses of environmental bisimulations are mono-
tonic on X, the union of all bisimulations exists and is
itself an environmental bisimulation. We call it environmental
bisimilarity and write it ~. For proving the equivalence of two
processes P and @, we show that (f = P) ~,. (f + Q) for
some r C f = fn(P, Q). It corresponds to equivalence where
the attacker can send and receive messages over the public
channels r of P and @, but is yet to learn and put any term
into the environment. Since ~ is the union of all bisimulations,
to prove this equivalence, it suffices to find an environmental
bisimulation X" such that (f = P) A} (f - Q) with public
names r C f = fn(P, Q).

For improving the practicality of our proof method, we
define an up-to context technique. Let us write A™* for an
environmental relation X', such that:

X* = {(gvrvsvpvth) | PEP0|P17 QEQO|Q17

rN(sut) =0,

(5,7 = Po) Xeryor (87" F Qo),

(P1,Qu) € (€577)°, € C (E/rr")*)
Even though we call it “up-to context” for simplicity, it is
in fact the combination of several up-to techniques: (i) “up-to
context” since we allow the spawning of any related processes
(P1,Q1) taken from the process context closure (&';rr’')°
of the knowledge &’, rr’ in parallel to the tested processes
Py and Qo related by (s,7" F ) Xerp (t, 7" F -); (i) “up-
to environment” since we allow, through the condition with
the term context closure, the use of environments that are



larger than immediately necessary; (iii) “up-to name creation”
since we allow the use of extra new names 7’; and (iv) “up-to
structural congruence” since we identify processes structurally
congruent to Py | P; and Qg | Q1. This convenient notation
allows us to define environmental bisimulations up-to context:

Definition 4. X is an environmental bisimulation up-to context
if for all (s = P) X, (tFQ),
) if s P 5 s’ = P then there is t' & Q' such that
tFQ=t'FQ and (s'+ P') Xz, (P H Q)

2) ifsF P My sk P vitha € and (M, N) € (€;7)%,

then there is t' = Q' such that t - Q 2Ny Q' and
(sk P Xg;r t'FQ"),

3) if s F PM)S F P’ with a € r, then there are

' = Q' and N such that t + Qgt’ F Q' and
(st P X(*MW)@&T '@,

4y for alll € r and (‘P1,‘Q1) € &, we have (s - P |
IP) &z, (tF Q[U[Qu),

5) for all n & sUt, we have (s,n P) X, (t,nt Q)
and

6) the converse of the three first clauses, on Q’s transitions.

This is basically the same definition as Definition 3 but all
the positive instances of X became X (except in clause 5
for technical reasons). Clause 4 is not a tautology since it
spawns terms immediately as processes while the definition
of X* allows only quoted processes. This distinction between
quoted and non-quoted processes enables the use of generic
contexts (as in [16], [11]) instead of redex contexts (as in [14]).
Similarly to ~, we define environmental bisimilarity up-to
context and write it ~.

Finally, we define environmental similarity < and similarity
up-to context =< by removing the converse conditions from the
appropriate definitions.

IV. SOUNDNESS AND COMPLETENESS OF
ENVIRONMENTAL BISIMULATION AND SIMULATION

We outline here main results and proofs concerning the
soundness and completeness of our proof method. More details
are found in the appendix [10].

A. Behavioural Equivalences

We say process P has or exhibits barb a (resp. @), written
P |, (resp. P lg), whenever Pﬂr (resp. PM -). We say
process P weakly exhibits barb p, written P |} p, whenever
P=- | u for a name or a co-name .

We can now formally define the equivalence predicates of
our language, based on that of [7] (see also [15, Section 2.4.4])
with extensions for name creation.

Definition 5. Reduction-closed barbed equivalence = is the
largest binary relation on variable-closed configurations, in-
dexed with a set of names r C s N t, such that when
sEFP=.tFQ,
e s P — s P implies there are Q' and t' such that
tFQ=tFQ and s' - P ~,. t' - @/,

o sEP |, impliestt=Q |, if porpisinr,

o the converse of the above two on Q, and

e forall R with fn(R)N((sUt)\r) = 0, we have sUfn(R) F

Note that we parameterised the equivalence with public
names 7. This is necessary for distinguishing the public names
from private names that are not known to the attacker and
cannot be observed nor used. This explains why the clause on
barbs (and its symmetric) only considers barbs in r, and why
in the last clause private names cannot be free in R. However,
the free names created by the attacker are public and must
thus be added to r for observation, and to s and t to avoid
re-creation.

Definition 6. Reduction-closed barbed congruence = is de-
fined similarly to Definition 5, but replacing = with = and the
last clause with: for all Cy, (context with holes for processes)
such that fn(Cp) N ((sUt)\ 1) = bn(Cp) N fn(P,Q) = 0, we

have s U fn(C,) b C,[P] érufn(cp) tUfn(C,) F CplQ).

It might be surprising that we consider a “congruence”
which cannot capture public names (bn(Cy) N fn(P, Q) = 0),
but we argue that this is a reasonable definition. Indeed, free
names in our language represent already created constants
(private or public) in the compared processes; allowing the
capture of names would virtually correspond to allowing in-
place changes to the constant values in programs. Even though
this may well tell some systems apart—as the attacker wishes
to do—we doubt it represents a reasonable way to compare
the behaviours of systems in execution contexts (in fact, this
rather looks like using a binary editor to tell apart programs
by modifying their code).

Definition 7. Reduction-closed barbed approximation 3 is
defined similarly to Definition 5, but replacing ~ with < and
removing the converse clauses. Respectively, reduction-closed

barbed pre-congruence 3 is defined similarly to Definition 6,

but replacing =~ with < and removing the converse clause.
We say P approximates Q if f - P 5, f F Q with some

r C f = fn(P,Q). Intuitively, P < @ (or P é Q) whenever
@ can do at least as much as P, in parallel with an observer
R (or under a non-capturing context Cj,).

B. Soundness

Theorem 1. If (s = P)~, (tF Q) then (s = P)~g,, (t = Q).
Outline of proof: knowing ~ C ~* by definition, we show
that:

1) transitions from ~* lead to ~~ (a superset of ~* called
run-erasure [10]), B
2) if (st P) =g, (tF Q) and s - P2 s+ P/, then
a(N) _
tFQ==1tFQ and (s P') = yyae, ' - Q")
and using this result,
3) ~~ is also closed by input and internal transitions.



verifies all the clauses
C ~. O]

Corollary 1. If (f = P)~. (f = Q) withr C f = fn(P,Q),
then fFP=~, fFQ.

It is then quite easy to show that ~
of environmental bisimulations, that is, ~—

Outline of proof: we show that ~ is reduction-closed (by defi-
nition), that it weakly exhibits the same barbs (by definition of
bisimulation, ignoring the continuations after input or output
transitions), and that it is preserved by parallel composition of
arbitrary processes (that do not use private names) using the
up-to context technique (with ~ C ~). O

It is interesting to remark that reduction-closed barbed
congruence can easily be shown as follows. Let us define
P =, Qif (f - 0)~((p.qy,(f F0)withr C f = fn(P,Q).
Then:

Theorem 2. If P =, Q, then f - P =, f-Q withr C f =
fn(P,Q).

Outline of proof: We first show that a set relating run-erasures
of (C[M],C[N]) for any non-capturing context C, with (s -
0) ~g.,. (t = 0) and (M,N) € &, is reduction-closed and
verifies the conditions on barbs of reduction-closed barbed

congruence. Then, by P =, Q, i.e. (f I O)N{CP,LQ)};T(f F0)

with r C f = fn(P,Q), we have f - P ~, fF Q. O

We emphasise that a capturing congruence cannot (and
should not) be shown with this method. Omitting ¢ and run
for brevity, we prove this by crafting a counter-example such
that P =, @ but P and () are not related by a name-capturing
version of =,

Let P, = a(X).(X |i(Y)m) | m.w and Q1 = a(X).(X |
i(Y).Y) | m.wo. We then consider the two processes P = vi.b
(Py) | e(a(i(m))) and Q = vi.b{Q,) | e(@(i(m))) which are
such that P =, @ for r = {a,m,b,c,w}. P and @ have been
designed such that P can exhibit barb w if it receives anything
on private channel ¢, while ) can exhibit barb @ if it receives
process T on private channel ;.

By creating name ¢ and then capturing the public name m
with a context like a(vm.[ ]1) | a(X).(X | X), it is possible to
reach a state where @ and 77 | m».w with private and different
m; and my would be related. However, as only the former
process has barb w, the equivalence cannot hold. This shows
that comparing processes in a bisimulation environment is not
enough to guarantee name-capturing reduction-closed barbed
congruence.

It is in fact no problem that two processes in a bisimulation
environment are not necessarily related by a name-capturing
version of reduction-closed barbed congruence. Indeed, it is
consistent with our idea that allowing capture of already cre-
ated names is not a good basis for a congruence in languages
with name creation like HO7Pn.

Soundness also holds for simulations:

Theorem 3. Let r C f = fn(P,Q). If (f = P) =X, (f - Q),

)

then (f = P) Sy (f F Q). Respectively, if (f - 0) 2(PQ)
(f F0), then (f - P) 5, (f Q)

The proof is immediate as our soundness proofs for envi-
ronmental bisimulations do not use the symmetry condition
and therefore can automatically be applied to environmental
simulations too.

C. Completeness

Theorem 4. If f - P =, fF Q withr C f = fn(P,Q), then
(fF P) gy (FF Q).

Outline of proof: we find an environmental bisimulation X
(up-to context) relating reduction-closed barbed equivalent P
and . The trick is to use a parallel product of outputting
processes to represent the environment. Roughly,

(s = PITL; LR e, (0 F Q[T 1:[Q4)
with {(‘P,*Q)} C € and [ € r is defined by
(s,9F PII;'9;(F))) =rg (g - QI 195(Qs))

with {(‘P,‘Q)} = . By using the last clause of reduction-
closed barbed equivalence, one can create processes that will
fetch the necessary (‘P, ‘@) and use them for crafting elements
of the context closure (£;r)* needed in the input clause. The
spawn clause is satisfied by construction. When accounting for
a reaction like P |I1[P;] = P|11[P]], one uses the last clause
of reduction-closed barbed equivalence to create a receiver
l1[g1(X).X], spawns P; (and ;) inside this location [y,
mimics the reduction of P; (and the weak reactions of () and
@1 to Q" and @), and then passivates the contents of location
I; to put (‘P;,‘Q}) immediately in the representation of the
“environment” under fresh name g; 4, giving

g+ P11 g (P g5 (Pl ~rg

tgF Q11,9 @) g1 (' Q1)
Therefore, processes P | 1[P]] and Q' |[[Q]] are now related
as wanted. O

Corollary 2. If f-P =, f-Q with r C f = fn(P,Q),
then P =, Q.

Outline of proof: by the last clause of reduction-closed barbed
congruence, we know that (f = P) =, (f F Q) implies
(a,f F a@a(P)) =4, (a,f F @(Q)) for fresh a, which itself
implies (a, f F a(P)) ~q. (a, f F @(Q)). By Theorem 4, we
thus have (a, f = a(P)) ~., . (a, f F@(Q)). We then output
to a, get (a, f F0) ~(p.gy.ar (@ f 1 0), remove a up-to
name creation, and we are done. O
We do not know yet whether completeness of simulation holds,
since our current proofs rely on the symmetry conditions of
the relations.

V. BISIMILARITY EXAMPLE

We present an example of equivalence that could not be
proven with previous methods, remotely inspired by MapRe-
duce [3] and abstracting the “reduce” part of it. More precisely,
we show the bisimilarity between distributed left- and right-
fold computations for arbitrary list I, associative function f,



and initial value 4 (the identity element of f). With car and
cdr functions that return the head and tail of a list, we define
the “fold servers” as:

L=1A(f, 0,0, k).if null |

then k(i) else ve.fi(f, f i (car 1), edr 1,c).c(m).k{m)
R=1fr(f,1,i,k).if null l

then k(i) else ve.fr(f, cdr 1,i,c).c(m).k{f (car 1) m)

They are parameterised by (in addition to f, [ and ¢) a channel
k to return their results to clients (although omitted in the
preceding sections, we remind our reader that first-order names
and constants are easily added to the theory of environmental
bisimulation [16]).

We then want to prove equivalent the configurations
a,b,fl P and a,b, fr - @ with public a and b, and where:

P =0b(f,1,i,k).(fi(f,i,1,k) | a[L))
Q = b(f, 1, k).(fr{f, 1,1, k) | a[R])

To prove their equivalence, we provide a (strong) bisimulation
X = A& UAXy U X3 as in Figure 2 (where we use sans-serif
fonts to denote Haskell-like functions). We will henceforth
use the acronyms LHS and RHS for respectively the left-
hand and right-hand sides of the bisimulation, i.e. the tested
configurations. In this particular example, the same pairs
of transitions verify the bisimulation clauses on both LHS
and RHS’s transitions; we will therefore only consider the
transitions of LHS to avoid redundancy. We now analyse
X1, which contains the configurations we want to identify.
First, we observe that the set r in A contains at least
the public names of P and (@), as required clause 5 of the
bisimulation. Also, since the environment is empty, clause 4 is
vacuously satisfied. Then, we consider the transitions, starting

with (fi, 7+ P) 2550 g n Fidr i 1 kY |l L)), which is

matched by (fr,r F Q) XL (fr e - Fr(f, 14, k) | a[R))
so that membership to X» is satisfied (by taking n = 1 and
a; = a, with up-to environment since ) C {(‘L,‘R)}). The
name k was added to r in X} by clause 5 of the bisimulation,
and then input by clause 2.

Then, the elements of X5 must verify the spawn clause since
their environment {(‘L, ‘R)} is not empty; spawning {[L] and
I[R] for some [ € r just enlarges the products [];_, a;[ | by
one element, preserving the membership to &5. Conversely,
they can also do a passivation transition (which is a form of
higher-order output): a pair (‘L,‘R) is necessarily added to
the environment (to which it already belongs) and the products
shrink by one element; membership to A5 is thus preserved
again. Finally, the reaction of fI with L (resp. fr with R) gives
{CL AR vy v i T gL anlL] Pol,r fr T, o[BI
an[R | Qo)) with Py = if null | then k(i) else vc.fl
(f,f i (car 1), cdr l,c).c(m).k(m) and Qo = if null [ then k
(i) else ve.fr{f, cdr 1,i,c).c(m).k{f (car I) m), which be-
longs to X5 up-to environment since {(‘L,‘R)} C £.

‘We now show that X5 satisfies the clauses of environmental
bisimulation. Because all locations a; in X3 are public and
may thus lead to passivation, all P;, ¢); must be in the

X = {(07 r,rfl, ij r fr, Q) ‘{avb} Cr, fl,fr¢g T}
Ao = {(E vy v, AlF i LK) T, a[L),
v fro frif, i, k) [ T]/—, a;[R]) |
&= {(4L7 ‘R)}7 {k7a7b7a1, v 7an} g T, ﬂ?fr g T}
Xy ={(&,r, 7 i, T1; a;[Py), 7 fr e, 1, a;(Q5)) |
€ ={(L|Il,An, ‘RITIL, Bn) |
(A,B) € EFVi(length I, {k}, rfifr)},
{k:lav’lza a} Cr {E} = fn(g) \ r \ {ﬂ7 fT}’
(PQ)eé&, fi,frgr}

ESLN0, rep, cre) = {
(if null [] then Go(fL)

else ve.i(f, f £l (car []), cdr [}, c).c(m).Go{m),
if null [] then ¢g(i)
else ve.fr(f, cdr [],i,c).c(m).c(f (car []) m)),
(@(f1), @) | co€rep, fi="fold-left f i1}
ESYi(m, rep, cre) (when m > 0) = {
(if null 14 then g, (vh) else ve.fi(f, v, cdr 1a, c).c(0).Gm o),
if null 14 then &, (i) else ve.fr{f, cdr la,i,c).c(0).Gm{f v] 0)),
(ve. U f,vh, cdr g, c).c(0).Gm{0),
ve.fr(f, cdr la,i,c).c(0).Gm{f v5 o)),
(filf, vly, edr 1y, em—1).cm—1(0).Gm(0),
fr(f, cdr la,i,cm—1).cm—1(0).cm (f vy 0)),
(¢m-1(0).Cm(0), em-1(0).Cm(f vg 0)),
(@n(fa), anlfa)), (P, Q)
Cm € Tep, Cm—1 € rep’, rep’ Ncre =0, rep’ finite,
d = (lengthl) —m, I =dropdl,
vl = fold-left f i (take d 1), v} = nth d 1,
fY =fold-left f i1, f; = fold-rights f 4,
(P, Q) € EXY (m — 1, rep’, rep’ U cre)}

Fig. 2. The partitions of the bisimulation X’

environment (by clause 3 of the bisimulation); conversely, all
terms from the environment must be spawnable an arbitrary
number of times as located processes (by clause 4). It is
straightforward to verify that &5 satisfies these constraints by
definition. Respect of clause 5 is also immediate to verify.

We then remark that X3 contains only locations a; hosting
elements of &, i.e. the fold servers L and R in parallel with
their related continuations A; and Bj, (if any). Therefore, in
order to analyse the other transitions of elements of X3, we
morally just have to consider the transitions of the elements of
&, i.e. the servers and their continuations. Those continuations
are members of the set E/Li(length i, {k}, rfl fr), where
E is a recursive function parametric in several values (see
Figure 2). Concretely, the fixed parameters are the function f
to fold, the initial list [ and the initial value ¢. The varying
parameters are the number m of elements yet to fold (hence
d = (length 1) — m is the current “depth” in the whole fold), a
set rep of channels to return the result of the current recursive
call, and a set cre of already created names.

Let us therefore consider first the transitions of P; =
it null l; then &,(v}) else and related Qg =
if null 14 then @, (i) else ... in some E,, = Ef(m, rep,
cre). If this is the “last recursive call,” i.e. m = 0, then [ = []
and Py 5 G, (f}) where f. = fold-left f il is the final value
(by definition of left fold), and Qq — &, (i) (by definition
too). Since G, (f}) and &, (i) are also related by E,,, these



transitions preserve membership to Xs.

If m > 0 (i.e. the recursive call is not the last one), then the
else branches are taken in both processes, giving P} = vefi(f,
vY, edr 14, c).c(0).€m (o) in LHS and Q', = ve.fr(f, cdr lq, i,
¢).c(0).(f v} 0)) in RHS, still preserving membership to
X since (P}, Q) € Ep,.

Then, P} and @/, can both create a name c¢,,,—; to become
P! = fi(f,v}, cdr lg,cm—1).Cm—1(0).Em{0) and Q) = fr{f,
edr lg, 1, Cm—1).Cm—1(0).Cn{f v} 0)), provided ¢,,_1 has not
already been created, i.e. that c¢,,—1 is not in cre. But re-
member that, by definition of X5 (that verifies clause 4 of
the bisimulation), continuations Pc'i and in can be spawned
several times since they belong to £ (along with L and R), and
that each copy can thus create its own name c,,_1. Therefore,
we must relate several (P, Q7)) all with their own fresh ¢,,,_1;
the set rep’ exactly contains every such c,,_;. Notice that the
names of rep’ are free, allowing the definition of X3 to list
them as {c}, the set of names created by the folds.

Now, in order for P} to do a transition on private name fi,
it must react with a server L, modelling a recursive call to the
left fold on the rest of the current list. In this case, not only
does P}/ reduce to P}’ = ¢y,—1(0).G(0), but the replication

drawn from L turns into Pg4; = if null g4 then ¢,
(vl ;) else .... Naturally, Q] follows as well, giving Q') =
em—1(0).Cn(f v o) and Qui1 = if null lg41 then G 7

(vy,,) else . Since (P;’,Q)') belongs to E,, and
(Pay1,Qay1) as well (since E,, 2 B,y = Efbi(m — 1,
rep’, rep’ U cre) by definition), membership to X3 is still
preserved. Notice that any L (and related R) may be used for
the above reaction, even one at a location where some other
continuations already exist. Because the P;41 and Q441 add
up next to the server they come from, the definition of £ in
X3 contains products of arbitrary length [], Ax and [], Bn
in parallel with L and R. Analysis of the transitions of Py
and Q441 is the same as that of the transitions of P, and Qg
and needs no further development.

Then, in order for P}’ to do a transition, it must react on
¢m—1 € rep’. By definition, the only processes that can send
on cm—1 are Cr1(fh, ) and Gr=1(fi,,) in Ey_1 C By,
Then P}’ reacts with ¢, _1(f%, ) and turns into ., (f}) (with
fh=fi,, =fold-left f i 1). Similarly, the process T, —1(f7, 1)
reacts with Q;" which then turns into ., (f vy fi, ), i.e. G
(f1), again preserving membership to Xs.

Finally, the processes &, (f!) and ¢, (f;) may behave
differently depending on where c,, comes from. If c,, is
private, then they can react with some continuations ¢;,(0).
Cmy1(0) and ¢, (0).Cryi(f vr,_, 0)) that are related by
Emy1 = BNV (m+1, rep”, cre\rep). Then, &, (f}) and &,
(f5) both turn into 0 while the continuations’ continuations are
still related by E,,,+1, like we showed for E,,, in the previous
paragraph. (There are no other reactions between elements of
E,, and E,, with m # n.) Otherwise, necessarily ¢, = k by
definition of A3 and thus, by definition of F, the same value
fold-left f ¢ I = fold-right f [ ¢ is output to public channel k.

This concludes our proof that elements of X = X3 U Ap U
X5 satisfy the clauses of environmental bisimulations (up-to

environment), and thus that a,b, fl F P and a,b, fr - @ are
bisimilar with public names a and b.

VI. NON-BISIMILAR EXAMPLES
A. Non-Bisimilarity Due to Different Internal Reactions

In the introduction, we gave an example of perhaps surpris-
ing (but rational) non-bisimilarity between located processes
l[va.vb.P] and I[vb.va.P]. A possibly even more surprising
example would be the following:

{lh,w} + Lva.(alaw)] #wny {l1,w} F L [vavb.(a.bla.b.w)]
To see why these configurations are not bisimilar, we con-
sider the duplication of the located processes after the name
creations; for s = {ly, 13, a,w}, we have:

st ll[a | a.w] | lg[a | E.w] aé{w,lhlz}

s,bF ly[a.b|@.b.w] | lz[a.b]|a.b.w]

Consider now the transition of the right-hand side:

sk lifa.b|a.bw]|la]a.b|@.bw] = s & 11[b|a@.b.@]|lz[a.b|b.w]
To match, the left-hand side may do a weak transition to one
of the six following processes:

l[w] | 12[w]
la|@]|lz2]a.w)

Lia|a.w] | l2[w]
L[a.w]|lz]a| )

L[@] | l2]a | @.w]
lia|aw]|lz]a|aw

with created names s. Suppose that the attacker then passivates
l1 on the right-hand side:

- — . 1 (‘bla.b.w) -
skib|abw]|lzab|bw] ———— st lz[a.b| b.w]
The resulting process is stuck, so because of the symmetry
of bisimulations, the left-hand side must be able to passivate

l; and become stuck too. The only way to achieve this is

. . .. l1{‘alw,
necessarily by doing a transition Lulalo) l1,l2,a,w F ls[a.w].

The attacker can then passivate the contents of /5 in both sides
of the bisimulation, and be left with processes 0. Now, he can
spawn back what was output during the passivation of [;, and
we thus have:

st hia]| @] #gw iy s, bF L[b]a.bw]

Obviously, the right-hand side is stuck, but the left one can
exhibit w, thus proving that the two processes are not bisimilar.

B. Non-Bisimilarity Due to Different Number of Locations
Used

In Section V, we compared processes that recurse the
same number of times and built bisimulations relating these
processes such that whenever a process uses a location so
does the other. We illustrate now that, in our distributed
setting, the number of locations used does matter to draw some
bisimilarity results.

Let us consider two implementations of the power function
pow(a,b) = ab, one of linear complexity, and the other
of logarithmic complexity, as shown in Figure 3. Suppose
that we want to replace the linear implementation P by the
logarithmic one @ in a distributed system, and to check if



P = powyp(a,b,k).if b=0
then k(1) else ve.powy, (a,b—1,c).c(m).k{axm)
Q = powieg(a, b, k).if b=0
then k(1) else if b%2 = 0 then powiy, (axa,b=2, k)
else ve.powioy (a, b—1, c).c(m).k{axm)

Fig. 3. Linear and logarithmic power functions

there will be no visible difference. We could model those
systems as [[P] | powy,(a,b, k) and [[Q] | Powieg(a, b, k)
for integers a, b and public names [, k, and show their
equivalence using our proof technique, trying to build a bisim-
ulation X' relating them, starting with (0, Ik, Ik powyn, [ P] |
DPOWiin (@, b, k), Uk powiog, [[Q] | Powieg(a,b,k)) € X. We
consider the situation where location [ is passivated and
then spawned b times: (0, lk,lk powlm,Hb I;|P] | powin,
(a,b, k},lkpowlog,nf 1 L[Q] | Powieg (a, b, k}) € X. Let us
consider now the state where the linear version has unfolded
all the b recursive calls across [y,...,l,, like: [1[P | c1(x).k
(axz)] | o[ P | ca(x).cr{axx)] | ... | [P | cp=1(1)]. Similarly,
the logarithmic version should (somehow) follow weakly:
Q|- ]k ...]| ... [ W[@Q]...]. Suppose now that
the attacker passivates the location /; that contains ¢ (z).k
(axx), so that the left hand-side of the bisimulation can no
longer return its result. Then, by the definition of bisimilarity,
the logarithmic implementation too must not return a value
if {; is passivated. The attacker may now spawn back the
passivated contents of /;, and then repeat the same passivation
test on each of I, I5... . In the end, we know that more than
log(b) locations were necessary for the recursive calls of the
logarithmic version of the power function, which is impossible
by design since this implementation can do at most log(b)
recursive calls. The two systems thus cannot be bisimilar.

C. Mutual Simulation

Although bisimilarity does not hold, we prove that the
distributed linear power function approximates the logarithmic
one by crafting a simulation relating them. We build the
simulation ) = ); U )» as in Figure 4, in a manner very
similar to that of Section V. Our explanations below will thus
focus on main differences from Section V. First, we recall
that, because we consider (weak) simulations, we require that
transitions by LHS be (weakly) matched by transitions on
RHS, but not the converse. Thus, in this example, while the
simulation ) needs to keep in LHS all the intermediate states
of the linear power calculation, it suffices to keep in RHS only
the initial and final states of the logarithmic power calculation.

The initial states are related by );. As far as intermediate
states are concerned, we decide that the processes of LHS that
can do an observable action (i.e. an output to k) be related to
processes in RHS able to do the same action, so as to guarantee
satisfaction of the output clause of simulation. Therefore, we
define )5 such that subprocesses of LHS that have k free in
them (i.e. continuations of the initial call to pow;;,,) are related
to k(a®) on RHS (i.e. final state of the call to powj,,), and
that other subprocesses of LHS are related to 0 on RHS.

N = {(57 T, T POWiin, HZL lZ[P] ‘ POWiin <a> b, k>7
b, k

r powog, [T LQ] | PoTiog (a, b, k)) |

kler, €C{(PQ)}}

Yo = {(&,r,Cr powyn, [ ], l:[Pi], drpowloq,l_[ 1;[Qi)) ‘

€={(P|Il, An, QITL, B») |
(A, B) € E*(b, {k}, powiin powiog )},

(P, Q) ek, kler ¢ = fn(€.1) \ m \ {powin },

dr\ {powiy} =0, |d| = depth(b),
0 ifx=0
depth(z) = | depth(x/2) if z%2=0

1+depth(x—1) otherwise}

E*%(0, rep, cre) = {

(if 0=0thency(l) else ..., R), (co(1), R) |
co € rep, R=72n(1) if b =0, otherwise R = 0}

E®b(m, rep, cre) (when m > 0) = {

(if m =0 then ... else ve.powyy, (a, m—1,c).c(0).cm{axo), R),
(ve.powig (a, m—1, ¢).c(0).¢m{axo), R),
(powiin (a, m—1, cm—1).Cm—1(0 )cm<a><o> R),
(C (O) Cm<a><0> R)7 (Cm< > ) ( m— 17 ) |
Cm € Tep, Cm—1 € rep’, rep’ Ncre = 0, rep’ finite,

Pr_1 € E**(m—1, rep’, rep’ U cre),
R = Gn(a®) if m = b, otherwise R = 0}

Fig. 4. Simulation Y = Y1 U ) between linear and logarithmic power
functions

We now show that the set )V = Y; U Yy is a weak
environmental simulation. We start with )); that relates (for
n = 1 and [; = [) the processes we want to prove related:
Ik powyy, F U[P] | PowWgn (a, b, k) and Ik pow;ey F 1[Q)] | DPOWiog
(a, b, k)). Suppose that the client powy;, {(a, b, k) of LHS reacts
with located server [;[P], leaving a process P, = (if b =
0 then k(1) else ve.powg, (a,b—1,c).c(m).k(axm)) at ;.
RHS can follow by reacting weakly (domg all calculations
on the spot) with 1[Q], leaving process [;[k(a’)]. The rests are
related by ), up-to environment since {(‘P, ‘Q), (‘P|Py,‘Q|k
(@)} ce.

Then, if b = 0, P, reduces to k(1), while RHS’s k
{(a®) = k(1) follows weakly by not doing any transition.
The continuations k(1) and k(1) preserve membership to Vs.
Moreover, if LHS’s k(1) outputs 1 to k, then so can RHS’s k
(1) as expected.

Otherwise, if b > 0, P, can reduce successively to Pl; = vec.
PoWn(a,b—1,c).... and to P’ = powy, (a,b—1,¢cp). . ... In
RHS, k{(a®) follows both transitions weakly, still preserving
membership to )Vs.

Then P’ can react with a server P: P/’ becomes P} =
cy_1(0).k{axo), P becomes P | P,_; = P |if (b— 1) =
0 then ¢_1(1) else ve.powyy,{a,b—2,c).c(m).cp_1{axm),
and k{a®) follows weakly. For example, we have ;[P | P}'] |
52[13] D LP | P 12[P | P,_1] in LHS, and L[Q | k
(@] 12[Q] = 1[Q | K(a®)] | 12[Q | O] in RHS. It results from
the above that P/”" is related to k(a®), and P,_; to 0 since no
process was added in RHS by the weak transition. Membership
to ) is still satisfied.

We skip the analysis of transitions of P,_1, as it similar to
that of transitions of P,.

If P/ inputs on c,_j, it becomes P/ = k
cause the only output to c,_1 comes from Co— <



E**(b—1, rep’, rep’ U cre). RHS follows weakly, still giving
k(ab), and preserving membership to ). Finally, output of a”
to k by both processes can happen, satisfying the simulation’s
output clause.

This concludes our proof that elements of JV = )4 U Vs
satisfy the clauses of environmental simulation (up-to en-
vironment), and thus that the distributed linear algorithm
approximates the logarithmic one.

With the same approach, we may easily show that the
linear algorithm simulates the logarithmic one as well (the
previous simulation proof does not depend on the number of
reduction steps on the left-hand side). This means that the
two algorithms simulate each other even though they are not
bisimilar, supporting the usefulness of mutual simulation in
higher-order distribution.

By the same reasoning, the non-bisimilar processes in the
introduction and Section VI-A can also be shown to be
mutually similar.

VII. DISCUSSIONS

We defined HO7Pn, the higher-order distributed 7-calculus
with passivation and name creation, and developed its equi-
valence and inequivalence theories. Although many of the
inequivalences may have been counter-intuitive, we emphasise
that they are rational in hindsight and reflect the reality of non-
linear higher-order distribution (not necessarily passivation but
also duplication in general; cf. [2]).

Recently studied higher-order distributed process calculi
include the Kell calculus [18], Homer [6] and the higher-order
m-calculus with passivation (HO7P) [8]. They are extensions
of the w-calculus with the communication of processes and
their execution inside locations, and all have name restriction
semantics. Other distributed process calculi such as Am-
bients [1] and Dpi [4] identify name creation and name
restriction semantics, but are not higher-order in our sense
(of passing processes through channels).

Research on the Kell calculus and Homer led to defining
sound and complete context bisimulations [13]. However, they
critically rely on universal quantification on contexts and are
almost as hard as reduction-closed barbed equivalence as
proof methods. Later, Lenglet et al. [8] focused on HOxP,
a calculus simpler than both the Kell calculus and Homer. In
addition to sound and complete context bisimulations, they
provided more practical normal bisimulations [13] that are
sound and complete in the absence of name restriction but are
unsound otherwise. Also for HO7P, Piérard and Sumii defined
a sound but incomplete environmental bisimulation proof
technique [11] with strong constraints (the environments could
not contain any restriction operator nor higher-order inputs).
Even though non-trivial equivalences of processes which could
not be realistically proven with context bisimulations can
be proven with this technique, the constraints have a severe
impact on the variety of processes that can be considered.

The simplicity of HO7Pn, notably the transparency of loca-
tions, does not offer enough control over the communications
between processes, and therefore hinders natural modelling of

real systems where processes cannot freely interact with one
another. Such systems can be modelled with non-transparent
locations [18], [6], e.g. locations that only allow communi-
cations between processes from the same level or one level
above/below. Moreover, passivation in HOmPn unifies failure,
migration, and duplication as higher-order outputs, therefore
mixing different behaviours. Even though identifying them
keeps the model simple, their distinction may enable a more
realistic modelling of higher-order distributed systems.
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A Higher-order m-calculus with passivation and name
creation

1 Syntax
The syntax of HOwPn processes P, @ is given by the following grammar:

P,Q = (X).P | a(M).P | (P|P) | a[P] | va.P | P | run(M)
M,N:= X | ‘P

|
o
)

We define the functions that returns the free names and free variables respec-
tively as:

fn(0) =0 fu(0) =0
fn(a(X).P) = {a} U fn(P) fo(a(X).P) = fo(P)\ {X}
fn(@(M).P) = {a} U fn(M) U fn(P) fo(a(M).P) = fo(M) U fo(P)
fo(Pr| P2) = fn(Pr) U fn(Pz) fo(Pr| Py) = fo(Pr) U fo(Pz)
fn(a[P]) = {a} U fn(P) fo(a[P]) = fo(P)
fn(va.P) = fn(P)\ {a} fova.P) = fo(P)

fn('P = fn(P) fo(IP = fu(P)
fn(run(M)) = fn(M) fo(run(M)) = fo(M)

fn(X) =0 fo(X) ={X}

fn(‘P) = fn(P) fu(‘P) = fu(P)

We conveniently write fn(X,Y,...,Z) (resp. fu(X,Y, ..., Z)) to denote Ufn(S)

Se{X,Y,....Z}
(resp. |_Jfo(9))
Se{X,Y,....Z}

2 Labelled transitions system

Definition A.1. [Configuration]

A configuration s+ P is the pair of a set s of names and a process P such that
fn(P) C s. We casually write st or s,x for sU{z} or sUx when x is a name
or a set of names.

The transitions semantics of HOmPn is given by the following labelled transitions
system:

o(00) Ho-IN 2000 Ho-Out
sl—a(X)P—> FP{M/X} ska(M).P —> st P

sEFP S P (s8\s)Nf(Q)=10
sEFPIQS s P |Q

PAR-L



sEFPSSEP (8\s)Nf(Q)=10
sEQ|PSsFQ|P

sEP X sk Pk QM sk

sEFP|QLsHP|Q

a(M)

PAar-R

REACT-L

sEkP—>sk P SFQMSI—Q’

sl—P|Q—>s|—P'\Q’

ReEAcT-R

sHIP|P% s’ - P ads
P REP =
sHP = s+ P skva.P—s,ak P

CREATE

o /
skEP—s'+HP TRANSP — Passiv

sk alP] % s+ a[P) skalP)—>skO0

RunN

skrun(‘P) sk P

with the following function on labels

n(a){(b fa=r1
ey um(M)  ifa=a(M)or a=a(M)

and the notation  to denote the sequence xg, z1,...x,.

Definition A.2. Structural congruence = is the smallest relation on processes
such that:

Q= P=R R=Q
P= QS Sym P= PS REFL ?QS—TRANS
P?PH)S—EMPTY P (P ) = (P B | Py S-Assoc
mS—COMMUT %S—CREATE a(X).]}Z i aQ(X).QS_IN
a(]‘31131).16321: 5?621?222 S-Out mS—REP ']]z = %S BaNG
P = P, = = P=
1131 ]?215 Q21 | QCiQ S-CoMP a[P]:ZQ[Q]S Loc run(P) = f‘gun(‘Q) S-RunN

Definition A.3. Structural congruence on labels = is defined by:

M=N M=N
T=7LTav san=am N aon =am) L Ot

Lemma A.4. [Reduction preserves structural congruence]
If P =Q then



(a) for alla, P', s, s, if sk P2 s' = P’ then either
i. there are a, M such that if « = a(M) or o = 7, then there are 3, Q'
such thatsFQgs'FQ', a=pfand P =Q’, or
it. there are a, M such that if « = a(M), then for all B such that a = ,
there is Q' such that s = Q LN Q' and P' =@, and
(b) forall o, Q' s, s, if sk Qs+ Q' then either
i. there are a, M such that if « = a(M) or a = 7, then there are 3, P’

suchthats}—Pisl—P’, a=pBand PP =Q’, or
ii. there are a, M such that if « = a(M), then for all 8 such that a = 3,

there is P’ such that s+ P 2s s’ - P and P’ = Q'

Proof. By induction on the derivations of P = Q.



B Environmental bisimulations of HO#Pn

1 Generalities

Definition B.1. [Contexts]

We define multi-hole contexts for terms C (contexts that have holes for terms)
and multi-hole contexts for processes C), (contexts that have holes for processes)
as:

D, =X 1|Cy,
Cp ==1[1i | 0] a(X).Cp | a(Dp).Cp | (Cp | Cp) | alCy] | va.Cyp | 1Cp | run(Dp)
D :=[];| X|C

C ==0]a(X).C|a(D).C|(C|C)|alC]]|va.C|\C|run(D)

Unless explicitly specified otherwise, the word “context” will denote a context for
terms.

Definition B.2. [Context closures]
We write

(&:7)°
(&r)”
Definition B.3. [Reduction-closed barbed equivalence]

Reduction-closed barbed equivalence =~ is the largest binary relation on configu-
rations indexed with a set of names r C s Nt such that when s+ P =, t+ Q,

{(C[nM]
{

[N]) | bn(C) N fn(M,N) =0, fn(C) Cr, (M,N) € £}

[N]) | bn(D) N fa(M,N) =0, fn(D) Cr, (M,N)c &}

,C
(D[M], D

— s+ P 5L s+ P implies there are Q' and t' such that t - Q =t' + Q' and
sSEP ~.t'+Q,

sk P, impliesttQ |, if p or @ is in 7,

the converse of the above two, on ), and

for all R such that fn(R)N((sUt)\r) = 0, we have sUfn(R) = P|R =upm(r)
tUfn(R)FQ|R.

Definition B.4. [Non-capturing reduction-closed barbed congruence]

Reduction-closed barbed congruence ~ is the largest binary relation on variable-
closed configurations indexed with a set of names v C s Nt such that when

sEFP~.tFQ,

— st P55 ¢+ P implies there are Q' and t' such that t - Q =t + Q' and
SEP &t Q)

skPl, impliest=Q |, if p orpisinr,

the converse of the above two, on Q, and

for all C' context with holes for processes such that fn(C) N ((sUt)\ r) =

bn(C) N fu(P,Q) =0, we have s U fn(C) b C[P] =, upm(c) tU fa(C) F CQ].



Note 1. Notice that this definition does not allow capturing names in v (nor s
and t) and is therefore not that of a real congruence.

Definition B.5. [Reduction-closed barbed approximation]
Reduction-closed barbed approzimation 3 is the largest binary relation on con-
figurations indexed with a set of names r C sNt such that when s+ P g, t+ Q,

— st P5 ¢+ P implies there are Q' and t' such that t - Q =t + Q' and
P S EQ,

—skEP, impliestt=Q |, if porfisinr,

— for all R such that fn(R)N((sUt)\7) = 0, we have sUfn(R) b P|R Z,upm(r)
tUfn(R)F Q|R.

Definition B.6. [Non-capturing reduction-closed barbed pre-congruence]

Reduction-closed barbed pre-congruence S is the largest binary relation on variable-
closed configurations indexed with a set of names r C s Nt such that when

sEFPS tFQ,
— s+ P 5L s+ P implies there are Q' and t' such that t - Q = t' + Q' and
SEPS Q)
— sk P, impliestt=Q, if porpmisinr,
— for all C context with holes for processes such that fn(C)N ((sUt)\ 1) =
bn(C) N fn(P,Q) =0, we have sU fn(C) - C[P) érUfn(C) tUfn(C)F ClQ].

Note 2. Notice that this definition does not allow capturing names in r (nor s
and t) and is therefore not that of a real pre-congruence.

Definition B.7. [Environmental simulation]
X is an environmental simulation if for all (st P) X, (t+ Q),

1.if s P55 s+ P then there is t' - Q' such thatt - Q =t + Q' and
(=P X, (t'=Q),

2. if stk P o P witha e r, then for all (M,N) € (E€;r)* thereist' Q'

such that t+ Q L ¢/ - Q' and (s - P') X, (' Q)

3. ifskE P M- P owith a € r, then there are t' = Q' and N such that

thQEE ¢ E Q' and (s b P') Xy pymen (' F @),
4. for alll € v and (‘P1,°Q1) € €, we have (s = P |I[P1]) X, (tF Q[1[Q1]),

and
5. for alln & sUt, we have (s,nt P) X (t,nF Q).

Definition B.8. [Environmental bisimulation]
X is an environmental bisimulation if for all (s = P) Xe,. (tF Q),

1. if s = P s = P then there is t' F Q' such that t - Q = t' - Q' and
(' FP) X, (' FQ),



2. if sk P P witha € r, then for all (M,N) € (€;r)* there ist' + Q'

such that t+ Q 5L ¢/ - Q' and (s - P') Xe, (t'+ Q)

3 if sEP M s = P' with a € r, then there are t' = Q' and N such that

th QEE - Q and (s b P') Xy yywen (' F @),
4. foralll € r and (*P1,°Q1) € £, we have (s = P [1[P1]) X, (tF Q [1[Q1]),
5. for alln & sUt, we have (s,nt P) X, (t,nF @), and
6. the converse of the three first clauses, on Qs transitions.

Definition B.9. [Context closure of an environmental relation]
We define

X = {(g,T,S,P,t,Q) | PEPO‘PL
Q = Qo|Q1,
(5,7 Ry) Xy o (7" = Qo),
(P1,Q1) € (&571r")°,
EC (&),
rN(sUt) =0}

Definition B.10. [Environmental simulation up-to context]
X is an environmental simulation up-to context if for all (s = P) Xe,. (tF Q),

1. if s P 5 s’ = P then there is t' - Q' such thatt F Q >t + Q' and
(s P') Xg, (' FQ1),

2. if st P o P witha e r, then for all (M,N) € (E;r)* thereist' Q'

such that t+ Q L ¢/ - Q and (s - P') Xz, (t' - Q)

3. if sEP M s & P with a € r, then there are t' = Q' and N such that

tFQEE ¢ Q' and (sF P') Xy ysen (' F @),

4. for alll € r and (‘P1,‘Q1) € &, we have (s + P |1[Py]) Xz, (tFQ [ 1[@1]),
and

5. for alln & sUt, we have (s,nt P) X (t,nF Q).

Definition B.11. [Environmental bisimulation up-to context]
X is an environmental bisimulation up-to context if for all (s - P) Xe, (t+ Q),

1. if s = P s’ = P then there is t' = Q' such that t - Q = t' - Q' and
(s P X¢, t'+Q",

2. if sk P P witha € r, then for all (M, N) € (€;r)* there ist' + Q'

such that t+ Q 2L ¢/ - Q' and (s - P') Xz, (t' Q)

3 ifsk P M s b P with a € r, then there are t' - Q' and N such that

th QEE b Q and (s b P') Xpyy yywen (1 F @),
4. foralll € r and (*P1,°Q1) € £, we have (s P [1[P1]) X%, (t+ Q[1[Q1]),
5. for alln & sUt, we have (s,nt+ P) X, (t,nF Q), and
6. the converse of the three first clauses, on Q’s transitions.



2 Soundness of environmental bisimulations

Lemma B.12. If (P,Q) € (§;r)° and s+ P M P! then for all N there

is Q' such that t - Q "Xt -/ and (P!, Q') € (M, N)®E;1)°.
Proof. By induction on the transition derivation s - P M s F P'. There are
five cases to check.

1. Case IN: C = a(X).C4
—~ a(M) —~

We have that s - P = s F a(X).C1[M] —= s - C1[M]{M/X} and that

tFQ =tF a(X).Ci[N] LCUNE C1[N}{N/X}. We are done since we

replace term X by terms M and N, hence (Cy[M]{M/X},C1[N|{N/X}) €
(M, N)&E;)°.
2. Case PAR-L: C = (1 | Cy

We have that s H P = s b C1[M] | Co[M] —= P| | Co[M], ie. s F

C1[M)] RSN P]. By the induction hypothesis t - C;[N] o),y Q)

and (P}, Q}) € (M, N)&&;7)°, from which we derive (P} | C2[M]), (Q} |
Co[N]) € (M, N)@&: 1)° as well as ¢ - C1[N] | Co[N] Y ¢ - Q) | Co[N).
3. Case PAR-R: C =C1 | Cy
Similar.
4. Case TRANSP: C = 1[C4]
We have that s F P = s F [[C1[M]] “X s F 1[P/], that is s - C; [M)]

s F P{. By the induction hypothesis, we have that ¢t - C; [1\7] a(N) .

Q) and (P,Q}) € ((M,N)®E&;r)°, from which we derive ({[P]],1[Q}]) €

(M, N)®E;r)° as well as t - [C1[N]] X ¢ - 1[Q)).

5. Case REP: C =!C}
We have that s - P = s - 101 [M] "X s - P/, ve. s - 10, [M] | 1 [M] 222
s F P’. By the induction hypothesis, we have that ¢ - 1C; [N]|C1[N] LSNYE
Q' and (P',Q') € ((M,N)&E;r)°. Thus t - !C1[N] LS N Q' and still
(P, Q') € (M, N)&&;r)°.

a(M)

Lemma B.13. If (P, Q) € (&;7)° and s+ PM}S F P’ then there are Q' and

N such that t - Q T -/, (PLQ') € (€:7)° and (M, N) € (&:7)".
Proof. By induction on the transition derivation P —>E<M> P’. There are six cases
to check.

1. Case OUTPUT: C =a(‘Cy).Co
We have that s - P = a(‘Cy[M]).Co[M)] HaMD, o Cy[M] and that
tF Q1 = al*C1[N]).Co[N] LN,y C,[N]. Tt is immediate to confirm

that (‘C1[M],‘C1[N]) € (&;7)* and (C2[M], C2[N]) € (&;7)° hold.



2. Case PAR-L: C =C4 | Cy
( a(M)

We have that s - P = O [M]|Co[M] "M s + PI|Cy[M)], Le. s F Oy [M] 220

s+ P/. By the induction hypothesis, we have that ¢t - C1[N ]Mt F Q) and

(P{.@4) € (&;r)° and (M, N) € (& r)*. Hence ¢ - C1[N] | Co[N] Z% ¢ +
Q1 | C2[N], and ((P] | C2[M]), (Q1 | C2[N])) € (&;7)°.

3. Case PAR-R: C =C | Cy
Similar.

4. Case TRANSP: C = 1[C1]
We have that s - P = [[C1 [M]] “™ss - 1[P]], i.e. s - C1 [M] "5 - Pl By

the induction hypothesis, we have t F C;[N] =~ o)y Q' (P],Q1) € (&;r)°
a(N)

and (M,N) € (&;r)*. From this we derive ¢ b [[C1[N]] =% 1[Q}] and
UrAR l[Q ) € (§;7)° and we are done.
5. Case Passiv: C' = [[C}]
1(:C1[M]))

We have that s - P = s - I[[Cy [M]] ——=—50. Immediately, we have ¢ - Q =

tE 1Oy N]] LD, ith (<Cu [, CLN]) € (£:7)* and (0,0) € (£;7)°.

6. Case Rep: C' = !

We have that s - P = s+ 1C{[M ] oM >sI—P/le sHI1CI M ]\Cl[N]M)
s F P'. By the induction hypothesis, we have ¢ F !C1[N]|C1[N] == “N), Q’,
(M,N) € (&r)* and (P',Q") € (&;7)°, hence C1[N] o, Q' and we are

done.

Proposition B.14. [Non-interference of names]

1. Ifsk Py| PP % s' = Py | Py then for any x, we can assume that s,z -
Py | PL % s a - Py| Py using implicit a-conversion in s+ Py | Py.

2. If s - Py = s' = P} then for any Py such that fn(P)) N (s’ \ s), we have
skPy| PS5+ PP

Lemma B.15. [Input and output preserve environmental bisimulation up-to
context|

Let Y be an environmental bisimulation up-to context and X = {(€,r, s, P,t,Q) |
(sEP) Vg, (tFQ)}. Then, for all (st P) Xe, (tF Q),

1. if sk P b P owith a in r, then for all (M,N) € (&;r)* there are Q’,

t' such that t = Q g t'=Q" and (s P') X, (t' - Q'),
2. if s P M s = P with a in 7, then there are Q', N, t' such that t +
QEEL ¢ F Q' and (sF P') Xy yywe, (' F @), and
3. the converse of the above two hold for Q’s transitions too.

Proof. Suppose (s = P) Vg, (t - Q), therefore for some Py, P1, Qo, @1, &', 1/,
we have P = Py | P, Q = Qo | Q1, " N(sUt) =0, E C (&5rr')*, (s,7



Po) Yer.ppr (t,7" = Qo) and (Pr, Q1) € (£'577")°. We are going to analyse all the
possible input/output transitions.

1. Case: Input
There are two subcases for this transition:

(a)

Subcase: s+ Py | P, LS P | P

By s - Py | P “M s - P| Py, we know that we have s - Py~ s - 1.

and therefore s,7’ F Py M s, + Pj. By € C (&5rr")*, we have

(E;r)* C (E5rr')*, and thus, by (s,7" & Poy) Vi (87" F Qo) and

s, F Py ﬂ)s r’ + P, we have (i) t,r" F Qo a(:NLtI,T/ F Qo and

a(N

(i) (5,7 & P§) Vg (£ F Qp). (i) tells us that ¢ - Qo | Q1 b
' FQp|Q = @ and (ii) tells us, using the up-to techniques, that
(s P) Yz, (t'=Q'), hence (s P') Xg.,. (' = Q).

a(M)

Subcase: sk Py | P, —— Py | P|
By s - P | P M s - Py | Pl, we know that we have s - P, “2%

s B P{, and therefore that we have s, F P; M s, + P{. By

Lemma B.12, we have that (i) t,7' - Q1 Mt, r' F Q@ and (ii) (P],Q)) €
((M,N)®&';rr')°. Since (M, N) € (&;r)* C (&';rr')*, (ii) actually im-
plies (P, Q%) € (&';rr)°, and thus we have, for Q' = Qo | Q}, (s +
P Yz, (t B Q), that is, (s = P') X, (t = Q'). (i) implies ¢ = Qo |

Q1 —— o) —>tF Qo | Q}, and we are done.

2. Case: Output
There are two cases for this transition:

(a)

Subcase: s+ Py | P, M sk P Py

By sk Po\Plgs F Pj| P1, we know that we have s b POM)s F Py,

and therefore s, 7’ - PQM)S r'+ P). By (s,7" b Pg)yg, (T E Qo)

andsrl—POMsrI—PO,Wehave()tr’}—Qo t’ '+ Qp and

(i) (5,7 F PY) Vs yweres (Uo7 F Qp)- (1) tells us that ¢ - Qo|Qy =%

t'FQHlQ1 = @', and (ii) tells us, using the up-to techniques and the fact
that (M, N)&& C (M, N)&E";rr')*, that (s = P') Yy yyger @ F Q')
hence (s = P') X1/ vyge., (' F Q).

Subcase: s - Py | P~ py | P

By s+ PO\P1M>5 F Py | P{, we know that we have s F les kP,

and therefore that we have s, 7’ = P; M s, F P|. By Lemma B.12,

we have that (i) ¢,7' F @ —>tr F @) and (ii) (PI,Q') (&5rr')°
and (M,N) € (&5rr')*. (ii) means that (s & P') Vi, vyge,, (0 5 Q)
'_

for @' = Qo | @}, that is, (s F P’) X(M,N)EBS,T (t Q ), and (i) implies

th Qo Q1 a<—N>t|—Q0|Q'1, and we are done.



3. Case: The converse of the above two cases on )’s transitions.
Similar to clauses 1 and 2.

Definition B.16. For all processes A, B, we write A < B and B > A if there
are Cp and R such that A = Cp[R] and B = Cy[run'R]. We write Py < P, if
Py < - <P, for somen >0, and A<, BifA=Py<---< P, =B for
some m < n. We naturally write A > B whenever B < A, and extend < and
>’s definitions to terms and labels.

We use the metavariables PT and P~ along with P when we mean that P <
P and that P~ < P. (The notations (-)* and (-)~ therefore do not represent
operators.) Similarly, we use the metavariables M and M~ to represent run-
expansions and run-erasures of term M.

Definition B.17. [run-transition]
rumn

We write s - P ™" s = P when s - P s s = P’ is derived using the rule RUN.

Tun Tun

Then, we wm’tes}—Po%sl—Pn to mean that s+ Py — ---—— s+ P,, and

run run”

sk P—F @Q when s+ P—=+ Q for somen > 0.

Lemma B.18. Let Xs = {(£,P,Q) | (P,Q) € S, £ C S}. If (,P,Q) € X,
then for anyr, s, t

Tun

— if sk P—> st P then
o there is Q' such that t - Q "%t + Q" and (§,P',Q’) € X, or
o tFQ "%t Pt P and (E,P,P') € X<, with P' = Q'
—if s+ P D s,x - P (not with the RUN rule) then there is Q' such that
tF Q= Stz - Q', and (€, P',Q') € X<,

— ifstk PMS F P’ then there are Q', M <1 N such that t - Q%M)t =

Q/7 and ((M7 N)EB(S,P/,Q/) € XS;

—ifskE P 2Dy s - P’ then for all (M,N) € (E;r)* there is Q' such that

th Q2 ‘Yo r @, and (E,P,Q) € A<,

— the converse on Q’s transitions (without run pre-steps).
Similarly for > .

Proof. By induction on the derivation transition of s - P % s’ = P’ (or t -
Q51+ Q).

— Output
e Case P’s output

There are two subcases: the context outputs, or some R;.

* Subcase s - P = Cp[R] M s P’ by an output by the context.

We have s - Q = Cp[run‘R] LN Q'. We are done as either

P'=Cl[R] < Cp[run'R] = Q" and M = N, or P' = Q" and M < N,
hence ((M,N)®&,P',Q’) € X<.



* Subcase s - P = C,[R;] M) ok Cy[R}] = P'.

We have s - Q = Cp[run'R;] = s = Cp[R;] AN, Cp[R}]. We

have that M = N and that P’ = Q' hence (M, N)®E, P, Q') € X<.
e Case (s output: -
There is only one subcase, as R cannot output for it is guarded.
* Subcase s - Q = Cp[run‘R)] N ok P by an output from the
context. B
Then s P =stk Cp[‘R]Ms F Q'. We are done as either P’ = @’
and M < N or P! < Q" and M = n, hence ((M,N)®E, P, Q') € X<.
— Reduction
e Case P’s reduction:
There are four subcases: the context reduces, sends R, receives from R,

or R reduces.
* Subcase s - P = C,[R] = s’ - P’ by a reduction by the context.

We can do a case analysis on how the transition is done.
1. Subsubcase run-transition.
We have in fact s - P = C,[R] —% s I- C,[R] and also s - Q =
Cplrun‘R] == s = C)[run‘R]. Therefore, (£, P',Q') € X C X<,.
2. Subsubcase alloc-transition.
We have in fact s - P = Cp[R] = s’ I- C,IR] and also s - Q =
Cplrun'R] = ' C)[run‘R]. Therefore, (£, P, Q') € Xo C X<.
3. Subsubcase other T-transition. _
We have in fact s - P = Cp[R] = s - C,[R'] because it may send
R and duplicate or discard it, or substitute some variable in it for
an other process. Therefore, we have s - Q = Cplrun‘'R] = s -

Cp[run' R’] with the same number n of copies since the same
reaction can be done. We then have P/ < --- < Q" with n “<”,
hence (€, P, Q') € A<.

* Subcase s - P = C,[R] = s I C,I[R'{M/X}] by a communication
between the context and R.

Then s - Q = Cplrun'R] = s b Cy[R] = s - C)[R'{N/X}]. Since
M = N has to hold, we have C[R'{M/X}] = C [R'{N/X}] hence
(&, P,Q) e X<.

* Subcase s - P = Cp[R] & s - CJ[R’, A] by a communication be-
tween the context and R.

Then s - Q = Cp[run‘R] =% s - Cp[R] = s I CpIR', A]l. We have
CL[R', Al = C[R', A], hence (€, P',Q') € A<.

* Subcase s - P = Cy[R] = s’ - C,[R'] by a reduction of some R.
Then s - Q = Cy[run‘'R] ™% s = C,[R] = s' = C,[R']. We have
Cp[R'] = Cp[R'] hence (€, P, Q') € X<.

e Case (Q’s reduction:
There are only two subcases, either the context reduces, or some run
around R is consumed. All the other subcases would imply R, but it is
not in a redex position.



% Subcase s - Q 5 s’ - Q' by a reduction from the context. We can
do a case analysis on how the transition was done.
1. Subsubcase run-transition.
We have in fact s - Q = Cp[run'R] ™% s - Cplrun’R]. Therefore
st P =CylR| =% s+ C)[R] and (£, C}[R], s, Cj[run'R]) € X..
2. Subsubcase alloc-transition.
Similarly.
3. Subsubcase other 7-transition. o
We have in fact s b Q = Cplrun'R] > s I C)[run'R'] since the
transition may substitute a variable in R for a process. Therefore
we have s = P = Cp[R'] = s F CJ[R], and we then have P’ <
-+ < @', hence (€, P',Q') € A<.
* Subcase s - Q = C,[run‘R] ™% s - C,[R]. We are done since
Q' = P, hence (&,P, Q') € X<,.
— Input:
e Case P’s input:
There are two subcases: the context inputs, or R does.

* Subcase s - P = C,[R] 2D, C];[R'{M/X},M] by an input by
the context.
Then, for all (M, N) € (<;$)* C <3 ,wehavest Q = C’p[run‘R]ﬂ)
st Cplrun' R'{N/ X}, N];We aredone as P’ = s = C}[R, R{M/X}, M] <
- < Cplrun' R'{N/X}, N] = Q" hence (£, P',Q') € X<.

+ Subcase s - P = C,[R] "™ s - O, [R'{M/X}] = P'.

Then, for all (M, N) € (<;s)* C <3 ,wehavesF Q = Cy,[run'R]—

s F C[R M s - O [R{N/X}] = @' Since M <; N, we have
Cp[R{M/X}] <--- < CH[R'{N/X}] hence (£, P, Q") € X<.
e Case (Q’s input:
There is only one subcase, as R cannot input for it is guarded.

* s Q= Cplrun‘R] LN Cplrun'R'{N/X}, N] by an input from

the context, and thus for all (M,N) € (<;s)* € <; , we have

s F P =sF CyR] LSNPS C,IR'{M/X}, M]. We are done as

%’)[R’{M/X},M} <o < Cfrun' R{N/X}, N], hence (€, P', Q') €
S.

Corollary B.19. If P< Q and s P=23 s+ P’ then s Q = s - Q' and
P'=Q" or P! <@Q, and conversely.

Proof. By induction on the number of run’s in s - P L
Lemma B.18.

, using

TUN U

Corollary B.20. If P <,, Q and s- P=— s+ P’ then s+ Q = s+ Q' and
P’ <, Q', with n < m and conversely.

Proof. By induction on the number of <’s in P < @, using Corollary B.19.



Tun o

Lemma B.21. Suppose Py < P,, and s - Py = —s' - P} without using the

RUN or REACT-{L,R} rules for transition <. Then, s - P,, = =5’ = P!
a < B and Py < P! . And conversely.

Proof. By induction on the number of “<” in <.

Direct

+ Case 0
Trivial.

e Case £ 0
We have s - Py =% s - P % ' = Py and Py < P,,, so we can apply
Corollary B.20 to have s - P,, =% s - P/ and P} < P! that is P} <
P} < --- < P” with at most as many “<”. Then, s - P/ %5’ I P}, so, by
Lemma B.18, we have s - P/ =2 %¢' - P/ with o < y and P} < P}. We
can apply the induction hypothesis to s - P/'== X5’ - P/ and P/’ < P"

TUN

to obtain that s + P/ — —s' F P/, a < 8 and P| < P/ . Therefore,

Tumn

Py<P/ <P, a<y<pB and sk P, =%sk P! &2 55 |- P! as
desired.
— Converse
By Corollary B.20, we can get rid of the initial run’s and just consider the

simpler hypothesis Py < P, and s+ P, LN P

e Case (
Trivial

e Case #0
By Lemma B.18 and Py < --- < P,,_1 < P,, we have that s - P,_1 —
s F P _, with P/,_; < P/ and v < 8. We just call the induction
hypothesis on Py < P,,_1 and s+ P,,_1 5 s' P! _, and we obtain as
desired s - Py = s' - P, with a« <y < 3. and P, < P/, _, < P!.

Lemma B.22. Suppose Py < Py, and s - Py == Ls I P} using rule REACT-

rTun T

{L,R} for the = transition. Then, s - Py, == D35 = P, and P} < P!.. And
conversely

Proof. Using Lemma B.21, considering that Fy communicates a term N.

N
— We have s - Py== 135 - P}, doing a reaction, that is, s I- Po%M)S F Py

for some process N and channel a. So, by Lemma B.21, we have s - P,, ==

a + a
st Py M) - with Py < P,,;. Now, as we also have s - P ﬂ s+ Py,

a(Nt
by Lemma B.21, we have s F Py 2% s - Py —2 s . with Py < Py As

it happens that P,,, can reduce through the communication of an expansion
of N on channel a, we have s = P, — s - P! with P} < P! and we are
done.

— Converse
Similarly.



Corollary B.23. The sets X< and X> are both preserved by input, output and
reduction.

Proof. Consequence of Corollary B.20 and Lemmas B.21 and B.22.

Corollary B.24. For any contexts C' and its erasures C| and C5 , for any
processes P and Q, if s - C7[P] % s,z - C[P] then t F C5 [Q] £>t, zF Cy[Q]

with C;~ and Cy~ erasures of C', a and B erasures of some v, and possibly

z = 0.

Proof. Consequence of Corollary B.23, more precisely of Lemma B.18 focusing
on the cases where the context only does a transition.

Definition B.25. [Minimal transition of run-expanded processes]
run”™ B

Suppose that A< B, sF A5 s F A, sk B== 55+ B witha < f and

run™ B

that A" < B’. We say that s - B=—=—= —s' = B’ is minimal with respect to
sEAS S A if and only if for all s - B == s’ - B" with A’ < B" and
a < v, we have n < m.

Lemma B.26. [Minimality and run-transition]

run run™ "1

Suppose that s - B — s - B/ —— Bys' = B with n > 0 is minimal with

run™— 1

respect to s - A5 s' = A'. We have that s - B" =——— Lys' - B’ too is minimal
with respect to sF A s’ F A’

run” "

1
Proof. By reductio ad absurdum. Suppose that s - B —— Pys' b B is not
minimal with respect to s F A % s’ - A’. There must be a minimal transition
sk B == L¢+ B” withst A <sk B", a<~,and m < n—1. Then

we have a derivation s F B ™% s - B/ 245 Yoo | B of length m+1 < n
run,

with s = A" < s = B"’, which contradicts the assumption that s - B — s I

run”"t B

B" ——= 535’ I B’ is minimal.

Lemma B.27. [Minimality and contexts]

run”

For all s+ Q — L Q' minimal with respect to s+ P < s' + P/,

— for all evaluation context C and its erasure C~, s+ C[Q)] LCNEN ClQ']
is minimal with respect to s = C~[P] % s’ = C~[P],

—ifQ=Qo|Q1, Q' =Qy|Q}, and P = Py | Py with Py < Qo, P1 < Q1, then
for alll and m, s+ 1[Qo] | m[Q1] L Bgl 1[Qp]) | m[Q]] is minimal with
respect to s = 1[Po] | m[P1] = &' F I[P} | m[P]].

Proof. Immediate, as none of the above operations can reduce the number of
run’s that have to be deleted, and as they all preserve membership to <.



Definition B.28. [run-erased context closure]

We define the run-erased context closure (£;1)~ of environment £ with names
ras < (&r)* >, that is {(M,N) | M < A, N <B, (A,B) € (&r)*}. Notice
that (E;7)” may erase run’s inside elements related by & too.

We also write (s = P) Y, (t F Q) if (st P <) YZes, (= tF Q) (which
implies Y* C Y~ ). In other words (s = P) Vg, (t+ Q) if P = Po| P, Q = Qo|Qn,
(8,7 = Py <) Verppr (= t,7" F Qo), ((P1,°Q1) € (E577")7, € C(E"5m1")7, and
rN(sut) =0.

Corollary B.29. [run-erasure preserves run-erased context closure of environ-
mental bisimulation up-to context]
If s+ P) Ve (tFQ), PP <P, Q" <QandE~ <& then (sk-P7) Y. (th

Q).
Proof. From transitivity of < and > given by Definition B.16.

Lemma B.30. [Addition of fresh names preserves environmental bisimulation
up-to context and its run-erased context closure]

Let Y be an environmental bisimulation up-to context. If (s = P) Vg, (t - Q)
and I ¢ sUt, then (s,l = P) Vg, g, (t,1F Q). Similarly, if (s = P) Ve, (tF Q)
and | € sUt, then (s,l F P) Vesar (t, 1 - Q).

Proof. By simple set arithmetic and use of definitions.

— Case Y~

Given P = PO ‘ Pl, Q = QQ | Ql such that (S,I H Po) yg/n, (t,x - Q())7
(P1,Q1) € (&5rx)°, 2N (sUt) =0, and € C (&';rx)*, and assuming | # x
(otherwise it is immediate), it holds that

o (5,2 Py) Ver g, (2 F Qo) by clause 5 of environmental bisimulation

up-to context,
e (PLQu) € (Eh10r)° C (€ 10ra),
o £EC (&rx)* C (&;ldre)°,

e r¢ZsUt
Therefore, (s - P) Vg4, (t+ Q) holds.
— Case Y~

We have some P* > P, QT > Q, €T > £ such that (s - PT) V5, (tF Q7).
Therefore, according to the above case, we have (s - PT) Vetaar (tF Qh),
hence (s = P) Vg, g, (tF Q) by Definition B.28.

Lemma B.31. [Spawning preserves context closure of environmental bisimu-
lation up-to context)

Let Y be an environmental bisimulation up-to context. For all (st P) Vg, (tF
Q), ler and (‘P2,'Q2) € &, we have (s = P |1[P]) V&, (tF Q[1[Q2]).

Proof. We have P = Py | Py and Q = Qo | Q1, with (s,7" = Po) Ver.,... (8,7 = Qo),
(P1,Q1) € (&5rr)°, € C (Err")*, and 7 ¢ sUt. By (‘Pp,'Q2) € &, we
have either (‘P2,‘Q2) € £ or (P, Q2) € (£';rr")°. In the former case, it holds



that (s,r" = Py [ U[P]) V&, (6,77 = Qo | [[Q2]) by clause 4 of environmental
bisimulation up-to context, hence (s = Py [I[P] | P1) V&, (t = Qo [1[Q2] | Q1) up-
to environment, context and name creation. In the latter case, we immediately

have (P [1[P2], Q1 [1[Q2]) € (£'5777)°, hence (s = P [1[P]) V&, (tF Q[ 1[Q2])-

Lemma B.32. [run-transitions of (&;r)°]

Suppose that (P1,Q1) = (C’[M],C[N]) € (&7)° and that s - P, ™% s
P[. Then there is a Q) such that t = Q1 N s QY and either (P,Q}) =
(C'II),C'IN)) € (§:)° or (PLQ4) = (Cylrun(M'), A],*Cylran(N), B]) €
(&;r)” with (A, B) in 1 redem position (i.e. not under a run, a v, an a() or an

a(-)) and (M',*A) =M, (N','B) = N.

Tun

Proof. By induction on the transition derivation of s = P, — s = P1’. The
only case of interest is the RUN one, developed below. The others (PAR-L, PAR-
R,REP and TRANSP) are straightforward.

1. Case RuN: C = run(Ch)

There are two subcases

(a) C1="Ch —
We have s = Pi = s b run(‘Cy[M]) M s - - C1[M M)and t - Qy =t +
run(*C1[N]) = t = C1[N] with (C1[M], C2[N]) € (£;7)°.

(b) Gy =]
We have s - Py = run(‘A) "X s At Qy “% t - B with (‘A,‘B) €
E C (&;r)” (we can assume that (A4, B) & (€;r)°, otherwise we could
have handled this situation in the above subcase) and obviously (A, B)
in redex position.

Lemma B.33. [Create-transitions of (£;r)°]

Suppose that (Py, Q1) = (C[M],C[N]) € (E;7)° and that s - Py D> s,a b P}
by the CREATE rule. Then there is a Q) such that t F Q = t,a - Q) and
(P, Q}) = (C'[M],C'[N]) € (&;ra)°.

Proof. By induction on the transition derivation of s = P, = s,a - Pj. The
only case of interest is the CREATE one, developed below. The others (PAR-L,
PAr-R, REP and TRANSP) are straightforward.

1. Case CREATE: C = va.Cy . B
Wehave s+ P = s - va.Ci[M ];s,a FCi[M]andtt Q) =t F va.Ci[N]D
t,at C1[N] with (Cy[M ] C1[N)) € (&;ra)°.

Lemma B.34. [Non-run non-alloc 7-transitions of (£;7)°]

Suppose that (P, Q1) € (€;7)° and that s = P, = s = P| is not derived with
RUN nor CREATE. Then there is a Q' such thatt = Qq =t Q} and (P},Q}) =
(& r)e.

Proof. By induction on the transition derivation of s - P, = s = P1’. One case
of interest is the REACT-L one, developed below. The others (REACT-R, PAR-L,
PAR-R, REP and TRANSP) are similar or straightforward.



— Case REacT-L: C=C1|C2

We have s - C1[M] | Co[M] 5 s - P} | P} with s - C1[M] “™s s - Py

and s F CQ[M] 2D P} So, by Lemmas B.12 and B.13 we have t -
Oy N SN ¢ - @ with (PLQY) € (&:7)° and (M, N) € (&r)*, and t F
Co[N] 2N ¢ - Q) with (P, Qb) € ((M,N)®E;r)° = (&;r)°. Therefore,

th Ci[N]|Co[N] Dt Q1| Qy and (P | P5, Q) | Qh) € (&57)°.

Lemma B.35. [Reduction and environmental bisimulation up-to context]

Let Y be an environmental bisimulation up-to context. If (s = P) Vg, (t F Q)
and s P — s & P’ then there is a Q' such that t - Q =1t + Q' and (s +
P) Y, (1'F Q).

Proof. Suppose (s = P) Yz, (t = @), therefore for some Py, Pi, Qo, Q1, &', 1/,
we have P = Py | P, Q = Qo | Q1, " N(sUt) =0, E C (&5rr')*, (s,r
Po) Verpyr (8,7 1= Qo) and (P1, Q1) € (E'577")°.

We are going to analyse all the possible reduction transitions. We recall that

yrcy .

1. Case: s P 5 s’ = P'. We have four cases for the transitions of Py | P;:
(a) Subcase s,7' - Py = s, 7' - P}

By (s,7" = Po) Yerpr (¢,7" F Qo), we have that t,7" = Qo = 1,7 F Q

and (s, 7" = Pg) Vg, (',7" = Qp). Therefore, by t,7" F Qo | Q1 =1, 7" I-

Qb | Q1 we have t - Qo | Q1 = t' F Qf | @1 since the created names can

be guaranteed not in fn(Q1), and by up-to context and environment and

name creation, we have (s = g | P1) V&, (' = Qp | Q1)

(b) Subcase s,7' - P, = 5’1" - P]
There are several cases, depending on the last derivation rule used.
i. Non-run non-alloc transition, s’ = s

By Lemma B.34, we have t,7' - Q; = t,7' = Q} and (P},Q}) €
(&';7r")°. Therefore, t - Q1 5t - Q, hence t - Qo |Q1 =t - Qo | Q).
Finally, (s' = P') Y., (' = Q') with ¢’ = ¢ and we are done.

ii. Create transition, s’ = s,a
By Lemma B.33, we have t,7" - Q1 = t,7/,a - Q}, hence ¢t F Q|
Q1 D tak Qo|Q, and (P{,Q}) € (&;rr'a)®. By freshness of a,
we can use clause 5 of environmental bisimulation up-to and have
(5,7",a 1= Po) Verppry (L,7",a F Qo) as well as (1',a) N (s Ut) = 0.
Finally, & C (&'5rr')* C (&'5r1'a)*, giving (s" = P) V&, (' F Q)
and we are done.

iii. run transition, s’ = s
By Lemma B.32, we have t,7/ - Q; =% t,r' F @} (hence t - Q|
Q1 ™5t Qo] Q1) and either (Pf,Q)) = (C'[M],C'[N)) € (£;r1")°
or (P,‘Q)) = (Cylrun(M), A],*Cyrun(N'), B]) € (€'srr')~ with
(‘A,‘B) € &'. Therefore, (s P') Vg, (tF Q') and we are done.



(c) Subcase s, F Py "M s v =Py s - P MM 0 Py

By (s,7" F P) Ve s (t,7" F Qo) and clause 4 of environmental bisim-

a(N
ulation up-to context, we have ¢, F Qg g t',r" + Qp and also
a(M)

(s, Pé)y(*MW)@g,w, ', r" F Qp). Also, since s, = P,—>s,1’ = P|
we have by Lemma B.12 that ¢,7' F Q1 o), t,r' F Q) and (P{,Q}) €
(E"U{(M,N)};rr')°.

Decomposing the transitions we know that, for some possibly empty set y
of names, t,7’ F Qo=t,r’,y - Qgﬂﬂf, oy QY St v F Qb. Also, by

' Q2 t o - Q) we have by ¢,y F Q1 S5ty - Q). Thus,

we have t,7' F Qo | Q1 = t,7",y - Q) | Q1 by PAR-L, t,7/,y - QJ | Q1 =
t,r yQu'| Q4 by REACT-R, and finally ¢, 7",y - QU |Q) =1/, 7" - Q4| Q)
by PAR-L. We can then therefore derive t - Qo | Q1 = t' F Qf | Q.

By (P{,Q}) € (&'U{(M,N)};rr')°, we also easily have (P{,Q]) €
(&"U{(M,N)};rr")°, and we can derive up-to context from (s,7’ +
P0) Yiusyoerans (57 Q) that (s b Py | P) Vi, (¢ F Q) | Q).

(d) Subcase s P, "M s P s XM g1 pr

By s - P Ms F P we have s, - P M) s, F P{, and then
by Lemma B.13, we have that ¢, F Q1 —% ¢,/ F Q) and (M, N) €
(&5 rr")* as well as (Pf,Q}) € (&'5r1)°. By clause 2 of environmental

N
bisimulation up-to context and the input of Py, we have t,7' F Qg g

t',r' = Qp and (Fg) Vg, (Qp)-
Again, we can compose the transitions and obtain ¢, - Qo | Q1 =t,7" -
Qh | Q) as expected.
By (P[,Q}) € (&';7r")°, we also have (P, Q}) € (&£';rr')°, and we can
then derive up-to context from (s, = Fy) Vg, (t',7" F Qp) that (s -
PP Vi, (U Q)| Q1)

2. Case: t - @ reduces.

Conversely.

Lemma B.36. [run-expanded output with spawning)
Suppose that (s = Po|l[P1]) Vg, (t = Qo|l[Q1]) for an environmental bisimulation

n " M . . )
up-to context Y with I € r and that s F Py A M)s F P is minimal with

respect to s - PT "My s P Then t - Qo | 1[Q1] 222 ¢/ - Qb | 1[Q)], and

(s F Po) Yo mya(proqpees (' F Qo)
Proof. By induction on n.

— Casen =20
Immediate by Lemma B.15 used twice (once for the output of M and N,
and then once more for the passivation of P; and @Q)}) and by the fact that

yrcy.



— Casen >0
By Lemma B.35 and Lemma B.26, we have two possible subcases preserving

n a M
minimality after the first run-transition of s F Py | I[P] == M

Py | 1[P]], namely s - Py | I[P)] =% s+ Py | 1[P)].
e Subcase “still in Y*”
We have t = Qo [[[Q1] =t = Qf [1[Q7] and (s & Py [ I[P']) V&, (" +

n—1 a
QUIIQY)). As s - Py | 1[PY] 2 @Mt By 1[P]] is still minimal

with respect to s - Py | [P ] HMO, Py |1[P]7], we can apply the
induction hypothesis and get the desired results.
e Subcase “in Y~ \ Y7

We have ¢ F Qo [ 1[Q1] ==t - Qo | [[QY] and (s - Py [ I[P{']) Vg, (t +
o 1QYD, with (P, QY) = (Cplrun(M), A], Cplrun(N), B]) with (A4, B)
in redex position such that (‘A,‘B) € & and (4, B) & (£’;rr')° for some
&', " such that £ C (&"5r1")*, Py [{[PA] = Pa| Pp, Qo |l[@1] = Qa| @,
(S,T’/ + PA) yS’;rr/ (tarl F QA)7 (PBaQB) € (5/;7’7’/)07 N (S Ut) =0.
By s - Py | I[P7] ™% s = By [U[P{7), Py = Cylrun(M), run‘Al,
P! = Cplrun(M), A] and P, < P{, we know that there is a run-
erasure A~ < A such that A~ is in redex position in P, and that
s, A M) s, = A’ is minimal with respect to s, - A~ ﬂ
s, F A’~. Using Lemma B.30 (to add a fresh name m), and clause 4
of environmental bisimulation up-to context, as well as derived s, ', m F
A- HMO), s,7’,m = A", we can apply the induction hypothesis to
(s,7",m & Pa | m[A]) Y& i, (t,7',m F Qp | m[B]). We obtain that

t,r',mkE Qp |m[B]E:<i>>t’,r’,mFQ§3|m[B’] and that also (s,7',m

Pa) Yo mys¢arpryoermrm @7 m = Q). From the former, we can de-

rive that 7 F Qoll[QY1ZE5t' - QplI[@4], (with (P, Q}) = (Cylrun(N), A’

Cplrun(N), B'])) and from the latter that (s, ', m - Po)y(;M,N)@(‘A,#B,
', r',m F Q) up-to context, (s,r’,m F Fp) y(‘Mm@(ﬂ
(', r",m F Q) up to environment, and (s - Fy) Y
Qé) up-to name creation.

YBE s rr'm
LQYBE;rr'm

MNe¢Paneer

Corollary B.37. [run-expanded output)
Suppose that (s = Py | P1) Y&, (t+ Qo | Q1) for an environmental bisimulation
up-to context Y with (s, & Fy) Ve, (t, 2+ Qo), (P1,Q1) € (E'5r2)°, 2N (sU

t) =0, and that s - Py | Py zunt, TOD, o P} | P{ is minimal with respect to
st B | Pm MM o P P Thent - Qo | Q1 2R ¢ - Q) | Q). and
(s = Fo | PI) Yoy mywer (' F Qo | Q1)

Proof. By induction on n.



— Casen=0
As in the above Lemma B.36, immediate by Lemma B.15 and the fact that
Yoy,
— Casen >0
By Lemma B.35 and Lemma B.26, we have two possible subcases preserving
minimality after the first run-transition of s = Py | Py Lunt, TN, Pj| P.
e Subcase “still in Y*”
We have 5,7’ F Py ™% 5,7’ = Py, hence t - Qo =t F QU and (s F
Fy) Y&, (t" = Qp), and also that s,7" = By L B0 - P} is
minimal with respect to s = Py M) o Py~ Thus, we can apply
the induction hypothesis and get () "+ Q) = a<N t' B Qf as well as
(i) (s;r" B By) Yarnywerar (57" F Qp). Therefore, by (i) we have

t Qo| Q1 :Mf’ F Qp| Q1. and by (ii) we have (s - Py| P1) Y (M N)@E:r
(' F Q)| @1) up-to environment and name creation for using £ and
removing 7', and context for spawning P; and Q1.

e Subcase “in Y~ \ Y7
We have s,7' = P, ™% s,r' - P]. Using Lemma B.30 to add a fresh
name [ and the fact that (P1,Q1) € (£;77')°, we have (s,r',l b Py |

UP) Y2, (670 Qo | 1[Qu]). As 5,7, 1 Py | 1[P] 225 Z00g b 1+
Py | I[P{] is minimal with respect to s,r’,l = Py | I[[P]] =M, s, v’ 1+
Py | 1[P{7], we can use Lemma B.36 and have ¢,7',1 - Qo | {[Q1] :N>>

' U Qo Q4] hencet'—Qo\Ch&t'l—QMQl and also (s, 7,1+

Po)y(M,N B(PLQBE N ', r', 1+ Qf), hence (s P0|P1)y(M7N)®£;T(t/ H
Q6 | @}) up-to context, environment and name creation.

Corollary B.38. [Output preserves run-erased environmental bisimulation up-
to context]
For any environmental bisimulation up-to context Y, if (s = P) Y, (tF Q) and

sk p XM o pr with a € r, then there are Q', t' such thattl—QMt’}—Q’

and (s P’) Y, Nyoer (' + Q). The converse on Q’s transition holds too.

Proof. By Y™ ’s definition, we know there are P, QT and £T such that (s F

PV, (tFQT). Since s - pI, P’, there is a minimal output transition

n g + a(Nt
sk pt el BV L prt By Lemma B.37, we have ¢ - QF 22l ¢ b Q'+

and (s = P'T) Yo+ nyps+a (B F Q'") which implies by Corollary B.23 that
t + @ can also weakly do an output transition ¢t F Q 2Ny @', such that
Q' < Q7T and N < NT. By Corollary B.29, as P/ < P'*, Q' < Q't and
(M, N)®E < (MT,NT)@&T, we have (s b P') Yy yyge., (' F Q) as desired.
Visually, the following diagram holds.



yE;r

sEP < sEP? Vir, tFQT > thQ
a(M) run” a(NT) a(N)
a(M™)
A\
sEP < sEPT Yo yiesr, THEQT 2 UEQ

/

y(;V[,N)GBS;r

The converse on )’s transitions is shown similarly.

Lemma B.39. [run-expanded input]
Suppose that (s = P)Vg..(t & Q) for an environmental bisimulation up-to context

Y and that s + p Ms F P’ is minimal with respect to s = P~ —>a(M7) sk

P'~. Then for all N such that (M,N) € (&), t - Q ~2L ¢ + @', and
(sF P) V5, (U FQ).

Proof. By induction on n.

— Casen=0
Immediate by Lemma B.15 and the fact that Y* C Y.
— Casen >0
By Lemma B.35 and Lemma B.26, we have two possible subcases preserving

run”

minimality after the first run-transition of s - P = Ms P
e Subcase sF P ™ s P tFQSt"FQ", (s P") Y&, " Q")

n—1 M
We have that s - P/ ==— us F P’ is still minimal, so we can apply

the induction hypothesis, and we are done.
e Subcase st P55k Pt Q—=t- Q" (s P") Vg, (tF Q") with
P" = Py| Py and Q" = Qo|Q1, some &’ such that (s, 7" = Fy) Ve, (¢, 7"

Qo), (P1,Q1) = (Cplrun(M), A], Cp[run(N), B]) with (‘A,‘B) € £ and
(A,B) ¢ (&r1")°, (M,N) € &, (5,7 F Py) Ver, (t,7" - Qo) and
rN(sut)=0.

Using Lemma B.30 (to add a fresh ! to the know names) and clause 4
of environmental bisimulations up-to context, we have (s,r',l b Py |



HAD Yz g (8,77, 1 Qo|I[B]). Using an argument similar to the one in
Lemma B.36, case 2, subcase 2, we know that we can apply the induction

n—1 M
hypothesis to minimal transition s, 7,1+ Py | I[[A] == M>s,7"’,l H

Py | [[A"). We obtain ¢,',1 - Qo | {[B] =2 ¢ 4 | + Q4 | I[B"] and
(8, 7", 1= Po[U[A']) Yer gy (87,7 L E Qg [1[B"]). By Corollary B.38, after

an output to channel I, we have (s,7/,] - Fp) y(—A, BYE Ao W, 1+
Qh), hence (s Py | Cp[run(]\?),A’]) Ve '+ Qg | C,,[Tun(ﬁ)B’]) up-

to environment, context and name creation. And of course, we do have

th QG(:NLt’ F Qb Cp[mn(ﬁ),B’].

Corollary B.40. [Input preserves run-erased environmental bisimulation up-
to context]
For any environmental bisimulation up-to context Y, if (s = P) Vg, (t - Q)

and s = P M) s F P’ with a € r, then there are t', Q' such that for all

(M,N) e (&r) ,tFQ LIG Q" and (s + P') Vg, (' = Q'). The converse
on tF Q’s transitions holds too.

Proof. By Y™ ’s definition, we know there are s - PT, t - Q1 and £t such
that (s F P) Vi, (t + QF). Since s - P 2D P’, there is a min-

n +
imal input transition s - Pt == ST pr By Lemma B.39, we have

2N+
t- Q2L 1 Q' for any (M*,N*) € (E;7) and (s - P4) Vg, (L Q™)
which implies by Corollary B.23 that ¢ - @ can also weakly do an input tran-
sition ¢ - Q XML 4 1 0 such that Q' < Q'F for any N < N*, i.e. for any
(M,N) € (£;7). By Corollary B.29, as P’ < P’ Q' < Q" and £ < £T, we
have (s = P') Vg, (' = Q') as desired. Visually, the following diagram holds.



Veir

3

skP < sk P Vi tFQT > tFQ
a(M) run” a(NT) a(N)
a(M™)
Y
sFP < skpPY Vo,  tEQT > HrQ
Ve

The converse on ¢ - Q’s transitions is shown similarly.

Lemma B.41. [run-expanded reduction for environmental bisimulation up-to
context]
Suppose that (s = P)Yg..(t & Q) for an environmental bisimulation up-to context

run T

Y, and that s - P == 555’ - P’ is minimal with respect to s+ P~ s’ + P'—,
thenttFQ=t'F Q', and (s’ - P') Ve, ' Q).

Proof. By induction on n.

— Casen =0
Immediate by Lemma B.35.
— Casen >0

By Lemma B.35 and Lemma B.26, we have two possible subcases preserving

minimality after the first run-transition of s - P T Tos b P
e Subcase sF P ™ s P tFQSt"FQ", (s+ P") Y&, " Q")

7"U/ﬂ

We have that s P/ Too b P s still minimal with respect to
sk P~ 5 s+ P~ so we can apply the induction hypothesis, and we

are done. )
e Subcase s P sk Ptk Q ™1 E Q" (sE P Ve, (t- Q)
hold, and we have P = P | P1 and Q" = Qo | Q1 with (s,7" = Po) Ver,.p

(t, 7"+ Qo), (‘Pr,'Q1) = (Cplrun(M ) Al °C [mn( N),B]) € (£;r1')~

with (A, B) & (&';rr')°, (M;*A),(N,'B)) € &, v N (sUt) = . Since
we know s, F P~ 5 s r' - P'- andthats PP Ty 7' P
is minimal with respect to it, we can infer how P weakly reduces to P’.

Let us analyse each possibility.



+ Subsubcase A reacts with P
Using clause 5 of environmental bisimulation up-to context to add
a new name [ to known names, and clause 4 to spawn A, we have
(s,L,7" = Py [ U[A]) V&1, (61,77 = Qo | I[B]). Using an argument
similar to the one in Lemma B.36, case 2, subcase 2, we know that we
can apply the induction hypothesis to minimal transition s, 7', [ - Py

run” "1

I[A| == 55" 7' 1 - P}|I[A’]. We obtain t, ', F Qo|l[B]=t",+' 1+
Qo [ [B"] and (s',r",1 = Py [ U[A']) Yerppy (77", 1 = Qg | 1[B"]).
Therefore, by (s, 1,1 = Py [I[A']) Ver oy (17", 1 Qg [I[B"]) and by
Corollary B.38, we have (s, r:,vl = P0) Yiar pryaeren (11 Q)
hence (s',r',1 + Py | Cplrun(M), A']) Viar Br@err = QL
Cp[run(ﬁ),B’]) up-to context, (s’ = P} | Cp[run(ﬁ),A’}) Ve, (' F
Q) | Cplrun(N), B']) up-to environment and name creation. Also,
tr' L= Q" 1,1 1+ Qp | Cp[N, B'], holds as well from the above,
hence t - Q = t' - Q) | Cp[run(N), B'].

* Subsubcase A reduces alone
Similarly, but with P} = Fy.

* Subsubcase A reacts with an A; from ‘A = M (or a run-erasure of
it)
Let G = C['A;, M'] (resp. H = C['B;, N']) be the process of P
(resp. (1) in redex position that contains A; (resp. B;) and reacts
with the process containing A according to rule REACT-R or REACT-
L. Then there is a process context C}, such that Cy,[A, run(M)] =
C A, G, run(M")).
By clause 5 of environmental bisimulation up-to context to add a new
name [ and clause 4, we have (s, 7', 1 = Py [I[[A]) V..., (&7, 1 Qo |
[[B]). By Lemma B.30 to add a new name m and by up-to context, we
have (S, T/, la m P0|Z[A] |m[G])yg’;m€BrT’l(t7 TJ? l7 m QO ‘Z[B] |m[H])
Then, s,7',1,m = Py | 1[A] | m[G] == Dss,7",1,m F Py | [[A"] | m[G"].
Applying the induction hypothesis, we obtain t,7',I,m F Qo | {[B] |
m[H] = t",7",l,m & Q| 1[B"] | m[H"], as well as (s,7,l,m F Py |
UATIm[G]) Vermayprn 1" L,m = Qg [1[B"] | m[H"]).
We can now passivate the contents of /[ | and m[ ] and use up-to con-
text, environment and name creation to get (s = Po|C[A’, G7, run(M")]) V...
' FQpl C;[B’,H’,Tun(ﬁ”)]). It also follows that t F Q = ¢/
Qo | C,[B', H', run(ﬁ”)] as expected.

* Subsubcase A outputs and reacts with the context
Let C[M’] (resp. C[N']) be the process of P; (resp. Q1) in redex
position that reacts with the process containing A according to rule
REACT-R or REACT-L. Then there is another context C, such that

CplA, run(M)] = C[A, C[M’}, run(/J\Z”)]. Using clause 5 of environ-
mental bisimulation up-to context to add a new name [ and clause 4



to spawn A, we have (s,r',l = Py [ U[A]) V&, (8,77, 1 Qo | [[B]).
We can now apply Lemma B.37 to simulate A’s output after run-

transitions: s, ', = Py | [[A] A D Ms,r’,l F Py | l[A'], and we
obtain t,r',l F Qo | [[B] = ZN) ==t v, I - Q{ |[B"], and (s,r',l+ Py |
I[A]) y(MyN)QBg,W,l ", 1+ Q” | {[B"]). We passivate the contents
of I[ ] and have (s,r’,l F Py) Year Brea,Nyoe il ', 1 FQp).
By Lemma B.12, we have that s,7/,l - C[M ]ﬂs ', G and
0 L O[N] 2D ¢ 0 1 - H with (G, H) € (M, N)®E'; r'1)°
(for some intermedlate” t”’) such that we have t”, ', 1+ Q| {[B"]|
CINIZ 7,0/, 1 F Qy |1[B"] | CIN|D 7,0, 1 F Q§" |1[B"] | HS
o' Ik QO|Z[B’] | H hence t - Qo |Q1=t' = Q)| Q. From (s, ', 1+
Po) Yiar ryanymer e (&7 1 Qp). we build up-to context, en-
vironment and name creation (s = Py | C)[A", G, run(M M) Ve, (t'F
Q| Cy[B', H, run(N))).
x Subsubcase A inputs and reacts with the context
Suppose the context outputs a process M (resp N by Lemma B.13)
by means of a process C, [M/] (resp. Co[N']). Using clause 5 of en-
vironmental bisimulation up-to context several times to add a new
name [ and clause 4 to spawn A, we have (s,7’",l = Py [ I[A]) V&,
(t,r",1 F Qo | I[[B]). We can now apply Lemma B.39 to trigger A’s
input of M and Qg | {[B]’s simulation of that input, and we obtain
(s, 1 B [l[A]) Ve, Tr,l(t” r' I QU|I[B"]). We passivate the con-
tent of [[ ], obtaining (s, 7,1+ Po) Year sroer i ', 7', 1+ Qp). We
remove 7’ and [ up-to name creation from the known names and then
replace A" and B’ up-to context, giving (s = Py|C,[4’, run(M)])y(TA, BYOE
(t'"=Qu | ClB, mn(ﬁ)}) Finally, up-to environment, we have (s -
Py | Co LA, run(M M) Ve, (' F Q4 | CplB, run(N)]). The transition
tFQo|lQi=t 1 Qy|CplB, run(N)] is derived from the above,

composing input t - Qo | Q1 = —= a(t) — 2t Q| CylB, run(ﬁ)] with

the output from the context.

Corollary B.42. [Reduction preserves run-erased environmental bisimulation
up-to context]
For any environmental bisimulation up-to context Y, if (s = P) Vg, (t - Q)

and s - P 5 s' = P, then there are t' and Q' such thatt - Q =t + Q' and
(s P") Ve, (' =Q'). The converse ont = Q’s transitions holds too.

Proof. By Y~ ’s definition, we know there are s - P, ¢t QF and £ such that
(s P Yz, (t+ Q). Since s = P ¢’ = P/, there is a minimal reduction

run’ T

transition s F Pt == 5§’ - P'*. By Lemma B.41, we have t F Qt & ¢/ - Q'+
and (s’ P'*) Yo, (t' F Q) which implies by Corollary B.23 that ¢ - Q can



also weakly reduce to some ' = Q' such that Q' < Q'*. By Corollary B.29, as
P <Pt Q <Q7 and £ < ET, we have (s' - P’) Ve (t' Q') as desired.
Visually, the following diagram holds.

/\

sk P sk Pt ygw tEQT tFQ
run™
Y
s+ P s+ Pt yﬁr vEQT tFQ

\/

The converse on t - @Q’s transitions is shown similarly.

Theorem B.43. [Soundness of environmental bisimulation up-to context]
If YV is a environmental bisimulation up-to context, then Y~ is included in
bisimilarity.

Proof. Let X = {(€,7,5,P,t,Q) | (st P) Ve, (t+ Q)} and let us prove that X
verifies each clause of environmental bisimulation.

1. By Corollary B.42, whenever s - P 5 s’ - P’, we have a t' - Q' such that
tFQ=t'+FQ and (st P) Ve, (' Q) ie (sFP) X, (' - Q).

2. By Corollary B.38, whenever s - P M s = P’ with a € r, we have a
' F @ such that ¢t - Q 22 ¢ - Q' and (s F P') V3 yymen (' F @), .

(s P (MN)@Er(t F Q).

3. By Corollary B.40, whenever s - P M s+ P’ with a € v, we have for all
(M,N) € (&7)* at’ - Q such that ¢ - Q24 b Q' with (s - P) Vg, (¢ -
Q') e (skP) X, (' FQ).

4. By Lemma B.31, we have (s = PT|I{[P]) V5, (t+ QT [1[Q]) for some (s
PH) Vi, Q) with P < PH, Q< Q" EC<EF > and (‘P1,'Q1) <
(P, +) € &1, whose existence is guaranteed by definition of Y. Then,
by run-erasure, we have (s = P [I[P1]) Vg, (tF Q| 1[Q1]).



5. By Lemma B.30, we have for any n not in sUt, (s,nt P) Ve, 0. (t,nF Q),
ie (s,nk P)Xe, 0, (t,nF Q).
6. Similarly, the converse of the first three clauses holds too.

Theorem B.44. [Reduction-closed Barbed equivalence from environmental
bisimulation]

Let r C f = fa(P,Q), then if (f = P) Y, (f = Q) for an environmental
bisimulation up-to context Y, then f+ P =, fF Q.

Proof. We know by Theorem B.43 that )~ is an environmental bisimulation.
We let Z = {(r,s, P,t,Q) | fn(P,Q) CsNt, rCsnt, (sEP)Y, (tFQ)}
and prove that Z is included in .

1. Clause sF P 5 s’ - P
As Y~ is an environmental bisimulation, by clause 1 of the bisimulation,
there is ¢’ = Q" such that t = Q =t Q" and (s' = P") ), (t' F Q). We
have fn(P',Q") C s'Nt’ and r C s’ Nt', henc (r,s', P, ¢, Q") € Z.
2. Clause P |, porpecr
There are two cases depending on y:
— Case st P |,
We have that s - P2 s - P/ for some (M,N) € (§;r)* and P’. Since
a € r, by Y~ being an environmental bisimulation and clause 2 of the
bisimulation, there is also ¢’ = Q' such that ¢t F Q 2O @', that is,
tEQ Jq-
— Case s+ P |z
We have that s - P =y s - P’ for some M and P'. Since a € r, by Y~
being an environmental bisimulation and clause 3 of the bisimulation,
there are also N, ' F Q' and such that t - Q a:<12> t' @', that is,
tEQ Jq-

3. Clause Converse of 1, 2 on @
Similar to 1, 2.

4. Clause R a process, fn(R)N((sUt)\r)=10
Let ' = fn(R); by appealing to the clause 5 of the bisimulation, since
the names in 7’ are either fresh or already in r, we have that (s,
P)y(;w, (t,7 Q). Also, (R, R) € (§; rr’")° and thus, using the up-to context
technique, (s,r" = P | R) Y, ., (t,7" F Q| R) since (s,7" &) Ve, (£, )
is preserved by parallel composition of processes from (@;rr')°. Therefore,
(rr',sr',P| R, tr',Q | R) € Z.

Conclusion: we showed that Z C =~ and as (f = P) Y, (f F Q) for
r C f = fu(P,Q) implies (r, f, P, f,Q) € Z, we have that f I P~, f Q.



3 Reduction-closed barbed congruence from environmental
bisimulations

Definition B.44. Capturing reduction-closed barbed congruence = is the largest
binary relation on variables configurations indexed by a set of names r C sNt
such that when s+ P &, t+ Q,

— st P5 ¢+ P implies there are Q' and t' such that t - Q =t + Q' and
sSHEP =2 tFQ,

— sk P, impliestt-Q ., ifperormer,

the converse of the above two on Q, and

for all context C, with holes for process and which can capture names such

that fn(Cp) N ((sUt)\7) =0, bn(Cp) N ((sUt)\r) =0, we have sU fn(C,) F

CplP] =, (e, tU fn(Cy) F CplQ).

Theorem B.45. There exist P, Q, r and a such that {r,a} = fn(P,Q) and
(r,ata(P)) Y., (rata(Q)) but not r,at- P =g rat Q.

Proof. We provide such P, Q, r B B
We let Pi; = a(X).(X [i(Y).Z) [ 2.f, let Q1z = a(X).(X [i(Y).Y) | z.f, let
Py, = E<Z<E>> and QQI = a<Z<E>>
We then consider the two processes

P = vi.(B{Prn) | #(Pom)) = vi. (Ba(X).(X | i(Y).) [ m.F) | a(i(m)))
and
Q = vi.(B(Qun) | &(Q2m) = vi.(Ba(X).(X [i(V).Y) | m.T) | a(i(m))
which are such that
fnla, P.Q) - a(P)Vogn(a rorfnla, P,Q) F (@)

We let n = {a,b,c, f,m} the set of there free names, and compare P and @
under this knowledge:

n b vi.(b(Pim) | €(Pam)) Zn n b vi.(0(Q1m) | E(Qam))

We first consider a reduction on the left hand-side (lhs) to create the name
i, and let the right hand-side (rhs) follow weakly. We then do a reduction on the
rhs to force the creation of the (other) name i if it had not be done, and let the
lhs as is. We then are guaranteed to have:

1,0t b(Prm) | 6(Pom) = 0y = 5(Q1m) | &(Qam)

We can now create a context Cp, = a{vm.[]1)]a(X).(X|X)|g.0.b(X).c.c(Y).(X]
Y') that will allow us to:

— capture the name m,
— duplicate the processes with captured names,



— discard subprocesses and keep others
— have a side of the equivalence always show a barb while the other can never.

n,i, gt Cp[b<P17n> |6<P2m>] SNyl g b Cp[b<Q1m> |E<Q2m>]

Then, we force the reaction between @ and a(X) and immediately after we
create the names x and y. The conditions on the fresh barb g will ensure that we
do not have (weak) uncontrolled reactions. We write Cj, for g.b.b(X).c.c(Y).(X |
Y') since we lack space.

n, ia g9,T,y F B<P1:L’>|E<P2x>‘B<P1y>|E<P2y>|C; gn,g n, i7 g9,%,Y F B<Q1:L’>|E<Q2x>|B<Q1y>|E<Q2y>|CZIJ

We can now spawn in parallel a process g to remove the guard of C;, and
then in the rhs, consider the reactions that select 1, and @2, discarding the
other subprocesses. The left hand-side will follow, choosing to discard two sub-
processes, keeping two others which we will call P; (whose ”free private name”
we will call z, whichever of x or y it is) and P,. The fact that P, and P, may
weakly continue to react after being sent is not an issue, and we will consider
they did not.

n,i,g,x,y b PPy =g n,i,9,2,yF Qo | Qzy
Then, P; and ()1 may react on channel a, and rhs will follow somehow.
n,i,g,x,yEi{zor y) |i(Y).Z | 2. f g nyisg,z,y k...
Then lhs can react on i, and both Z and z.f will react, exhibiting barb f.
nyi,g, v,y iz ory) |i(Y)Z| 2. f Dnyi g, 2,y BT |2 f D, g,y }—fif
However, rhs will never be able to exhibit barb f since it will be stuck at
n,i, g,z y i) [i(Y).Y |y.f DnigxyFT|y.f
where x and y cannot react.
Lemma B.46. {(r,s,P,t,Q)|r Cr', (',s,P,t,Q) € =~} € ~.
Proof. By verifying the clauses of =.
Lemma B.47. Let Y be the environmental bisimilarity up-to context, and

S={(rs,P,,Q) | P < C[P*], Q < C[Q*],
n(P*) C s, fn(QF) C to,
(PH,QT)ce,
r g To Ufn(C),
s=soUfn(C), t =1toU fn(C)
(C)N((sUt)\ro) =10,
bn(C)N(sUt) =0,
(80 F0) Ve, (to - 0)}



for contexts C' for processes. We show that for all closed (r,s,P,t,Q) € S, if
st P, and p or @i is in r, then t = Q |, and that if s+ P — s’ = P’ then
tEQ=1tFQ for somet'+ Q" with (r,s',P',t, Q") €S, and conversely.

Proof. By induction on the transition derivation of s - P % s’ - P’ with
(r,s,P,t,Q) € S. We prove the two properties separately. In both situations,
there is a case analysis on who does the transition: the context’s erasure or some
P;. By symmetricity, we do not show the converse proofs on )’s transition; they
are similar. We write run®*(P) to mean run‘(... (run'(P))...), and C, C for
two possibly different erasures of the same C.

Barbs: the cases necessary to check for barbs are Ho-IN, Ho-OuT, PAR-R,
PAR-L, REP, TRANSP, and PASSIV.

— Ho-In
e Subcase C, [P] = a(X).C, [P

If s+ C’;[f’] la, we have s - a(X).Cl_p[ﬁ] 2D, Thus t - C’;[@] =tk

run*(a(X).Cr[Q)) 22 ¢ b a(X).Cr,[Q] “™ - e, € [Q) Vo

e Subcase [ |;
By (€,7,5,0,t,0) € Y, we have (s = P;) Y, (t - Q;) up-to environment,
hence by Theorem B.44 t = Q; {4 if s = P; |4, hence t F run*'Q; |,
that is t = O [Q] Y-
— Ho-Ourt B _ B
e Subcase C, [P] =a(D, [P]).Cy,[P]
— ~ ~ @D [P
It 5 b Cy [P] L, we have s - a(*Dy [P)).Cp[P] =2 . Thus, ¢ -
N %o /—/¢ N ~ TUN ~ —_ X E(‘D;[QD
Cy QI =tk run*(@('Dy, [Q).Cr, [Q) ==t F a(' D, [Q]).Cr [Ql———
-le. th C[; [Q] ‘UE
e Subcase [ |;
By (€,7,5,0,t,0) € ¥, we have (s = P;) Y, (tF Q;), hence t - Q; |7 if
st P; g, hence t = run*‘Q; |g, that is t = C [@] lz.
In all the other cases, this subcase is similar, and we will thus not write
it anymore.
— Passtv
st Cy[P] = st alC,[P P la. Trivially ¢ - a[C] [Q]] la, hence t = C Q] =

t = run*(a|C] [ ) Va
— PaAr-L _ _ _
st Cy[P] = s CIP]|Cy,[P] |, hence s = C [P] {,.. By the induction
hypothesis, ¢ - Cp, [Q] U, hence t = C; [Q] = t I run**(C,[Q] | Cs,[Q]) I-
— PAR-R
Similarly.
- Rep _ _ B
skEC [Pl =sF 10, [ ] $u, hence s =1C] [P]| C,[P] |, By the induction
hypothesis, t - !C7[Q ]\C Q] Uy, hence t = C [Q] =tk run*‘(!Cf(][@]) Y.



— TRANSP
s = Cy[P] = s I a[CL,[P]] 1y, hence s = CL[P] l,,. By the induction

hypothesis, ¢t - C, [Q] {,, hence t F a[C] [Q]] Uy, hence t = CF Q) =t+
run®*(a[C,[Q]]) Y-

Reductions: the cases necessary to check for reduction closure are RUN,
TrANSP, PAR-L, PAR-R, REP, CREATE, REACT-L, and REACT-R.
The CREATE case is particularly different from the others.

— CREATE N N B

osFC;[P]:sFy:cC’[]—)sxFC’[]anthC’q’[Q]:tF
Tun*‘(ua:.Cl_q[Q]) N R

A similar transition can be taken by Q: ¢ = C Q] = run*(va. Cy, [Q])%

tkvr.Cy, Q) =tz F Ciy [Q] (we can choose the same name z for both
creations).
By (s - 0) Vg, (t - 0) and freshness of z, we have (s, - 0) Vg, (t,2 - 0)

which implies (r, sz, Cy, [P P, tz, Cy, [Q]) €s.

o [
We have (s - a[P}]) Vg, (t F a[Q]) and s - a[Pi] — s,z & a[P]] a('p))
s,z 0,80tk al@;]=t"F a[Q;/]Mt’ F0,and (s,z O)y(TP£,7‘Q;)®8;T

(t' F0), hence (r, sz, P/, t', Q%) € S. Also, t F run*(‘Q;)=tF Q;=t' + Q;
and we are done.
— RUN
e sk run(‘Cy, [P])—>.9FC’ [P]
We have s - run(‘C p[P]) — sk Cl_p[~] and Cp [P P] < C[P*]. We still
have C;° [Q] < C[Q1], so (r,s,P',1,Q) € S and we are done.

o [];
We have (s b a[P]) V., (t F a[Qi]) and s F a[P] —s - a[P]] = s 10,
s th Q] = " F a[Q"] L9y {0 and (st 0) Vi onsen (' 0),

hence (r,s, P/, t',Q}) € S. Also, t - run*(‘Q;) =t F Q; =t F Q) and we
are done.
— TRANSP B

e sta[C] [P]]—s'F a[R]
We have s = Cp, [P ] — & F R, so, by the induction hypothesis ¢ +
C q[Q] =t'F S and (r,¢,t,R,S) € S. Therefore t I~ a[C], Ql =t F
a[S], and (r,s',a[R],t',a[S]) € S since the fresh names (¢’ \ t) can be
guaranteed different from a.

o [ .
We have (s - a[P]) Vg, (t+ a[Q)), s - a[P] = &' - a[P] 22 o' 10,

So, t+ alQ) =t - alQY) 22 ¢/ 0, and (5' - 0) Vipr .ymen (' F O),



hence (r,s',a[P/],t',a[Q}]) € S since a can be guaranteed different from
(s"\'s) and t'\ t. Also, t F run*(‘Q;) =t F Q;=t'F Q) and we are done.
Again, this subcase always holds similarly, and thus it is not repeated
below.
— PAR-L _
S"Cp_[P]Zsl—C [P ]|C’2 [P }—)s l—R|C’2 [P ],1e sk Cp [ ]—>s FR.
So, by the induction hypothe&s t=Cy, [Q] =t'F Sand (r,s,R,t S) €Ss.
Therefore, t - run**(C [P Pl)=t'+ 810, [Q Q], and also (r, s’ R Cy, [P P|,t', S|
CylQ]) € S.
— PAR-R
Similarly
— REP
sk C, [P Pl=sk IC [P P]—s' - R, hence s IC [P ]|C’1p[ P]—s' - R. By the
induction hypothesis, ¢ - !C} [Q Q)| Cy, Q@ Q= t'+ S with (r,s',R,t',5) € S,
hence, t F !Cﬂz[@] =t FS t-Cy [Q] =tF run*‘(!Clq[Q]) =t F S, and
still (r, s, R,t',S) € S.
— REACT-L
There are several subcases.

e The two contexts react
sk C [ ] =sk Clp[PO»Pl] | C2P[P2:| — sk Clp[PO] | CQP[P27P1] Of
course, C can (weakly) do the same reaction, giving ¢t = C [Q} =tk
C{; [Qo] |C§; [Q2, Q1] and as expected (r, s, Ci; [Py] |C§; [Py, P1],t, Ci; [Qo]|
C5,1Q2,Q1]) €S

e O [P1] sends, P; in Cy [Py, Pi] receives.
st Cy [13]~: s CL [P |Co,[Pa, Pl —s = C1 [ P1]|Co [ P, PY). We know
that C7,[Q] can weakly do the same output transition on some channel o.

Also, we have (s - a[Pi]) Ve, (tF a[Qi]) and s & a[P] % s alP]] AN

s 0 for the same channel o € . So, t F a[Q;] = t" - alQf] E<;Q;>> t'H0
with (s = 0) Vipqnoer (' F0), hence t - C;[Q] = t' F C7/[Q1] |
Cé; [QQ, Q}] since the input can be done by @; and since Q; is (weakly) in
redex position, and (r, s, Cy, [P1]| Oy, [Pa, P, ', C1, [Q1]| C5, [Q2, Q1)) €
S.

e C, [132} receives, P; in Cp, [ﬁl,Pi] sends
s Cr[P] = s = CL [Py, P | Cyp[Pa] = s = Cp [Py, Pl]| Cy, (P2, Py

We know that Cy, [Q2] can weakly do the same input transition on some

channel o. Also, we have s - (a[Pi])Vg.,.(t F a[Q;]) and s F a[p,]ﬂ -
a[P)] M s k0, so, t - alQ;] —= 209y [Q”] 209y L0 with

(S F O)y(P SQj )@5 r(tl F O)LSO i Cq [Q]?t/ + Clq [QlaN i”CZq [QQ’ Qj}a
and (r,s, Cp [P, P[] | C5, [Pa, Pt C1 (@1, Q)] | C5,[Q2,Q))) €S



e Pin Clp[Pl, P;] and P; in CQP[PQ, ;] react
st Cy[P] = st Cy [Py, B] | Cy[Po, Pyl = 5 = Oy [Py, B | Gy [Po, P
We have (s, a,bl—a[ 3 OIP]) Ve an (5 @, bl—a[Q]| b[Q,]) and s, a, b}—

a(‘P!y b(‘P))
_—

alP] | b[Pj] — s,a,b = a[P]] | b[P]] —s,a,b - 0, so t,a,b

aQ’y b(‘Q’
alQi]1bQ;) =7, a,b F alQV] |6 2L X9y o b1 0 with (s,a,b -
O)y(_‘P;,‘Q;)@(‘P{,‘QQ)@E;mb(t’v a, b+ 0), hence (s - O)y(TPJ{7‘Q3)@(‘PZ7‘Q;)@5”0
(t’ F 0) up-to name creNation. Therffore, tECy [Q] =t F C{;N[Ql, Qi
[QZ? Q,] and ( [Ph Pz/]|C2_p[P27 PJ/]a t/a Ci; [Qla Q{L] |C£; [Q27 Q;]) €

— REACT-R
Similarly

Corollary B.48. For all P, Q, r and a such that r C f = fn(P,Q), a & f\r,
and (r,a b a(P)) ¥y, (r,a-a(Q)), we have f,at P =4 10k Q.

Proof. By (f,aF a(P)) yw;m (f,aFa(Q)), we have (f,at 0) y{ PiQ)}ira (f,ak
0), hence (r,s, P,t,Q) € S hence f,at P =, , f,at Q by Lemma B.47.



4 Completeness of environmental bisimulation
Lemma B.49. Run erasure of ~.

Proof. We show that {(r,s,P,t,Q) | P < PT,Q < QT,s+ Pt =, t+-Q*"} C

~
~.

— Derived from Corollary B.23.

— Derived from Corollary B.23.

— Conversely.

— Let u = fn(R)\ r. We have s,ut Pt | R =, t,ut QT | R by definition of
~and P|R< PT|R as well as Q| R< QT | R by definition of <.

Lemma B.50. [Completeness and environmental bisimulation]
Consider the set

X ={(Es 1,82, Plaa[Pr] | .. [ an[ P, e, Q| @1 [@Q1] | - .. [ @n[@n]) |
(@17/\/ TL) (Q17"'7‘Qn))g£ﬂ:7
(‘Pi,'Qi) =
E, CE, o o
sEP | i Py) = tE QI TTi, Vi Qa),
Eii grzv

r=1,® ﬁ @ ey, (B meaning no overlap)
§=Sg @f; D ey,

t=1t,® fi ® ey,

re C (s: Ntg)}

We show that X is an environmental bisimulation (up-to =).

Proof. We check each clause of environmental bisimulation (up-to context) against
X. We may just write [] for both T[T/, Ifi(‘P;) and ]/, 1fi(‘Q:), and ],
when there is an element added to the product. Context makes clear what is
considered.

— Reduction
1. su F Plai[P1]]...|an[Pa] = s, F P |a1[P1]]...| an]P,).

We have s F P|[[ ~, t - Q|]] and s - P |[][ =& + P'|]] with
s, =58, U(s"\ 9).
So, by clause 1 of Definition B.5, for some t' and @', we have t - Q |
[t FQ'|[]and s’ F P'|[] =, t' - Q'"|[] since the other subprocesses
in [ are guarded by a "fresh” guard f; and thus cannot reduce nor react
with anything.
Therefore, t - Q = t' F @', hence t, - Q | a1[Q1] | ... | an[Qn]) =t F
Q' a1[Q1]] .| an[Qn] for t, =t, U (t'\ t). Indeed, since created names
could not be free in £ by definition of the LTS (PAR-L, PAR-R), they
are not free in &;, and by r, C (s, Nt;) C (sNt) we know that they
will not clash with r, either. We will henceforth assume this implicitely.
Finau% (ga:armaS;:aP|a1[Pl]|"'|an[ ]a z’Ql|a1[Q1]| ‘an[Qn]) ex



2. P, 5 Pl
sk PI]] =r t F Q]]] so, for some fresh g and for ' = r + g, by
clause 4 of Definition B.5 we have s,g & P | [|fi(X).g[runX] = t,g F
Q[ IT1f:(X).glrunX].
Then, we can have a reaction between a copy of f;(‘P;) drawn from [],
and f;(X), giving 5,9 - P| [T 1f:(X).glrunX] > s5,g b P | I]|glrun‘P].
By clause 1 of Definition B.5, we thus have t,, Q, and Q;, such that,
by clause 2 of Definition B.5 and the fact that there is no input barb
on unique f; in LHS as well as the fact that there is an output barb on
unique g, we have t,g F Q | [T|fi(X).g[runX] = ta,9 F Qu | [119Qid]
and s, g = P[[]lglrun'P;] = ta, g Qa | T 19(Qial-
LHS can now do a run-transition s, g = P|[] |g[run‘P;] s, g = P|[] |9[Pi]
and thus, by clause 1 of Definition B.5, we have t;, @ and @Q; such that
ta, 9 F Qa | I1191Qia] = to, g = Qo | TT19[Qas] and s,9 = P [T]1g[Pi] ~r
ty, 9 Qo | [T19[Qi]
Then, we can now do the transition that corresponds to P; = P!: s,g -

K2

P|11lg[P] = s',gF P|]]|g[P]] and by clause 1 of Definition B.5 (and

2 on barb g), we have t,, g - Qb | []|9[Qib] = te, g - Qc | [119[Qic] and
S b PITH9lP) 0 terg - Qe| T l9lQuc.

Now, we can use clause 4 of Definition B.5 with known name g and
fresh name f, 11 and have, for e, = g+ fr11 and v’/ =r +¢,, §',e,
PIIT1g[P]] ] 9(X) frs1(X) o te, ex = Qe [ TT19[Qic] | 9(X).Lfrg1 (X).
We can have a reaction between g[ | and g( ): s',e, & P | ]|g9[F/] |
9 X)L foi(X) 5 8" ex B P T |'fus1(‘P!), hence by clause 1 of Defini-
tion B.5, as well as clause 3 on barbs g and clause 2 on barb f,, 1, we
have t., e, F Q. | H |9[ch] | 9(X)! frg1(X) = te, Q' | H 'frr1(Qia)
with Q;q = Q) or run‘Q;, as well as s', e, = P[] ' frg1(‘P]) mpr t/ €5 F
Q| TT I fr41(Qia)-

If Qia = @, then we have s',e, - P | | thee B Q | [l If
Qiq = run‘@Q;, then @Q; was not necessary in the reduction, and we have
s'sex B P|[],4q = t'sex = Q'|[ ], by run-erasure of =, only turning
Qiq = Tun‘Q; into Q;. This does not affect the transitions done by Q.
As a result from all these transitions notwithstanding the run-erasure,

we have that t, - Q| ai[@Q1] ] ... |a[Q:] |- | an[Qn] =t - Q" | a1]Q1] |
@@ - ] an]@n] and also (€, 74, 8L, Pl ar[P] | ... | ai[P!] ... ]
anl P, ty, Q" [ ar[@i] | .. | ai[Qi] | .- - [ an[Qn]) € X.

3. P and P; react.
Similar to the above case, but with s instead of s’ and s, instead of s,
(since no name is created by the reaction) and P’ instead of P after the
reaction.
As a result from all these transitions, we have that t, - Q | a1[@Q1] ] - .. |

ailQi] |- 1 an[@Qn] =t F Q' | ar1[@1] ] ... | ai[@}] | ... | @an[Qn] and also
(Earre; 50, Pl aa[PA] ] .. | ai[B] | ... | an[Pa] 8, @ [ aa[@1] |- - | ai[ Q] |
o an@Qr)) €X

4. P; and P; react.



sk P|[] = t+ Q|]] so, for some fresh g and h, e, = g+h and 7’ = r+e,,
using clause 4 of Definition B.5, we have s,e, = P |[]|fi(X).g[runX] |
£(X) hfrunX] 2, t.e, Q| TTIf:(X).glrunX] | £;(X).AlrunX].

We can have a reaction between (a copy of) !f;( ) and f;( ): s,e, - P |
[T1£:(X).glrunX] f; (X).hlrunX] s, e, & P lglrunt P f; (X). hlrunX].
By clause 1 of Definition B.5, RHS will do a reduction too, and by
clause 3 of Definition B.5 on f;, g and 2 on f;, !f;( ) and fz( ) will
react too in RHS, while !f;( ) and f;( ) will stay. In other words:
toex = Q| TTIfi(X).glrunX] | f;(X).hlrunX] = ta, ez & Qa | [T19[Qid] |
f]( ).h[runX] with s, e, = P | []|glrun‘P;] | f;(X).hlrunX] =~ tq,eqx F
Qa | [T19[Qia] | f;(X).h[runX].

Similarly, with the reaction s,e, = P |[]|g[run'Pi] | f;(X).h[runX] =
s,ex = P T 1g[P] | hlrun‘P;] between !f;( ) and f;( ), we have t4, e, b

Qa | TT19[Qia] | £3(X)-h[runX] = ty,ex = Qp | [1]9[Qa] | h[Qjp] with
s,z = P [[T|glrun'Bi] | hlrun'Pj] o ty, 2 = Qo | TT19[Qu] | AQj0)-

Then, we can do 2 run transitions which will be weakly followed by
RHS according to clause 1 of Definition B.5, while preserving g[ | and
h[ ] by their uniqueness and clause 3 of Definition B.5, and we obtain
S, €y I—P|H\g[runP]|h[runP] 2 2 Dosse B P TTI9lP] | AP,

th,ea E Qp | H ‘Q[sz] | h[Q]b] :>tm ex - Qc | H |9[Q2c] | h[Q]c] and s, e, -
P|TT|g[Pi] | hlP;] = te, eq b Qe | TT191Qic] | hIQjc].

It is now possible to mimick the reaction of P; and P; in X: s,e; F
P | 11g[P] | h[P;] D s,ex = P I1glP!] | h[P ] which is matched by

te,eq F Qe | H |9[Qw] | h[QJC] = ta, ez = Qq | H |g[de] | h[de} such that
s,ex & P19l | h[P]] =~ ta, ex = Qa | 1T 19[Qidl | h[Qjadl-

Using clause 4 of Definition B.5, we can now spawn another process
with fresh names f,,11 and f,, 12 and have, for €, = e, + fr41+ fni2 and
" =r+ey: s e b PI[TIg[E]IAP}]g(X) ! fnia (X) | A(X)! frp2(X) mp
ta, e, = Qa | [T19[Qidl | h[Qja] | 9(X).!frgr (X) [ A(X). frsa(X).

We can now do a reaction between g¢[ | and g( ), which will be followed (by
clause 1), consuming g[ ] and g( )too but leaving h[ | and h( ) (by clause
3 and uniqueness of each barb on g and h) giving s,eh = PlT11g[P] |
h[P]] | 9(X) A g1 (X) [ (X)) g2 (X) = s, e = PT] \h[ N a1 ()|
h(X) M fnr2(X) as Well as ta, ey, F Qa ] \Q[de] | h[Qjd] \g( ) 1 (X) |
W(X) g2 (X) S te, ef F Qe T |R[Que] [ (¢ Qic) [M(X) 1 fn12(X) and
s, €, = PITTIAP fnia (B [A(X). L frg2 (X) = te, € B Qel [T [R[Qic]|
Vg1 (Qie) | (X)) fry2(X).

Similarly, we can have and follow a reaction between !h[ ] and h( ) and
have s, €, = P[] |Ufni1 (B [ Wns2(F) mpr € = Q[ TT N g1 (Qie) |
!fn+2<‘Qie>-

As in the previous cases, we have that Q;e (resp. Q;e) is either run‘Q; or
Q; (resp. run‘Q; or Q}) and we can use run-erasure if necessary without
interfering with the transitions.




As a result from all these transitions, we have that t, - Q | a1[@Q1] | ... |
il Q] 105(Q]1- - |an[@u) 2, F Q' ar[Qu]] | acl@!) [ 45(@1)] | anf@ul
and also (Ex, 7z, 82, Plai[Pr]]. . |ai[P]]|a;[P]]|. . .|an[Pn], 1, Qa1 [Q1]]
Q) a5 | anl@nl) € X

. P passivates a[P;].

st P[] =rtE Q]]] so, for some fresh d, and by clause 4 of Defini-
tion B.5 s,d = P |[]|fi(X).Ja(X).d =g t,dF Q| ] |f:(X).la({X).d.
Then, we can have a reaction between (a copy of) !f;( ) and f;( ): s,d -
P|[T1f:(X).Ja(X).dss,d = P|[] |'@{*P;).d. By clause 1 of Definition B.5,
RHS can weakly follow: t,d - Q | []|fi(X).!a(X).d = to,d - Qo | []|Ra
for some R, (which can only be one of 1a(‘Q;).d, or d (since d is fresh
and since clause 3 enforces we consumed f;(X))) and we have s,d F
P 'a(X).d ~piqta,dF Qqu | ] | Ra-

Then, P can input P;: s,d = P|] |'@a(X).d > s,d F P'|]] |d and, weakly,
we get to,d - Qu | [[|Ra = ty,d - Qp | []| Ry and s,d = P’ |[]|d ~pia
ty,dt Qp | [[ | Ry for some Ry, which has still to be one of 1a({‘Q;).d or d
because of clause 2 of Definition B.5 on barb d.

We can now spawn with clause 4 a process: s,d = P'|[[ |d|d ~1q ty,d -
Qb | TT|Ry | d and have a reaction: s,d = P |[[|d|d = s,d + P'|[] By
clause 1 of Definition B.5, we have t,,d - Qp | [[|Ry |d = t',d - Q' | ]
and s,d F P |[] ®r4a t',d F Q" | I] since necessarily by clause 3 of
Definition B.5, there must be no d left in RHS otherwise LHS could not
exhibit the same barb.

This means that @) has weakly been able to input (); on channel a at

some point, as: Q = M = @Q'. Therefore, we have (E,,74, 4, P’ |
ar[P]]...(J0) | ... | an[Pnl, th, @ | a1[@1] | --- (JO) | ... | an[@n]) € X.

. P; passivates a;[P;].

st P|J] = t F Q]]] so, for some fresh d and g, by clause 4
of Definition B.5, for e, = d + g and ' = r + e,, we have s,e, F
PTTIA(X) fa(X).d | f;(X).glrunX] =t e, B Q[ T]1fi(X).fa(X).d |
fi(X).g[runX]. o

Then, we can, as usual do a reaction between !f;( ) and f;( ) (which is
followed by consuming f;( ) too in RHS by clause 3 of Definition B.5, but
does not consume f;( ) for the same reasons), then a reaction between
If;() and f; which is followed, and we get s,e, = P | []|f;(X).!a(X).d |
fi(X).glrunX]5 5, e, B PITT '@ Pi).d|g[run'P;], t, e, = QITT | fi(X).Ja(X).d|
fi(X).glrunX]=2t,, e F Qo | |Ra|9[Qjal, and s, e, = P|T] '@ P;).d|
glrun'Pj) =y tg,ex - Qo | [ Ra | 9[Qja] for some R, in la(‘@Q;).d, d.
Then, we can do a run -transition, weakly followed as usual, to get s, e, F
P|T1'a(P).d | glrun‘P;] ™% Dss e, = P T |'a(‘P;).d | g[Pj], ta,ex -
Qa[TT|Ral9[Qja] = th; o = Qo | TT1Rs9[Qjo], and s, e, = P[] [1a(P).d|
g[P;] = thex F Qo | [T |Rs | 9[Qjs] for some Ry in 1a(‘Q;).d, d.

Then, we can have P; input ‘P;: s,e, = P |[['a(*P;).d | g[Pj] = s,es I-
P|T1|d| g[P}], hence ty, e, & Qu|[T|Rb|9[Qjp) = tes ex b Qc| [T1Re19(Qjc]



and s, e, = P|[[|d] g[P]] = te,ex b Qe | [T Re | 9[Qje] for some R, in
1a(‘Q;).d, d because of clause 2 on barb d.

Then, we can remove the d by spawning d and causing a reaction: s, e, F
PI[TId]g[Pj]|d ~y te,ea b Qc|IT|Re|91Qjc]|d and then s, e, = P[] |d|
glP;] |d 5 s,e. - P|]] lg[P]], hence t., e, = Q[T Re|9[Qjc] |dStq, e, -
Qa|Il19(Qja], and s,ex & P[] |g[P]] = ta, ea = Qa|I119[Q)d] because
RHS had to consume 'a{‘Q;) otherwise LHS could not exhibit barb d.
Now, we spawn another process with fresh f,,11, and for e/, = e, + fr41
and " =1 + e}, we have s, e}, = P[[][g[P}] | g(X).! frns1(X) 2 ta, e
Qa | IT19[Qja] | 9(X).! fri1(X).

And we can do one last reaction which will be followed by the same reac-
tion, and some internal reductions of Qa: s, ¢}, b P|[T [g[P}]|g(X).! fri1(X) 5

s, b P T en(B) + tacey b Qul T1g[Qual | 9(X) Frr(X) 2
toel b QT ust(Qic) with s,¢, b P T fusi(Py) =g 6, -
Q' [ TII'fns1(‘Qic) and Qe being either run‘@; or Q.

There are two possible cases, either ) did the input at some time, or
Q; did it. If @ has done the passivation, as in the above case, proper
transitions exist and membership to X is guaranteed (via erasure of
run‘@;’s run if necessary) If Q; has done the passivation, then necessarily
its outer run has been consumed, and there is no need for any erasure.

Again, this shows that the transition could be done by the member of
X, and that we still are in X.

— Outputs
1. p M0, pr,

so, for fresh g and f,, 1, using clause 4 of Definition B.5, for e, = g+ f, 11
and ' = r 4 e;, we have s,e; B P | []]a(X).g.! fnt1(X) ~p t,ep F
Q| T a(X).g.! fap1(X).

We can have a reaction that consumes a(X): s, e, = P|[] |a(X).g.! fur1 (X))
s,ex = P[] g frns1 (M), followed weakly: ¢, e, - Q|[] |a(X).g.! frr1(X)=
to,ex B Qq | [[|Ra such that s;e, = P | [] g fns1{M) ~p ta,e, b
Qo | [T|Re with R, one of a(X).g.! fr41(X) or g.! fry1(X) since clause 2
of Definition B.5 enforces that R, has barb g.

Then, we can spawn g: s, e, = P/|[][9.! frns1 (M)|G =0 ta, s F Qa1 |Ral
g and have a reaction to remove g and g: s, e, = P’ | ] |g.! fus1 (M) |5 =
s,ep = P'|[] | frs1 (M) which is followed by tq, e; F Qu|[] |Ra|g=t', €2 F
Q' | TI|R such that s,e; = P'| [ 1/ fne1 (M) ~p t' e, = Q" | []|R' with
necessarilly R’ = !f,,11(N) since LHS has no barb g left.

This means that ) has weakly been able to output N on channel a at

some point, that is that ¢, F Q| a1[Q1] | ... | an[Q@n] 2N o F Q|

al[Ql] | | an[Qn] and, as it happensa ((Mv N)@gmarmvsmpl ‘ al[Pl] |

vl an[Prlyth, Q' a1[@1] ] - .. | an[@n)) € X since (M, N) is now in &.
2. Passivation of a[P;].

Immediate.

3. p 100, pr.




For fresh g, using clause 4 of Definition B.5, we have s, g = P|[[ | fi(X).g[runX] ~, 14
t.g = QIITIfi(X)-glrunX].

We can do a reaction to consume f;( ) and get s, g = P|[] | fi(X).g[runX]=

s,g & P |[llglrun‘P}], hence t,g = Q | [T|f:(X).glrunX] = to,g F

Qa | H |9[Qm] and s,g - P| H |g[run‘Pi] Rptg ta,g b Qa | H ‘Q[Qm]

Then, we can remove the run: s,g - P | []|g[run‘P]] =% Dis,g - P |

[T19[P], hence ta,g = Qu | IT19[Qia] = to, 9 = Qo | [T]9[Qis] and s, g =
P I T1I9IP) %oty Ztong = Qo | T1191Qur).

We can now spawn a receiver on a with fresh names f,4+1 and f, 2.
For e, = g+ fot1 + fote and ¥ = r + e,, we have: s,e, b P |
IT19[P:] | a(X).g(Y)(Fars (X) | Fga(Y)) ~rv toew b Qo | TT191Qu] |
a(X).g(Y) (1 frnr1(X) | Vfnt2(Y)) for v = r+e,, and have LHS react
on a(X): s,e, = P |T]1g[P] | a(X).g(Y)(far1(X) | fat2(Y)) T s,e0 &
PITTgP] | g(Y)(Unpr (M) | fng2(Y)) hence ty,ex B Qp [ IT19[Qu] |
a(X).g(V) (For1 (X) | Forr2 (V) 2 tev 0 b Qc | TT191Qus) | Re and s, e,
PITLI9IP) | 9(V) (st (M) | s (V) v teves b Qe | T1191Qus) | Be
with R in' a(X).g(Y).(Fog1 (X ur2 () 08 (V). (Fourt (V) g2 (1))
because LHS still has barb g.

Then, LHS can react on g: s, e, = P[] |g[P/]|g(Y) (! frr1 (M| fria(Y)) >
s,€0 = P | TT1/fara (M) | far2(‘P)), hence te,eq - Qc | TT|9[Qu] | Re =
theg B Q| TINfat1(N) | Uni2(Qic) and s,ex = P | [[[!fns+1(M) |
V2 (Pl) ~p ten B Q| TT N ns1(N) | fag2('Qic) since LHS has no
more barb on g, which enforced the reaction with a(X) in R, or its
‘parent’ at some point.

Again, Q. is either run‘@Q; or some Q7. If it is run‘Q;, then we can use
run-erasure of ~ and we are done since it was not used in the transitions.
If not, then its outer has been consumed, and we’re done.

Again, this shows that the transition could be followed by RHS of the
member of X', and that we still are in X.

— Inputs

1. p24D, pr

For some fresh d, and some O such that fn(O) C r,, O{'Py/Xa,...,'Py/Xp} =
M, we have s,d = P |[[|fa(Xa).-... fo(Xp).a(0).d mpiq t,d F Q|

H |fa(Xa) ---- fb(Xb)a<O>d

We can do all the reactions on f,( ),..., fp( ), and they’ll be followed by
clauses 2 and 3 on barbs, hence we have s,d - P|[]|fo(Xa)- - - - fo(Xp).a(0).d">
o Ds,dE PIT@(M).dt,d- Q|| fu(Xa)-- ... fo(Xp).@a(0)d=> ... >

tard b Qu | TT|Ray 5,d 1 P | TT[a(M).d ~ysa tard b Qu | I]| R0 with R,
being a(N).d or d by clause 2 on barb d and 3 on fj.

Then, LHS can react on a(M): s,d = P|[[ [a(M).d"s,d - P'|[] |d hence
taydF Qu|]|Ra=ts,d = Qu|TT|Rs, 5,d F P'|[1|d =rsa tv,d F Qu|[T1Rs
with R} being a(N).d or d by clause 2 on barb d.

By clause 4 of Definition B.5, we can spawn d: s,d = P' | [[|d | d ~r+a
ty,d = Qp |1 | Ry | d and have a reaction: s,d = P'|[|d|d = s,d = P'|]]




hence t,d = Qy | [[|Ry |d=t',d - Q" | [ with s,d = P |[] ~prat/,dF
Q' | T] by the clause 3 of Definition B.5 on barb d.
Again, this shows that the transition could be done by the member of

X, and that we still are in X.

2. p, A, pr.

For some fresh d, and some O such that fn(O) C r,, O{'P, /X4, ..., P/ Xp} =
M, we have s,d F P | []|fa(Xa).---. fo(Xp).@a(0).d ~pyq t,d F Q|
fe(Xa)----. f5(Xp).@(O).d. We can do all the reactions on fo(),. .., fo(),
and they’ll be followed by clauses 2 and 3 on barbs, hence we have
s,dF P |fa(Xa)- - fo(Xp)@(O)d D> ... 5 s,d = P|]] [a(M).d and
td b Q| TIIfa(Xa) - . fo(Xp).@0O)d = ... S te,d F Q| []|Ra and
s,dF P|][|@a(M).d~piqte,dt Qu|[]|Re with R, being a(N).d or d
by clause 2 on barb d.
We can now spawn with clause 4 of Definition B.5 a process with free
name g, and, for e, = d+ g and r’ = r + e,, erase the run’s from s, e, F
P[lla{M).d| fi(X).g[runX] m ta,ex F Qu | [[|Ra | fi(X).g[runX] to
get s,e, b P | T][a(M).d | gIP] = taasea b Qua | TT|Raa | 91Qua] by
clause 3 of Definition B.5 on barb f; and 2 on g.
Then, LHS can react on a(M): s,e, = P |[[|[@a(M).d|g[P;] = s,e. - P|
[T1d|g[P{] hence taq, ez - Qaal[T|Raalg[Qiaal=tb. €z = QulIT [Rs|9[Qut],
and s,e; = P | [[|d ]| g[P!] = tv,ex b Qv | T1|Rs | 9[Qis) with Ry being
a(N).d or d by (now) clause 2 (too) on barb d.
By clause 4 of Definition B.5, we can spawn d: s, e, - P|[] |d|g[P/]|d =~
ty,ex = Qu|[]|Ro|9[Qis] |d and have a reaction: s, e, - P|[]|d|d|g[P!/] =
s, €z = P|[]|g[F]] hence ty, e; = Qu|] ] |Rb|g[Qind:T>t07 ez - Qc|[T19[Qic]
with s,e; B P | I[|9[P!] = tesex B Qc | I119[Qic] by the clause 3 of
Definition B.5 on barb d, which enforced the reaction on channel a in R
(or its parent) in the RHS.
Finally, to put P/ and Q;. in the environment, we spawn a process with
free name f,, 41, and for €/, = e, + f, 1 and "’ = r + e/, we have: s, e, -
P | H ‘g[ljzl] | g(X)'fn+1<X> a2 tc,(i; F Qc | H |g[ch] ‘ g(X)'fn+1<X>
and derive, as expected, s,e;, = P | ][, = te,e, Qe[ [],4, with
the right transitions, using the run-erasure if necessary.
Again, this shows that the transition could be done by the member of
X, and that we still are in X.
— Spawn clause.
Immediate by definition of X'.
— Name creation.
We can add any name not in s, ¢t to r (hence not in s,, ¢, to r,), so that
they do not clash with other names, by choosing another 7.
— Converses of 1, 2 and 3.
Similarly.

Corollary B.51. [Completeness of environmental bisimulation]
IffEP=, fFQwithr C f= fn(P,Q), then f= P ~p.,. fFQ.



Proof. From Lemma B.50.

Corollary B.52. [Completeness of environmental bisimulation w.r.t. reduction-
closed barbed congruence]

If frab P =g frak Qwithr C f = fa(P,Q), then f,a = a(P) ~y,q fra k-
Q).

Proof. By f,a b P 2., f,a+ Q, we have f,a - a(P) ~,., f,a F @(Q), hence
f,a B a(P) = f,a F @(Q), hence f,a = @(P) ~p..q f,a - @(Q) by Corol-
lary B.51.

Definition B.53. We write P =, Q if (f F0) ~UEPAQ) (fFEO) withr C f =
n(P,Q).

Corollary B.54. [Characterisation of reduction-closed barbed congruence]
P=,Q ifand only if f+ P =, f+Q withr C f = fn(P,Q).

Proof. (=): from B.47.
(«<): from B.52, and then by output to a.



