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Abstract

In the search for a logic capturing polynomial time, the most promising candi-
dates are Choiceless Polynomial Time (CPT) and rank logic. Rank logic extends
fixed-point logic with counting by a rank operator over prime fields. We show that
the isomorphism problem for CFI graphs over Z,: cannot be defined in rank logic,
even if the base graph is totally ordered. However, CPT can define this isomor-
phism problem. We thereby separate rank logic from CPT and in particular from
polynomial time.

1 Introduction

The quest for a logic capturing polynomial time (PTIME) is one of the central open
questions in the field of descriptive complexity theory [18]. This question [8] asks whether
there is a logic within which we can define exactly the polynomial-time computable
properties of finite relational structures. The two most promising candidates for such a
logic are Choiceless Polynomial Time and rank logic [16]. In this article we rule out rank
logic as a candidate. We show that rank logic neither captures PTIME nor Choiceless
Polynomial Time.

Rank logic was introduced in [11] and extends fixed-point logic with counting (IFP+C)
by a rank operator. Using this rank operator, the rank of definable matrices can be
accessed in the logic. Multiple variants of rank logic were proposed. In its first version [11],
rank logic comes with a rank operator rk, for each prime p. If the universe of a finite
structure is A, then an A* x A* matrix is defined by a term s(Z, ) by setting the entry
indexed by (u,v) to the value s(u,v), to which s evaluates in the structure. The rank
operator rk, evaluates to the rank of said matrix over F,. When considering A* x A*
matrices, we call the rank operator k-ary.

Crucially, rank logic defines the isomorphism problem of the so-called CFI graphs.
These graphs were given by Cai, Fiirer, and Immerman [6] to separate IFP+C from
PTiME. From a base graph, one obtains a CFI graph by replacing every vertex with
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a particular gadget and by connecting the gadgets of adjacent vertices. A connection
between two gadgets can either be straight or twisted. The essential point of the con-
struction is that two CFI graphs over the same base graph are isomorphic if and only if
they have the same parity of twisted connections. In particular, for each base graph there
is a pair of non-isomorphic CFI graphs. The CFI query is the task of defining whether
the parity of twisted connection of a CFI graph is zero. CFI graphs implicitly define
a linear equation system over Fy, which is solvable if and only if the parity of twists is
zero. That is, the CFI query is decidable by checking these linear equations systems for
solvability. Given a CFI graph, the matrix corresponding to the linear equation system
is definable in rank logic and, by considering ranks, also whether it is solvable.

The CFT construction is not restricted to the field Fy but can be generalized to other
finite fields F,, or even groups (see e.g. [3, 17, 28]). In the case of F,, there are p many
non-isomorphic CFI graphs for a given base graph. Gradel and Pakusa [17] used CFI
graphs over prime fields to show that extending IFP+4C by the rank operators rk, is
not sufficient to capture PTIME. If the CFI graphs are defined over F,, then the CFI
query over [F,, is not definable only using rank operators rk, for other primes ¢ # p. This
implies that there is no single formula of this variant of rank logic defining the CFI query
for all CFI graphs over an arbitrary prime field. An alternative variant of rank logic
was proposed in [17, 23, 25, 30]. It replaces the rank operators rk, for fixed fields by a
uniform rank operator rk, which defines the prime p using a formula, i.e., p depends on
the structure on which the formula is evaluated. This second variant of rank logic defines
the CFI query over all prime fields.

Another example that demonstrates the expressiveness of rank logic are multipedes.
These structures come also with an isomorphism problem, which cannot be defined in
I[FP+C but in rank logic [21, 23]. Moreover, rank logic captures PTIME on the class of
structures with color class size two [33]. An open question in [9] is whether rank logic
can express the solvability of linear equation systems over finite rings rather than only
over finite fields.

In this article, we show that rank logic fails to define the CFI query over the rings Zy:
for every i € N. As in the case for fields, we consider the class of CFI graphs over all
rings Zqi and not a fixed one. This result eliminates rank logic as a candidate for a logic
capturing PTIME. As for Fy, the isomorphism problem for CFI graphs over Z,: can be
translated to a linear equation system over Z,:. Hence, we also answer the question for
solvability of linear equation systems over finite rings, where the ring is part of the input
and so encoded in a relational structure, in the negative. Even more, we do not only
separate rank logic from PTIME but also from the logic of Choiceless Polynomial Time.

Choiceless Polynomial Time (CPT) was introduced in [5]. It is a logic manipulating
hereditarily finite sets and expresses all common operations on finite sets. The key point
is, that by definition of CPT it is impossible to pick an arbitrary element out of a set.
If one wants to process an element in a set, one has to process all of them. This makes
CPT choiceless and thereby isomorphism-invariant. CPT defines the isomorphism prob-
lem of CFT graphs over Fy if the base graph is totally ordered [14] (which is sufficient
to separate IFP+C from PTIME). More generally, CPT captures PTIME on the class of
structures with bounded color class size, where the automorphism group of each color
class is abelian [33]. This result is established by showing that CPT defines the solvabil-
ity problem of a certain class of linear equation systems. Gradel and Grohe suggested



that this class of equation systems might be a candidate for separating CPT from rank
logic [16]. The result on bounded abelian color classes in [33] can be strengthened to not
necessarily bounded color classes, as long as a total order of the automorphism group of
each color class is given [30]. Using this result we show that CPT indeed defines the CFI
query over Zqi for every ¢ € N for totally ordered base graphs. Hence, we separate rank
logic not only from PTIME but also from CPT.

Our Techniques. We consider CFI graphs over Z,:. The automorphism groups of
these graphs are 2-groups. We show that in this case formulas containing the uniform
rank operator rk without a fixed prime can be translated to formulas only using the rks
operator. To do so, we use the result of [17] stating that on CFI graphs, whose automor-
phism groups are p-groups, rank logic formulas only using rank operators rk, for g # p
can be simulated by IFP+C. Hence, if there is a formula defining the CFI query over Z,;,
we can assume that it only uses the rank operator rks.

To prove that rank logic cannot define the CFI query over Z,:, we use game-based
methods. For IFP+C there is the well-known Ehrenfeucht-Fraissé-like pebble game, called
the bijective pebble game [22]. It can be used to show that a property is not IFP+C
definable. Such a game also exists for the extension by rank operators [13]. During the
game, ranks of matrices are computed, which are defined over the two graphs, on which
the game is played. To show that a property is not definable in rank logic, it must always
be possible to play in a way that the ranks of corresponding matrices for the two graphs
are equal.

During the rank pebble game the two matrices (one for each graph) are partitioned
into classes. Then one has to consider all labelings of the corresponding classes with values
(0 and 1 in the case of Fy). This makes it in particular hard to prove that for every such
labeling the two matrices have the same rank. To overcome this problem, we actually
prove a stronger result and consider matrix similarity. Dawar and Holm [13] introduced
the invertible-map game, which requires matrix similarity instead of matrix equivalence.
In fact, simultaneous similarity of two sequences of matrices is required: each class in the
partition gives rise to one matrix in the sequence, which only labels that that particular
class with 1 and all others with 0. Every matrix obtained by labeling the classes can be
expressed as a sum of these matrices labeling exactly one class with 1. Because matrix
similarity implies matrix equivalence (and so equality of ranks), this game is potentially
more expressive in the sense that it possibly distinguishes more structures.

We use the invertible-map game to prove that there are non-isomorphic CFI graphs
that cannot be distinguished by rank logic. We partition the matrices into orbits and
show that the induced sequences of matrices are simultaneously similar. Indeed, we show
that for every k there is an ¢ such that Duplicator has a winning strategy in the k-ary
invertible-map game played on CFI graphs over Z,: whenever the base graph is sufficiently
connected and its girth is sufficiently large. Requiring large connectivity is common for
these arguments [6, 17], but the girth condition is specific to our construction.

The challenge for Duplicator in the invertible-map game is to come up with an invert-
ible matrix proving simultaneous similarity of two sequences of matrices. To construct
such matrices, we use two ingredients. The first consists of sets of local automorphisms
we call blurrers. They satisfy some symmetry properties but contain a certain asymme-
try. We use this asymmetry to “blur” the twist between two non-isomorphic CFI graphs,



that is, we “distribute” it among multiple edges in the graphs. Because of the symme-
try of the blurrers, it is “hard” to detect the blurred twist in the invertible-map game.
In particular, if we only consider l-ary rank operators, blurrers suffice to construct a
winning strategy for Duplicator. Considering arity k& becomes inherently more difficult.
While the argument for the l-ary case is a local argument, in the k-ary case we have
to consider k-tuples combining vertices scattered in the graph. However, we can use the
blurrers such that only for k-tuples containing vertices of a single “problematic” gadget
(and possibly other vertices far apart) the blurrer is not sufficient to prove simultane-
ous similarity. Here we use the second ingredient. We make an arbitrary vertex of the
problematic gadget a parameter. This fixes the problematic gadgets and it suffices to
consider the (k — 1)-tuples where the vertex of the problematic gadgets is removed. We
recurse on the arity and obtain for every edge, between which we blurred the twist, a
similarity matrix for arity (k — 1). Using the large girth of the graph, these edges are
chosen sufficiently far apart each other. This is important to combine the (k — 1)-ary
similarity matrices with the blurrer to obtain a similarity matrix for the k-ary case.

Related Work. Hella [22] showed that for generalized Lindstrém quantifiers the ex-
pressiveness strictly increases with the arity. A similar result can also be given for rank
logic [11, 23, 25]. In that light, the increased complexity of our approach for the k-ary
case compared to the 1-ary case is not surprising.

We use the already mentioned result of Gréadel and Pakusa [17] to argue that it
suffices to consider the rank operator rky over Fy for CFI graphs over Zo:. Consequently,
we have to consider the invertible-map game [13] for Fy only. Indeed, it was shown by
Dawar, Gréadel, and Pakusa [10] that a similar result also holds for the invertible-map
game and the equally expressive linear-algebraic logic: When considering CFI graphs
over [y, arbitrary linear-algebraic operators over [F, for p # 2 do not define the CFI
query. Recently, this result was combined with the results of this article by Dawar,
Grédel, and Lichter [12] to show that linear-algebraic logic does not capture PTIME,
either.

Closely related to computing ranks is checking linear equation systems for solvability.
Atserias, Bulatov, and Dawar proved that IFP+4C does not define solvability of linear
equation systems over finite rings [1]. Solvability of linear equation systems of prime-
power fields is definable in rank logic [23]. So, because prime-power fields reduce to prime
fields in rank logic, it is conceivable that a variant of rank operators using prime-power
fields does not define the CFI query over Z,i, either.

While IFP+C fails to capture PTIME for CFI graphs, there are many other graph
classes on which IFP+C captures PTIME. These include, e.g., graphs with excluded
minors [19] and graphs with bounded rank width [20]. While showing that rank logic
defines the CFI query for prime fields is rather simple [11], this is a non-trivial result for
CPT. The already mentioned result by Dawar, Richerby, and Rossman [14] uses deeply
nested sets and is restricted to totally ordered base graphs. This result was strengthened
by Pakusa, Schalthéfer, and Selman [31] to base graphs with logarithmic color class size.
Recently, the result for bounded abelian color classes by Abu Zaid, Gradel, Grohe, and
Pakusa [33] was extended by Lichter and Schweitzer [27] to graphs with bounded color
classes with dihedral colors and also for certain structures of arity 3.



Structure of this Article. After providing some preliminaries in Section 2, we intro-
duce variants of rank logic in Section 3 and the invertible-map game in Section 4. Then
we give a CFI construction suitable for our arguments in Section 5. Next, we discuss
matrices defined over CFI structures in Section 6 and develop a criterion for invertibility
of such matrices over F,. This will be used in Section 7, where we treat the case of
l-ary rank operators and introduce blurrers. Section 8 defines the notion of the active
region of a matrix. This is used in the case of general k-ary rank operators in Section 9
to successfully combine the matrices obtained from recursion. There we also generalize
blurrers to the k-ary case. Finally, we separate rank logic from CPT in Section 10 and
conclude with a discussion in Section 11.

2 Preliminaries

We denote the set {1,...,k} by [k]. Let N and I be finite sets. The set of I-indexed
tuples over N is denoted by N. For a tuple t € N the entry for index i € I is written
as t(i). For k € N, t € N¥* = NIl and i < k we also write ¢; for the i-th entry. The
concatenation of two tuples 5 € N¥ and ¢t € N* is denoted by 5t € N***. The restriction
of t € NT to K C I is denoted by t|x € N¥.

For two finite index sets I and J, an I x J matrix M over N isamap M: [ xJ — N.
We write M (i, j) for the entry at position (7, j). The identity matrix is denoted by 1 and
the zero matrix by 0.

We write Z; for the ring of integers modulo j. Its elements are {0,...,j — 1}. For a
tuple a € Z] we set 3. a := Yy a(i) and likewise for a function f: I — Z;.
A (relational) signature 7 = { Ry, ..., R/} is a set of relation symbols with associated

arities r; € N for each i € [(]. A 7-structure 2 is a tuple % = (A, R}, ..., R}') where
R¥ C A" for all i € [¢]. The universe of 2 is always denoted by A. In this article, we only
consider finite structures. A pebbled structure is a pair (2, u) of a relational structure
and a tuple u € A*. Two pebbled structures (2, %) and (B, ) are isomorphic, if there
is an isomorphism ¢: A — B such that ¢((,u)) = (2B,v). That is, every isomorphism
has to map @ to v. An automorphism of (2, @) is an isomorphism (2(,u) — (2, u). The
automorphism group of (2, u) is denoted by Aut((2(, u)).

Let G = (V, E) be a simple graph. For vertices x,y € V we denote their distance
in G by distg(z,y). For two sets X,Y C V we set distg(X,Y) := min,ex yey distg(z, y)
and likewise distg(z,Y) = distg({z},Y) for a vertex x and a set Y C V. The set of
neighbors of a vertex x € V is denoted by Ng(z). The k-neighborhood of z in G is
NE&(z) == {y € V | distg(x,y) < k}. The induced subgraph of G by W C V is G[W].
The graph G is k-connected, if |V| > k and for every V' C V of size at most k — 1,
G\ V' is connected. That is, after removing k — 1 vertices, G is still connected. The
girth of GG is the length of the shortest cycle in G.

Let T" be a finite permutation group with domain N and let p be a prime. If for every
o €T there is an ¢ such that o is of order p’, i.e, ™) is the identity, then I' is called a
p-group. The orbit of n € N is the set {o(n) | ¢ € I'}. In this way, N is partitioned
into orbits. This notation generalizes to k-tuples. A k-orbit is a maximal set P C N¥,
such that for every n,m € P, there is a ¢ € I' such that o(n) = m. We write orbs;(I")
for the set of k-orbits of I'. The group I is transitive if |orbs;(I')| = 1. If additionally



II'| = |N|, then T is called regular. The k-orbits of a pebbled relational structure (2, u)
are orbsy (A, w)) := orbs (Aut((2, u))).

3 Rank Logic

In this section we consider rank logic, an extension of inflationary fixed-point logic with
counting by a rank operator. Let % = (A, RY,..., R}) be a relational r-structure. We
set 7% = 7w {-,+,0,1} and A* = (A, RY,..., R} N,-,+,0,1) to be the two-sorted
T#-structure' that is the disjoint union of 2 and N.

Fixed-Point Logic with Counting. We introduce IFP+C, the fixed-point logic with
counting (proposed in [24], also see [29]). Let 7 be a signature. IFP+C is a two-sorted
logic using the signature 7# with element variables ranging over the universe of the input
structure and number variables ranging over the natural numbers. We use the letters z
and y for element variables, Greek letters v and p for numeric variables, ® and W for
formulas, and letters s and ¢ for numeric terms. For a tuple of variables or terms we
write z, v, and s respectively.

[FP+C-formulas are built from first-order formulas, a fixed-point operator, and count-
ing terms. To ensure polynomial-time evaluation, quantification over numeric variables
needs to be bounded: Whenever ® is an [FP+C-formula, v is a numeric, possibly free
variable in ® and s is a closed numeric term, then

Qu<s. &

is an IFP+C-formula, where Q € {V,3}. We now consider (inflationary) fixed-points.
Let R be a relation symbol to define using a fixed-point. The relation R can contain both
elements of the universe and numbers as follows. Let ® be an IFP+C-formula, z and v
be variables, and s be a tuple of |¢| many closed numeric terms that bound the values
of v. Then
lifpRz0 < 5. ] (z0)

is an [FP+C-formula. To relate element and numeric variables, [FP+C possesses counting
terms that count the number of different values for some variables satisfying a formula.
As before, let ® be an IFP+C-formula, & and 7 be variables, and s be a tuple of || many
closed numeric terms which bound the values of . Then

#i <5

is a numeric [FP+C-term.

Let A be a 7-structure. An IFP+C-formula (or term) is evaluated over 2A#. For a
numeric term s(7v7) we denote by s%: Al x NIl — N the function that maps the possible
values of the free variables of s to the value that s takes in 2A¥. Similarly, for a formula
®(zv) we write ®* C Al*l x NIPI for the set of values for the free variables satisfying ®.
Then, e.g., the evaluation of a counting term for a formula ®(yzuv) is defined as

(#2v < 5. @) (um) := [{wn € A" x N7 | n; < 5% for all i € [|[p]] and awmn € & }| .

IThis is the only non-finite structure in this article.



Rank Logic. We now consider the extension of IFP+C by the uniform rank operator.
We follow the definition in [23]. Let s(z,y) be a numeric term such that k := |z| = |y|
and t be a closed numeric term. Then

rk(z,y). (s,t)

is a numeric term. We say for convenience that k is the arity of the operator, although
it is actually 2k. The logic IFP+R is the extension of IFP4+C by the uniform rank
operator rk. We restricted the definition to square matrices, but this does not limit the
expressive power. The rank operator is evaluated as follows. Let 2 be a 7-structure. The
term s defines an A* x A* matrix M2 over N:

M (u,v) := s*(u, v).

Finally, we define (rk(Z, 7). (s,t))®: The rank operator evaluates the rank of (M2 mod p)
over I, if p := t* is prime and to 0 otherwise. We omitted parameters for readability.

For a set of prime numbers €2, we set IFP4+Rgq to be the variant of IFP+R, in which
we have instead of the uniform rank operator rk a different rank operator rk, for every [,
such that p € ). That is, we have to fix the field in the formula independently of the
structure. This is not the case for the operator rk, where we can determine the value
for p by another term that evaluates differently for different structures.

Choiceless Polynomial Time. Choiceless Polynomial Time (CPT) is a logic different
from [FP+C. CPT-formulas manipulate hereditarily finite sets. They are choiceless in
the sense that they either process all elements of such sets or none. It is not possible to
pick an arbitrary element from a set. By these conditions, all sets constructed by a CPT-
term are closed under automorphisms of the input structure. Evaluation in polynomial
time is guaranteed by explicit polynomial bounds on the number of steps and sizes of the
constructed sets. We omit a formal definition of CPT here because it is not needed in
this article. For a formal definition we refer to [16, 30].

We review two results for CPT: A relational 7-structure 2 has ¢-bounded colors,
if one relation < € 7 is a total preorder partitioning the universe into =<-equivalence
classes, called color classes, of size at most ¢q. The structure 2l has abelian colors, if
the induced substructure of every color class has an abelian automorphism group.

Theorem 1 ([33]). CPT captures PTIME on q-bounded relational structures with abelian
colors.

This result can be strengthened from bounded color class size to ordered colors. A
T-structure with ordered colors is a tuple (2(,["), where 2 is a relational 7-structure
with color classes Cy,...,C, and I = {(I';,<;) | @ € [n]} is a family of ordered per-
mutations groups such that I'; is a transitive group with domain C; for every ¢ € [n].
Note that structures with ordered colors are, without further encoding, not relational
structures because [ is a higher-order object. However, we only define given a rela-
tional 7-structure 2 the family [ of ordered permutation groups in CPT and thus can
represent [ as a hereditarily finite set.

Theorem 2 ([30]). CPT captures PTIME on structures with ordered abelian colors.
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4 The Invertible-Map Game

Undefinability results for IFP+C are often achieved by the embedding of IFP+C into
infinitary bounded variable counting logic (see [29]) and exploiting an equally expressive
Ehrenfeucht-Fraissé-like pebble game. This game, called the bijective k-pebble game [22],
is a game between two players called Spoiler and Duplicator played on two pebbled
structures. The aim of Spoiler is to prove that the two structures can be distinguished
in infinitary k-variable counting logic, where Duplicator tries to show the converse. Such
a game also exists for rank logic (called matrix-equivalence game in [13]). It extends the
bijective pebble game with ranks. Instead of looking at this pebble game, we consider
the invertible-map game [13]. Its distinguishing power is at least as strong as the one
of the rank-pebble game in the sense that if Duplicator has a winning strategy in the
invertible-map game, then Duplicator has a winning strategy in the rank-pebble game,
too. Hence, to show that rank logic cannot distinguish two structures, it suffices to show
that Duplicator has a winning strategy in the invertible-map game. The game is defined
as follows:

Let k£ and m be two positive integers such that 2k < m and let €2 be a finite and
nonempty set of primes. The invertible-map game M™* is played on two pebbled
structures (2, u) and (B, v) with |u| = |v| < m of the same signature. For each structure
there are m pebbles labeled with 1,...,m, where on u; and v; there are pebbles with the
same label for all 7 € [|u|]. That is, if |u| < m, some of the pebbles are not used. There
are two players called Spoiler and Duplicator. If |A| # |B|, then Spoiler wins the game.
Otherwise a round of the game proceeds as follows:

1. Spoiler chooses a prime p € €2 and picks up 2k many pebbles from 2 and the
corresponding pebbles (with the same labels) from B.

2. Duplicator picks a partition P of A¥ x A¥ and another one Q of B* x B* such
that |P| = |Q|. Furthermore, Duplicator picks an invertible A* x B* matrix S
over [F,,, such that the matrix induces a total and bijective map A\: P — Q defined
by P~ Q if and only if x¥' = S x? - St Here xI (respectively x©) is the
characteristic A¥ x A* matrix over F, of P (respectively the B¥ x B¥ matrix over F,,
of Q) which satisfies that ' (@/,v') = 1 if @/t € P and 7 (u,v') = 0 otherwise.
To say it differently, Duplicator has to pick a bijection A\: P — Q and an invertible
AF x B¥ matrix S satisfying x*' = S-xMP). S for all P € P, i.e., the characteristic
matrices of P and Q are simultaneously similar.

3. Spoiler chooses a block P € P, a tuple w € P, and a tuple @’ € A\(P). Then for
each i € [2k]| Spoiler places a pebble on w; and the corresponding pebble on wy.

After a round, Spoiler wins the game if the pebbles do not define a local isomorphism
or if Duplicator was not able to respond with a matrix satisfying the conditions above.
Duplicator wins the game if Spoiler forever fails to win. Spoiler has a winning strategy
if Spoiler can win the game starting at (2(, @) and (8, v) in any case independently of
the actions of Duplicator. Likewise, Duplicator has a winning strategy, if Duplicator can
always win the game. In that case, we write (2, @) =" (38,0). Finally, we consider
the game with a bounded number of rounds: The ¢-round invertible-map game MZ”HZ

proceeds exactly as M™% but stops after ¢ rounds. Duplicator wins, if Spoiler did not
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win in these rounds. In the following, we use the invertible-map game instead of the
rank-pebble game because it allows us to prove a stronger result and simplifies proofs.

Lemma 3 ([13]). Let K be a class of finite T-structures and P C K. If for every k,m € N
with 2k < m and every finite and nonempty set of primes €1, there is a pair of structures
(A,B), such that A € P, B ¢ P, and A ET,;R’Q B, then P is not IFP+Rp definable,

where P is the set of all primes.

If we fix a finite set of primes 2 in Lemma 3, then P is not IFP+Rg, definable (see [13])
because a P-defining IFP+Rq-formula implies a winning strategy of Spoiler in the M™ ¢
game. Lemma 3 is proved in [13] for the (m, k, )-rank-pebble game, which induces the

. Q Q Q .
equivalence Eg’k’ . Then the authors show that Eﬂk’ refines =" Tt is an open

problem whether the equivalence Eﬂk A2 strictly refines Egkﬂ

5 CFI Structures

In this section we define a variant of the well-known CFI graphs. Starting from a so-called
base graph, for every vertex in the base graph a gadget is constructed. In the seminal
paper of Cai, Fiirer, and Immerman [6] these gadgets consist of inner and outer vertices,
where the latter are pairs of vertices. Each outer vertex pair induces the automorphism
group Zy and the inner vertices realize the automorphism group {a € Z4 | > a = 0} of
its d adjacent outer vertex pairs. Whenever two vertices in the base graph are adjacent,
the two corresponding outer vertex pairs of the two gadgets are connected. Such a
connection can either be “straight” or “twisted”. This construction generalizes to other
groups than Z,. In [28] a construction of gadgets for general abelian groups can be found.
We are interested in cyclic groups Zss. The following construction only uses the inner
vertices and directly connects the inner vertices of two gadgets. For Z,, this approach is
given in [15].

A base graph is a simple, connected, and totally ordered graph. Let G = (V, E, <)
be a base graph. Consider the additive group of Zs.. For each vertex x € V' we define a
gadget consisting of vertices A, and two families of relations:

>a=0}, z eV,
a(y) = b(y) }, € V,y € Ng(a),
a(y) +1="0b(y) }, € V,y € No(z).

Consider the sets A, ,. = {a € A, | a(y) = ¢} for y € Ng(z) and ¢ € Zy. The
relation I, , realizes these sets by disjoint cliques, one for each A, , .. The relation C,,
induces a directed cycle A, y o, Ay yct1, - - -, Apycr2a—1 On these sets for a fixed y by adding
directed complete bipartite graphs between subsequent cliques. In that way, the relation
C,,y realizes the group Zss on the sets A, , .. By the condition } > a = 0 on the vertices
in A, a gadget thereby has an automorphism group isomorphic to {a € Z4, | Y a = 0}
where d is the degree of z.

Now we connect gadgets. We first extend the order < to the lexicographical order on
tuples of vertices of G and further to sets of such tuples. Let g: £ — Zss be a function



defining the values by which the edges are twisted. For every edge {z,y} € E we connect
the gadgets of the incident vertices. We obtain the CFI structure

CFI2‘1 (G7 g) = (A7 RI7 RCv RE,Ov R RE,2q717 j)

as follows:
Eagye = {{a,b} | a € Ay,b€ Ay a(y) + b(z) =}, {2,y} € E,c € L,
<:={(ab)|acA,beA,x<y}
Ry = {(a,0,a,b) | {(z,9) | (a,b) € Ly} <{ (') | (@, V) € Loy } },
Ro:={(a,0,a,V) | {(x,y) | (@,b) € Cop } <{ (&, ¢) | (@) € Coryy } }
A= A Ree:= | Eectglo)
zeV eck

The unions above are meant to be disjoint. The relations I, (and similarly C,,) are
encoded by R; (and R¢) as follows: All edges (a,b) € A2 are partitioned according to
the set of base vertices y such that (a,b) € I, ,. The partition is given by the equivalence
classes of R; (seen as equivalence on pairs). The relations I, (respectively C,,) are
unions of Rj-equivalence classes (respectively Rc-equivalence classes).

Definition 4 (Origin). We say that the vertices a € A, originate from x or that their
origin is x and write orig(a) = x. We extend this to tuples and define the origin
of (a1,...,a;) € A’ as orig((ay,...,a;)) := (orig(as),...,orig(a;)). We will often view
orig((as,...,a;)) as the set {orig(a1),...,orig(a;)} and write x € orig((as, ..., a;)). If M
is a set of tuples of the same origin, we set orig(M) := orig(a) for some (and thus all)
a€ M. Foraset W CV, we define the origin induced substructure

CFly (G, g)[W] := CFly(G, g)[{ a | orig(a) € W }]
to be the substructure induced by all vertices whose origin is contained in W'.

It will be always clear from the context whether we refer to the origin induced sub-
structure (or just a standard induced substructure). In that case W and the universe of
the CFI structure are disjoint.

For CFI structures it is well-known that CFly(G,g) = CFlyw(G, f) if and only if
Yeerg(e) =Y .cr f(e). That is, there are up to isomorphism 2¢ many CFI structures of
the base graph G.

Lemma 5. The automorphism group Aut(CFly (G, g)) of CFlae (G, g) is an abelian 2-group.

Proof. Every automorphism of CFly (G, g) is origin-respecting, i.e., it maps a vertex to
a vertex of the same origin, because the preorder < on the vertices is obtained from the
total order < on G. It follows that Aut(CFly (G, g)) is a subgroup of the direct product
of the automorphism groups of every gadget. Because the automorphism group of each
degree d gadget is the abelian 2-group {a € ZJ, | > a = 0} as argued before, so is the
direct product of them and in particular Aut(CFly (G, g)). O
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Other CFI Constructions. We compare our CFI construction to other version in the
literature. The classical construction in [6] uses inner and outer vertices, while we only
use inner ones. The sets A, , . in our construction correspond to the outer vertices in the
classical construction. We only use one type of vertices to avoid case distinctions between
inner and outer vertices in the following.

Another approach to avoid this case distinction is to only use outer vertices and to
replace the inner vertices by relations of higher arity (see, e.g., [22]). The arity of the
relations corresponds to the degree of a vertex in the base graph. While this construction
is more elegant, it is restricted to base graphs of bounded degree to obtain structures of
a fixed signature. However, our argument separating rank logic and CPT requires base
graphs of unbounded degree. Our construction always yields structures of arity 4, but the
number of relations varies with the group Zsq. Of course, we could use a single relation
to encode the relations R .. But in fact, it suffices only to use Rg to obtain a structure
with the same automorphism group. Then all Rg . are actually definable in 3-variable
counting logic. We include all Rg . in the structure for convenience.

In general, most properties of the structures transfer between the different construc-
tions (with some quite obvious adaptations).

5.1 Isomorphisms of CFI Structures

In this section we consider two classes of isomorphisms between CFI structures. They
get important later in Section 9. Let ¢ € N and G = (V, E, <) be a base graph. In the
following, we denote for every f: E — Zsq by 2A; the CFI structure CFlz,, (G, f). These
structures have by definition the same universe A for every f: E — Zoq.

Definition 6 (Twisted Edge). Two functions f,g: E — Zs twist an edge e € FE if
f(e) # g(e). We also say that e is twisted by f and g. For a set W C 'V we say that f
and g do not twist W if no edge in G[W] is twisted by f and g.

c(z)

We omit f and g if they are clear from the context. Let x € V and a € Zé\g satisfy
> a = 0. We identify a with a permutation of vertices with origin = as follows: if u has
origin z (in some CFI structure over G), then a(u) := v such that v(y) = u(y) + a(y) for
all y € Ng(z). Because > a = 0, a(u) is indeed a vertex with origin x, too.

Definition 7 (Path Isomorphism). Let ¢ € Zgs and 5 = (21,...,x,) be a simple path
in G. For every 1 <i <mn, let a; € ZQ@G(“) such that a;(x;_1) = ¢, a;(z;41) = —c, and
a;(y) = 0 for all other y € Ng(x;). The path isomorphism 7|c, s] is defined by
Fle 3(u) = {in(u) if orig(z.t) =z, andl<i<n
u otherwise.

Lemma 8. Let f,g: E — Zoa, 5 = (x1,...,2,) be a simple path in G, e; = {x1, 22}, and
ey = {xp_1,2,}. If no edge apart from ey and ey is twisted by f and g, g(e1) = f(e1) +c,
and g(e2) = f(e2) — ¢, then 7[c,s] is an isomorphism (UAs,p) — (Ag, D) for every tuple
p € A™ satisfying distg(orig(p), {z1,...,x,}) > 1.

The proof of Lemma 8 is an obvious adaptation of the proof of Lemma 3.11 in [17].
This lemma uses a variant of CFI structures with outer vertices and relations, but the
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arguments are similar. We additionally require that the tuple p is fixed, but because its
distance to the path s is greater than 1, it is not affected by the path isomorphism at all,
i.e., 7[c, 5](p) = p. Isomorphisms between CFI structures satisfying }° f = 3 g, in which
more than two edges are twisted, can be composed out of multiple path isomorphisms.
The following special case of such isomorphisms will play an important role later:

Definition 9 (Star Isomorphism). Let z € V' be of degree d, ¢ < d, s,...,5; be simple

paths, 5; = (x4, ...,z} ), =, = z for all i € [{], and the 5; be disjoint apart from z. We
call 31,...,5; a star and z the center of the star. For ¢ € 75, satisfying Y. ¢ = 0, we
define the star-isomorphism 7*[c, sy, ..., 8] via
d(u) if orig(u) = z
€, 51,...,8(u) == ®lci, 53] (u) if orig(u) # 2 and orig(u) is contained in §;,
U otherwise,

where @ € 75 such that d(x)_y) = ¢ for all i € [€] and ¢(y) = 0 for all other
Y € N(;(z)

Lemma 10. Let f,g: E — Zga, $1,...,5 be a star in G, 5, = («i,...,x) ) for all
i €[], and ¢ € Z5 such that ¢ = 0. If no edge apart from the edges e; = {z}, x5}
for every i € [{] is twisted by [ and g and g(e;) = f(e;) + ¢ for all i € [l], then

*[¢, S1,. .., 5] is an isomorphism (UAs,p) — (U, p) for every tuple p € A™ satisfying
dIStg<OI’Ig< ) {«h |ie[l],jelt]}) > 1.

Proof. Let p € A™ satisfy distg(orig(p), {=} | i € [{],j € [(;]}) > 1 and let z be the center
of the star 51,...,5,. For every i € [{ — 1], let & be the 2% — x"'-path obtained by
stitching s; and s;,1 together at z := x’gl (that is, the path s;y; is attached in reversed
direction). Furthermore, for every i € [(—1], set o; := T[> e ¢5, 5], and let fi: B — Zna
be the function defined via f;(e;) = f(e;)+c; forevery j € [i ] fileir1) = f(e,+1) > jeli] Cis
and f;(e) = f(e) otherwise. Applying Lemma 8 inductively shows that ¢; 0---0¢; is an
isomorphism (207, p) — (A, p): For i = 1, the only twisted edges are e; and e, satisfying
fi(er) = f(e1) + ¢ and fi(e2) = f(e2) —c1 and p1: (™Ag, p) — (™A, p) is an isomorphism
by Lemma 8. For every 2 < i < ¢ — 2, exactly the edges e;11 and e; 5 are twisted by f;
and f;11. It holds that

firi(eirr) = fleipr) + cipr = filei)) + Y ¢,

jeli+1]

fivi(eir2) = fleir2) Z ci = fi(€ira) Z G-

JE[i+1] jEi+1]

Thus, @41 is an isomorphism (2Ay,,p) — (™A, ,,p) by Lemma 8 and ¢y 0---0 ;4 is an
isomorphism (s, p) — (2y,,,,p) by induction.
Now let ) = py0---0¢,. To prove the claim it suffices to show that f, ; = g and that

W = m*[¢, 81, ...,5¢. The former holds because > ¢ = 0. To show the latter, first consider
the path s;. On vertices with origin in §; different from z the action of ¢ is equal to
the action of ;. This exactly equals the definition of 7*[¢, 51, ..., §,]. For vertices with

origin in s, different from z the argument is similar and the action of v is equal to the
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action of ¢, ;. The isomorphism ¢, ; twists the edge {{, 25} by — > jee—1) ¢j, which
by assumption is equal to ¢, because Y ¢ = 0. Now consider vertices with origin in s;
different from z for i ¢ {1,¢}. Here the action of ¢ equals the action of ¢; 1 o ¢;. The
isomorphism (;_; twists the edge {z¢, 2%} by — > jeji—11¢j and ¢; twists the same edge
by > jepcj- Note that s; contains the vertices of s, in reversed order, so on all the
vertices with origin different from z the action of ¢; 1 o ¢; becomes equal to the action of
the path isomorphism 7[c;, ;). Finally, by a similar argument, the action of ¢ on vertices
with origin z equals the action of ¢ defined as in Definition 9. O

5.2 Orbits of CFI Structures

In this section we analyze the structure of k-orbits of CFI structures for highly connected
base graphs. Let ¢, k,m € Nand G = (V, E, <) be a (k+m+1)-connected base graph. We
denote again for every f: E — Zgq by 2 the CFI structure CFly,, (G, f) with universe A.
Let p € A™ be arbitrary but fixed. We consider the k-orbits of pebbled structures (2, p),
i.e., orbits of k-tuples. Recall that Aut((2(s,p)) is the automorphism group of (2, p) and
that orbs((As,p)) is the set of all k-orbits (cf. Section 2).

Definition 11 (Type of a Tuple). The isomorphism type of a pebbled structure is the
class of all isomorphic structures. For f: E — Zsa the type of a tuple u € A* in (Ay, D)
is the pair (orig(w),T), where T' is the isomorphism type of (Aglorig(pu)], pu).

We omit the pebbled structure (2(y, p) if it is clear from the context. Including orig(u)
in the type is needed because the isomorphism type T respects the relative order of the
gadgets in < only. If /s was vertex-colored instead, this would not be a problem. We
have to consider the origin induced substructure of orig(pu) and not of pu because only
then the relations I, and C, , can be recovered from R; and R¢. Here, an edge coloring
would resolve this issue.

Lemma 12. For every f: E — Zos and every u,v € A* there is an automorphism
© € Aut((As,p)) such that p(u) = v if and only if w and v have the same type.

Proof. A similar argument to the following can be found in Lemma 3.15 in [17]. Let
[+ E — Zy and u,v € A*. If p(a) = v for some automorphism ¢ € Aut((2;,p)), then
surely u and v have the same type.

For the other direction, assume that u and v have the same type. Then, by definition,
there is an isomorphism ¢: (Agforig(pu)], pu) — (Ay[orig(pv)], pv). Because u and v
have the same type, it follows that orig(pu) = orig(pv) and in particular that ¢ is an
automorphism of (2 ¢[orig(pu)], p). We show that this local automorphism extends to an
automorphism of (A, p).

We extend ¢ by the identity map on all vertices with origin not in orig(pu). Then ¢
is an isomorphism between (2(s,p) and another CFI structure, where all twisted edges
e1, ..., e leave orig(u) and are not incident to orig(p) (edges incident to orig(p) cannot be
twisted because ¢ fixes p). Let N be the neighborhood of orig(u) (and thus of orig(v)).
Because G is (k + m + 1)-connected, there is an x-y-path not using orig(pu) for every
x,y € N because G \ orig(pu) is still connected when removing at most |pu| = k + m <
k + m + 1 many vertices. Hence, we can use path isomorphisms to move the twists at
every e; all to e;. But because ¢ was an automorphism of (2[orig(pu)], p), the sum of
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the twists is 0. Hence, composing ¢ and the mentioned path isomorphisms forms an
automorphism ¢ € Aut((s,p)). Because the selected paths do not use orig(pu), we still
have ¢ (pu) = pv. O

Corollary 13. For every f: E — Z and every P € orbs,((UAs,p)) there is a type such
that P contains exactly the tuples of that type.

Definition 14 (Type of an Orbit). For f: E — Zg. the type of a k-orbit in (U, p) is
the type of its contained tuples.

Corollary 15. For every pair f,g: E — Zaq that does not twist orig(p), it holds that

orbs; ((2As,p)) = orbsi((A,,p)) and
AUt«Q[fvp)) = AUt«Q[gvp))'

While the orbit partitions of (2(;,p) and (2,4, p) are equal, it is in general not true
that an orbit P € orbs;((2y, p)) has the same type in (s, p) and in (A, p).

Lemma 16. Suppose the functions f,g: E — Zas do not twist orig(p). Then for every
k-orbit P € orbsy((2s,p)) there is a @ € orbsi((2A,,p)) that has the same type.

Proof. Tt suffices to consider the case that exactly one edge e = {x,y} is twisted because
isomorphisms preserve types and because no edge contained in orig(p) is twisted, all twists
can be moved to a single edge using isomorphisms.

Let P € orbs,((Af,p)). If {x,y} & orig(P), then P has the same type in (A, p)
and in (A, p). Otherwise, let {z,y} C orig(P) and assume w.lo.g. that y ¢ orig(p)
(if {z,y} C orig(p), then {x,y} Z orig(P) because the twisted edge is not contained
in orig(p)). Furthermore, choose a path § = (z,y,...,2), such that z ¢ orig(P) and
the path, possibly apart from z, is disjoint from orig(p). Such a path exists, because
G \ orig(p) \ orig(P) is connected (at most m + k < m+ k+ 1 many vertices are removed)
and y ¢ orig(p) by assumption. So we can pick some vertex z not contained in orig(P) and
in orig(p). Now, we move the twist to an edge incident to z with the path isomorphism
¢ :=7[g(e) — f(e),s]. Then P has the same type in (2, p) as in p((Ay,p)) = (p(Ay),p)
because 2 ¢[orig(p) U orig(P)] = ¢(2,)[orig(p) U orig(P)]. Because isomorphisms preserve
types, there is an orbit ) € orbs;((2,,p)) with the same type in (2,4, p) as P has in

(Q[fvﬁ)- ]

Lemma 17. Let f: E — Zys and P € orbsi((2(s,p)). Then the permutation group T’
on P induced by Aut((s,p)) is a reqular and abelian 2-group.

Proof. We first argue that the automorphism group of a gadget is a regular abelian
2-group. Recall that the vertices of a gadget for the vertex x € V are defined as
A, ={a e Zh™ | S a=0}. So|A,| = (29)%!, where d is the degree of z. We saw
in Section 5.1 that the automorphism group of a gadget is transitive. We already ar-
gued that the automorphism group is isomorphic to {a € Z4, | > a = 0}. Thus, the
automorphism group is a 2-group and has order (29)¢~!. Hence, it is a regular abelian
2-group.

The claim for k-orbits follows from the case of a gadget: I' is a subgroup of the
direct product of the automorphism groups of the gadgets of orig(P). That is, I' is
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an abelian 2-group. By definition of a k-orbit, I' is transitive. For regularity, note
that a gadget is partitioned into singleton orbits once one vertex of the gadget is fixed
(cf. Lemma 3.13 in [17]). So if we fix a u € P, all gadgets in the origin of u are fixed. So,
if an automorphism ¢ maps u to v, then its action on P is fixed, i.e., there is exactly one
permutation in I' that maps u to v. Hence, |I'| = |P| and I is regular. O

5.3 Composition of Orbits

Composing k-orbits out of k’-orbits for &’ < k plays a special role later. We further analyze
the structure of k-orbits and identify cases in which such a composition in possible. As in
the previous section, let ¢, k,m € N and G = (V, E, <) be a (k + m + 1)-connected base
graph, denote for f: E' — Zas by 2y the CFI structure CFly,, (G, f) with universe A, and
let p e A™.

Let u € A* and orig(u) (viewed as a set) be partitioned into M and N. We now
introduce notation for splitting u into its parts belonging to N and M and for recovering
u from these two parts again.

1. The tuple uy obtained from u by deleting all entries whose origin is not in N
(respectively for M), is
uy = ﬁ{ze[k] | orig(u;)EN}-

2. We define a concatenation operation for a permutation o of [k] as follows:
l_LN ‘o I_LM = U(ﬂNﬂM)

For a suitable ¢ we have u = uy -, ups. In this article we are only interested in
permutations satisfying the former equation. Then o is almost always fixed by the
context and we use juxtaposition uyuy;. It is never the case that we refer with
unuy to ordinary concatenation.

3. We define similar operations for orbits: For P € orbsy((2, p)) we set
Plx ::{aN’aeP},
P|N X0P|M I:{’IZN'U’IZM’{LNEP|N,I_LM €P|M},

and leave out o if clear from the context. This intentionally overloads notation.
Because the tuples in P are indexed by [k], P|y and P|g for N C orig(P) C V and
K C [k] can always be distinguished.

We also use this notation if N and M are sets of sets, such that orig(u) is partitioned
into N and | M.

Definition 18 (Components of Tuples and Orbits). Let f: E — Zgq, u € A*, and
N Corig(u). We call N a component of u if N is a connected component of Glorig(u)].
We call u disconnected if it has more than one component.

Likewise, a k-orbit P € orbsy((s,p)) is disconnected if P contains some (and thus
only) disconnected tuples. A set N C orig(P) is a component of P if N is a connected
component of G|orig(P)].
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If a k-orbit P is disconnected, then we can split P into multiple &’-orbits for &' < k
as follows.

Lemma 19. Let f: E — Zga, P € orbs;((2Ay,p)), and the components of P be partitioned
into M and N. Then P = P|y X P|n, P|y € orbsy,, (2s,p)), and P|y € orbsg, ((2Af, p))
for suitable ky; and ky such that ky + ky = k.

Proof. This can easily be seen by Corollary 13. Because M and N are sets of components,
the type of u € P is given by the disjoint union of the types of 4, and uy (even if orig(p)
overlaps with M and N because p has to be fixed by every automorphism). O

Next, we show how to obtain k’-orbits from k-orbits with k" < k by fixing a vertex.

Lemma 20. Let f: E — Zga, P € orbsi((UAf,p)), K C [k], and orig(P|x) = {z}. For
every v € Al and w € A such that orig(v) = {2} and orig(w) = 2, the set

Q= {ﬂhk]\K ’ u € Pulg = 17} satisfies
Q c OI’bSk_|K‘<(Q[f,]5U))) U {@}

If v has the same type as u|k for some (and thus every) u € P, then @ # ().

Proof. We assume w.l.o.g. up to reordering that K = [|K|]. Let v € AI*l such that
orig(v) = {z}. Every vertex v; forms a singleton orbit in orbs; ((2,w)) and in particular
in orbs; (A, pw)) because v; and w have the same origin z (all vertices with origin z can
be distinguished by their distances to w in the C,,, relation, cf. Lemma 3.13 in [17]).
So it holds that Aut((As,pv)) = Aut((As,pw)). Assume that @ # 0. Because P is
an orbit, if vu,vu’ € P, then there is an automorphism ¢ € Aut((s,p)) such that
p(vu) = vu’. That is, ¢ € Aut((Ay, pv)) = Aut((As, pw)) and thus @ is a subset of an
orbit in orbs;_|k|((%s, pw)). To show that @ is indeed an orbit, assume that u € @ and
@ € Aut((As, pw)) = Aut((2(s,pv)). Because u € Q, vu € P and ¢(vu) = vp(u) € P.
Hence, p(u) € @ and so Q € orbs;,_ x| (A, pw)).

Now assume that there is some u € P such that u|x has the same type as v. That is,
there is an automorphism ¢ € Aut((2ds,p)) such that ¢(u)|x = v (Lemma 12). Hence,

@(u) € Pand o(u)|pk € Q. O
Note that () is independent of w, but not the type of @ in (2, pw).

Corollary 21. Let f: E — Zos, P € orbs,((s,p)), i € [k], orig(P|qy) = {2}, and let
distg(z,orig(p)) > 1. For every v,w € A such that orig(v) = orig(w) = z it holds that
{ﬂ|[k]\{i} | u e P, U; = ’U} € orbsk_l((Qlf,pw)).

Proof. We apply Lemma 20: Because distg(z,orig(p)) > 1, the type of w is the same as
the type of every v with origin z, in particular the same as v; for every v € P. O

5.4 Rank Logic on CFI Structures

In this section we refine a result of [17] and show that on CFI structures over Zs, the
uniform rank logic IFP+R has the same expressiveness as the rank logic IFP+R; only
with rank operators over F.
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Definition 22. For a class of base graphs IC,
CFlyo(K) i= { CFlou(G, f) | g €N, G = (V,E, <) € K, f: E — Loy }
is the class of all CFI structures over IC.

Lemma 23. Let IC be a class of base graphs. For every IFP+R-formula ® there is an
IFP+Roy-formula V that is equivalent to ® on CFlyw (K).

Proof. Let solvability logic IFP+CS be the extension by IFP+C by the uniform solv-
ability quantifier slv [17]. If s(z,y) is a numeric term and ¢ is a closed numeric term,
then

siv(z,y). (s,t)

is a formula. Similar to the rank operator rk, the numeric term ¢ defines a number p. If p
is prime, then the solvability quantifier is satisfied if the linear system M2z = 1 is solvable
over [F,,. If otherwise p is not prime, then the operator is not satisfied. Let IFP+CSgq be
the extension of IFP+-C with solvability quantifiers slv, for each fixed field [F,, with p € €2
similar. We again left out parameters for readability.

Grédel and Pakusa [17] give a translation of IFP4+Rg-formulas to IFP+C-formulas
equivalent on CFI structures over [F, for every set of primes 2 satisfying 2 ¢ 2. The crucial
point in their proofs is that the automorphism groups of these CFI structures are abelian
2-groups and that their k-orbits can be defined and ordered in IFP+C, that is, there is an
IFP+C-definable total preorder on all k-tuples whose equivalence classes coincide with
the k-orbits (their construction is not specific to Fy but generally for I, whenever p ¢ Q
and p is the characteristic of the CFI structures). These assumptions are made explicit
in Section 3.2 in [17]. Hence, the arguments work for CFI structures over Zs, instead
of Fy, too. In [17], the authors use solvability logic as an intermediate step and first show
that for all sets of primes Q (even with 2 € Q) it holds that [FP+Rgq = IFP+CSg on
CFly (K) (Lemma 3.7 in [17]). This reduction works as well for the uniform case and
shows IFP+R = IFP+CS on CFly (K).

The second step in [17] is a recursive translation of IFP+Rg-formulas to IFP+C-
formulas if 2 ¢  (Lemmas 3.4 to 3.6 in [17]). For every IFP+C-term s the solvability
quantifier ¥ = slv,(z,y). s over F,, can be simulated in IFP4+C by computing the rank of
the matrix M := M2 orbit-wise. This is expressible in [FP+C because the automorphism
group is a 2-group and p # 2. This process works as follows: There is an [FP+C-formula
that for every prime p and every term s exploits the orbits of the structure to define a
matrix £ such that Mz = 1 is solvable if and only if (M - E)x = 1 is solvable (Lemma 3.6
in [17]). Now, F is defined such that the columns of M - E are totally ordered and thus
the solution can be obtained in IFP+C.

Now, we translate an IFP+CSq-formula (respectively term) with 2 € € recursively
into an IFP-+CS9)-formula (respectively term). Again consider a solvability quantifier
U = slv,(z,y).s. If p = 2, then we recurse on s but do not replace the solvability
quantifier. If otherwise p # 2, then we recurse on s and obtain an IFP+CS9)-term
equivalent to s, define the matrix F with the IFP4+C-formula from above, and construct
a formula defining whether M - E = 1 is solvable. Because this check can be done
in IFP+C and M is defined by an IFP+CSys-term, we obtain an IFP+CSys-formula
equivalent to W.
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We finally deal with the case of an IFP+CS formula, where the prime is defined
by a numeric term ¢. Checking an ordered equation system for solvability is IFP+C-
definable when the prime is given by a term, too. Let ¥ = slv(z, ). (s,t) be a uniform
solvability quantifier. Let Wy be the formula obtained for slvy(Z,y). s in the former
case and W, be the formula for the case p # 2, where we already use ¢ to obtain the
prime. Indeed, W, is independent of p because defining the matrix £ is independent
of p and checking the linear equation system for consistency is already done using the
prime-defining term ¢. Then the uniform solvability quantifier W is equivalent to the
IFP+CSgy-formula (& = 2 — W) A (t # 2 — V). Obviously, an IFP+CS9)-formula
can be translated back into an IFP+Ryg)-formula. ]

6 Matrices over CFI Structures

In the invertible-map game, Duplicator has to partition the 2k-tuples of CFI structures
and to provide a similarity matrix. For our arguments, we want that Duplicator plays
with the 2k-orbit partitions. To construct the required similarity matrices, we develop a
criterion for invertibility of matrices over Fy and show that this criterion is preserved by
matrix multiplication.

Let g,k,m € N and G = (V,E,<) be a (k + m + 1)-connected base graph. The
connectivity is needed to apply the lemmas of Section 5.2. Again, we denote for a
function f: E — Zy by 2y the CFI structure CFly,, (G, f) with universe A (which is
equal for every f: E — Zsq). Let p € A™ be arbitrary but fixed in this section.

Definition 24 (Blurring the Twist). For f,g: E — Zy not twisting orig(p), an A* x A¥
matriz S over Fy k-blurs the twist between (UAs,p) and (U, p) if S is invertible and
X7 -S =8 x9 for every P € orbsy,((2,D)) and Q € orbsay,((,,p)) that are of the same
type.

Note that by Corollary 13 two different orbits have different types and that by
Lemma 16 for each P € orbsy,((2,p)) there is a Q € orbsy,((2,, p)) of the same type.
So we indeed get a bijection between the orbits and Duplicator can use the matrix S
in the invertible-map game. Because S is invertible, x* - S = S - x9 is equivalent to
x? = 5-x?-S51. Showing the former has the benefit that we do not need the inverse S

Lemma 25. Let f,g,h: E — Zya pairwise not twist orig(p) and S, T be A¥ x A¥ matrices
over Fo. If S blurs the twist between (As,p) and (A,,p) and T blurs the twist between
(A, p) and (An,p), then S - T blurs the twist between (As, p) and (Up, p).

Proof. Let P € orbsy,((2(s,p)), @ € orbsy,((2,,p)), and R € orbsy,((Ap,p)) be of the
same type. Recall that given P, the orbits () and R are determined uniquely (Corol-
lary 13). Then x-S - T=5-x9 - T =5 T x" O

Now we want to develop combinatorial conditions for an A* x A¥ matrix S over Fs,
which guarantee that S is invertible. The k-orbits (for given f,g: E — Zsq) partition S
into a block matrix. Each P € orbs;((4s,p)) corresponds to a subset of the rows of S
and each ) € orbs;((2,,p)) corresponds to a subset of the columns of S. We denote by
Spxg the corresponding submatrix of S.
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Definition 26 (Orbit-Diagonal Matrix). For f,g: E — Fy not twisting orig(p), we call
an AF x A* matriz S over Fy orbit-diagonal over (2;,p) and (A,,D), if for every
P € orbsy((2s,p)) and every Q € orbsy((Ag, p)) it holds that if Spxg # 0, then P has the
same type in (Ar,p) as Q has in (A, p).

We have seen that for every P € orbs;((s,p)) there is exactly one Q) € orbs;((,,p))
of the same type. So orbit-diagonal matrices are block-diagonal matrices, where orbits of
the same type form the nonzero blocks. A permutation o of A* is applied to an A* x AF
matrix S in the natural way: (o(5))(u,v) = S(o(u),o(v)). Of particular interest are
automorphisms.

Definition 27 (Orbit-Invariant Matrix). For f,g: E — Zas that do not twist orig(p),
an AF x AF matriz S over Fy is called orbit-invariant over (A;,p) and (A, p), if
for every P € orbs,((As,p)), @ € orbsy((2A,p)), and ¢ € Aut((UAs,p)) = Aut((A,, D))
(cf. Corollary 15) the matriz S satisfies o(Spxq) = Spxq-

Lemma 28. Let f, g, h: E — Zy not twist orig(p) and S, T be A¥ x A¥ matrices over Fy.
If S is orbit-diagonal and orbit-invariant over (2, p) and (A, p) and T is orbit-diagonal
and orbit-invariant over (A,, p) and (A, p), then S T is orbit-diagonal and orbit-invariant
over (A, p) and (Ap, p).

Proof. 1t is clear that S - T is orbit-diagonal over (;,p) and (A,p). For k-orbits
P € orbsi((2(s,p)), Q € orbsi((2,,p)), and R € orbsi((Ay,p)) of the same type it holds
that (S - T)pxr(t,w) = Y5eq Spxo(U, V) - Toxr(v,w). Let ¢ € Aut((2,p)). Then

(SO(S . T))PXR(aa 11)) = (S : T)PXR@O(a)v (,0(11)))

=Y Spxqle(w),v) - Toxr(v, p(w))
7€Q

=Y Spulp(), o(v)) - Toxr(e(0), p(w))
7€Q

= Spxq(u,v) - Toxr(v, )
7€Q

— (S - T) plit, @),

Applying ¢ to v is valid because ¢ is a permutation of () and thus only permutes the sum-

mands. Then Spyo(¢(u), p(v)) = Spxg(u,v) because S is orbit-invariant (and likewise
for T). O

Definition 29 (Odd-Filled Matrix). A matriz over Fy is called odd-filled if every row
contains an odd number of ones.

Lemma 30. If two A* x A* matrices S and T over Fy are odd-filled, then so is S - T.

Proof. Let R = S -T and denote by r; and t; the rows of R and T indexed by @ € A*
and v € A¥. Then

ra= >y, S(a,0) -t

vEAkK

The number of ones modulo 2 is given by

dora= Y S(,v)-> ts.

vEAkK
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Now S(u,v) = 1 for an odd number of v € A¥, because S is odd-filled. Hence, 3" ry is the
sum of an odd number of 3" t;, of which each is odd because T' is odd-filled. So > r; =1
and r; contains an odd number of ones. O

Lemma 31. Let f,g: E — Zya not twist orig(p) and S be an A* x A* matriz over Fy.
If S is odd-filled and both orbit-diagonal and orbit-invariant over (Us,p) and (A,,p), then
every column of S contains an odd number of ones.

Proof. Consider the block Spyq for arbitrary P € orbsg((2s,p)) and @ € orbsg((2,,p))
of the same type. Let P = {uy,...,u,} and Q = {vy,...,v,}. Then consider automor-
phisms ¢; such that ¢;(4,) = ;. Because the induced action of Aut((2(,p)) on P (and
on ) is regular (Lemma 17), the action of ¢; on P (and so @) is uniquely determined.
Now we consider w.l.o.g. the column indexed by v;:

S(i, v1) = ;' (S) (s, 01) = S(us, ;' (01))

because S is orbit-invariant. So the column indexed by v; contains exactly the entries of
the row indexed by w;. That is, the number of ones in every column is odd. O

Lemma 32. Let a € FY for some finite set N and T' < Sym(N) be a reqular and abelian

2-group. If the number of ones in a is odd, then the set B :== {o(a) | o € I'} is a basis
of FY.

Proof. Assume w.l.o.g. that N =[] and let W C FY be the linear space spanned by B.
Because I' is regular, it consists of ¢ many permutations I' = {oy,...,0,} such that
oi(1) = for all ¢ € [¢]. By definition, W is invariant under permutations of I'. In coding
theory, such a linear space is called an abelian code. It is known that W can be identified
with an ideal of the group algebra 5[] [4], which is the set of formal sums

=

gel

b e .

This set is naturally an Fy-vector space indexed by I'. To turn it into a Fs-algebra,
multiplication is defined via

(St) (L) = Sty cnia-.
gel gel’ g,hel

A set I C Fo[l'] is a (left) ideal of the algebra Fy[T'] if g - h € I for every g € 5[] and
h € I,ie., Fy[T']- I =1I. The abelian code W is identified with an ideal of Fy[I'] via the
bijection (by, ..., by) = S¢_, bio; for every beW.

Let I C FFo[I'] be the corresponding ideal of W and let the number of ones of a € W
be odd. Because I' is a 2-group, there is a k such that onk) = 1p for all i € [{].
Because I is abelian and we consider Fy, (bo;)(co;) + (coj)(bo;) = 2(bo;)(coj) = 0. So
(bo; + co;)? = (boy)? + (co;)? and (bo; + co;)®) = (boy) @) + (co;)@"). Tt follows that

‘ @) ¢ . ¢ . ¢
(Z ai@) = > (aio)®) = Za’z(? r = > ailp = 1r.
i=1 i—1 i=1

i=1
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The last step holds because the number of ones in a is odd. So Zle a;0; is a unit with
inverse (3¢, aiai)Zk_l. First, Y, a;0; € I because a € W. Second, 1r € I because the
inverse of Y.Y_, a;0; € I is clearly contained in Fy[I'] and Fy[I'] - I = I. Thus, I = Fy[I]
and W =Y. Finally, B must be a basis of W because |B| = |N|. O

Lemma 33. Let f,g: E — Zos not twist orig(p) and S be an A* x A¥ matriz over Fy. If S
is odd-filled and both orbit-diagonal and orbit-invariant over (Us,p) and (A,,p), then S
is invertible.

Proof. Tt suffices to show that each block on the diagonal of S is invertible because S
is orbit-diagonal. Let P € orbs,((2s,p)) and @ € orbs,((,,p)) be of the same type.
Because S is odd-filled and orbit-diagonal, Spyq is also odd-filled. By Lemma 17, the
action of Aut((2f,p)) on P induces a regular and abelian 2-group I'. By Corollary 15,
the action of Aut((2,,p)) on @ yields the same group I'. Let n :=|P|, P = {uy,...,u,},
and s; be the row of Spyg indexed by u;. We want to show that s; = ¢;(s1) for a
unique ¢; € I Each ¢ € I' acts as a permutation on the entries of each s;, that is
(o(50))(v) = si(p(v)). Let T = {p1,...,@,} such that ;' (u;) = u; for every i € [n] (this
is possible because I is regular). Then

(0i(51))(0) = Spuq(tr, 0i(0)) = Spxq(e;' (@), )

because S is orbit-invariant. Hence,

(i(51))(0) = Spwq(e; (), V) = 5i(0),

ie., pi(s1) = s;. Finally, {¢i(s1) | i € [n]} = {s1,...,5,} forms a basis of F} by
Lemma 32. That is, Spx¢ has full rank and is invertible. ]

7 The Arity 1 Case

To separate rank logic from PTIME, we want to show that for every arity & and number of
pebbles 2k +m, there are two non-isomorphic CFI structures over Zsq for a suitable ¢ € N
for which Duplicator has a winning strategy in the invertible-map game M?*+m#{2} = Thig
implies IFP+R2;-undefinability of the CFI query by Lemma 3 and IFP+R-undefinability
by Lemma 23. The most challenging part of constructing winning strategies for Dupli-
cator in the invertible-map game is to provide similarity matrices. Indeed, our goal is
to construct matrices blurring the twist. Once we achieve this, it suffices to ensure that
the pebbled tuples in both structures always have the same type. This final step is made
formal in Section 10. Constructing matrices blurring the twists for an arbitrary arity k
turns out to be formally intricate and is in particular recursive on the arity. In this
section, we start with constructing matrices for arity 1, which serve as a base case for
the recursion. We introduce basic techniques that we generalize to higher arities later in
Section 9.

Let ¢ > 2, meN, G=(V,E, <) be an (m + 3)-connected base graph, z € V be a
vertex of degree d, and {z,t} € E. Let f,g: E — Zaq such that {z,t} is the only twisted
edge and g({z,t}) = f({z,t}) +297'. The number m is the number of pebbles remaining
on the structure when Spoiler picks up the 2 = 2k many pebbles before Duplicator
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needs to provide the similarity matrix (we consider arity & = 1 in this section). From
another perspective, m corresponds to the number of free variables of a rank operator.
Set 2y := CFly (G, f) and A, := CFly(G, g), both with universe A. Let p € A™ such
that distg(z, orig(p)) > 3, in particular g and f do not twist orig(p). The tuple p is the
tuple of vertices on which the pebbles remain. It suffices to consider only a single tuple p
for both structures because we will ensure that the pebbled tuples always have the same
type in both structures. Whenever the pebbled tuples have the same type but are not
equal, we can consider an isomorphic structure in which we moved the twist to an edge
far apart from the pebbled tuples. Then the tuples are equal and we ensured that the
distance between orig(p) and the twisted edge is sufficiently large (details in Section 10).

For x € V, let A, be the set of vertices originating from =z, i.e., the vertices of the
gadget for x. The key idea is to “distribute” the twist among multiple edges, such that
it cannot be detected by Spoiler. For this, we introduce blurrers, the key ingredient to
define the desired similarity matrix.

Definition 34. Let = C Z3,. For b € Zy and j € [d] we define
#ip(2) = Hd €= ’ a; = bH mod 2.
The set = is called a (q,d)-blurrer if it satisfies
1. >a=0 foralla €=,
2. #1,211*1(5) =1,
3. #0(2)=1foralll <j<d, and
4. #5(E) =0 for all other pairs of b € Zsa and j € [d].

From now on, we use the letter £ for elements of a blurrer =. Note that = consists solely
of tuples satisfying > & = 0, i.e., we can later turn every ¢ € = into an automorphism.
But intuitively, when looking at a single index and summing over all £ € =, it looks like
there is a twist at index 1 and no twist at all other indices.

Lemma 35. The size |=| of every (q,d)-blurrer is odd. For every d > 3, there is a
(q,d)-blurrer.

Proof. By Conditions 2 and 4 it holds that

=] = Z #16(Z) = #1201 (Z) + Z #15(2) = 1 mod 2.

bEZng bEZoa\{2971}

(1]

For d > 3, set = :=29-2.{(3,0,1,0,...,0),(3,1,0,0,...,0),(2,1,1,0,...,0)}. O

Let P; = orbs;((2,p)) and Q; = orbs;((2,,p)) for every j € [2]. For P € Py we
set P; := P|; for every i € [2] and likewise for a Q € Q,. By Corollary 13, P; satisfies
P, = A, if x = orig(P;) and diste(z, orig(p)) > 1. Moreover, every P € Py is also in Q,
and has the same type in (7, p) as in (2, p).

Let = be a (g, d)-blurrer (note that z is of degree d > 3 because G is (m+3)-connected)
and Ng(z) = {t1,...,tq} such that ¢;, = t. Then we can view £ € = also as a tuple
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€ € ZéVqG(z). Thus, € acts on vertices u originating from z and we denote this action by
&(u) (cf. Section 5.1 for a definition of the action). Note that every £ € = extends to an
automorphism of (2, p) (and so of (A, p)): By Corollary 13, the gadget of z consists
of a single orbit because distg(z,p) > 3, ie., A, € P;. We define an A x A matrix S
over [y, which is orbit-diagonal over (2, p) and (2, p). We set Sp := Spyp and define

1 if orig(P) # z and u = v,
Sp(u,v) := 141 if orig(P) =z and £(u) = v for some £ € Z,

0 otherwise.

Of particular interest is the unique 1-orbit P, with origin z. We have already seen that
P, = A, € Py, because distg(z, orig(p)) > 3 by assumption. For all other orbits P € Py,
it is easy to see that Sp = 1.

Lemma 36. The matriz S is orbit-invariant over (s, p) and (Ay, p).

Proof. Let P € Py, o € Aut((A,p)), v € P,and v € Q = P € Q. If P # P,, then
clearly ¢(Sp) = ¢(1) = 1 = Sp. Otherwise, P = P,. Because the automorphism group
of A is abelian (Lemma 5) and every & € = extends to an automorphism, it holds that

E(p(u)) = (E(u)). So Sp.(p(u), p(v)) = 1 if and only if £(p(u)) = (E(u)) = ¢(v) for
some ¢ € Z if and only if £(u) = v for some £ € Z, i.e, Sp,(u,v) = 1. O

Lemma 37. The matrix S is odd-filled.

Proof. Let P € Py. For P # P,, the number of ones in a row of Sp = 1 is one and thus
odd. In Sp,, the number of ones in a row is |Z| because &(u) # &' (u) if € # £’ (Lemma 17)
and if u € P,, then &(u) € P, for every £ € =Z. From Lemma 35 it follows that |Z| is
odd. 0J

Corollary 38. The matriz S is invertible.
Proof. Apply Lemmas 33, 36, and 37. O

We want to define a function A\: P, — Qy such that it maps an orbit to another
orbit of the same type. By Corollary 15, we know that P, = Qs and by Lemma 16
that a type-preserving bijection exists. Let P € Py with origin (z,y). If {z,t} # {z,y},
we set A(P) := P. Otherwise if (f,2) = (z,y), then P has a different type in (A, p)
than in (20, p): Every vertex in P is related with every vertex in P, via some Rp.,.
By Corollary 13, we have that P = Ej. 4, for some a € Zjs (recall our assumption
diste(z,p) > 3 and thus a determines the type of P). We set A\(P) := Ef. 4} q424-1, which
then has the same type in (2, p) because of the twist (cf. Figure 1). The case of (z,t) is
analogous.

Lemma 39. x” -5 =5 -x*?) for every P € Py.

Proof. Let P € Py and orig(P) = (x,y) and set () := A(P). Clearly P C P, x P,. We
also have P = )1 and P, = ()5 (as seen earlier by Corollary 13). Then the P; x P, block
is the only nonzero block of x*'. Because S is orbit-diagonal, x* - S has only one nonzero
block, namely the P; x Q> block, which satisfies (X +S) p,x0, = X xp, * SPaxq,- Likewise,
(S X9 px0, = SPixan 'Xgleg- Recall that we have set Sp, = Sp,xg,. We identify x”
with x5 «p, and likewise for x9. So we are left to show that x” - Sp, = Sg, - x©.

23



A, A, A

Figure 1: This figure shows the twist between Ay and 2(,. It assumes that we consider Z4 and
that f({z,t}) = 0 and g({#,t}) = 2. It shows the twisted connection for the edge {z,t}. On the
left, there are the two gadgets for the vertices z and ¢ in 2(; and on the right there are the same
gadgets in 2,. Every vertex represents a clique corresponding to the A, ;. and every edge a
complete bipartite graph (cf. Section 5). The relation R is drawn in blue and R 2 in red and
dashed style. Restricted to the connection between {z,t}, we have in 2y that Rpo = Er.no
and Rp2 = Ef, 2. In 2, we have that Rgo = E{; 432 and Rgo = Ey, 1y 0.

o Case z ¢ {x,y}: Then Q = A(P) =P and x'-Sp, =x"-1=1-x% = Sp, - x%.

o Case x =y =z Then Q = \(P) = P. As already seen, P, = P, = (@1 = Q2 = P,.
So if u € @, then £1(u) € Q, for every ¢ € =. We obtain
(XP . SP2)(U7U) = Z XP(U,UJ) . SPz (w’ U)

weEPs

=> x"(u,&(v)

ez
= x"(&(w),v).

£e=

The last step uses that ¢ extends to an automorphism and thus x”(u, & (v)) =
EOXT)(u, &) = xP(&(u),v). The reverse direction is similar:

> x"(€(u).v)

e

= > x“(&(u),v)

£e=

= Z SQl(uvw)'XQ(w7v)

weQ1
= (S, - X9 (u,v).

o Case y = z and {x,z} € E (the case z = z and {z,y} € E is analogous): Again
P, = P,. We have
(X" Sp)(u,v)
= > x'(u,w)- Sp.(w,v)

we P,

D IRUCRS)

==

{1 if [{¢ € 2| (u, &1 (v)) € P} is odd,

0 otherwise.
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Let P = Ey; .}, for some a € Zys (cf. the definition of \) and (u,v) € Ey, .y, for
some b € Zgs. Then, by definition of Ey, .y, it holds that u(z) 4+ v(z) = b. Let
i € [d] such that x = ¢; (recall that Ng(z) = {t1,...,ts} and t; = t). For every
§ € 2 it holds that (u,£'(v)) € P = E(;.), if and only if u(z) + £ (v)(z) = a if
and only if £(i) = b — a because

u(z) + &1 (v) (@) = u(z) +v(x) = £(0) = b — &(0).
We see that

{ee2| (') e Py =#ipal®.

Set ¢ := 2771 if { = 1 (and so z = t) and ¢ := 0 otherwise. Then #;; (=) = 1 if
and only if b — a = ¢ by the properties of a blurrer. It follows that
1 ifb—a=c,

0 otherwise.

(XP ) SP2)(U7U) = {

—Ifi#1(sox#t), then c =0 and (x” - Sp,)(u,v) = 1 if and only if b = a,
but that holds if and only if (u,v) € P. So

X" Sp=x"=1-x?=Sg, - x“

because Q = A\(P) = P.

—Ifi=1 (sox =t), then (x" - Sp,)(u,v) = 1if and only if b —a = 2971 i.e.,
a + 297! = b. But that holds by definition of X if and only if

(u,v) €EQ = )\(P) = E(m7z),a+2q—1
and so
X7+ 8p, =1-x%=Sq, -x?

Case y = z and {x,z} ¢ E (the case z = z and {z,y} ¢ E is analogous): By the
assumptlon that distg(z, orig(p)) > 3 the type of (u,v) and (u, ') for u € A, and
v,v" € A, is equal. So (u,v) € P if and only if (u,v') € P by Corollary 13. In
particular, (u,v) € P if and only if (u,&(v)) € P for every £ € Z. Set

={¢e=|(we'w)er}

Then we have

(" - Sp,)(u,v) =

if | D| is odd,
0 otherwise
X

)

The last step holds because if (u,v) € P, then D = = and |D| = |Z]| is odd
(Lemma 35), and if (u,v) € P, then D = () and |D| = 0. As seen before,

X" 8p = x" = x% = Sg, - x“
because @ = A\(P) = P. O
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Corollary 40. The matriz S 1-blurs the twist between (s, p) and (Ag, D).
We summarize the results of this section:

Lemma 41. For every q > 2, m € N, every (m+ 3)-connected base graph G = (V, E, <),
every f,g: E — Zna twisting exactly one edge {z,t} such that f({z,t}) = g({z,t})+2971,
and every m-tuple p € A™ of Ay = CFly(G, f) and A, := CFly(G, f), there is an
odd-filled matriz S, both orbit-diagonal and orbit-invariant over (s, p) and (A4,p), that
1-blurs the twist between (A, p) and (Ay, p) and satisfies that Spg = 1 for every k-orbits
P € orbsy ((2f,p)) and Q € orbs ((2,,p)) of the same type with orig(P) = orig(Q) # 2.

Constructing matrices blurring the twist for higher arities is more difficult: First,
we have to generalize our notion of a blurrer to arity k. Second, we are faced with
disconnected orbits, which do not pose a problem in the l-ary case, but complicate
matters in the general case. To deal with these orbits, we need to establish more technical
lemmas for matrices over CFI structures.

8 The Active Region of a Matrix

In this section, we consider the part of a matrix S, where S “has a non-trivial effect”.
Intuitively, this means that S is locally not the identity matrix. We will call these parts
the active region. Conversely, for parts where S is not active, S is locally the identity
matrix. We now make this idea formal.

As in Section 6, let ¢,k,m € N and G = (V, E, <) be a (k + m + 1)-connected base
graph. We again denote for every f: E — Zjq by 2(; the CFI structure CFlz,, (G, f) and
by A the universe of these CFI structures. Let p € A™ be arbitrary but fixed in this
section. For N C V, the N-components Cy(P) of an orbit P is the set of components C'
of P satisfying C' C N.

Definition 42 (Active Region). Let f,g: E — Zga not twist orig(p), S be an A* x A*
matriz over Fy, and Py = orbs((Ay,p)) and Qi = orbs,((™A,,p)). For P € Py and
Q € Qi of the same type, the matriz S is active (with respect to (UAs,p) and (Ay,p))
on a component C of P (and so of Q), if there are u € P and v € Q) such that uc # V¢
and S(u,v) = 1. We write AH9P(S, P) = AF9P(S Q) for the set of components of P,
on which S is active, and N/9P(S, P) = N»92(S Q) for the remaining components. The
active region A9P(S) C V of S is the inclusion-wise smallest set satisfying the fol-
lowing:

1. C C AL9P(S) for every C € AM9P(S, P) and every P € Py.
2. For every P, P' € Py and Q, Q" € Qy such that

Caroi(s)(P) = Caron(s)(P") = Carois)(Q) = Caron(s)(Q") =: A,

both P and Q (respectively P’ and Q') have the same type, and thus N/9?(S, P) =
N/9P(S Q) =: N (respectively N»97(S, P')y = N/9P(S, Q") =: N'), and every u € P,
u e P,veEeQ, and v € Q, it holds that if upn = Up, Vo = VA, Uy = Un, and
e = Ui, then S(u,v) = S(&, 0').
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The active region is well-defined: Clearly V itself satisfies Conditions 1 and 2. If
two sets X C V and Y C V satisfy the two conditions, then also X N'Y. Note that
Caran(s)(P) and NS9P(S, P) are not necessarily disjoint, but N/9P(S, P) contains all
components of P not contained in Cpr.s5(s)(FP). Condition 2 equivalently can be stated
only with the remaining components apart from Cays5(s)(P) instead of N/9P(S, P).

Although Condition 2 is rather technical, it ensures that the “non-identity-part” of .S
only depends on the active region: S(u,v) only depends on the components of « and v,
on which S is active, as long as the entries for the other components are equal (oth-
erwise S(u,v) = 0 anyway by Condition 1). That is S(u,v) only depends on whether
UNs.9.5(5,P) = UNfos(s,p) but not on e.g. the type of uys.osg p)-

We first consider the matrix blurring the twist defined in Section 7:

Lemma 43. The matriz S given in the setting of Lemma 41 satisfies AT9P(S) = {z}.

Proof. Let P € orbs;((2f,p)) and @ € orbs;((A,,p)) be of the same type with origin
x = orig(P) = orig(Q)) # z. Then Spyg = 1 by Lemma 41, i.e., S is clearly not active on
{z}. The matrix S has to be active on {z} because otherwise S = 1 and the structures
would be isomorphic. This proves Condition 1. In the 1-ary case, a 1-orbit can only have
one component, so Condition 2 of the active region is trivially satisfied. O

We now continue in the general case. The rest of this section establishes rather
technical lemmas needed in Section 9. It is easy to see that if P and () have the same
type, whose origins contain no vertex of A%9?(S), then Spyxg = 1. In the region of a
twist, .S has to be active:

Lemma 44. Let f,g: E — Zy not twist orig(p), S be an A* x A* matriz over Fy,
and P € orbs,((As,p)) and Q € orbs,((Ay,p)) have the same type. If the block Spxg
is nonzero and C' is a component of P (and thus of Q) such that Plc # Qlc, then
C € AP9P(S, P).

Proof. Let u € P and v € @ such that S(u,v) = 1. Such an entry must exist because
Spxq is nonzero. If uc = v¢, then Ple = Q|¢ by Lemma 19 and Corollary 13, which
contradicts our assumption. So uc # vc and C € A9P(S P). O

The next lemma shows that, as long as f and g agree on the edges in orig(p), the actual
values f and g assign to edges e are not important but only the difference f(e) — g(e)
matters.

Lemma 45. Let f,g: E — Zy not twist orig(p) and S be an A* x A¥ matriz over Fy.
Furthermore, let f',g': E — Zaa such that f'(e) = f(e) and ¢'(e) = g(e) for every
e € E with enorig(p) # 0 and f'(e) — f(e) = ¢'(e) — g(e) for every other e € E.
Then AF9P(S) = AI92(S) and if S is orbit-diagonal (respectively orbit-invariant) over
(A, p) and (A, p), then S is orbit-diagonal (respectively orbit-invariant) over (2, p)
and (Ay,p).

Proof. Note that if P € orbsi((2(s,p)) has the same type in (2, p) as () € orbsy((Ay, p))
has in (2,,p), then P € orbs,((As,p)) and @ € orbsi((2A,,p)) (Corollary 15) and P
has the same type in (UAp,p) as @ has in (Ay,p). So we only change the type of the
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orbits, but not the correspondence between orbits of the same type. That is, if S is orbit-
diagonal (respectively orbit-invariant) over (2, p) and (,,p), then S is orbit-diagonal
(respectively orbit-invariant) over (A, p) and (y,p). Furthermore, S is active on the
same components with respect to (s, p) and (2,4, p) as S is with respect to (A, p) and
(A, p). This implies that A/9P(S) = AF9'P(S). O

We now show that the active region of products S- T is bounded by the active regions
of S and T. For two k-tuples u,v € A* we use the Kronecker delta d; 5, which is 1 if and
only if u = v and 0 otherwise.

Lemma 46. Let f, g, h: E — Zya pairwise not twist orig(p) and S, T be AF x A¥ matrices

overFy. If S is orbit-diagonal over (U, p) and (U, p) and T is orbit-diagonal over (g, p)
and (2, p), then AP(S - T) C AF#7(S) U Asha(T).

Proof. In this proof we omit the superscripts f, g, h, and p for readability: for S we
always refer to f and g, for T' to g and h, and for S - T to f and h. We show that
A(S) UA(T) satisfies Conditions 1 and 2. Because the active region is the inclusion-wise
minimal set satisfying the two conditions, it then follows that A(S - T') C A(S) U A(T).
Let Py, = orbs; (2, p)), Qi = orbs,((Ay, p)), and Ry = orbsy((Ap, p)).

We show Condition 1 by contraposition. Let P € P and C' be a connected component
of Glorig(P)]. We show that if C' ¢ A(S,P)UA(T,P), then C ¢ A(S-T,P). Let
C ¢ A(S, P)UA(T, P), Q € Qi and R € Ry, be of the same type as P, u € P, and w € R.
Because S and T are orbit-diagonal,

¢ because C' ¢ A(S, P). Similarly, vo = we

If S(u,v) =1 (i.e., S(u,v) # 0), then uc = v
(S-T)(u,w) =1 (so there is at least one nonzero

if T'(v,w) = 1. This implies u¢c = we if
summand). Hence, C' & A(S - T, P).
To show Condition 2, let P, P’ € Py and R, R’ € Ry be arbitrary k-orbits, such that

A = Caesyuam) (P) = Cacsyuam) (P') = Casyuam) (R) = Casyoam) (R'),

the orbits P and R have the same type, and P’ and R’ have the same type. Let N be
the set of remaining components of P (and so of R) apart from A. Similarly, let N' be
the set of remaining components of P’ (and so of R') apart from A . Let u € P, v’ € P/,
w € R, and w' € R, such that ua = up, Wa = Wh, Uy = wn, and uy = wi. We have to
show that (S - T)(u,w) = (S - T)(u’ w').

By assumption, ua € P|a, up € P'|a, and up = up. So P|a = P’|a by Corollary 13
because they have the same type and contain the same tuple. Let ) € Q. be of the
same type as P and @ € Qi be of the same type as P’. Then Q|a = Q'|a and A
and N (respectively N’) are sets of components of @) (respectively @'). We first assume
that the blocks Spyg and Th«gr are nonzero. We apply Lemma 19: @ = Q|a x Q|n,

= Q'|a X Q'|n, and likewise for P and P’

(S - T)(uw) = Y S(a o)

vEQR
Z Z S(l_LAl_LN, EAEN) . T(l_)Al_)N, ’lIJA’lIJN). (*)

IA€Q|A INEQ|N
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From Lemma 44 it follows that P|y = Q|n = R|n (recall we assumed that the blocks Spyg
and T« g are nonzero), in particular uy, wy € Q|n. We use again that the N-components
are not in the active region of S and 7'. We continue the equation (*):

)= D D Oupan - S(UalN, DATN) - Ogy,my - T (UaN, WAN)

TAEQ|A TNEQN

= > Ouyan - S(Ualn, Datn) - T(0atn, WaWN)
TAEQ|A

= Y Oapay - S(Uatin, vatne) - T(0awnr, WAWN?)
TAEQ! A

= > D baa - Suati, TaUN) - 05t a0, - T(UAWN, WAWNY).
TAEQ' | Tpr €Q' |\

We used, as already seen, Q|a = Q'|a. We also used A(S - T, P) C A(S,P) UA(T, P) as
shown for Condition 1. So uy can be exchanged with uls and wy with wj.. In the next
step we use that ua = ua and wa = wh (by assumption) and again that S and 7" are not
active on the N’-components.

)= > Y S(unuh, Vati) - T(TalN, WaAwi)
TAEQ![a NEQ |/
= > S@,v) T, o)
v'eq)’

= (S -T)(u,w).

If Spwq or Ty is zero, then Spiyg or T« g is zero because S(u,v) = S(u',v") = 0 and
likewise for T". The claim follows because (S -T)pxg =0 and (S -T)pxo = 0. O

We now consider products S - T in the case that the active regions of S and T are
disjoint. Intuitively, our goal is to prove that then S-T' is given by S on the active region
of S and by T on the active region of 7.

Lemma 47. Let f,g,h: E — Zy. pairwise not twist orig(p) and S, T be A* x A* ma-
trices over Fy. Let S be orbit-diagonal over (A, p) and (U,,p), T be orbit-diagonal
over (,,p) and (Ap, p), both be odd-filled, AH9P(S) N APMP(T) = 0, P € orbsi((As, D)),
Q € orbsi((Ay,p)), and R € orbs,((An,p)) be of the same type, and the components
of P (and thus the components of Q and R) be partitioned into M and N such that
CAf,g,ﬁ(S)<P) Q M and CAg,h,ﬁ(T)(Q) g N.

(a) For every u € P and w € R it holds that

(S - T)(t,w) = S(tUptin, Wariiy) - T(Wprtin, Warn).

(b) If S is orbit-invariant over (As,p) and (A,, D), then for every u € P and w € R it
holds that

> (ST (whyuy, wywy) = T(Wyty, Wpwy).
ahr€EP|p
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Proof. We first show Part (a). Let w € P and w € R.

(S-T)(u,w) =Y S(untn, vaon) - T(OpOn, Wy )
vEQR
= Z (SQ-LN,@N : S(ﬂMﬁN, @MﬁN) . 55M,@M . T(?IJM{JN,?IJMTI}N). (*)
vEQR
The last step uses that components of uy and wy consist only of components not con-
tained in A(S) and likewise for vy, and wyy.

(x) = Y Sluniy, Waiy) - T(Wariiy, Waroy)
ﬁzvggl,_uv

= S(tUpiy, Wartiy) - T(Wprti, Wary ).

For the last step, we have to argue that wyuy € ). From Lemma 19 it follows that

P = P|y x Py, Q =Q|um X Q|n, and R = R|p X R|y. Because S is not active on the

components in N and 7T is not active on the components in M, it follows from Lemma 44

that P|y = Q|ny and that Q| = R|as (the corresponding blocks of S and T are nonzero

because S and T are odd-filled). Hence, wyuy € @ because wy, € R|y and uy € Ply.
We now show Part (b). We apply Part (a):

> (S T)(uhy, wpoy)
ﬂ/M€P|M
= > S(umay, wyuy) - T(0piy, ©yoy)
ah€P| M
=T(wyun, Wywy) - Y, S(Wtn, Oyty).
up €P|

It suffices to show that the value of the sum is 1. We rewrite the sum using P = P|y X P|xn
(Lemma 19):

> S(uyuy, wyuy) = Y, S(uyty, opuy) — Y S(Uytly, Oyy).
uhrEP| upruyEP ahruN EP,
UNAUN
In the right sum it always holds that S(u)suly,wyuy) = 0 because uly # uy and N
is not in the active region of S. So the right sum is zero. Finally, the left sum
Sansaner S(UnmUN, Wy Uy) sums over a column of S because S is orbit-diagonal. Be-
cause S is orbit-invariant and odd-filled, this sum is 1 by Lemma 31. O

Finally, we show the result of Lemma 47(b) for a product of three matrices S - Sy - .Ss.

Lemma 48. Let g;: E — Zsa pairwise not twist orig(p) for every i € [4]. Let S; be
an A* x A* matriz over Fy that is odd-filled and both orbit-diagonal and orbit-invariant
over (g, p) and (Ag,,,,p) for every i € [3]. If the active regions A%-9+1P(S;) are pairwise
disjoint, then for all k-orbits P; € orbs,((2,,,p)) of the same type for alli € [4], every par-
tition of the components of the P; into My, My, and M3 such that C’Agi,giﬂ,ﬁ(si)(Pi) C M;
for every i € [3], and every u € Py and w € Py it holds that

> (S S2 - Ss)(Ung, UWhty Uniy, War, W, Wagy) = (St - S3) (Tar, Wan Unty, Wg, War, W)
Q_LQVIQEPl‘JWQ
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Proof. By Lemma 28, the matrix (51-55) is orbit-diagonal and orbit-invariant over (2, , p)
and (g, p) and the matrix (S, - S3) is orbit-diagonal and orbit-invariant over (2, ,p)
and (A,,,p). Both matrices are odd-filled by Lemma 30. We apply Lemma 47(a) for the
partition of the components of P into M; U M3 and Mos:

Z (Sl : 52 : 53><ﬂM1ﬂ§\42ﬂM37 lewMsz3>
Uiy € Py
= Z Sl<ﬁM1a§\42aM37 lefLQWQfLM:’)) ’ <S2 ’ S3)(wM1aleaM37 lewMQwMS)
Uy €P1 Iy
= Z Sl(l_LMlu_}MzaMsa 'J]MﬁI}MzﬂMa) . (52 : 53)('@]\/[1@/]\/[2711\/137 leu_}M2U_}M3)' (*)
Ut € P1|asy

The last step uses that My consists only of components not contained in A9::92P(S;). We
continue the equation by moving S; out of the sum and applying Lemma 47(b) for the
partition of the components of P into M; U M3 and Mos:

(%) = S1(Unr, War, Ungy, Orr, Waryingg) - Y, (Sa  S3) (War, Wag, Uiy War, Wi, Wiy )
ﬂ/MQEP‘M2
= S1(Unr, Wat, Uy, Wat, Wty Ungy) - S3(W s, War, Ungs , Wag, Wiz, Wiy )

= (81 S3)(Unt, Wht, Uiy, Wity Wt Wiy )-

The last step follows from applying Lemmas 45 and 47(a) in the reverse direction by
partitioning the components into M; and My U Mj. U

9 The Arity k Case

We now construct a similarity matrix for the k-ary invertible-map game. Constructing
this matrix and verifying its suitability will be quite technical and intricate. We first
discuss the difficulties we have to overcome and why the approach for arity 1 cannot
be generalized to arity k easily. In the following, we provide high-level intuition for
constructing the similarity matrix for arity k. This prepares us for the lengthy formal
definition of this matrix, which follows subsequently.

9.1 Overview of the Construction

Orbits of the Same Type. Let 2 and 2, be two CFI structures, such that a single
edge {t,t'} of the base graph G is twisted by f and g. Let p be parameters, whose
origin has sufficiently large distance to the twisted edge. We have seen in Section 7
that every l-orbit has the same type in (f,p) as it has in (2, p). For a k-orbit P,
this is not the case whenever {t,t'} C orig(P). Ultimately, our goal is to construct an
orbit-invariant, orbit-diagonal, and odd-filled similarity matrix S that k-blurs the twist.
Because the blocks on the diagonal of S arise from orbits of the same type and because
the characteristic matrices of orbits of the same type have to be simultaneously similar,
we first want to define a bijection orbs; (2, p)) — orbs/ ((2,, p)) for every k' < 2k that
preserves the orbit types. For this, we want to construct a function 7: AS?* — AS?
that preserves the type of tuples. Then 7 preserves orbit types, too. To do so, we pick
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a vertex z satisfying distg(t,z) > 2k and a path (z,...,t,t). We consider the path-
isomorphism ¢, that twists the edge {¢,%'} and the edge incident to z in the chosen path.
That is, between ¢, (2y) and 2, an edge incident to z is twisted but the edge {t,t'} is not.
For the moment assume that we only consider connected tuples and thus only connected
orbits. Let 7 be the function that applies the path-isomorphism ¢, to every tuple u with
{t,#'} C orig(u) and is the identity function on all others. Let u C AS* be such a tuple
with {¢,#'} C orig(u). Because distg(t, z) > 2k and because we consider connected tuples,
we have that z ¢ orig(u). Hence, 2 [orig(u)] = ¢ (As)[orig(u)] and u has the same type
in (As,p) as 7(u) has in (A, p). Consequently, for every k' < 2k and P € orbs;/ (2L, p))
it holds that 7(P) € orbsy ((,,p)) and 7(P) has the same type in (2,,p) as P has in
(Qlfv ]3)

Generalized Blurrers. Next we transfer the concept of a blurrer to the k-ary case.
Definition 34 of a (g, d)-blurrer requires that there seems to be a twist at index 1 but none
at the others indices when considering only one of the d entries of the blurrer elements.
Although, all tuples £ in a blurrer satisfy >~ & = 0. We require the same property in the
k-ary case, but now not only consider one index at a time but sets of £ many indices.
We will generalize (g, d)-blurrers to (k, ¢, a,d)-blurrers, where k is the arity, ¢ specifies
the ring Zsq, d the length of the tuples in the blurrer, and a € Zsq the value of the twist
(which was fixed to 297! before). Showing the existence of such blurrers will be more
difficult, in particular we will have to use, for a given k, the ring Zsq, for a sufficiently
large g = q(k).

In the l-ary case, we identified a tuple £ € = with a local automorphism of the
gadget of z. We now describe the approach in the k-ary case. Assume we are given a
generalized (k, q, a,d)-blurrer = for arity k for some suitable ¢, a € Zsq, and d. We now
require that the base graph G is regular of degree d. Recall that in Section 7 we blurred
the twist between the edges incident to z, of which one was the twisted edge: We used
multiple local automorphisms (one for each £ € =) to distribute the twist among these
edges. When considering connected 2k-tuples, we want to ensure that the origin of every
2k-tuple contains at most one of the edges between which we blur the twist. So it is
not possible to blur the twist between the incident edges of a single vertex. Instead, we
will choose vertices t1,...,tq and t1,...,ty, such that t = ¢;, ¢’ = ¢1, and such that there
are simple paths §; = (z,...,t}, ;) of length at least 2k forming a star, i.e., the paths s;
are disjoint apart from z (cf. Figure 2). Here it will be important to choose §; to be
the path we used to define the tuple-type-preserving map 7 in the previous paragraph.
We will ensure that such paths exist by requiring that the girth of G is large enough.
We will blur the twist between the edges {t;,t;}. In the l-ary case, an element in a
blurrer corresponded to an automorphism of the gadget of z, or equivalently to a star-
isomorphism, where the paths of the star have length 1. In the k-ary case we will identify
a & € E with the star-isomorphism ¢¢ := 7*[&, 51, ..., 54]. Again to preserve the type of
tuples, we will only apply £ to tuples u satisfying {¢;,t;} Z orig(u) for all i € [d]. That is,
on such a u, the action of ¢ could also be defined by an automorphism. This turns ¢ into
a “star-automorphism”. Using a star in combination with the large girth ensures that the
tips of the star, the edges {t;,t;}, are sufficiently far apart. If we only had to deal with
connected tuples, this approach would be sufficient to construct a similarity matrix (and
in particular, we could even use easier blurrers). However, disconnected tuples complicate
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matters.

Disconnected Tuples and Orbits. We have to consider disconnected tuples and or-
bits. While with connected tuples the approach just described is local (we only considered
the 2k-neighborhood of z), there are disconnected tuples containing vertices scattered in
the structure. But these vertices belong to different components of the tuple (cf. Defini-
tion 18). Lemma 19 tells us that the components of disconnected orbits are independent
whenever the connectivity of G is sufficiently large. In a first step, we will salvage the
previous approach by applying the path- and the star-isomorphism not to entire tuples,
but instead to components of tuples. That is, if a component C' contains the twisted
edge {t,t'} = {t1,t1}, then we apply the type-preserving map 7 to this component. If
{t;,t;} € C for all i € [d], i.e, C contains none of the edges between which we blur the
twist, we apply the star-automorphisms £ to this component. (Note that ¢ is the identity
map unless C' intersects non-trivially with at least one path s;.)

This approach fails, when for a 2k-orbit P the two k-orbits P, := P\{L___,k} and
P, = P|{k+1,...,2k} contain the center z of the star and some of the edges {t;,¢;} in their
origin. Because the edges {t;,t;} are contained in the origin, we need to argue with the
blurrer properties to show that we blur the twist. This is only possible if for two k-tuples
u € Py and v € P it only depends on up to k indices of a £ € = whether &(u)v is in
the same orbit as wv. But because the center z is in the origin, this actually depends
on all d entries of £ and the blurrer properties do not apply. This is why we will have
to distinguish two kinds of k-orbits. We call a k-orbit P blurrable, if z ¢ orig(P). For
non-blurrable orbits, we need another technique as follows.

Recursive Blurring. Now consider a 2k-orbit P, such that both P, := P|{17_,_7k} and
Py := P|{i41,. 2k} are non-blurrable k-orbits. Let us quickly recall the 1-ary case. It was
possible to blur the twist in Lemma 39 because we summed over the tuples &(u)v for all
¢ € Z. For a 2-orbit P, whose origin was the twisted edge {z,t}, w.l.o.g. the origin of P,
is z and for every v € P it held that £(v) # £'(v) for every & # £ in the blurrer. But
for P, only one index of the blurrer was relevant. That is, for every u € P, v € P,, and
€,& € Z such that £(1) = £'(1) we had that {(u) = £'(u) and that {(u)v is in the same
orbit as &'(u)v. So were able to apply the properties of a blurrer, i.e., when summing over
¢(u)v for all £ € = and if only one index matters, then the twist vanishes. The 2-orbits
for which both P; and P, have origin {z} did not cover the twisted edge and so did not
pose a problem in the 1-ary case.

Now consider the k-ary case again. Here of course there are orbits P such that
both P, and P, are non-blurrable and they contain the twisted edge and the center z in
their origins. Let u € P, and v € P5. Both u and v contain a vertex with origin z and
the blurrer properties do not apply because the orbit of £(u)v is different for every £ € =
(fixing one vertex of origin z separates the gadget of z into singleton orbits).

That is, when summing over all £ € =, we map every uv to the tuple (u)v, whose type
in (¢e(2Ay,), p) is the same as the type of uv in (Af, p). But in (,, p) the tuple £(u)v has a
different type. Between (,,p) and (v¢(2,), p) the edges {t;,t;} are twisted additionally
(the values of the twists depend on ). This, in some sense, introduces other twists, but
only for said 2k-orbits P, where the origins of both P; and P, are not blurrable.

33



The idea is to fix an arbitrary vertex p, with origin z and consider (k — 1)-orbits of
(A, pp.) (justified by Corollary 21). This can be done because all non-blurrable orbits
contain z in its origin. For every ¢ € =, we will recursively obtain a matrix S¢ that
(k — 1)-blurs the twist between (g, pp.) and (@g' (), pp.). We use the inverse o' of
the star-isomorphism ¢, because we want to revert the twists introduced by ¢,. Here the
need arises to blur a twist of value a # 29-!. Combining the blurrer Z with the matrices S
to a matrix S that k-blurs the twist will become formally tedious. In particular, we will
need to ensure that the S¢ act “independently” on the {t;,#;}, which we discuss next.

Active Region and Blurrers. The matrix S is defined for blocks of k-orbits. Blocks
for blurrable k-orbits will be defined using the blurrer =, blocks for non-blurrable k-orbits
will be defined using = and the matrices S¢. With this approach we will show that S is
a similarity matrix for all orbits P, for which either P, and P, are both blurrable or P;
and P, are both non-blurrable. In the former case, we will use the blurrer property, in
the latter case, we will use induction. The case that P; is blurrable and P, is not or
vice versa remains. We have to show that x*' - S = S - x% (for Q = 7(P), which has the
same type as P). Assume that P, is blurrable and P, is not. For S - x¥ solely the block
Spxg, of S is relevant. This block is defined using the blurrer = because P; is blurrable.
Similarly, for x* - S solely the block Sp,xq, is relevant. This block is defined using the
blurrer = and the matrices S¢ because P, is non-blurrable.

To use the blurrer properties also for P, we will define the matrices S¢, which blur
multiple twists at the edges {t;,t,}, as S¢ := S&1 .. .. S&4 where each S only blurs a
single twist at the edge {;,t;}. We will ensure that the active region of S% is bound by
the r(k)-neighborhood of ¢; for some suitable r(k). We then enlarge the star such that
the paths 5; have length greater than max{2k,r(k)}. Now, the active regions of the S&*
are disjoint and we can use Lemma 48 to show that indeed all except k many of the S&*
cancel out. So finally, we can use the blurrer properties to show that S is a similarity
matrix for orbits where P, is blurrable and P, is not. We now start with generalizing
blurrers and then show the existence of the required similarity matrix.

9.2 Blurrer

When dealing with arity k, the properties of a blurrer must be generalized from a single
index to sets of indices of size at most k. Let ¢,d € N and = C ZJ,. For K C [d] and
be Z‘qu(l we count the tuples contained in = whose restriction to K equals b. We define

#ixp(E) = HEE = ‘ clx :_H mod 2.

Definition 49 (Blurrer). Let d > k, E C Z%,, and a € Zyi. The set = C 74, is called a
(k,q, a,d)-blurrer if it satisfies the following for all K C [d] with |K| = k:

1. >¢6=0 forall€ € =.
2. Ifl € K, then #K,(a,O,...,O)(E) =1.
3. If1 ¢ K, then #5(2) = 1.

4. #x3(E) =0 for all other pairs of K and b.
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The crucial property of a blurrer is the following:

Lemma 50. Let = be a (k,q,a,d)-blurrer, K C [d] such that |K| = k, and define
Eowst i= (a,0,...,0) € Z4,. Every function f: Z|x — Fy satisfies

Z f(€|K) = f(gtwst|K)-

£e=
In particular, there is a & € Z such that Eu|k = Ewwst| K-

Proof. Because f takes k-tuples as input, it cannot distinguish whether it is applied to
&l or to &wst|k because by Conditions 2, and 3 &wst|xk € Z|k. Conditions 2, 3, and 4
ensure that when summing over all £ € =, all summands f(|x) apart from f(&owst|x)
cancel out (by Condition 4 and 2 if 1 € K or Condition 3 if 1 ¢ K). The existence of a
&w € Z as required follows from Conditions 2 and 3. O

Note that while £ only contains tuples satisfying > & = 0, we have that > &wet = a.
Lemma 51. Let = be a (k,q, a,d)-blurrer. Then |Z| is odd.

Proof. Let K C [d] with |K| = k. We partition == M U N into

M = {g €= ‘ €|K == gtwst|K}7
Ni={€€E|Elk # Cumlr },
where st = (a,0,...,0) is the tuple from Lemma 50. The size of |M]| is odd by

Condition 2 if 1 € K and otherwise by Condition 3. By Condition 4, the size |N| is even.
If it was odd, then some b would violate Condition 4. O

We now construct blurrers.

Lemma 52. If there is a (k,q,a,d)-blurrer Z, then
1. there is a (k,q,a,d)-blurrer for every d > d,
2. Zis a (K, q,a,d)-blurrer for every k' < k, and
3. there is a (k,q,c- a,d)-blurrer for every ¢ € Zsa.

Proof. To prove the first statement, we just fill up the tuples of = with zeros to be of
length d’. To prove the second statement, let K’ C K C [d] such that |K| = k and let
Ve Z‘Q{f . Then
#r (E) = Z #K,B(E)-

bezk,,

bl o=t
Assume 1 € K’ and ¥ = (a,0,...,0). Then for l_)_: (a,0,...,0) € ZE, we have b|gr = b
and # g ;(Z) = 1 by Condition 2. For all other b we have # ;(Z) = 0 by Condition 4.

So the sum is 1. The case that 1 ¢ K’ and b = 0 is similar using Condition 3. In the
remaining case all summands are 0 by blurrer Condition 4.
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To prove the last statement, let ¢ € Zgs and set &' := {c-£ | £ € E}. If Y& = 0, then
clearly >>c- & = 0. We verify blurrer Condition 2, the others are similar. Let K C [d] of
size k and b = (a,0,...,0) € Z&,. From Conditions 2 and 3 it follows that

#K,ol_)(El) = #KE(E) + Z #K,B/(E) =1+ Z 0=1.

B/_eZ’gcq , E’_eZ’gQ ,
b'#b, b'#b,
cb'=cb cb/=cb 0

Lemma 53. Let m,n € N. If 0 <m < 2", then (3::) is even. If m < 2™ —1, then (27;;1)
is odd.

Proof. Let k € N and consider (:I) We write £ and m in base 2 representation

J J
i=0 1=0

for some suitable j and m;, k; € {0,1} for all i € {0,...,5}. We apply Lucas’s Theo-

rem [7]: ‘
k Ik
( )monzH( >m0d2,
m i=0 \"i

where ((1]) = 0 and (8) = (é) = G) = 1. That is, (:1) mod 2 = 0 if and only if there is

an i € {0,...,j} such that k; = 0 and m; = 1.

(a) Let £ = 2" and 0 < m < k. Then there is an ¢ < n such that m; = 1 . Because
k=2" k; =0 and so (2) is even.

(b) Let k =2"—1 and m < k. For every i < n we have k; = 1. For every ¢ such that
m; = 1 it holds that ¢+ < n. That is, (:1) is odd. O

Lemma 54. For every i € N, there is a (271 —1,4,2071 28 — 1)-blurrer.

Proof. We set k=271 — 1, d:=2"— 1, and define = as follows:

(1]

1 -

201
Z a; =2"1 a; € {0,1} for every j },

=2

{ (22‘717 ag, . . . 7(121—1)

(1]

2.

2i—1
> a;=2""—1,a; € {0,1} for every j },

Jj=2

{ (2i71 + 17 ag, ..., a2i—1>

(1]

=1 U 2.

To verify that = is indeed a (k, 4,2, d)-blurrer, let K C [d] be of size k and b € ZE,. Set
K:=1[d\K.

e Let 1 € K and b= (2°1,0,...,0). Every ¢ € E with £|x = b is contained in Z;.
Because every ¢ € Z; contains 2°~! many 1-entries, ¢ is of length d = 2/ — 1, and b
contains k — 1 = 2'~! — 2 many O-entries, every £ € Z; such that | = b satisfies
¢z = (1,...,1). So there can be at most one such { € =;. It exists by construction
of Z;. Hence, #3(ZE) = 1.
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e Let 1 € K and b = (271, by, ..., boi ), b; € {0,1} for all j, and not all b; equal
zero. Again, every ¢ € Z such that | = b is contained in =;. Because

Sbhef{2 41, 2 k-1 = {27 1,20 - 2}

it holds that B _
mi==Yb=>¢ge{2... 27~ 1}

for every ¢ € Z;. By construction, {¢ € 2 | {|x = b}

i—i\x is the set of all
22’71

0/1-tuples of length 2:~! that contain exactly m many ones. There are exactly .

many 0/1-tuples of length 2¢=!. For all possible values of m, the number (2;1) is
even by Lemma 53. We conclude that # ;(Z) = 0.

e Let 1 € K and b = (271 + 1,by,...,byi_1). Now, every ¢ € = with &|x = b is
contained in =5. Then

m::—Zz}zzafe{1,...,22‘*1—1}

for every £ € =, because
She{2 41, 27 1+ (k-1 = {27 41, 27 -1},

Again, there are (2:;1) many 0/1-tuples extending b to a & € Z, which is an even
number by Lemma 53 and thus # ;(Z) = 0.

e Let 1 € K and b not be covered by two cases before. Then there is no ¢ satisfying
{lx = b and so #5(Z) = 0.

« Now the case that 1 ¢ K remains. If there is no ¢ € Z satisfying &|x = b, then
clearly #5(Z) = 0. So assume that there is such a § € Z.

— Let us first consider =;. Let £ € =;. Then
0= €= 0+ &r=20+27"+> &lxmpy
The tuple |7, 1y is a 0/1-tuple of length d — k — 1 =2""1 — 1. So
Zg‘f\{l} E {O, ey 21'71 - 1}
That is, if 36 = 0, we obtain a contradiction because there is no £ € =

satisfying &|x = b and #x5(Z1) = 0. Otherwise, all £ € Z; satisfying {|x
extend b by a 0/1-tuple of length 2°~' — 1 containing

1
b

m::—ZE—Qi’IE{O,...,Qi’l—l}

2177;_1) many 0/1-tuples of length d —k —1 =21 -1

and sum m, which is an odd number by Lemma 53. Hence, #y;(Z1) = 1.

many ones. There are (
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— Now consider Z,. For every & € Z, such that &|x = b, it similarly holds that

0= b+2""+1+> &lry

and thus Z§|F\{1} € {0,...,2"1). Every ¢ € Z; satisfying &|x = b extends b
by a 0/1-tuple of length 2°~! — 1 containing

mi=->b-2""-1¢ {O,...,Qi’l— 1}
many ones. The number m is again odd by Lemma 53. Hence, #y ;(Z2) = 1.

Together, if b = 0, then #rx5(E) = #x5(E1) + #x5(E2) = 0+ 1 = 1. Otherwise,
#rx5(Z1) + #x5(Z2) = 1 + 1 which is 0 modulo 2. O

Remark 55. Computer experiments suggest that for a given 272 < k < 2071 — 1 our
choice of q =i is minimal to construct a (k,q,2"1, d)-blurrer and that d = 2° — 1 could
be improved in the case that k # 20=1 — 1, but is minimal in the case that k = 2= — 1.

We now lift a (k, ¢, a, d)-blurrer from the ring Zss to the ring Zge+c. Here we have two
choices, both of which we need later: the first is via the embedding of Zgs in Zgg+e, the
second will not change the value a.

Lemma 56. Let q,{ € N and t: Zgs — Zogare be the embedding of Zoa in Zgqare defined by
aw 2ta. If = is a (k,q,a,d)-blurrer, then (Z) is a (k,q + ¢, 1(a), d)-blurrer.

Proof. This is straightforward from the definition. O
Lemma 57. For every i,{ € N, there is a (2771 — 1,4 + £,271,2" — 1)-blurrer.

Proof. Let Z be the (27! — 1,4,271 28 — 1)-blurrer given by Lemma 54 and suppose
c =21 —1 € Zyire. Let h be the following function that maps Z to =’ := {h(§) | £ € E}:

d
f'-) (-C'ij,0'§2,...,6'§d> .
=2

The operations are all in Zgi.. By definition 3¢ = 0 for every ¢’ € Z'. Let K C [d] be
of size k and b € Z’;M. Note that ¢ is a unit because ¢ is odd.

e Let 1 ¢ K. Because c is a unit, multiplication with ¢ is a bijection and thus we
have # . 35(Z') = #x..15(2), which is 1 if and only if ¢* - b =b = 0.

o Let 1 € K. We argue that also the action of h on the first position is a bijection.
Because " & = 0 for all £ € =, the map & — Z;l:Q &, is a bijection and so is the

—_
—

action of h because ¢ is a unit. So we have # . ;(Z') = #xa(Z) for some a € Zk;.

It holds that —ca; = —(2"! — 1)a; = a; — 2"ta; (over Zgive). So a; = 201
if and only if —ca; = 2771 — 2612071 = 2071 —_26% — 271 — 0 = 2771 Hence,
b= (2,0,...,0) if and only if @ = (2%,0,...,0), which is the case if and only if
#icp(E) = 1. O
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9.3 Similarity Matrix for One Round

We now construct a similarity matrix k-blurring the twist. To be able to define this
matrix, we need bounds on the degree, the girth, and the connectivity of the base graph
as well as certain guarantees for the placement of the pebbles. Therefore, we define the
following functions N* — N*_ which will give us the needed bounds. In the definitions
let i € N be the unique number that for the given k satisfies 207! — 1 < k < 2¢ — 1.

T%w:{l if k=1,

max{4-r(k — 1)+ 2,2k + 2} otherwise,
1 if k=1
O(k) ==« . : .’
i+0(k—1) otherwise,
3+m if k=1,

d(k, = A
(k,m) {max{Q’+1 +m—1,d(k—1,m+1)} otherwise,
q(k) :==1+0(k).

Lemma 58. For every k,m € N,

o cvery reqular and (2k + m + 1)-connected base graph G = (V,E, <) of degree
d > d(k,m) and girth at least 2r(k + 1),

o every edge {t,t'} € E,
o every q > q(k),
o every 0 =a- 2% € Zo, (for an arbitrary a € Zaa),

o cvery f,g: E — Zaoa such that f(e) = g(e) for all e € E\ {{t,t'}} and g({t',t}) =
f{t,t})+6, and

o every m-tuple p € A™ of A; = CFly(G, f) and A, = CFly(G,g), both with
universe A, for which distg(t,orig(p)) > r(k + 1)

there is an odd-filled A* x A* matriz S, both orbit-diagonal and orbit-invariant over
(2s,p) and (Uy,p), that k-blurs the twist between (Us,p) and (A,,p) and those active

region satisfies AF97(S) € NZF ().

The proof is by induction on k£ and spans the rest of this section. We already proved
the case k = 1 in Lemmas 41 and 43 for ¢ > 2 and § = 277! using a (1, ¢, 277, d) blurrer.
This can easily be adapted for the case that § = a -2 = 24 for some a € Zy. We start
with a (1, ¢, 2, 3)-blurrer given by Lemma 57 and turn it into a (1, ¢, 2a, d)-blurrer using
Lemma 52. Then the proof proceeds exactly the same.

So assume k > 1. Let m € N, G = (V, E, <) be a regular and (2k +m + 1)-connected
base graph of degree d > d(k,m) and girth at least 2r(k + 1), and {t,t'} € E. The
bound on the connectivity of G is needed in the following to apply the results from
Sections 5.2, 6, and 8 and we will not further mention this when applying them. Let
q > q(k). As before, we denote for every f: E — Za by s the CFI structure CFly (G, f)

39



\
diStG(Z, tl)
>r(k)+2

®
ta th 2 T th t

Figure 2: The star s1,..., 8. Each path s; is contained in its own tree rooted at z (depicted in
gray) because G has girth > 4r(k).

with universe A (which is equal for all such f). Let f,g: E — Zsq such that f(e) = g(e)
forall e € E\ {{t,t'}} and g({t,¥'}) = f({t,t'}) + 0, where § = a - 29®) for some a € Zy..
Furthermore, let p € A™ such that distg(t, orig(p)) > r(k + 1) be arbitrary but fixed. In
particular, f, g do not twist orig(p).

Let z be a vertex with distg(z,t") = r(k)+1 and distg(z,t) = r(k)+2. Choose vertices
t =ty,...,tg and t' = t},...,t; such that there are simple paths §; = (z,...,t,t;) of
length r(k) +2 > 2k + 1 for all i € [d] forming a star. Such paths exist because the girth
of G is at least 2r(k + 1) > 2r(k) + 4 and the degree is d (cf. Figure 2).

Claim 1. We have distg(t;, orig(p)) > 2r(k) for every i € [d] and distg(t;,t;) = 2r(k)+ 2
for every i # j.

Proof. By choice of z, distg(z,t;) = r(k) + 1. Let i,j € [d] such that i # j. The
ti-t-path obtained by joining s; and 5, (after removing ¢; and ¢, respectively) has length
2-(r(k)+1) by construction. If this path was not a shortest path, then we would obtain
a cycle of length less than 4 - (r(k) + 1). This contradicts that G has girth at least
2r(k+1) >4 (r(k) + 1). It follows distg (¢, t}) = distg (¢, 2) + distg(z, tj) = 2r(k) + 2.

Let y € orig(p). Then distg(y,t1) < distg(y,t;) + distg(t;,t1). By assumption,
distg(y,t1) > r(k+ 1) = 4r(k) + 2 and by the former argument dists (¢}, t]) = 2r(k) + 2.
It follows that

distq(y, t;) > distg(y, t1) — distg(t1, ;) = 4r(k) + 2 — 2r(k) — 2 > 2r(k). =

We call a set C' C V such that |C| < 2k and G[C] is connected a 2k-component.
Every 2k-component is a component of some 2k-orbit (cf. Definition 18). Because k is
fixed in this proof, we just call them components in the following.

Definition 59. We call a component C
o an i-tip component if {t;,t;} C C andi € [d],

» a star component if C intersects non-trivially with the star s,...,55 and t; ¢ C
for alli € [d],
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o an i-star component if C is a star component, C intersects non-trivially with s;,
and for every other j # i, C intersects trivially with s;,

e a star center component if C is a star component but not an i-star component
for every i € [d],

o and otherwise a sky component.
Claim 2. Let C' be a component and C' C C' be a component.

1. If C is an i-star component, then C' is an i-star or a sky component
If C is a star component, then C' is a star or a sky component.

If C is an i-tip component, then C" is an i-tip, an i-star, or a sky component.

If C is a star component, then C' is an i-star component for some i if and only if

z2¢C.

Proof. To show Case 1, let C' be an i-star component. By definition, C' only has a non-
trivial intersection with s; and t; ¢ C. So every C’ C C' has either a trivial intersection
with every §;, i.e., C" is a sky component, or a non-trivial intersection only with 5; and
t; ¢ C" C C,ie., C'is an i-star component. The Case 2 where C' is a star component in
similar.

For Case 3, let C' be an i-tip component. Because distg (¢, t;) = 2r(k) +2 > 4k 4+ 4
(Claim 1), distg(t, z) = r(k) +1 > 2k, |C] < 2k, and because G[C] is connected, C' has a
trivial intersection with every §; for all j # i. Let C" C C. Now (" is an i-tip component
if {t;,t;} C C’, an i-star component if otherwise C” intersects non-trivially with s;, or
otherwise a sky component.

Finally, to prove Case 4, let C' be a star component. If C' is also an i-star component,
then z ¢ C because otherwise C' would intersect non-trivially with all 5;. For the reverse
direction, let z ¢ C' and C' have a non-trivial intersection with s,. Because distg (¢, t}) =
2r(k) + 2 > 4k + 4, |C| < 2k, G[C] is connected, and because z ¢ C, the component C
cannot have a non-trivial intersection with another s;. Hence, C' is an i-star component.

_|

To blur the twist, we want to distribute it among the edges {t;,t;} (for all i € [d])
similar to the 1-ary case. Here we blurred the twist between all edges adjacent to z. In
the 1-ary case, 1-tuples always had the same type in (f,p) and in (,, p). However, for
k-tuples, this is no longer the case. We now want to construct a function that maps a
tuple @ to a tuple v such that v has the same type in (2(,,p) as @ has in (2, p). To do
so, we use a path isomorphism on the path s;. We generalize this and not only want to
“repair” the types for a twist at the edge {¢1,t}} but possibly for multiple twists at all
edges {t;,t;}.

Let a € Z3,. We define a function 7,: AS?* — AS2?% that preserves the size of tuples.
Set %" := 7[a;, 5] (cf. Definition 7). The function 7; applies ¢»* to tuples, but only
to those components containing some of the edges {t;,t;}. These are precisely the i-tip

41



components:

Ta(0) == (v1,...,vq), where © = (uq,...,u)g) and
{gpfz(u]) if orig(u;) € C and C' is an i-tip component of «,
v; ‘=

uj otherwise.

Given a function h: E — Zsye, we write h + a for the function h': E — Zge such that
R ({t;, ti}) = h({t;, t;}) + a; for all i € [d], and h'(e) = h(e) otherwise.

Claim 3. Suppose a € 74, h: E — Zos, and k' < 2k. If P € orbsy((2Ay,,p)), then
T2(P) € orbsg ((Apnya,p)) and 7:(P) has the same type in (Up1a,p) as P has in (Ap, p).

Proof. Let P € orbsy ((A4,p)). It suffices to consider the case that P has a single com-
ponent C' because 73 is defined component-wise and because by Lemma 19 the type of a
disconnected orbit is given by the types of the restrictions to the components. If C' does
not contain ¢; and t; for some i € [d], then 7; is the identity function. Because P does
not cover the twisted edge, it has the same type in (2, p) and in (Ap14,D)-

So assume {t;,t;} C C. This is the case for exactly one i € [d] by Claim 2. Let h;
be the function equal to h for all edges apart from h;({t;,t}) = h({t;,t;}) + a; and
hi({z, z;}) := h({z, z;}) — a;, where z; is the neighbor of z used in the path 5;. By Claim 1,
the parameters p have distance 2r(k) to t; and thus in particular are not contained in ;.
So ¢®' is an isomorphism between (2;,p) and (,,p) by Lemma 8. Because P is a
K'-orbit and k" < 2k, neither z nor its neighbors (in particular not z;) are contained in C,
because 2k < distg(z,t;) = r(k) + 1. So 72(P) = ¢%*(P) has the same type in (A3, p)
as P has in (A, p). Now, between (,4z,p) and (Up,,p) all edges {t,, ¢} for ¢ # i and
the edge {z, z;} are potentially twisted. Because z ¢ C and {t,,t;} € C for every { # i,
(1., 9)[C] = (Anya, p)[C]. Hence, the type of p»¢(P) in (™Up,,p) is equal to the type of
72(P) in (Apia, D). =

We now construct a blurrer for our setting. Let 4 € N such that 2071 —1 < k < 20— 1.

1. By Lemma 57, there is a (2° — 1,q — 0(k — 1),2%,2"1 — 1)-blurrer (note that
q—0k—-1)>qk)—0k—-1)=i+1).

2. We use Lemma 56 to turn it into a (2°—1, ¢, 29— 271 _1)_blurrer by embedding
ZQQ—G(k—l) in ZQq.

3. We use Lemma 52 to get a (k, ¢, 2770%=1 2i+1 _ 1) -blurrer because k < 2 — 1,
4. then a (k, ¢, 27t9*=1 d)-blurrer because d > d(k,m) > 2°*' — 1, and finally

5. a (k,q,a- 2= d)-blurrer

[

By this construction, for every £ € = and every j € [d] there is some b € Zsq such that
£(5) = b-29%=1 because we embedded Zira—g(k—1y In Ziga. Let Eus = (a- 20+0(=1) 0, ..., 0)
be the tuple given by Lemma 50 for =Z. Then g = f + §wst. We set 7 := 7¢,...

Corollary 60. If k' <2k and P € orbs/((2y,p)), then 7(P) € orbsy/ (A, p)) and 7(P)
has the same type in (A,,p) as P has in (Ag, p).
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Proof. Follows from Claim 3. O

We have seen that with 7 we can “repair” the types of the orbits, but 7 introduces
inconsistencies between tuples along the path s;. This can easily be seen already for
k = 2: Consider a 2-tuple (u,v) with origin (¢;,%}) and the 2-tuple (v, w) with origin
(11, z), where x is the next vertex in the path ;. Then 7((u,v)) = (u,v’) for some v' # v
but 7((v,w)) = (v,w). So clearly the composed 4-tuple (u,v,v,w) has a different type
than (u,v’,v,w). For these inconsistencies, we use the blurrer = as follows.

We now define another function which according to a £ € = “distributes” the twists
among the edges {t;, t;} using a star isomorphism. We associate with each £ € = a function
e ASF — ASF again preserving tuple sizes: Set ¢ == 7*[¢, 51, .. ., 54] (cf. Definition 9).
Then define ¢ : ASF — ASF as follows: Let u € AS*. We set

7/’5(7]) = ('Ul, . 7'U‘ﬂ|),WheI'e u = ('U/l, . '7“\&\) and

@e(u;) if orig(u;) € C and C'is a star component of «,
Vi =
U; otherwise.

That is, we apply ¢¢ to all components of u that do not contain the tips of the star
51,...,54. On the sky components ¢ is the identity function anyway. From now on, we
will identify £ with ¢ and write £(u).

Claim 4. Let u € A’ and the components of u be partitioned into D and D'. Then
7a(0) = 1a(up)Ta(tip) and £(u) = E(up)é(up) for every a € Z3, and € € =.

Proof. The claim is immediate because 7; and )¢ are defined component-wise. —

Claim 5. For every a € Z3, and £ € E, the functions 7a, V¢, and every automorphism
v € Aut((As,p)) = Aut((™A,, p)) commute.

Proof. The functions 75 and )¢ are defined component-wise by isomorphisms. We saw in
Section 5.1 that isomorphisms between CFI structures are composed of automorphisms
of each gadget. Because the automorphism group of a gadget is abelian (Lemma 17), the
said functions commute. o

Definition 61. An orbit-automorphism is a function ¢: AS?** — AS?! that satisfies
the following: For every P & orbsy ((Us,p)) = orbsy (U, p)) with k' < 2k there is an
automorphism pp € Aut((2Ag, p)) = Aut((Ay, p)) such that {(u) = op(u) for all u € P.

That is, an orbit-automorphism is a function, whose action on a single orbit is the
action of an automorphism. For different orbits, the corresponding automorphisms may
be different. This matches the definition of an orbit-invariant matrix (cf. Definition 27),
which is invariant under all orbit-automorphisms.

Claim 6. Fvery & € = is an orbit-automorphism.

Proof. By Lemma 19, it suffices to show the claim for connected orbits P € orbs;/ ((2(, p))
with &’ < 2k. If the origin of P is not a star component, then £ is the identity function
on P and so clearly an orbit-automorphism.

Otherwise, the origin C' := orig(P) is a star component. Then in particular ¢; ¢ C for
all i € [d]. We show that there are paths s, = (¢, t;,...,t1,t]) that are completely disjoint
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from orig(p) and possibly apart from t;,t} disjoint from C. Set C' := C' \ {t; | i € [d]}.
Consider the graph G \ C"\ orig(p). We removed at most |orig(p)| + k& < 2k + m many
vertices. Because G is (2k +m+ 1)-connected, the claimed paths exists in G\ C"\ orig(p).
We then use path isomorphisms ¢; := 7[£(i), 8] for all i € [d] \ {1} to move the twist
introduced by ¢ at the {¢;, ¢} to {t1,t1}. Weset ¢ :=1)copy0---0p4. Now, we have that
(A, p) = Y((Ag,p)) = (A, p) by Lemmas 8 and 10. Let u € P. The isomorphisms ¢;
are the identity function on vertices in orig(P) because ¢; is the identity on ¢} and #}
(cf. Definition 7) and other vertices in orig(P) are not contained in &, for every i € [d].
That is, P = ¢(P) = ¢¢(P) = £(P) and £ is an orbit-automorphism. =

We show how & and 7¢ work together. That is, for uv of length at most 2k, the tuple
Te(€(u))7e(€(v)) has the same type as the tuple 7¢(uv). This is not true for applying
only 7¢ to w and v because their origins may overlap.

Claim 7. Let h: E — Zgq, k' < 2k, P € orbsy ((Ap,, D)), and £ € Z. Every uv € A¥
satisfies uv € P if and only if 7¢({(u))1e((0)) € Te(P).

Proof. Set Py := Pl jay and Py := Plgg1,.xy- Let Cf,...,C} be the components
of P, for every i € [2]. Because 7¢ and ¢ are defined component-wise, it suffices by
Lemma 19 to assume that P has a single component C. We need to verify that uv € P
if and only if 7¢(£(1))7¢(£(v)) € 7e(P). The component C' is the union of the C7. We

perform the following case distinction:

o« Assume C is an n-tip component. For every i € [2], let DI be the set of the n-tip
components CJ’:, D7 be the set of the n-star components C]i», and DI be the set of
sky components C']Z This yields a partition of all C’; by Claim 2.

Then we have by the definitions of 7¢ and £ that £ is the identity function on D], ¢
is the identity on D7, and both are the identity on DF. That is,

7e(§(w))e(£(0))
= T¢ (f(ﬂD{ﬁpfﬁDﬁ))Té (f@DQT@Dg @Dgi))
= Te(upr)&(ups)Te(tpr)Te(Vpr ) (Vps ) Te(Vpr).- (%)

When working on the whole component C, 7¢ applies ©&™ to vertices in components
of DY and D3 because C' is an n-tip component. We see that ¢¢|ps = 5"

D?
because D is an n-star-component and so does not contain z (cf. the Definitions 7
and 9 and the definitions of ¢, and ¢5™). It follows that

() = Te(UprupsuprUprUpsUpp) = Te(U0).
So uv € P if and only if 7¢(£(u))7e(€(v)) = Te(uv) € Te(P).
e Otherwise, C' is not a tip component. We distinguish two more cases:

— If C is a star component, let D{ be the set of star components C]i» and DE be
the set of sky components Cji» for all i € [2]. There are no tip components of
the C} by Claim 2. So we again partitioned all components C. Now 7¢ is the
identity function on all D and DI and ¢ is the identity on all DF. So we
have uv € P if and only if 7¢(§(u))7(£(v)) = {(w)é(v) = {(uwv) € 7e(P) = P
by Claim 6.
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— Otherwise, C' is a sky component and both 7¢ and ¢ are the identity function
on C and all CJ’: and the claim follows immediately. o

Using the blurrer =, we will be able to blur the twist in many cases, but not in all. The
problem is the following: If we only look at k& many of the {¢;,¢;} edges, then the blurrer
properties will ensure that we cannot see the twist, i.e., “summing” over all elements in
the blurrer maps a 2k-orbit of (;,p) to a 2k-orbit of the same type in (2, p) similar
to the l-ary case. Let us briefly recall the arguments to prove Lemma 39, which shows
that summing over blurrer elements indeed yields a matrix bluring the twist for arity 1.
There are two cases: First, for a tuple (u, v) with origin (z, z) the action of every £ € = is
the action of an automorphism, so (£(u),v) and (u, £ (v)) are in the same orbit. Second,
for a tuple (u,v) with origin (z,¢;) only one index (namely the first for ¢;) was relevant:
¢(u)v and &'(u)v are in the same orbit if £(1) = £'(1). So whenever (1) = £'(1), the terms
for £(u)v and &'(u)v canceled out in the summation. The blurrer properties ensured that
only one term for {(u)v of the same type in (2(y, p) as uv in (A, p) remained.

For arity k the two cases (automorphism or blurrer properties) can be mixed. Consider
k =2 and a 4-tuple u with origin (z,t}, z,t;). Then for every &, & € =, £(ujus)usuy and
&' (uyug)uszuy are in the same orbit if and only if & = £ (because fixing one vertex with
origin z splits the gadget of z into singleton orbits). That is, we cannot argue solely with
blurrer properties. However, the two tuples &(ujus)usuy and ujusé ™ (usuy) are not in the
same orbit in general because every automorphism mapping ujus to £(ujus) cannot be the
identity for uy but which £ (usuy) is. So we also cannot argue solely with automorphisms.
The techniques of the 1-ary case can only be applied if z is not in the origin of at least
one of ujuy and usua.

In general, let P € orbsy,((2ly,p)) and @ € P. Then in x” the first & positions of u
will serve as row index and the remaining & positions as column index. The problem with
the blurrer only occurs if both the first and second half of u contain z in its origin. So
we make a case distinction on whether a k-orbit contains z in its origin.

Definition 62. We call a P € orbs,((Us,p)) blurrable if z ¢ orig(P).

To also be able to blur the twist for non-blurrable orbits, we use a recursive approach.
Because > & = 0, 2A,_¢ is isomorphic to A, for every £ € Z. Let p, be an arbitrary
vertex with origin z. Our goal now is to blur the twist between (s, pp.) and (2,_¢, pp.).
This will exactly undo the action of a £ € =, when we consider an orbit that fixes a
vertex with origin z. We exploit the high girth of G to blur the twists at each {¢;,t}
independently. Before we start to blur twists between (¢, pp.) and (U,—¢, pp.), we first
have to show that 7. and § are compatible with orbits when fixing the additional vertex p,.
The following two claims are in some sense refinements of Claims 3 and 7.

Claim 8. For every a € Zsa and k' < 2k, every orbit P € orbsy ((Us1a,Dpp.)) satisfying
orig(P) N NA(z) = 0 is contained in orbsy ((Afia,p))-

Proof. Let P € orbsy (2144, pp.)) such that orig(P) N N&(z) = 0. By Lemma 12, it suf-
fices to show that two tuples @, v € A* | such that orig() = orig(®) is disjoint from N} (z),
have the same type in (2745,p) if and only if they have the same type in (As1a, pp.).
Because orig(P) N NA(z) = 0, the components of upp, are the components of up and the
one of p,. Hence, if u and v have the same type in (si5,p), then they also have the
same type in (Afy5, pp.). The other direction is trivial. -
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Claim 9. Let a € Z3,, h: E — Zos, and k' < 2k. If P € orbsu ((y,,pp.)), then
Ta2(P) € orbsg ((UAp1a,pp.)) and 13(P) has the same type in (Apia, pp.) as P has in
(Q[prpz)-

Proof. Let P € orbsy ((24,pp.)), R be the set of components C of P with CNN}(z) # 0,
and D be the set of all remaining components of P. Then P = P|g x P|p by Claim 19.
Similarly, 72(P) = 72(P)|rx7a(P)|p. Every component C' in R does not contain the edges
{t;, t;} for alli € [d] because |C| < k' but every path s; has length r(k)+2 > 2k+1 > k'+1.
That is, 75 is the identity on P|g and so P|gr = 73(P)|r and P|g has the same type in
(Ap1a, pp-) as it has in (A, pp,). By Claim 8, the orbit 73(P)|p is an orbit of (A, p) and
has by Claim 3 the same type in (20, p) as 7:(P)|p has in (Ap45,p). It follows that P
has the same type in (25, p) as 7;(P) has in (Ay44,D). =

Claim 10. Suppose QQ € orbsy ((A,_¢, pp.)) for some & € = and k' < 2k — 2. Then
7e(Q) € orbsy ((Ay, pp.)) and has the same type as Q). Let C' be the connected component
of Glorig(Q) U {z}] containing z, R be the set of components of Q contained in C, D be
the set of all other components of Q, and let wo € A¥. Then wv € Q if and only if

WrE(Te(wWp))URE(Te(Vp)) € T(Q).

Proof. We split ) using Lemma 19 in Q = Q|r X Q|p. Because k' < 2k — 2, components
in R cannot be tip components. Hence, 7¢(Q) = Q|r X 7(Q|p). By Claim 8, Q|p
is also an orbit of (A,_¢, p) because its origin has distance greater than 1 to orig(p.).
Then 7¢(Q|p) has the same type in (2(,, p) and is also an orbit of (A, pp.) of the same
type, too, by Claim 3. It follows that 7¢(Q) has the same type as Q. Let wv € AF.
Using the splitting above, from Claim 7 it follows that wpvp € Q|p if and only if
E(me(wp))E(1e(vp)) € Te(Q|p). The claim follows because Q) = Q|r X Q|p. =

Now we construct matrices (k — 1)-bluring the twist between (s, pp) and (2,_¢, pp.).
For every £ € Z and j € [d + 1] we define ¢*7: E — Zyq to be the following function:

¢ (e) = {f({ti,té}) if e = {ti,té} for some i > 7,
(g —&)(e) otherwise.

Note that f(e) = g(e) = ¢%I(e) for all e different from the edges {t;,t;}, ¢>* = f,
g4t = g — ¢ and the only possibly twisted edge by ¢*7 and g% is {t;,t}} for every
j € [d]. Define N; := Ng(k)(tj) for every j € [d].

Claim 11. For every £ € Z and j € [d], there is an AF=1 x A*=1 matriz S, which is
odd-filled and both orbit-diagonal and orbit-invariant over (Aye;,pp.) and (Ayei+1,Pp.),
which (k — 1)-blurs the twist between (Aye.i, pp.) and (Aye+1,pp.), and those active region
satisfies 97957 p=(S6T) C N In particular, S = 1 if £(j) = 0.

Proof. Let € € Z and j € [d]. If £(j) = 0, then g5/ = ¢g~/*! and S := 1 trivially
satisfies the claim. Otherwise, the matrix S¢7 is obtained from the induction hypothesis:
The number of parameters increased by one, but we consider tuples of length £k — 1. We
continue to consider Zoq.

» Clearly, ¢ > q(k) > q(k — 1), the degree of G is d > d(k,m) > d(k —1,m+ 1), and
the girth of G is at least 4r(k) + 2 > 2r(k).
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e We have 2k +m+1>2(k—1)+ (m+ 1) + 1 and so G satisfies the connectivity
condition.

« By construction, we have that g*7(e) = ¢g*/*1(e) for all e € £\ {{t;,t;}} for every
J € ld].

« We consider the value of the twist: Let j € [d]. Then &(j5) = b - 2°*~1 for some
b € Zsya (as shown before when constructing the blurrer Z). If j # 1, then it holds
that ¢>7t1({t;,t;}) = g% ({t;,t}}) — b - 2°*=D_ If otherwise j = 1, then we have
g*({tr. t1}) = g({tr, 11}) — £(1) = g*'({t1,11}) — £(1) + 0 because g~ = f and
g({t1,t1}) = f({t1,t}}) +6. By assumption, we have that 6 = a-2°0%) = q.27+00:=1)
for some a € Zgq. Clearly —£(1) 46 = —b- 2001 4. 270(k=1) — (5. 2! —p).200-=1),
So the value of the twist at the {t;,t;} is in all cases c- 29~ for some ¢ € Z,.

e By Claim 1, it holds that distg (¢, orig(p)) > 2r(k) for every i € [d], in partic-
ular distg(¢;, orig(p)) > r(k). By construction, it holds that distg(#;, orig(p.)) =
distg(t}, z) = r(k) + 1. So dists(t;, orig(pp,)) > r(k) for every i € [d]. =

We now define for every ¢ € = the A¥! x A*~! matrix S¢ as follows:
S8 =55, .88,
where S¢7 is the matrix given by Claim 11 for £ and j.

Claim 12. For every £ € Z, the matriz S¢ is odd-filled and both orbit-diagonal and orbit-
invariant over (s, pp,) and (A,_¢,pp.), (k — 1)-blurs the twist between (Us,pp.) and
(A, ¢, Pp=), and satisfies AH9=5PP=(SE) C (J4 | N,

Proof. For every j € [d], the matrix S/ is odd-filled and both orbit-diagonal and orbit-
invariant over (Ue;,pp.) and (Agei+1,pp.), (K — 1)-blurs the twist between (e, pp-)
and (Agej+1,pp.), and satisfies A998 hpp= (G67) € N, by Claim 11.

Because f = ¢&! and g — & = g%t S§¢ = S&L. . §&d g orbit-diagonal and
orbit-invariant over (s, pp,) and (A,_¢, pp.) by Lemmas 47 and 28. By Lemma 30, the
matrix S¢ is odd-filled. It (k — 1)-blurs the twist between (2, pp.) and (2A,_¢, pp.) by
Lemma 25. Finally, AF9-6p=(5¢) C Yb A9™ 6% = (567) C (U2, N; by Lemma 46.

Claim 13. For every pair of distinct i,j € [d] it holds that N; N\ N; = 0.

Proof. Let i # j. Assume that there is an x € N; N N;. Then there is a path from ¢;
to ¢; of length at most 2r(k). By construction distg(t;,2) = distg(t;,2) = r(k) + 2
and so z ¢ N; and z ¢ N;. But that means that there is a cycle of length at most
diste(t;, z) + distg(t;, 2) + distg(t;, ) + distg (¢, x) < 4r(k) + 4 contradicting that G has

girth at least 2r(k + 1) > 8r(k) + 4. =
Claim 14. For every € € Z, every P € orbs_ 1(( Pp:)), Q € orbsy_1((Ay—e, Pp2)) of
the same type in (Ay_¢, pp.) as P in (Ays, pp.), u v e Q, and ¢ € Aut((2(s,p)) the

matriz S¢ satisfies S¢(u,v) = S¢(p(u), o(v)).
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Proof. Let ¢ € Z. By Claim 12, the matrix S® is orbit-invariant over (2, pp,) and
(A,_¢, pp.) and thus satisfies the claim for all ¢ € Aut((s, pp.)). But now we also want
to consider automorphisms not fixing p,.

So let P € orbs,_1((Af,pp,)), @ € orbsy_1((A,—¢, pp-)) be of the same type in
(Ay—e,pp.) as P in Ay, pp.), u € P, v € @, and ¢ € Aut((2(s,p)). Let R be the set
of components of % (and thus of ¥) containing a vertex of N}(z) (so in particular z
itself). Let D be the set of the remaining components.

Because upvp and p(upvp) are in the same orbit in (A 5, p), they are also in the
same orbit in (Asiz,pp,) by Claim 8. Hence, there is a ¢ € Aut((UAsia,pp.)) satisfy-
ing p(upvp) = Y(upvp). We now apply that S¢ is orbit-invariant over (2, pp.) and
(™g—¢, Pp-):

S%(u,v) = S*(triip, VrUp)
= S (gt (tip), Ureb(Up))
= S*(ure(up), Ure(Vp)). (x)
For every C' € R it holds that C' ¢ AH9=67p=(S€) C (JL, N; because NG (z) UL, N; = 0,
which follows from N; = Ng(k) (t;) and distg(z, t;) = r(k)+2. So we can apply Condition 2
of the active region because ur = vg if and only if ¢(ugr) = ¢(vR):

(%) = S*(¢(up.)ups, $(Vp.)0p,)
= 5%(¢(0), (v)). n
Claim 15. Let k' < k—1, £ € Z, P’ € orbsy ((UAs,pp.)), K C [d], D be the set of all

components C of P’ satisfying C C N; for some i € K, and R be the set of remaining
components. Let Q' = 7(P") € orbsy (U, pp2)), u € P', and v € Q'. Then

Z S£<TI}D1]R,@D@R) = < H Sg’i> (@DﬂR,@D@R)
wpeP'|p ic[d\K

and AT (T e S°) € Uiciapx Nio where a € 24, satisfies a; = (9 — £)({ti, t}}) —
f({ti, ti}) if i ¢ K and a; = 0 otherwise for every i € [d].

Proof. Recall that S¢ = S&!. ... &4 and that A9™7-9%"""#p=(S&5) C N; for every j € [d]
by Claim 11. The first part of the claim follows from repeated application of Lemma 48
using that the sets NN, are disjoint (Claim 13). The second part follows from repeated
application of Lemmas 45 and 46. o

We introduce more notation. Let & € A¥ such that z € orig(it). Then w* € A¥~!
is the tuple obtained from w by deleting the first entry with origin z. This first entry is
denoted by wu,. Similarly to our convention for uc for a component C' in Section 5.2, we
write u,u* not for concatenation but for inserting u, at the correct position such that
u,u* = u. Now we are ready to define the A* x A matrix S. For j € {k,2k} we set
P, := orbs;((2(s,p)). We define the P x 7(P) block of S for every P € Pj. All other
blocks are zero.

o1 if P is blurrable,

S (,7) = | TED="
Pxr(p)(U; V) Si(g@*z)ﬂgl(@*z)) if P is not blurrable.



We first check that we make reasonable use of the matrices S¢:

Claim 16. Let P € Py, be non-blurrable, uw € P, and v € 7(P). If u has the same type in
(2s,p) as v has in (A,,p), then for everyf € = such that 7¢(£(u,)) = v, the tuple £(u?)
has the same type in (g, pp.) as 7' (V) has in (Ug_¢, pp=).

Proof. Let £ € = such that 7¢(£(u,)) = v,. Let R be the star component of orig(P) con-
taining z and let D be the set of remaining components of orig(P). Then P = P|g X P|p
by Lemma 19. In particular 7(P) = P|gx7(P|p) because 7 is the identity on star compo-
nents. The orbit 7(P|p) has the same type in (4, p) as P|p has in (2, p) (Corollary 60)
and 7¢(7(P|p)) has thus the same type in (A,_¢,p) as P|p has in (A, p) (Claim 3). Be-
cause z € R (P is not blurrable), all components in D have distance at least 2 to z. Thus,
P|p is also an orbit of (A, pp,) (Claim 8) and has the same type in (A, pp,) as 7¢(7(P|p))
has in (,_¢, pp.). Because ¢ is an orbit-automorphism (Claim 6), £(P|p) = P|p. It fol-
lows that {(up) € P|p and 7¢(vp) € 7¢(7(P|p)) have the same type.

It suffices to show that £(ug) has the same type in (U, pp.) as 7¢(0g) has in (UA,_¢, pp.).
Because R contains star components, 7¢ is the identity on R and so vg € P|g. Further,
&(ug) € P|g because ¢ is an orbit-automorphism. That is, there is an automorphism
Y € Aut((2(s, p)) such that ¥(£(ur)) = vg. Because by assumption 7¢(§(u,)) = &(u,) = v,
(7¢ is the identity on vertices with origin z), v is the identity on vertices with origin z
and thus ¢ € Aut((As,pp.)). That is, {(ur) and vg are in the same orbit of (A, pp.).
Because R contains star components, it does not contain any edge twisted by f and g —¢&
and thus £(ug) and v have the same type in (207, pp,) and in (U,_¢, pp.). -

Claim 17. The matriz S is orbit-diagonal over (Ug, p) and (A,, p).

Proof. By definition, the only nonzero blocks of S are the P x 7(P) blocks. By Corol-
lary 60, P and 7(P) have the same type for every P € Py. .

Claim 18. The matriz S is orbit-invariant over (UAs,p) and (Uy, p).

Proof. Let ¢ € Aut((/s,p)) = Aut((A,,p)), P € Py, w € P, and v € Q = 7(P).
We perform a case distinction: Assume that P is blurrable. The functions 7, £, and ¢
commute (Claim 5) and thus 7(£(p(u))) = @(7(&(u))) for every £ € Z. Because ¢ is a
bijection, ¢(7(£(u))) = ¢(v) if and only if 7({(u)) = v. So

Slp(),p(0) = > 1= 1= Y 1=5(1,0).

£EE, €E, £eE,
T(§(p()))=¢(v) W(T(é( ))=(0) T(§(u))=v

Otherwise, assume that P is non-blurrable. Then for every £ € = the following holds
because 7¢, £, and  commute by Claim 5 and because S¢ is invariant under ¢ by Claim 14:
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Because 7¢, &, and ¢ commute and because ¢ is a bijection, it holds that 7¢({(p(u.))) =
©(v,) if and only if 7¢({(u,)) = v,. Hence,

S(e(a), p(v)) = > SE(E(p(a)), 7 (0(07)))

5657

Te (E((z)))=w(z2)

= Y SE), M (07) = S(u,v). s
5657

Tg(f(ﬁz))iﬁz
Claim 19. The matriz S is odd-filled.

Proof. Let P € Py, and uw € P. Then 7(u) € 7(P) and because every £ € = is an orbit-
automorphism (Claim 6), it holds that &(u) € P and 7(&(u)) € 7(P) for every £ € =,
too.

Assume first that P is blurrable. Now, we sum up (over Fs) the entries in the row
indexed by u:

o S@o)y= > > 1= Y 1=|Z mod2

veT(P) ver(P) £€g, §€E,
T(§(w))=v T(&(w)er(P)

The last step holds, because — as seen — 7(&(u)) € 7(P) for every £ € =. Finally, |Z] is
odd by Lemma 51 and so the number of ones in the row indexed by u is odd, too.

Assume otherwise that P is not blurrable and set @) := 7(P), which is of the same type
as P (Corollary 60). For every £ € = we set Q¢ := {07 | v € Q,7¢(¢(u,)) = v,}. Then
Q¢ € orbs,_1((Ay, pp.)) = orbsi_1((Ay—¢, pp)) by Corollaries 21 and 15 (the center z has
distance greater than 1 to orig(p)).

> So)=> > ST (7))
veQ vEQ §EE,
e (€)=

=> > SHER), ()

€EE DEQ,
7e (§(2))=0-

=2 D SHe@®), 7' (v))

ECEDEQ;

=>_ > SHE@),0). ()

E€=ver 1 (Qe)

In the first line of the equation, £(*) has the same type in (g, pp.) as 7, (%) has
in (Ay_¢, pp.) for every & € = such that 7¢(£{(u,)) = v, (Claim 16). One sees that we
always sum over the same column indices of S¢ (for a fixed £) and we only manipulate
the way in which we express the sum. Hence, in the last line, £(u*) has the same
type in (s, pp.) as v has in (,_¢, pp.). By Claim 9, Tgl(Qg) € orbs,_1((Ay—e, Pp2)), SO
Soers (@) S¢(&(u?),v) = 1 because we sum over all entries in one row of a block on the
diagonal of S¢ and S¢ is odd-filled (Claim 12). It follows that

(*):le\E|mod2:1.

{e=

For the last step we used again that |Z| is odd by Lemma 51. -
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Now it follows from Lemma 33 that S is invertible.
Claim 20. A"97(3) C NAF ().

Proof. We show that Ng(kﬂ)(t) satisfies the conditions of the active region. This implies
that A59P(S) C Ng(k+1)(t). To show Condition 1 of the active region, we have to show
that C' C Ng(kﬂ)(t) for every component C € A"9?(S, P) for every P € Py.

Let P € Py be blurrable and C' be a component of P. By definition of ¢ and 7, the
matrix S is only active on C if C is a star or a tip component. But this means that
C C Ng(k)+2+k(z) because C' is connected, of size at most k, and contains a vertex x of
some §; (which have length r(k) 4+ 2). Because distg(z,t) = r(k) + 2, every vertex with
distance at most r(k)+2+k to z has distance at most 2r(k)+4+k < 4r(k)+2 =r(k+1)
to t (one immediately sees that r(k) > k > 2). Thus,

Let otherwise P € Py be non-blurrable and C' be a component of P. Then S is
possibly active on C'if C' C Ng(k)+2+k(t) (as seen in the blurrable case) or

CC Af,g—fvﬁpz(sf) C U N;
i€d
for some ¢ € = (Claim 12). Recall that N; = Ng(k)(ti) and that distg(t;, 2) = r(k) + 2 by
construction. If follows that

U N € N (z) = NG ()

ied
because every vertex with distance r(k) to some ¢; has distance at most 3r(k) + 4 <
4r(k) 4+ 2 to t (we again use that r(k) > 2 for k > 2).

To prove Condition 2 of the active region, we see that ¢, 7, and 7 are defined
component-wise (for every ¢ € Z) and that A»9=6PP=(S%) C (J,cy N;. -

Now, we want to show that S actually k-blurs the twist. For P € Py, we set
P C P, x P, (and similar for a Q € Qg;,). Our aim is to prove that x-S = S x@ for ev-
ery P € Py, and Q := 7(P). Because S is orbit-diagonal and x5, , p, and Xgleg are the
only nonzero blocks of x” and x?, it suffices to show that x5, p, Sp,x0, = SplelxgleQ.
We begin with blurrable orbits and define the set of indices ¢ € [d] of the blurrer = which
are relevant for a blurrable orbit.

Definition 63. The occupied indices Occ(P) of a blurrable orbit P € Py, is the set of
indices 1 € [d], such that there is a component C' of P that satisfies C' C N; or C is an
1-star component.

Note that the definition also covers i-tip components because every i-tip component
is contained in N;. Also note that |Occ(P)| < k because P is a k-orbit and thus we can
use the blurrer properties later. The following lemma states that if one of P, and P, is
blurrable, say P;, then it does not matter whether we apply £ or £ to P, as long as &
and £ agree on Occ(P).
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Claim 21. Suppose P € Py, £,& € Z, and u,v € A*. If P, € Py, is blurrable and
loce(p) = & loce(py), then u€(v) € P if and only if u¢'(v) € P. Likewise, if Py is blurrable
and &loce(py) = &' \occ Py, then {(u)v € P if and only if §'(u)v € P. The same holds for
Q =71(P).

Proof. Consider the case that Py is blurrable. Assume that u£(v) € P. Let Ci,...,C},
be the components of P; for every i € [2]. Because 7 and £ are defined component-wise,
it suffices by Lemma 19 to assume that P is a k’-orbit of (2, p) for some &' < k and has
a single component C'. The component C' is the union of all CJ’

First consider the case that C is a star component. Because P; is blurrable, we can
partition all components C’} by Claim 2 into D1, ..., D} and D}, such that D} contains all
i-star components for all i € [d] and D}, the remaining sky components. Set £’ := &' —¢.
Then &"|oce(p) = 0, £"(£(v)) = &'(v), and £” is the identity function on the components
in all D} because every D} only contains i-star components and is nonempty only if
i € Occ(Pr). Additionally, £” is the identity on the sky components D,. Hence per(u) =
by Definition 9. Because C' is a star component, we have that

"(Ug(v)) = per(U(v)) = per(W)per (§(v)) = ug"(§(v)) = ug'(v).
Because £” is an orbit-automorphism by Claim 6, it holds that u&(v) € P if and only if
§"(ug(v)) = ug'(v) € P
If otherwise C is not a star component, then none of the Cji» is a star component and &
and &’ are the identity function on v and the claim follows immediately. The cases for P,
and () are analogous. o

Claim 22. For every P € Py, £ € 2 such that &oce(p) = Ewst|oce(p), and u,v € AF it
holds that uv € P if and only if 7(£(u))7(£(v)) € T(P).

Proof. Let P € Py, & € Z such that {|oce(p) = Eowst|oce(p), and u, v € Ak Using Claim 7
we obtain uv € P if and only if 7¢(§(u))7:(£(v)) € 7e(P). Because {|occ(p) = Eowst|0ce(P)s
the action of 7¢ and 7 is equal on the i-tip components of P for ¢ € Occ(P). Thus,

7e(P) = 7(P). Similarly, 7¢(§(u)) = 7(£(u)) and 7¢(£(0)) = 7(£(0))- B

For every blurrable orbit P € Py, it holds that |Occ(P)| < k and so we can apply the
blurrer properties as follows:

Claim 23. Let P € Py, and Q = 7(P). If P, (and so Q1) and P, (and so @Q)3) are
blurrable, then x-S =S - x¥.

Proof. With the definition of S on blurrable orbits we obtain for u € P; and v € ()5 that

(XP'S>(7176) = Z X ﬂ SP2><Q2( 7)

wE Pa
=Y x"(u,w) 1
wePs £eE,
r(e(w)=v
= > X", (9)). (x)
£eE

Now for every £ € =, x"(u,& (77 (v))) depends only on &|oc(p,y by Claim 21, ie.,
¢ xP(u, & (774(v))) is actually a function Z|occ(p) — Fo. Because Py is a blurrable
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k-orbit, it holds that |Occ(P;)| < k. Then, by Lemma 50, it follows that for some &, € =
with étW‘Occ(Pﬂ = étwst‘Occ(Pl) we have that

(%) = x"(t, &l 77 (0)))
= X7 (6w (1)), 0)
= > x?(r(&(@),v)

4

£eE
= Z SP1><Q1 (’L_L,’lIJ) : XQ('JJ’ 1_))
WERQ
= (S ) XQ)('L_Lv 1_))7
where the transition from P to @ is by Claim 22. The last step is the inverse reasoning
as for P using Claim 21. o

Next, we want to consider the case that P; is blurrable and P; is not (or vice versa,
which is symmetric). We would like to use Claim 22 as in the case that both P, and P
are blurrable. But this is not sufficient because Sp,«,(p,) is defined using the matrices SE.
We show that the matrices S¢ cancel out in this case. Intuitively, the idea is to use that
the active regions of the S& are disjoint (Claim 13). As a consequence the matrices S
for all i ¢ Occ(P;) cancel out. For the remaining S%? we use the blurrer properties to
show that they vanish.

Claim 24. Suppose P € Py and Q = 7(P). If Py is blurrable and P, is not, then
xF -9 =8-x“.

Proof. We first unfold the definition of S. Let u € P, and v € ()s.

(XP : S)(ﬂa'l_}) = Z X 'L_L 'LD SP2><Q2('LD’6)

= LX) R S

§(w:)=7;"(v:)
=> > xX(ww) - SHE(wT), ' (v7)). ()

== we Py,
()=, (52)

For every § € =, we set Py, {w’z | w € Py,w, = £(v.)} (note that 7;'(v,) = 0,
because orlg(z_} ) = z). Here wf’ '(7¢1(v.)) denotes the tuple @' such that w'* = w and
w, = & (71 (v:)). It holds that P&z € orbs;,_1((As, pp.)) by Corollary 21. Then

=2 > X (wwg (7 (v:))) - SH(E(@), 7 (077)).

IS wEPE 5

Let K C [d] be the maximal set of indices, such that there is no component C' of P
satisfying C' C N;. So in particular Occ(P;) C [d] \ K. We partition the components
of P, as follows:

e Let D be the set of components C' of P, that are also components of P and satisfy
C C N, for some i € K.
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o Let E be the set of C' of P, that are not contained in D and satisfy C' C N; for
some i € [d].

o Let R be the set of all remaining components of P.

We split w = wpwgwg into the components belonging to D, E, and R. We split
U = UpUpURY, likewise, where, for simplicity, we set vp := v;; and similar for vz and vg.
From Lemma 19 it follows that P;, = P{,|p X P{,|pur and P = P|p X P|p, where R
are the components of P not contained in D. By the definition of K and D, we have
that P|p = P,|p because the components in D are components of P, are disjoint with
orig(P;), and do not contain z (z ¢ N; for all i € [d]). We obtain that

(%

I
M=

> XI(@ wpwwng (7 (5.)) - S (E(@pBEER), 7 (905TR))
(€2 wp€eP,,|p WpwWREP, ,|EUR

= Z Z XP‘R'(E, zDE@Rf_l(Tg_l(f_)z))) : Z S¢(&(wpwpwr), Tél(ﬁD?_}El_)R))-

§EE WpWREP 5|BUR WpEP, ,|p

By Claim 4, the functions { and 7¢ can be applied component-wise. For every &, the
matrix S¢ is not active on the components in R (by definition of R and Claim 12). Thus,
§(wr) = 7' (Ug) unless S¢(E(wpwpwr), 7' (UpUpUr)) = 0. We again use Lemma 19 to
split P o|pur = P ole X P o|r. Such a split of P is not possible because the components
of P.,in E'and R might not be components of P. Here we have (7' (vg))§ ™ (7:1(02)) =
£ (7' (URD:)) because if C'U{z} is a component, then C'U{z} is a star component and C
is a union of star and sky components. Thus,

(%)
:Z Z XP‘RI(I_L,IT}ES_l(Tf_l('l_}R'l_}Z)))' Z Sg(f(@D@E)Tg_l(?_}R),Tgl(ﬁDl_}E@R))-

== wEGPé’Q‘E u_JDEPé’2|D

We know that Pf,|p € orbs/((s,pp.)) for some k' < k — 1 by Lemma 19. Because §
is an orbit-automorphism for every ¢ € = (Claim 6) and D contains no star center
components, every { € = permutes P/,|p. Hence, we can sum over {(wp) € Ff,lp
instead over wp € P/ ,|p. Then we can apply Claim 15:

®=> > X" (@0 (7! (Ur0s))) -

== u_)EGPé’Q‘E

ie[d]\K

( II Sgﬂ) (¢ (0p)&(wp) T (VR), e (VpUETR)).

We show that this term only depends on {|q\x as follows: Let £, & € = such that
Elang = €liapx-

(a) Consider the right term ([Ticigpx S**)(-,) in the equation. First, 5% = 5% for
every i € [d]\ K by construction of the matrices S because £(i) = £'(i). Because R
does not contain tip components, it holds that 7¢(vg) = vg. Second, all components
in E are contained in some N; for i € [d] \ K by definition of E. That is, {(wg) =
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¢'(wg) and 7¢(vg) = 7e(vp). Third, the active region of [T;epx S** is bounded
by Uiepapix Ni by Claim 15. Because components in D U R are not contained in
Uiciap i Ni by definition of D and R, we can exploit Condition 2 of the active
region and apply 7¢ to Up and v on both sides (because 7¢ is a bijection), that is,

( [I S“) " (0p)&(wp)7: ' (Ur), ¢ (UpUETR))

[d\K

— H S“) (vp€ wE)URavDTg (vE)VR)
icld\K

= H S“) (op¢’ wE)URaUDTg' (VE)UR)
ic[d\K

= H 55) vp)¢ (Wg)Te (VR), 7! (UpUEUR)).

[d)\K

(b) Now consider the left term x”l# (- -). First, note that R does not contain tip
components and thus 7‘5’1(1—)363) = Ugv,. Second, uwgl (vgv,) € Pl if and only
if uwpt 1(vpv,) € P|r by Claim 21: By repeating entries, one sees that Claim 21
also holds for k’-orbits with & < 2k and a partition of [k'] into two parts each of
size at most k. Hence,

X (@, wpg (7 (0r0:))) = X (4@, 0p€ (16 (0r02))).

Hence, the Equation (x) is of the form > ¢z h({|jq\x) for some function h: Z|g\x — Fa.
Because P, contains k-tuples, it holds that |K| > d — k and hence that |[d] \ K| < k.
That is, we can apply Lemma 50 and obtain for some &, € =, which satisfies that
Sowlia\x = Eowst|[a\ i, the following:

()= > X" dpta(r, (0r0:))) -

’wEEP 2‘}_:;

( I1 5&“) Ter (U)o (Wp) e (UR), 7. (OpVEVR)).-

i€[d\K

Now, the matrices S in the equation blur a twist of value 0 for every i € [d] \ K:
Séwt blurs a twist of value (g — &w — f)({ti, t}) = (Eowst — Ew) (i), which is 0 for every

€ [d] \ K because &g\ = owst|[g\x- That is, Séwt = 1 by definition (cf. Claim 11)
and & (wWg) = 7. (vp) unless the right factor is zero. Hence,

(%) = X717 (@, En (7} (VETRD,))).

On the components of £ the functions 7 and 7¢,, act equally because & |ja\x = Ewst|[a)\x -
On R, both are the identity. Hence, 7;} (0p0Ur0.) = 77! (VpU&0.) and

() = X" (@, Gl (U5TRD.))).
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We show that uée (77 (0pURV,)) € P|g if and only if uéuh(7(vpvpvRv,)) € P. This
holds because D is a set of component of P, vp € Q|p, and 7 (vp) € P|p if and only if
Up € Q|p by Claim 22 and 7' (vp) € P|p if and only if é4(77(vp)) € P|p by Claim 6.
It follows that

() = X" (& En(7 " (0DTRTRD:))) = X" (8 Eon(7 ().
We finish the proof similar to Claim 23 because P; (and thus @);) is blurrable:

(%) = X7 (&w (@), D)
_'E::X f’ﬂ»aﬁ)

==
= E: SHXQAﬂaw)'XQ(w’E)
WEQ1

= (S x9)(a,0). 2

The case when P, is blurrable and P; is not is analogous. Finally, to solve the case
where both P, and P, are non-blurrable, we argue with the induction hypothesis for the
matrices S¢ (Claim 12). It formally becomes elaborate for two reasons. First, we need
to argue precisely that the types of occurring orbits are the same. Second, we need to
treat the components containing z differently (Claim 10) because in the recursive step
we have p. as an additional parameter and thus cannot apply the orbit-automorphisms
¢ € E freely (because they are not the identity function on p,). These components can be
treated specially because they are not contained in the active region of the matrices S¢.

Claim 25. Suppose P € Py, and Q = 7(P). If P, and P, are non-blurrable, then
P8 =5x“.

Proof. Let u € P, and v € Q5. We expand the definition of S:

(x" - S)(u,v) Zx (2, W) - Spyxq, (W, )

= 2}; X" (a,w) - 2 SE(E(w™), 7' (7))
o o (5

=> > X (@) SHE(@F), 7 (0). (%)
IS we Py,

W= (g (02))

We define for every ¢ € =
P = { u'Fw'?
Py = {u?"z

W € P € Puw € P, =, w, = £ (r;'(v.)) }
@ € Py, = €1 (r1(32)) }.

By Lemma 20, we have that P € orbsy,_o((2f, pp,)) U {0} and, by Corollary 21, that
P 5 € orbs;_1 (s, pp.)). It depends on & € = whether the set P is empty. We continue
the equation:

=2 2 X" ) SE(E(w), 7 (7))

IS ’LUEPE 2
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We use that S¢ is invariant under automorphism of (2, p) (Claim 14) and that ¢ is an
orbit-automorphism (Claim 6) for very & € Z.

()= > X@®w) 4w, & (g (v7)))

ECEWEP: 5

= > (S @E € (7 (v)))

e

= 2 @ @)
=3 > S @) X%, r (07)),

== ZTJEQ,EJ

where Q¢ € orbsa,_o((,_¢, pp.)) has the same type in (A,_¢, pp,) as Pr has in (A, pp,)
and Q¢ = Q¢lpp—1) for every £ € Z (or Q¢ = Q¢,1 = 0 if P- = (). The step from P to Q¢
is possible because S¢ blurs the twist between (2(¢, pp,) and (2,_¢, pp,) for every £ € =
(Claim 12).

We analyze the structures of these orbits. Let R be the star center component of P
(and so of Q). (Note that R may be split into multiple components for Py, P, P, etc.).
We apply Lemma 19 to split P = P|gr X P|p, Pe = Pe|r X Pt|p, and Q¢ = Q¢|r X Q¢|p
for every £ € =, where D is the set of components of P apart from R. The components
in D have distance greater than 1 to z because z € R. Hence, P|p = P¢|p and

PIP‘RXPdD

for every £ € Z. Because P%|p has the same type in (s, pp.) as Q¢|r has in (A,_¢, pp.)
and their origins do not contain any of the vertices t;, it even follows that P¢|r = Q¢|r
for every £ € = because (2, pp.)[R| = (Uy—¢, Pp2)[R]. So

Qe = Pelr x Q¢lp

for every ¢ € =. For readability, we set up := uj; and ug := uj. Then u* = ugrup. We
perform the same for v = vrvp and w = Wrwp. So we obtain in the next step that

(x)=>. > Sugrlp, wrip) 'XQg(wR@D,5_1(75_1(51%271’)))'
EEEWRWPEQe 1
We set
Qp = 7¢(Q¢lp)

for some { € Z. Claim 10 states that Qp is an orbit of (,,pp,) and has the same
type in (A, pp.) as Q¢|p has in (A,_¢, pp.). As seen before, this is the same type as
P¢|p has in (Af,pp.). Because, as already seen, P¢|p = P|p for every £ € =, the type
of @p is independent of £ and Qp is well-defined. So @p is also an orbit of (2, p) and
£(Qp) = Qp for every £ € = because ¢ is an orbit-automorphism (Claim 6). Thus,
Qp = &(1e(Qe|p)) for every £ € Z. We set for every { € =

Q: = Q¢lr X Qp = P¢|r x Qp.
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By Claim 10, for every £ € = it holds that

U (wriwp, £ (1 (VrVD)))
Ve (Wr€(1e(Wp)), € (7 (0R))E(7e (€ (7 (0D)))))
Ve (Wpé (1e(Wp)), € (76 (Ur))Tp).

We used that £ and 7¢ commute (Claim 5) and can be applied component-wise (Claim 4).
With Q; ; = Q|1 for every £ € Z, we obtain that

()=> > Sunup, wrip) - X% (wat(re(Wp)), & (7" (Ur))p)
EEEWRWPEQ: 1
=Y > Sugup, wat (7 (Wp))) - XV (Wrwp, £ (7 (Ur))VD).

§EE WRWPEQ

We claim that
Q= P|lr x Qp.

First, Plgr x Qp € orbsy,((2,,p)) by Lemma 19. Both parts are orbits and their origins
are not connected. Second, because ()p has the same type in (2, pp.) as Pe|p = P|p in
(A, pp.), @p has also the same type in (A,,p) as Pt|p = P|p in (™As,p). Because the
components in R do not contain a twisted edge, P|r = @|r and so indeed ) = P|r X Qp.
Because Q¢|r = P¢|r and by the definition of P¢|g, it holds that wrwps ™ (17:"(Ur)) € Qf
if and only if w.wrwp, (7' (0,0r)) € Q. We continue as follows:

=3 Y Sartp, vt (s (@p))) - X2 (@ wrwp, (7 (0.08))p)
§EEWRWPEQY
= ; B Ze@ SE(upiip, Tt (73" (0p))) - X2(@Brwp, £ (7 (0-0r))Tp).

Wz=Uz

For every £ € Z, it holds that £'(7;"(Q|r)) = Q|r because 7¢ is the identity function
on R-vertices (R is a star center component) and because ¢ is an orbit-automorphism
(Claim 6). So by Lemma 19, £'(7'(wg))wp € Q if and only if wrwp € Q for every
¢ € Z. We substitute wrwp — & '(7¢' (wg))wp (this is a bijection).

(%)
=> S (ugtip, & (1 (wg))E (¢ (wp))) -

EEE W, WRWPEQR, . 1= — _ . -
5’1(75(@2)):1&2 X9(€ 1(Tgl(wsz))wD,f 1(7-51(2;
(

= 3 S (upiip,

(€2 w,wRrWpPEQR,

€1 (g (w2)) =
=Y > SYuptp, & (e (wrwp))) - X (WWRWD, VURUD).

£EE wrwrwWpEQR,

ffl(Tgl(wz)):az

7 (wrwp))) - X2 (7 (W wR))Wp, € (76 (V.0R))Up)

In the last step we again used that 7¢ is the identity on the R-component and that & is
an orbit-automorphism. We finish the proof with the reverse steps as to how we started
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= (S - x9)(u,v). .

Claims 23, 24, and 25 show that S indeed k-blurs the twist between (2(, p) and (2(,, p).
This finishes the proof of Lemma 58.

Remark 64. We checked our construction in the proof for k < 2 on the computer. For
larger k it was computationally not tractable.

10 Separating Rank Logic from Choiceless Polyno-
mial Time

In this section we finally separate rank logic from CPT. To apply Lemma 58, we need to
construct a suitable class of base graphs.

Lemma 65. For every n € N, there is a reqular graph that has degree at least n, girth at
least n, and is n-connected.

Proof. A (d, g)-cage is a d-regular graph with girth ¢ of minimum order. For every odd
g > 1, every (d, g)-cage is [4]-connected [2]. So it suffices to show that for every n there
is a d > 2n and an odd g > n such that there is a (d, g)-cage. For every d > 2 and g > 3
there is a d-regular graph of girth g [32] and so in particular a (d, g)-cage. O

Lemma 66. Let G = (V, E) be a d-reqular graph of girth at least 2(¢ + 2) + 1 for some
¢ € N. Then for every set V! CV of size |V'| < d, there is a vertex x € V such that
distg(V',x) > (.

Proof. For every y € V and i < £+2 it holds that [N (y)| = 14+d Yi—{(d—1)7 because G
is d-regular and has girth at least 2(¢ + 2) + 1 and thus G[N}(y)] is a tree, in which the
root y has d many subtrees, which are all complete (d — 1)-ary trees of height i — 1. Let
y € V'. Then

NG\ U Ne(=)| = 1+ dY (=1 = V'] (1 + d;)(d_ 1)]‘)

/41

> dZ(d— 1) —(d—1) —di:(d— 1)/
>d(d—-1)""—(d—1)>0.

Hence, there is at least one x € V satisfying the claim. O
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Theorem 67. There is a class of base graphs IC, such that for every k,m € N, there is
a graph G = (V,E,<) € K and a g € N such that CFlaw (G, f) Eiﬁm’k’@} CFly (G, g) for
every f,g: E — Zoq satisfying S g =3 f +247L.

Proof. Let K be the class of graphs given by Lemma 65 for every n € N equipped with
some total order. Let k,m € N and G € K such that it has degree d > d(k,m) > m,
girth at least 2(2r(k+1)+2)+1, and G is at least (2k +m+ 1)-connected. Let ¢ = ¢q(k),
e={x,y} € E,and g, f: E — Zos such that > g =3 f + 2771, Up to isomorphism of
the CFI structures, we can assume that e is the only edge twisted by f and g and that
gle) = f(e) +2971 Let Ay = CFly(G, f) and A, = CFly(G, g) both with universe A.
We show that Duplicator has a winning strategy in the invertible-map game M2k+mk.{2}
played on 2l; and 2.

We consider the case where m many pebbles are placed on the structures. Starting
with fewer pebbles makes the proof more elaborate, without providing any additional in-
sights. Let u € A?*™ and v € A?**™ such that the type of @ in 2 is the same as of v in 2,
and e Z orig(u), i.e., there exists a local isomorphism mapping @ to v. Assume we play
on (Ay,u) and (A, v). Let P € orbsoyiy((Af,u)) contain u and Q € orbsgp i, ((2Ay, v))
contain v. Because u and v have the same type, P and () have the same type. Because
e < orig(u), we have that 2¢[orig(P)] = A, [orig(Q)] and thus P = Q. That is, there is an
automorphism ¢ € Aut(2,) such that p(v) = u (Corollary 13). Up to isomorphism, we
can continue the game on (A, u) and ¢((A,, v)) = (A, w). Spoiler picks up 2k pebbles on
each graph leaving us with the structures (s, w) and (,, w) for some w € A™, where w
has the same type in 2; and in 2.

There is a vertex z € V such that distg(orig(w), z) > 2r(k+1) by Lemma 66. We can
assume up to exchanging = and y that eNorig(w) C {x} because e Z orig(w). Because G
is (2k + m + 1)-connected, there is a path § = (x,y,..., 7, z) such that s and orig(w)
are disjoint apart from z. Then we apply the path isomorphism 1 := 72971 3] and
w.l.o.g. can continue the game on (s, w) and ¢ ((A,, w)) = (Ap, w), where f and h only
twist the edge {z,2'}. Now between A, and 2, the twist is moved sufficiently far away
from orig(w).

Duplicator chooses the partitions P := orbsy,((s, w)) and Q := orbsy((Ap, w)) of
A¥ x A* and the invertible matrix S that k-blurs the twist between (2, w) and (2, @)
given by Lemma 58. By construction, the conditions of the lemma are satisfied. The
matrix S induces a map P — Q mapping P +— @ if and only if P and ) have the same
type in (2A;, w) respectively (2(,,w) (Definition 24). Spoiler chooses orbits P € P and
@ € Q of the same type and @' € P and v € ). Then @’ has the same type in (2, w)
as v’ in (A, w). So wu' and wv' induce a local isomorphism and the next round starts.

As we can see, we are in the same situation as before, that is wu’ and wv’ have the
same type in 2; and 2, respectively and we can apply Duplicator’s strategy again. So
Duplicator has winning strategy in the M2+mk{2 game. O

Theorem 68. There is a class of T-structures K, such that IFP+R < PTIME on K and
CPT = PTIME on K.

Proof. Let K’ be the graph class from Theorem 67, and set K := CFly. (K') (recall Def-
inition 22). We want to show that the CFI query for K is not IFP+R-definable. This
is the task of deciding whether for a given CFly (G, f) € K it holds that > f = 0. By
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Lemma 23, it suffices to show that the CFI query is not IFP+Ryg)-definable. The claim
follows from Lemma 3 and Theorem 67.

We now argue that CPT captures PTIME on K. By Theorem 2, it suffices to show that
K is a class of structures with abelian and ordered colors (cf. Section 3). By Lemma 5, the
colors are abelian and it remains to define for every color class an ordered and transitive
permutation group in CPT. Every gadget forms a color class. As seen in Section 5, every
gadget forms a 1-orbit and has a regular, so in particular transitive, automorphism group
(Lemmas 12 and 17). Consider a degree d gadget. Then every automorphism ¢ of the
gadget can be identified with a tuple a € Z4, satisfying > a = 0 such that ¢(u) = v
if and only if a(u) = v. Indeed, every such tuple represents an automorphism. So the
automorphism group of the gadget can be represented by {a € Z4, | > a = 0}, which is
a CPT-definable set (the tuples, although of unbounded length, can be represented by
standard set encoding of tuples). This set can be ordered using the lexicographical order
on tuples. Because the base graph is ordered, the automorphism corresponding to the
tuple a is CPT-definable: The i-th entry defines the action on the i-th outgoing edge,
which is definable using the relation R;. O

11 Discussion

We showed that rank logic does not capture CPT and in particular not PTIME on the
class of CFI structures over rings Zi, even if the base graph is totally ordered. To do
so, we used combinatorial objects called blurrers and a recursive approach over the arity.
The non-locality of k-tuples for £ > 1 increased the difficulty of k-ary rank operators
dramatically compared to the arity 1 case. It was suggested in [17] that CFI graphs
over Z, could be a separating example for rank logic and PTIME. Our concepts for blurrers
required rings Zy: with ¢ > 2 for higher arities. Actually, our computer experiments to
check Lemma 58 indicate that CFI graphs over Z, could possibly be distinguished using
the k-ary invertible map game for k£ > 1. It might also be possible that the CFI query
over Z, is definable in rank logic using rank operators of higher arities, but this remains
an open question.

There are various definitions of rank logic, which slightly differ in the way the matrices
in the rank operator are defined. In particular, there is an extension, in which rank
operators not only bind universe variables, but also numeric variables [17, 25, 30]. It is not
clear whether this extension is more expressive or not. However, for a suitable adaptation
of the invertible-map game, which also supports numeric variables to construct matrices,
we strongly believe that our arguments work exactly the same. In fact, we think that
at least in the invertible-map game numeric variables do not increase the expressiveness
and thus our arguments directly apply.

A natural question is how rank logic can be extended such that it can define the CFI
query. We have shown that it is not sufficient to compute ranks over finite fields only.
Even more, our construction applies to arbitrary linear-algebraic operators over finite
fields [12]. However, it is not clear how rank logic can be extended to rings Z;. Over
rings, there are several non-equivalent notions of the rank of a matrix. For a discussion
see [9, 30]. As opposed to rank logic, solvability logic can easily be extended to rings
and thus should be able to define the CFI query over all Z;. Notably, such an extension
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would also capture PTIME on structures with bounded and abelian colors [30].

Acknowledgments

I thank Jendrik Brachter for his help with Lemma 33. 1 also thank the anonymous
reviewers for their detailed and helpful comments.

References

1]

2]

[10]

[11]

[12]

Albert Atserias, Andrei A. Bulatov, and Anuj Dawar. Affine systems of equations
and counting infinitary logic. Theor. Comput. Sci., 410(18):1666-1683, 2009.

Camino Balbuena and Julidn Salas. A new bound for the connectivity of cages. Appl.
Math. Lett., 25(11):1676-1680, 2012.

Christoph Berkholz and Martin Grohe. Linear diophantine equations, group csps,
and graph isomorphism. In Philip N. Klein, editor, Proceedings of the Twenty-Fighth
Annual ACM-SIAM Symposium on Discrete Algorithms, SODA 2017, Barcelona,
Spain, Hotel Porta Fira, January 16-19, pages 327-339. SIAM, 2017.

Samuil D. Berman. On the theory of group codes. Kibernetika, 3(1):31-39, 1967.

Andreas Blass, Yuri Gurevich, and Saharon Shelah. Choiceless polynomial time.
Ann. Pure Appl. Logic, 100(1-3):141-187, 1999.

Jin-yi Cai, Martin Firer, and Neil Immerman. An optimal lower bound on the
number of variables for graph identification. Combinatorica, 12(4):389-410, 1992.

Peter J. Cameron. Combinatorics: Topics, Techniques, Algorithms. Cambridge
University Press, 1994.

Ashok K. Chandra and David Harel. Structure and complexity of relational queries.
J. Comput. Syst. Sci., 25(1):99-128, 1982.

Anuj Dawar, Erich Grédel, Bjarki Holm, Eryk Kopczynski, and Wied Pakusa. De-
finability of linear equation systems over groups and rings. Log. Methods Comput.
Sci., 9(4), 2013.

Anuj Dawar, Erich Gradel, and Wied Pakusa. Approximations of isomorphism
and logics with linear-algebraic operators. In /6th International Colloguium on Au-
tomata, Languages, and Programming, ICALP 2019., pages 112:1-112:14, 2019.

Anuj Dawar, Martin Grohe, Bjarki Holm, and Bastian Laubner. Logics with rank
operators. In Proceedings of the 24th Annual IEEE Symposium on Logic in Computer
Science, LICS 2009, 11-14 August 2009, Los Angeles, CA, USA, pages 113-122.
IEEE Computer Society, 2009.

Anuj Dawar, Erich Gradel, and Moritz Lichter. Limitations of the invertible-map
equivalences. Journal of Logic and Computation, 09 2022.

62



[13]

[14]

[15]

[16]

[20]

Anuj Dawar and Bjarki Holm. Pebble games with algebraic rules. In Artur Czu-
maj, Kurt Mehlhorn, Andrew M. Pitts, and Roger Wattenhofer, editors, Automata,
Languages, and Programming - 39th International Colloquium, ICALP 2012, War-
wick, UK, July 9-13, 2012, Proceedings, Part II, volume 7392 of Lecture Notes in
Computer Science, pages 251-262. Springer, 2012.

Anuj Dawar, David Richerby, and Benjamin Rossman. Choiceless polynomial time,
counting and the Cai-Firer-Immerman graphs. Ann. Pure Appl. Logic, 152(1-3):31—
50, 2008.

Martin Fiirer. Weisfeiler-Lehman refinement requires at least a linear number of it-
erations. In Automata, Languages and Programming, 28th International Colloquium,
ICALP 2001, Crete, Greece, July 8-12, 2001, Proceedings, volume 2076 of Lecture
Notes in Computer Science, pages 322-333. Springer, 2001.

Erich Grédel and Martin Grohe. Is polynomial time choiceless? In Lev D. Beklemi-
shev, Andreas Blass, Nachum Dershowitz, Bernd Finkbeiner, and Wolfram Schulte,
editors, Fields of Logic and Computation II - Essays Dedicated to Yuri Gurevich
on the Occasion of His 75th Birthday, volume 9300 of Lecture Notes in Computer
Science, pages 193-209. Springer, 2015.

Erich Griadel and Wied Pakusa. Rank logic is dead, long live rank logic! J. Symb.
Log., 84(1):54-87, 2019.

Martin Grohe. The quest for a logic capturing PTIME. In Proceedings of the Twenty-
Third Annual IEEE Symposium on Logic in Computer Science, LICS 2008, 24-27
June 2008, Pittsburgh, PA, USA, pages 267-271. IEEE Computer Society, 2008.

Martin Grohe. Fixed-point definability and polynomial time on graphs with excluded
minors. In Proceedings of the 25th Annual IEEE Symposium on Logic in Computer
Science, LICS 2010, 11-14 July 2010, Edinburgh, United Kingdom, pages 179-188.
IEEE Computer Society, 2010.

Martin Grohe and Daniel Neuen. Canonisation and definability for graphs of
bounded rank width. In 34th Annual ACM/IEEE Symposium on Logic in Com-
puter Science, LICS 2019, Vancouver, BC, Canada, June 24-27, 2019, pages 1-13.
IEEE, 2019.

Yuri Gurevich and Saharon Shelah. On finite rigid structures. J. Symb. Log.,
61(2):549-562, 1996.

Lauri Hella. Logical hierarchies in PTIME. Inf. Comput., 129(1):1-19, 1996.

Bjarki Holm. Descriptive complexity of linear algebra. PhD thesis, University of
Cambridge, UK, 2011.

Neil Immerman. Expressibility as a complexity measure: results and directions. In
Proceedings of the Second Annual Conference on Structure in Complexity Theory,
Cornell University, Ithaca, New York, USA, June 16-19, 1987. IEEE Computer
Society, 1987.

63



[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

Bastian Laubner. The structure of graphs and new logics for the characterization of
Polynomial Time. PhD thesis, Humboldt University of Berlin, 2011.

Moritz Lichter. Separating rank logic from polynomial time. In 36th Annual
ACM/IEEE Symposium on Logic in Computer Science, LICS 2021, Rome, Italy,
June 29 - July 2, 2021, pages 1-13. IEEE, 2021.

Moritz Lichter and Pascal Schweitzer. Canonization for bounded and dihedral
color classes in choiceless polynomial time. In Christel Baier and Jean Goubault-
Larrecq, editors, 29th FACSL Annual Conference on Computer Science Logic, CSL
2021, January 25-28, 2021, Ljubljana, Slovenia (Virtual Conference), volume 183 of
LIPIcs, pages 31:1-31:18. Schloss Dagstuhl - Leibniz-Zentrum fir Informatik, 2021.

Daniel Neuen and Pascal Schweitzer. Benchmark graphs for practical graph isomor-
phism. In Kirk Pruhs and Christian Sohler, editors, 25th Annual European Sympo-
sium on Algorithms, ESA 2017, September 4-6, 2017, Vienna, Austria, volume 87 of
LIPIcs, pages 60:1-60:14. Schloss Dagstuhl - Leibniz-Zentrum fiir Informatik, 2017.

Martin Otto. Bounded variable logics and counting - a study in finite models, vol-
ume 9 of Lecture Notes in Logic. Springer, 1997.

Wied Pakusa. Linear Equation Systems and the Search for a Logical Characterisation
of Polynomial Time. PhD thesis, RWTH Aachen University, 2016.

Wied Pakusa, Svenja Schalthofer, and Erkal Selman. Definability of Cai-Fiirer-
Immerman problems in choiceless polynomial time. In Jean-Marc Talbot and Laurent
Regnier, editors, 25th EACSL Annual Conference on Computer Science Logic, CSL
2016, August 29 - September 1, 2016, Marseille, France, volume 62 of LIPIcs, pages
19:1-19:17. Schloss Dagstuhl - Leibniz-Zentrum fuer Informatik, 2016.

Horst Sachs. Regular graphs with given girth and restricted circuits. J. London
Math. Soc., s1-38(1):423-429, 1963.

Faried Abu Zaid, Erich Gréadel, Martin Grohe, and Wied Pakusa. Choiceless poly-
nomial time on structures with small abelian colour classes. In Erzsébet Csuhaj-
Varjt, Martin Dietzfelbinger, and Zoltén Esik, editors, Mathematical Foundations
of Computer Science 2014 - 39th International Symposium, MFCS 201/, Budapest,
Hungary, August 25-29, 2014. Proceedings, Part I, volume 8634 of Lecture Notes in
Computer Science, pages 50-62. Springer, 2014.

64



	Introduction
	Preliminaries
	Rank Logic
	The Invertible-Map Game
	CFI Structures
	Isomorphisms of CFI Structures
	Orbits of CFI Structures
	Composition of Orbits
	Rank Logic on CFI Structures

	Matrices over CFI Structures
	The Arity 1 Case
	The Active Region of a Matrix
	The Arity k Case
	Overview of the Construction
	Blurrer
	Similarity Matrix for One Round

	Separating Rank Logic from Choiceless Polynomial Time
	Discussion

