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Abstract

In the search for a logic capturing polynomial time, the most promising candi-
dates are Choiceless Polynomial Time (CPT) and rank logic. Rank logic extends
fixed-point logic with counting by a rank operator over prime fields. We show that
the isomorphism problem for CFI graphs over Z2i cannot be defined in rank logic,
even if the base graph is totally ordered. However, CPT can define this isomor-
phism problem. We thereby separate rank logic from CPT and in particular from
polynomial time.

1 Introduction

The quest for a logic capturing polynomial time (Ptime) is one of the central open
questions in the field of descriptive complexity theory [18]. This question [8] asks whether
there is a logic within which we can define exactly the polynomial-time computable
properties of finite relational structures. The two most promising candidates for such a
logic are Choiceless Polynomial Time and rank logic [16]. In this article we rule out rank
logic as a candidate. We show that rank logic neither captures Ptime nor Choiceless
Polynomial Time.

Rank logic was introduced in [11] and extends fixed-point logic with counting (IFP+C)
by a rank operator. Using this rank operator, the rank of definable matrices can be
accessed in the logic. Multiple variants of rank logic were proposed. In its first version [11],
rank logic comes with a rank operator rkp for each prime p. If the universe of a finite
structure is A, then an Ak × Ak matrix is defined by a term s(x̄, ȳ) by setting the entry
indexed by (ū, v̄) to the value s(ū, v̄), to which s evaluates in the structure. The rank
operator rkp evaluates to the rank of said matrix over Fp. When considering Ak × Ak

matrices, we call the rank operator k-ary.
Crucially, rank logic defines the isomorphism problem of the so-called CFI graphs.

These graphs were given by Cai, Fürer, and Immerman [6] to separate IFP+C from
Ptime. From a base graph, one obtains a CFI graph by replacing every vertex with
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a particular gadget and by connecting the gadgets of adjacent vertices. A connection
between two gadgets can either be straight or twisted. The essential point of the con-
struction is that two CFI graphs over the same base graph are isomorphic if and only if
they have the same parity of twisted connections. In particular, for each base graph there
is a pair of non-isomorphic CFI graphs. The CFI query is the task of defining whether
the parity of twisted connection of a CFI graph is zero. CFI graphs implicitly define
a linear equation system over F2, which is solvable if and only if the parity of twists is
zero. That is, the CFI query is decidable by checking these linear equations systems for
solvability. Given a CFI graph, the matrix corresponding to the linear equation system
is definable in rank logic and, by considering ranks, also whether it is solvable.

The CFI construction is not restricted to the field F2 but can be generalized to other
finite fields Fp or even groups (see e.g. [3, 17, 28]). In the case of Fp, there are p many
non-isomorphic CFI graphs for a given base graph. Grädel and Pakusa [17] used CFI
graphs over prime fields to show that extending IFP+C by the rank operators rkp is
not sufficient to capture Ptime. If the CFI graphs are defined over Fp, then the CFI
query over Fp is not definable only using rank operators rkq for other primes q 6= p. This
implies that there is no single formula of this variant of rank logic defining the CFI query
for all CFI graphs over an arbitrary prime field. An alternative variant of rank logic
was proposed in [17, 23, 25, 30]. It replaces the rank operators rkp for fixed fields by a
uniform rank operator rk, which defines the prime p using a formula, i.e., p depends on
the structure on which the formula is evaluated. This second variant of rank logic defines
the CFI query over all prime fields.

Another example that demonstrates the expressiveness of rank logic are multipedes.
These structures come also with an isomorphism problem, which cannot be defined in
IFP+C but in rank logic [21, 23]. Moreover, rank logic captures Ptime on the class of
structures with color class size two [33]. An open question in [9] is whether rank logic
can express the solvability of linear equation systems over finite rings rather than only
over finite fields.

In this article, we show that rank logic fails to define the CFI query over the rings Z2i

for every i ∈ N. As in the case for fields, we consider the class of CFI graphs over all
rings Z2i and not a fixed one. This result eliminates rank logic as a candidate for a logic
capturing Ptime. As for F2, the isomorphism problem for CFI graphs over Z2i can be
translated to a linear equation system over Z2i . Hence, we also answer the question for
solvability of linear equation systems over finite rings, where the ring is part of the input
and so encoded in a relational structure, in the negative. Even more, we do not only
separate rank logic from Ptime but also from the logic of Choiceless Polynomial Time.

Choiceless Polynomial Time (CPT) was introduced in [5]. It is a logic manipulating
hereditarily finite sets and expresses all common operations on finite sets. The key point
is, that by definition of CPT it is impossible to pick an arbitrary element out of a set.
If one wants to process an element in a set, one has to process all of them. This makes
CPT choiceless and thereby isomorphism-invariant. CPT defines the isomorphism prob-
lem of CFI graphs over F2 if the base graph is totally ordered [14] (which is sufficient
to separate IFP+C from Ptime). More generally, CPT captures Ptime on the class of
structures with bounded color class size, where the automorphism group of each color
class is abelian [33]. This result is established by showing that CPT defines the solvabil-
ity problem of a certain class of linear equation systems. Grädel and Grohe suggested
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that this class of equation systems might be a candidate for separating CPT from rank
logic [16]. The result on bounded abelian color classes in [33] can be strengthened to not
necessarily bounded color classes, as long as a total order of the automorphism group of
each color class is given [30]. Using this result we show that CPT indeed defines the CFI
query over Z2i for every i ∈ N for totally ordered base graphs. Hence, we separate rank
logic not only from Ptime but also from CPT.

Our Techniques. We consider CFI graphs over Z2i . The automorphism groups of
these graphs are 2-groups. We show that in this case formulas containing the uniform
rank operator rk without a fixed prime can be translated to formulas only using the rk2

operator. To do so, we use the result of [17] stating that on CFI graphs, whose automor-
phism groups are p-groups, rank logic formulas only using rank operators rkq for q 6= p
can be simulated by IFP+C. Hence, if there is a formula defining the CFI query over Z2i ,
we can assume that it only uses the rank operator rk2.

To prove that rank logic cannot define the CFI query over Z2i , we use game-based
methods. For IFP+C there is the well-known Ehrenfeucht-Fraïssé-like pebble game, called
the bijective pebble game [22]. It can be used to show that a property is not IFP+C
definable. Such a game also exists for the extension by rank operators [13]. During the
game, ranks of matrices are computed, which are defined over the two graphs, on which
the game is played. To show that a property is not definable in rank logic, it must always
be possible to play in a way that the ranks of corresponding matrices for the two graphs
are equal.

During the rank pebble game the two matrices (one for each graph) are partitioned
into classes. Then one has to consider all labelings of the corresponding classes with values
(0 and 1 in the case of F2). This makes it in particular hard to prove that for every such
labeling the two matrices have the same rank. To overcome this problem, we actually
prove a stronger result and consider matrix similarity. Dawar and Holm [13] introduced
the invertible-map game, which requires matrix similarity instead of matrix equivalence.
In fact, simultaneous similarity of two sequences of matrices is required: each class in the
partition gives rise to one matrix in the sequence, which only labels that that particular
class with 1 and all others with 0. Every matrix obtained by labeling the classes can be
expressed as a sum of these matrices labeling exactly one class with 1. Because matrix
similarity implies matrix equivalence (and so equality of ranks), this game is potentially
more expressive in the sense that it possibly distinguishes more structures.

We use the invertible-map game to prove that there are non-isomorphic CFI graphs
that cannot be distinguished by rank logic. We partition the matrices into orbits and
show that the induced sequences of matrices are simultaneously similar. Indeed, we show
that for every k there is an i such that Duplicator has a winning strategy in the k-ary
invertible-map game played on CFI graphs over Z2i whenever the base graph is sufficiently
connected and its girth is sufficiently large. Requiring large connectivity is common for
these arguments [6, 17], but the girth condition is specific to our construction.

The challenge for Duplicator in the invertible-map game is to come up with an invert-
ible matrix proving simultaneous similarity of two sequences of matrices. To construct
such matrices, we use two ingredients. The first consists of sets of local automorphisms
we call blurrers. They satisfy some symmetry properties but contain a certain asymme-
try. We use this asymmetry to “blur” the twist between two non-isomorphic CFI graphs,
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that is, we “distribute” it among multiple edges in the graphs. Because of the symme-
try of the blurrers, it is “hard” to detect the blurred twist in the invertible-map game.
In particular, if we only consider 1-ary rank operators, blurrers suffice to construct a
winning strategy for Duplicator. Considering arity k becomes inherently more difficult.
While the argument for the 1-ary case is a local argument, in the k-ary case we have
to consider k-tuples combining vertices scattered in the graph. However, we can use the
blurrers such that only for k-tuples containing vertices of a single “problematic” gadget
(and possibly other vertices far apart) the blurrer is not sufficient to prove simultane-
ous similarity. Here we use the second ingredient. We make an arbitrary vertex of the
problematic gadget a parameter. This fixes the problematic gadgets and it suffices to
consider the (k − 1)-tuples where the vertex of the problematic gadgets is removed. We
recurse on the arity and obtain for every edge, between which we blurred the twist, a
similarity matrix for arity (k − 1). Using the large girth of the graph, these edges are
chosen sufficiently far apart each other. This is important to combine the (k − 1)-ary
similarity matrices with the blurrer to obtain a similarity matrix for the k-ary case.

Related Work. Hella [22] showed that for generalized Lindström quantifiers the ex-
pressiveness strictly increases with the arity. A similar result can also be given for rank
logic [11, 23, 25]. In that light, the increased complexity of our approach for the k-ary
case compared to the 1-ary case is not surprising.

We use the already mentioned result of Grädel and Pakusa [17] to argue that it
suffices to consider the rank operator rk2 over F2 for CFI graphs over Z2i . Consequently,
we have to consider the invertible-map game [13] for F2 only. Indeed, it was shown by
Dawar, Grädel, and Pakusa [10] that a similar result also holds for the invertible-map
game and the equally expressive linear-algebraic logic: When considering CFI graphs
over F2, arbitrary linear-algebraic operators over Fp for p 6= 2 do not define the CFI
query. Recently, this result was combined with the results of this article by Dawar,
Grädel, and Lichter [12] to show that linear-algebraic logic does not capture Ptime,
either.

Closely related to computing ranks is checking linear equation systems for solvability.
Atserias, Bulatov, and Dawar proved that IFP+C does not define solvability of linear
equation systems over finite rings [1]. Solvability of linear equation systems of prime-
power fields is definable in rank logic [23]. So, because prime-power fields reduce to prime
fields in rank logic, it is conceivable that a variant of rank operators using prime-power
fields does not define the CFI query over Z2i , either.

While IFP+C fails to capture Ptime for CFI graphs, there are many other graph
classes on which IFP+C captures Ptime. These include, e.g., graphs with excluded
minors [19] and graphs with bounded rank width [20]. While showing that rank logic
defines the CFI query for prime fields is rather simple [11], this is a non-trivial result for
CPT. The already mentioned result by Dawar, Richerby, and Rossman [14] uses deeply
nested sets and is restricted to totally ordered base graphs. This result was strengthened
by Pakusa, Schalthöfer, and Selman [31] to base graphs with logarithmic color class size.
Recently, the result for bounded abelian color classes by Abu Zaid, Grädel, Grohe, and
Pakusa [33] was extended by Lichter and Schweitzer [27] to graphs with bounded color
classes with dihedral colors and also for certain structures of arity 3.
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Structure of this Article. After providing some preliminaries in Section 2, we intro-
duce variants of rank logic in Section 3 and the invertible-map game in Section 4. Then
we give a CFI construction suitable for our arguments in Section 5. Next, we discuss
matrices defined over CFI structures in Section 6 and develop a criterion for invertibility
of such matrices over F2. This will be used in Section 7, where we treat the case of
1-ary rank operators and introduce blurrers. Section 8 defines the notion of the active
region of a matrix. This is used in the case of general k-ary rank operators in Section 9
to successfully combine the matrices obtained from recursion. There we also generalize
blurrers to the k-ary case. Finally, we separate rank logic from CPT in Section 10 and
conclude with a discussion in Section 11.

2 Preliminaries

We denote the set {1, . . . , k} by [k]. Let N and I be finite sets. The set of I-indexed
tuples over N is denoted by N I . For a tuple t̄ ∈ N I the entry for index i ∈ I is written
as t̄(i). For k ∈ N, t̄ ∈ Nk = N [k], and i ≤ k we also write ti for the i-th entry. The
concatenation of two tuples s̄ ∈ Nk and t̄ ∈ N ℓ is denoted by s̄t̄ ∈ Nk+ℓ. The restriction
of t̄ ∈ N I to K ⊆ I is denoted by t̄|K ∈ NK .

For two finite index sets I and J , an I×J matrix M over N is a map M : I×J → N .
We write M(i, j) for the entry at position (i, j). The identity matrix is denoted by 1 and
the zero matrix by 0.

We write Zj for the ring of integers modulo j. Its elements are {0, . . . , j − 1}. For a
tuple ā ∈ Z

I
j we set

∑

ā :=
∑

i∈I ā(i) and likewise for a function f : I → Zj .
A (relational) signature τ = {R1, . . . , Rℓ} is a set of relation symbols with associated

arities ri ∈ N for each i ∈ [ℓ]. A τ -structure A is a tuple A = (A,RA

1 , . . . , R
A

ℓ ) where
RA

i ⊆ Ari for all i ∈ [ℓ]. The universe of A is always denoted by A. In this article, we only
consider finite structures. A pebbled structure is a pair (A, ū) of a relational structure
and a tuple ū ∈ Ak. Two pebbled structures (A, ū) and (B, v̄) are isomorphic, if there
is an isomorphism ϕ : A → B such that ϕ((A, ū)) = (B, v̄). That is, every isomorphism
has to map ū to v̄. An automorphism of (A, ū) is an isomorphism (A, ū) → (A, ū). The
automorphism group of (A, ū) is denoted by Aut((A, ū)).

Let G = (V,E) be a simple graph. For vertices x, y ∈ V we denote their distance
in G by distG(x, y). For two sets X, Y ⊆ V we set distG(X, Y ) := minx∈X,y∈Y distG(x, y)
and likewise distG(x, Y ) := distG({x}, Y ) for a vertex x and a set Y ⊆ V . The set of
neighbors of a vertex x ∈ V is denoted by NG(x). The k-neighborhood of x in G is
Nk

G(x) := {y ∈ V | distG(x, y) ≤ k}. The induced subgraph of G by W ⊆ V is G[W ].
The graph G is k-connected, if |V | ≥ k and for every V ′ ⊆ V of size at most k − 1,
G \ V ′ is connected. That is, after removing k − 1 vertices, G is still connected. The
girth of G is the length of the shortest cycle in G.

Let Γ be a finite permutation group with domain N and let p be a prime. If for every
σ ∈ Γ there is an ℓ such that σ is of order pℓ, i.e, σ(pℓ) is the identity, then Γ is called a
p-group. The orbit of n ∈ N is the set {σ(n) | σ ∈ Γ}. In this way, N is partitioned
into orbits. This notation generalizes to k-tuples. A k-orbit is a maximal set P ⊆ Nk,
such that for every n̄, m̄ ∈ P , there is a σ ∈ Γ such that σ(n̄) = m̄. We write orbsk(Γ)
for the set of k-orbits of Γ. The group Γ is transitive if |orbs1(Γ)| = 1. If additionally
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|Γ| = |N |, then Γ is called regular. The k-orbits of a pebbled relational structure (A, ū)
are orbsk((A, ū)) := orbsk(Aut((A, ū))).

3 Rank Logic

In this section we consider rank logic, an extension of inflationary fixed-point logic with
counting by a rank operator. Let A = (A,RA

1 , . . . , R
A

ℓ ) be a relational τ -structure. We
set τ# := τ ⊎ {·,+, 0, 1} and A

# := (A,RA

1 , . . . , R
A

ℓ ,N, ·,+, 0, 1) to be the two-sorted
τ#-structure1 that is the disjoint union of A and N.

Fixed-Point Logic with Counting. We introduce IFP+C, the fixed-point logic with
counting (proposed in [24], also see [29]). Let τ be a signature. IFP+C is a two-sorted
logic using the signature τ# with element variables ranging over the universe of the input
structure and number variables ranging over the natural numbers. We use the letters x
and y for element variables, Greek letters ν and µ for numeric variables, Φ and Ψ for
formulas, and letters s and t for numeric terms. For a tuple of variables or terms we
write x̄, ν̄, and s̄ respectively.

IFP+C-formulas are built from first-order formulas, a fixed-point operator, and count-
ing terms. To ensure polynomial-time evaluation, quantification over numeric variables
needs to be bounded: Whenever Φ is an IFP+C-formula, ν is a numeric, possibly free
variable in Φ and s is a closed numeric term, then

Qν ≤ s. Φ

is an IFP+C-formula, where Q ∈ {∀, ∃}. We now consider (inflationary) fixed-points.
Let R be a relation symbol to define using a fixed-point. The relation R can contain both
elements of the universe and numbers as follows. Let Φ be an IFP+C-formula, x̄ and ν̄
be variables, and s̄ be a tuple of |ν̄| many closed numeric terms that bound the values
of ν̄. Then

[ifpRx̄ν̄ ≤ s̄. Φ] (x̄ν̄)

is an IFP+C-formula. To relate element and numeric variables, IFP+C possesses counting
terms that count the number of different values for some variables satisfying a formula.
As before, let Φ be an IFP+C-formula, x̄ and ν̄ be variables, and s̄ be a tuple of |ν̄| many
closed numeric terms which bound the values of ν̄. Then

#x̄ν̄ ≤ s̄. Φ

is a numeric IFP+C-term.
Let A be a τ -structure. An IFP+C-formula (or term) is evaluated over A#. For a

numeric term s(x̄ν̄) we denote by sA : A|x̄| ×N
|ν̄| → N the function that maps the possible

values of the free variables of s to the value that s takes in A#. Similarly, for a formula
Φ(x̄ν̄) we write ΦA ⊆ A|x̄| × N

|ν̄| for the set of values for the free variables satisfying Φ.
Then, e.g., the evaluation of a counting term for a formula Φ(ȳx̄µ̄ν̄) is defined as

(#x̄ν̄ ≤ s̄. Φ)A(ūm̄) :=
∣

∣

∣

{

w̄n̄ ∈ A|x̄| × N
|ν̄|
∣

∣

∣ ni ≤ sAi for all i ∈ [|ν̄|] and ūw̄m̄n̄ ∈ ΦA
}∣

∣

∣ .

1This is the only non-finite structure in this article.
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Rank Logic. We now consider the extension of IFP+C by the uniform rank operator.
We follow the definition in [23]. Let s(x̄, ȳ) be a numeric term such that k := |x̄| = |ȳ|
and t be a closed numeric term. Then

rk(x̄, ȳ). (s, t)

is a numeric term. We say for convenience that k is the arity of the operator, although
it is actually 2k. The logic IFP+R is the extension of IFP+C by the uniform rank
operator rk. We restricted the definition to square matrices, but this does not limit the
expressive power. The rank operator is evaluated as follows. Let A be a τ -structure. The
term s defines an Ak × Ak matrix MA

s over N:

MA

s (ū, v̄) := sA(ū, v̄).

Finally, we define (rk(x̄, ȳ). (s, t))A: The rank operator evaluates the rank of (MA

s mod p)
over Fp if p := tA is prime and to 0 otherwise. We omitted parameters for readability.

For a set of prime numbers Ω, we set IFP+RΩ to be the variant of IFP+R, in which
we have instead of the uniform rank operator rk a different rank operator rkp for every Fp

such that p ∈ Ω. That is, we have to fix the field in the formula independently of the
structure. This is not the case for the operator rk, where we can determine the value
for p by another term that evaluates differently for different structures.

Choiceless Polynomial Time. Choiceless Polynomial Time (CPT) is a logic different
from IFP+C. CPT-formulas manipulate hereditarily finite sets. They are choiceless in
the sense that they either process all elements of such sets or none. It is not possible to
pick an arbitrary element from a set. By these conditions, all sets constructed by a CPT-
term are closed under automorphisms of the input structure. Evaluation in polynomial
time is guaranteed by explicit polynomial bounds on the number of steps and sizes of the
constructed sets. We omit a formal definition of CPT here because it is not needed in
this article. For a formal definition we refer to [16, 30].

We review two results for CPT: A relational τ -structure A has q-bounded colors,
if one relation � ∈ τ is a total preorder partitioning the universe into �-equivalence
classes, called color classes, of size at most q. The structure A has abelian colors, if
the induced substructure of every color class has an abelian automorphism group.

Theorem 1 ([33]). CPT captures Ptime on q-bounded relational structures with abelian
colors.

This result can be strengthened from bounded color class size to ordered colors. A
τ -structure with ordered colors is a tuple (A,Γ), where A is a relational τ -structure
with color classes C1, . . . , Cn and Γ = {(Γi,≤i) | i ∈ [n]} is a family of ordered per-
mutations groups such that Γi is a transitive group with domain Ci for every i ∈ [n].
Note that structures with ordered colors are, without further encoding, not relational
structures because Γ is a higher-order object. However, we only define given a rela-
tional τ -structure A the family Γ of ordered permutation groups in CPT and thus can
represent Γ as a hereditarily finite set.

Theorem 2 ([30]). CPT captures Ptime on structures with ordered abelian colors.
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4 The Invertible-Map Game

Undefinability results for IFP+C are often achieved by the embedding of IFP+C into
infinitary bounded variable counting logic (see [29]) and exploiting an equally expressive
Ehrenfeucht-Fraïssé-like pebble game. This game, called the bijective k-pebble game [22],
is a game between two players called Spoiler and Duplicator played on two pebbled
structures. The aim of Spoiler is to prove that the two structures can be distinguished
in infinitary k-variable counting logic, where Duplicator tries to show the converse. Such
a game also exists for rank logic (called matrix-equivalence game in [13]). It extends the
bijective pebble game with ranks. Instead of looking at this pebble game, we consider
the invertible-map game [13]. Its distinguishing power is at least as strong as the one
of the rank-pebble game in the sense that if Duplicator has a winning strategy in the
invertible-map game, then Duplicator has a winning strategy in the rank-pebble game,
too. Hence, to show that rank logic cannot distinguish two structures, it suffices to show
that Duplicator has a winning strategy in the invertible-map game. The game is defined
as follows:

Let k and m be two positive integers such that 2k ≤ m and let Ω be a finite and
nonempty set of primes. The invertible-map game Mm,k,Ω is played on two pebbled
structures (A, ū) and (B, v̄) with |ū| = |v̄| ≤ m of the same signature. For each structure
there are m pebbles labeled with 1, . . . , m, where on ui and vi there are pebbles with the
same label for all i ∈ [|ū|]. That is, if |ū| < m, some of the pebbles are not used. There
are two players called Spoiler and Duplicator. If |A| 6= |B|, then Spoiler wins the game.
Otherwise a round of the game proceeds as follows:

1. Spoiler chooses a prime p ∈ Ω and picks up 2k many pebbles from A and the
corresponding pebbles (with the same labels) from B.

2. Duplicator picks a partition P of Ak × Ak and another one Q of Bk × Bk such
that |P| = |Q|. Furthermore, Duplicator picks an invertible Ak × Bk matrix S
over Fp, such that the matrix induces a total and bijective map λ : P → Q defined
by P 7→ Q if and only if χP = S · χQ · S91. Here χP (respectively χQ) is the
characteristic Ak ×Ak matrix over Fp of P (respectively the Bk ×Bk matrix over Fp

of Q) which satisfies that χP (ū′, v̄′) = 1 if ū′v̄′ ∈ P and χP (ū′, v̄′) = 0 otherwise.
To say it differently, Duplicator has to pick a bijection λ : P → Q and an invertible
Ak ×Bk matrix S satisfying χP = S ·χλ(P ) ·S91 for all P ∈ P, i.e., the characteristic
matrices of P and Q are simultaneously similar.

3. Spoiler chooses a block P ∈ P, a tuple w̄ ∈ P , and a tuple w̄′ ∈ λ(P ). Then for
each i ∈ [2k] Spoiler places a pebble on wi and the corresponding pebble on w′

i.

After a round, Spoiler wins the game if the pebbles do not define a local isomorphism
or if Duplicator was not able to respond with a matrix satisfying the conditions above.
Duplicator wins the game if Spoiler forever fails to win. Spoiler has a winning strategy
if Spoiler can win the game starting at (A, ū) and (B, v̄) in any case independently of
the actions of Duplicator. Likewise, Duplicator has a winning strategy, if Duplicator can
always win the game. In that case, we write (A, ū) ≡m,k,Ω

M (B, v̄). Finally, we consider
the game with a bounded number of rounds: The ℓ-round invertible-map game Mm,k,Ω

ℓ

proceeds exactly as Mm,k,Ω but stops after ℓ rounds. Duplicator wins, if Spoiler did not
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win in these rounds. In the following, we use the invertible-map game instead of the
rank-pebble game because it allows us to prove a stronger result and simplifies proofs.

Lemma 3 ([13]). Let K be a class of finite τ -structures and P ⊆ K. If for every k,m ∈ N

with 2k ≤ m and every finite and nonempty set of primes Ω, there is a pair of structures
(A,B), such that A ∈ P , B /∈ P , and A ≡m,k,Ω

M B, then P is not IFP+RP definable,
where P is the set of all primes.

If we fix a finite set of primes Ω in Lemma 3, then P is not IFP+RΩ definable (see [13])
because a P -defining IFP+RΩ-formula implies a winning strategy of Spoiler in the Mm,k,Ω

game. Lemma 3 is proved in [13] for the (m, k,Ω)-rank-pebble game, which induces the
equivalence ≡m,k,Ω

R . Then the authors show that ≡m,k,Ω
M refines ≡m,k,Ω

R . It is an open
problem whether the equivalence ≡m,k,Ω

M strictly refines ≡m,k,Ω
R .

5 CFI Structures

In this section we define a variant of the well-known CFI graphs. Starting from a so-called
base graph, for every vertex in the base graph a gadget is constructed. In the seminal
paper of Cai, Fürer, and Immerman [6] these gadgets consist of inner and outer vertices,
where the latter are pairs of vertices. Each outer vertex pair induces the automorphism
group Z2 and the inner vertices realize the automorphism group {ā ∈ Z

d
2 |

∑

ā = 0} of
its d adjacent outer vertex pairs. Whenever two vertices in the base graph are adjacent,
the two corresponding outer vertex pairs of the two gadgets are connected. Such a
connection can either be “straight” or “twisted”. This construction generalizes to other
groups than Z2. In [28] a construction of gadgets for general abelian groups can be found.
We are interested in cyclic groups Z2q . The following construction only uses the inner
vertices and directly connects the inner vertices of two gadgets. For Z2, this approach is
given in [15].

A base graph is a simple, connected, and totally ordered graph. Let G = (V,E,≤)
be a base graph. Consider the additive group of Z2q . For each vertex x ∈ V we define a
gadget consisting of vertices Ax and two families of relations:

Ax :=
{

ā ∈ Z
NG(x)
2q

∣

∣

∣

∑

ā = 0
}

, x ∈ V,

Ix,y :=
{

(ā, b̄) ∈ A2
x

∣

∣

∣ ā(y) = b̄(y)
}

, x ∈ V, y ∈ NG(x),

Cx,y :=
{

(ā, b̄) ∈ A2
x

∣

∣

∣ ā(y) + 1 = b̄(y)
}

, x ∈ V, y ∈ NG(x).

Consider the sets Ax,y,c := {ā ∈ Ax | ā(y) = c} for y ∈ NG(x) and c ∈ Z2q . The
relation Ix,y realizes these sets by disjoint cliques, one for each Ax,y,c. The relation Cx,y

induces a directed cycle Ax,y,c, Ax,y,c+1, . . . , Ax,y,c+2q−1 on these sets for a fixed y by adding
directed complete bipartite graphs between subsequent cliques. In that way, the relation
Cx,y realizes the group Z2q on the sets Ax,y,c. By the condition

∑

ā = 0 on the vertices
in Ax, a gadget thereby has an automorphism group isomorphic to {ā ∈ Z

d
2q |

∑

ā = 0}
where d is the degree of x.

Now we connect gadgets. We first extend the order ≤ to the lexicographical order on
tuples of vertices of G and further to sets of such tuples. Let g : E → Z2q be a function
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defining the values by which the edges are twisted. For every edge {x, y} ∈ E we connect
the gadgets of the incident vertices. We obtain the CFI structure

CFI2q(G, g) := (A,RI , RC , RE,0, . . . , RE,2q−1,�)

as follows:

E{x,y},c :=
{

{ā, b̄}
∣

∣

∣ ā ∈ Ax, b̄ ∈ Ay, ā(y) + b̄(x) = c
}

, {x, y} ∈ E, c ∈ Z2q ,

� :=
{

(ā, b̄)
∣

∣

∣ ā ∈ Ax, b̄ ∈ Ay, x ≤ y
}

,

RI :=
{

(ā, b̄, ā′, b̄′)
∣

∣

∣ { (x, y) | (ā, b̄) ∈ Ix,y } ≤ { (x′, y′) | (ā′, b̄′) ∈ Ix′,y′ }
}

,

RC :=
{

(ā, b̄, ā′, b̄′)
∣

∣

∣ { (x, y) | (ā, b̄) ∈ Cx,y } ≤ { (x′, y′) | (ā′, b̄′) ∈ Cx′,y′ }
}

,

A :=
⋃

x∈V

Ax, RE,c :=
⋃

e∈E

Ee,c+g(e).

The unions above are meant to be disjoint. The relations Ix,y (and similarly Cx,y) are
encoded by RI (and RC) as follows: All edges (ā, b̄) ∈ A2

x are partitioned according to
the set of base vertices y such that (ā, b̄) ∈ Ix,y. The partition is given by the equivalence
classes of RI (seen as equivalence on pairs). The relations Ix,y (respectively Cx,y) are
unions of RI-equivalence classes (respectively RC-equivalence classes).

Definition 4 (Origin). We say that the vertices ā ∈ Ax originate from x or that their
origin is x and write orig(ā) := x. We extend this to tuples and define the origin

of (ā1, . . . , āj) ∈ Aj as orig((ā1, . . . , āj)) := (orig(ā1), . . . , orig(āj)). We will often view
orig((ā1, . . . , āj)) as the set {orig(ā1), . . . , orig(āj)} and write x ∈ orig((ā1, . . . , āj)). If M
is a set of tuples of the same origin, we set orig(M) := orig(ā) for some (and thus all)
ā ∈ M . For a set W ⊆ V , we define the origin induced substructure

CFI2q (G, g)[W ] := CFI2q(G, g)[{ ā | orig(ā) ∈ W }]

to be the substructure induced by all vertices whose origin is contained in W .

It will be always clear from the context whether we refer to the origin induced sub-
structure (or just a standard induced substructure). In that case W and the universe of
the CFI structure are disjoint.

For CFI structures it is well-known that CFI2q (G, g) ∼= CFI2q(G, f) if and only if
∑

e∈E g(e) =
∑

e∈E f(e). That is, there are up to isomorphism 2q many CFI structures of
the base graph G.

Lemma 5. The automorphism group Aut(CFI2q (G, g)) of CFI2q (G, g) is an abelian 2-group.

Proof. Every automorphism of CFI2q (G, g) is origin-respecting, i.e., it maps a vertex to
a vertex of the same origin, because the preorder � on the vertices is obtained from the
total order ≤ on G. It follows that Aut(CFI2q (G, g)) is a subgroup of the direct product
of the automorphism groups of every gadget. Because the automorphism group of each
degree d gadget is the abelian 2-group {ā ∈ Z

d
2q |

∑

ā = 0} as argued before, so is the
direct product of them and in particular Aut(CFI2q (G, g)).

10



Other CFI Constructions. We compare our CFI construction to other version in the
literature. The classical construction in [6] uses inner and outer vertices, while we only
use inner ones. The sets Ax,y,c in our construction correspond to the outer vertices in the
classical construction. We only use one type of vertices to avoid case distinctions between
inner and outer vertices in the following.

Another approach to avoid this case distinction is to only use outer vertices and to
replace the inner vertices by relations of higher arity (see, e.g., [22]). The arity of the
relations corresponds to the degree of a vertex in the base graph. While this construction
is more elegant, it is restricted to base graphs of bounded degree to obtain structures of
a fixed signature. However, our argument separating rank logic and CPT requires base
graphs of unbounded degree. Our construction always yields structures of arity 4, but the
number of relations varies with the group Z2q . Of course, we could use a single relation
to encode the relations RE,c. But in fact, it suffices only to use RE,0 to obtain a structure
with the same automorphism group. Then all RE,c are actually definable in 3-variable
counting logic. We include all RE,c in the structure for convenience.

In general, most properties of the structures transfer between the different construc-
tions (with some quite obvious adaptations).

5.1 Isomorphisms of CFI Structures

In this section we consider two classes of isomorphisms between CFI structures. They
get important later in Section 9. Let q ∈ N and G = (V,E,≤) be a base graph. In the
following, we denote for every f : E → Z2q by Af the CFI structure CFIZ2q (G, f). These
structures have by definition the same universe A for every f : E → Z2q .

Definition 6 (Twisted Edge). Two functions f, g : E → Z2q twist an edge e ∈ E if
f(e) 6= g(e). We also say that e is twisted by f and g. For a set W ⊆ V we say that f
and g do not twist W if no edge in G[W ] is twisted by f and g.

We omit f and g if they are clear from the context. Let x ∈ V and ā ∈ Z
NG(x)
2q satisfy

∑

ā = 0. We identify ā with a permutation of vertices with origin x as follows: if u has
origin x (in some CFI structure over G), then ā(u) := v such that v(y) = u(y) + ā(y) for
all y ∈ NG(x). Because

∑

ā = 0, ā(u) is indeed a vertex with origin x, too.

Definition 7 (Path Isomorphism). Let c ∈ Z2q and s̄ = (x1, . . . , xn) be a simple path

in G. For every 1 < i < n, let āi ∈ Z
NG(xi)
2q such that āi(xi−1) = c, āi(xi+1) = −c, and

āi(y) = 0 for all other y ∈ NG(xi). The path isomorphism ~π[c, s̄] is defined by

~π[c, s̄](u) :=







āi(u) if orig(u) = xi and 1 < i < n

u otherwise.

Lemma 8. Let f, g : E → Z2q , s̄ = (x1, . . . , xn) be a simple path in G, e1 = {x1, x2}, and
e2 = {xn−1, xn}. If no edge apart from e1 and e2 is twisted by f and g, g(e1) = f(e1) + c,
and g(e2) = f(e2) − c, then ~π[c, s̄] is an isomorphism (Af , p̄) → (Ag, p̄) for every tuple
p̄ ∈ Am satisfying distG(orig(p̄), {x1, . . . , xn}) > 1.

The proof of Lemma 8 is an obvious adaptation of the proof of Lemma 3.11 in [17].
This lemma uses a variant of CFI structures with outer vertices and relations, but the
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arguments are similar. We additionally require that the tuple p̄ is fixed, but because its
distance to the path s̄ is greater than 1, it is not affected by the path isomorphism at all,
i.e., ~π[c, s̄](p̄) = p̄. Isomorphisms between CFI structures satisfying

∑

f =
∑

g, in which
more than two edges are twisted, can be composed out of multiple path isomorphisms.
The following special case of such isomorphisms will play an important role later:

Definition 9 (Star Isomorphism). Let z ∈ V be of degree d, ℓ ≤ d, s̄1, . . . , s̄ℓ be simple
paths, s̄i = (xi

1, . . . , x
i
ℓi

), xi
ℓi

= z for all i ∈ [ℓ], and the s̄i be disjoint apart from z. We
call s̄1, . . . , s̄ℓ a star and z the center of the star. For c̄ ∈ Z

ℓ
2q satisfying

∑

c̄ = 0, we
define the star-isomorphism π∗[c̄, s̄1, . . . , s̄ℓ] via

π∗[c̄, s̄1, . . . , s̄ℓ](u) :=















c̄′(u) if orig(u) = z,

~π[ci, s̄i](u) if orig(u) 6= z and orig(u) is contained in s̄i,

u otherwise,

where c̄′ ∈ Z
NG(z)
2q such that c̄′(xi

ℓi−1) = ci for all i ∈ [ℓ] and c̄′(y) = 0 for all other
y ∈ NG(z).

Lemma 10. Let f, g : E → Z2q , s̄1, . . . , s̄ℓ be a star in G, s̄i = (xi
1, . . . , x

i
ℓi

) for all
i ∈ [ℓ], and c̄ ∈ Z

ℓ
2q such that

∑

c̄ = 0. If no edge apart from the edges ei = {xi
1, x

i
2}

for every i ∈ [ℓ] is twisted by f and g and g(ei) = f(ei) + ci for all i ∈ [ℓ], then
π∗[c̄, s̄1, . . . , s̄ℓ] is an isomorphism (Af , p̄) → (Ag, p̄) for every tuple p̄ ∈ Am satisfying
distG(orig(p̄), {xi

j | i ∈ [ℓ], j ∈ [ℓi]}) > 1.

Proof. Let p̄ ∈ Am satisfy distG(orig(p̄), {xi
j | i ∈ [ℓ], j ∈ [ℓi]}) > 1 and let z be the center

of the star s̄1, . . . , s̄ℓ. For every i ∈ [ℓ − 1], let s̄′
i be the xi

1 − xi+1
1 -path obtained by

stitching s̄i and s̄i+1 together at z := xi
ℓi

(that is, the path s̄i+1 is attached in reversed
direction). Furthermore, for every i ∈ [ℓ−1], set ϕi := ~π[

∑

j∈[i] cj , s̄
′
i], and let fi : E → Z2q

be the function defined via fi(ej) = f(ej)+cj for every j ∈ [i], fi(ei+1) = f(ei+1)−
∑

j∈[i] cj ,
and fi(e) = f(e) otherwise. Applying Lemma 8 inductively shows that ϕ1 ◦ · · · ◦ ϕi is an
isomorphism (Af , p̄) → (Afi

, p̄): For i = 1, the only twisted edges are e1 and e2 satisfying
f1(e1) = f(e1) + c1 and f1(e2) = f(e2) − c1 and ϕ1 : (Af , p̄) → (Af1

, p̄) is an isomorphism
by Lemma 8. For every 2 ≤ i ≤ ℓ − 2, exactly the edges ei+1 and ei+2 are twisted by fi

and fi+1. It holds that

fi+1(ei+1) = f(ei+1) + ci+1 = fi(ei+1) +
∑

j∈[i+1]

cj,

fi+1(ei+2) = f(ei+2) −
∑

j∈[i+1]

ci = fi(ei+2) −
∑

j∈[i+1]

ci.

Thus, ϕi+1 is an isomorphism (Afi
, p̄) → (Afi+1

, p̄) by Lemma 8 and ϕ1 ◦ · · · ◦ ϕi+1 is an
isomorphism (Af , p̄) → (Afi+1

, p̄) by induction.
Now let ψ = ϕ1 ◦ · · ·◦ϕℓ. To prove the claim it suffices to show that fℓ−1 = g and that

ψ = π∗[c̄, s̄1, . . . , s̄ℓ]. The former holds because
∑

c̄ = 0. To show the latter, first consider
the path s̄1. On vertices with origin in s̄1 different from z the action of ψ is equal to
the action of ϕ1. This exactly equals the definition of π∗[c̄, s̄1, . . . , s̄ℓ]. For vertices with
origin in s̄ℓ different from z the argument is similar and the action of ψ is equal to the
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action of ϕℓ−1. The isomorphism ϕℓ−1 twists the edge {xℓ
1, x

ℓ
2} by −

∑

j∈[ℓ−1] cj , which
by assumption is equal to cℓ because

∑

c̄ = 0. Now consider vertices with origin in s̄i

different from z for i /∈ {1, ℓ}. Here the action of ψ equals the action of ϕi−1 ◦ ϕi. The
isomorphism ϕi−1 twists the edge {xi

1, x
i
2} by −

∑

j∈[i−1] cj and ϕi twists the same edge
by

∑

j∈[i] cj . Note that s̄′
i contains the vertices of s̄i+1 in reversed order, so on all the

vertices with origin different from z the action of ϕi−1 ◦ϕi becomes equal to the action of
the path isomorphism ~π[ci, s̄i]. Finally, by a similar argument, the action of ψ on vertices
with origin z equals the action of c̄′ defined as in Definition 9.

5.2 Orbits of CFI Structures

In this section we analyze the structure of k-orbits of CFI structures for highly connected
base graphs. Let q, k,m ∈ N andG = (V,E,≤) be a (k+m+1)-connected base graph. We
denote again for every f : E → Z2q by Af the CFI structure CFIZ2q (G, f) with universe A.
Let p̄ ∈ Am be arbitrary but fixed. We consider the k-orbits of pebbled structures (Af , p̄),
i.e., orbits of k-tuples. Recall that Aut((Af , p̄)) is the automorphism group of (Af , p̄) and
that orbsk((Af , p̄)) is the set of all k-orbits (cf. Section 2).

Definition 11 (Type of a Tuple). The isomorphism type of a pebbled structure is the
class of all isomorphic structures. For f : E → Z2q the type of a tuple ū ∈ Ak in (Af , p̄)
is the pair (orig(ū), T ), where T is the isomorphism type of (Af [orig(p̄ū)], p̄ū).

We omit the pebbled structure (Af , p̄) if it is clear from the context. Including orig(ū)
in the type is needed because the isomorphism type T respects the relative order of the
gadgets in � only. If Af was vertex-colored instead, this would not be a problem. We
have to consider the origin induced substructure of orig(p̄ū) and not of p̄ū because only
then the relations Ix,v and Cx,v can be recovered from RI and RC . Here, an edge coloring
would resolve this issue.

Lemma 12. For every f : E → Z2q and every ū, v̄ ∈ Ak there is an automorphism
ϕ ∈ Aut((Af , p̄)) such that ϕ(ū) = v̄ if and only if ū and v̄ have the same type.

Proof. A similar argument to the following can be found in Lemma 3.15 in [17]. Let
f : E → Z2q and ū, v̄ ∈ Ak. If ϕ(ū) = v̄ for some automorphism ϕ ∈ Aut((Af , p̄)), then
surely ū and v̄ have the same type.

For the other direction, assume that ū and v̄ have the same type. Then, by definition,
there is an isomorphism ϕ : (Af [orig(p̄ū)], p̄ū) → (Af [orig(p̄v̄)], p̄v̄). Because ū and v̄
have the same type, it follows that orig(p̄ū) = orig(p̄v̄) and in particular that ϕ is an
automorphism of (Af [orig(p̄ū)], p̄). We show that this local automorphism extends to an
automorphism of (Af , p̄).

We extend ϕ by the identity map on all vertices with origin not in orig(p̄ū). Then ϕ
is an isomorphism between (Af , p̄) and another CFI structure, where all twisted edges
e1, . . . , eℓ leave orig(ū) and are not incident to orig(p̄) (edges incident to orig(p̄) cannot be
twisted because ϕ fixes p̄). Let N be the neighborhood of orig(ū) (and thus of orig(v̄)).
Because G is (k + m + 1)-connected, there is an x-y-path not using orig(p̄ū) for every
x, y ∈ N because G \ orig(p̄ū) is still connected when removing at most |p̄ū| = k + m <
k + m + 1 many vertices. Hence, we can use path isomorphisms to move the twists at
every ei all to e1. But because ϕ was an automorphism of (Af [orig(p̄ū)], p̄), the sum of
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the twists is 0. Hence, composing ϕ and the mentioned path isomorphisms forms an
automorphism ψ ∈ Aut((Af , p̄)). Because the selected paths do not use orig(p̄ū), we still
have ψ(p̄ū) = p̄v̄.

Corollary 13. For every f : E → Z2q and every P ∈ orbsk((Af , p̄)) there is a type such
that P contains exactly the tuples of that type.

Definition 14 (Type of an Orbit). For f : E → Z2q the type of a k-orbit in (Af , p̄) is
the type of its contained tuples.

Corollary 15. For every pair f, g : E → Z2q that does not twist orig(p̄), it holds that

orbsk((Af , p̄)) = orbsk((Ag, p̄)) and

Aut((Af , p̄)) = Aut((Ag, p̄)).

While the orbit partitions of (Af , p̄) and (Ag, p̄) are equal, it is in general not true
that an orbit P ∈ orbsk((Af , p̄)) has the same type in (Af , p̄) and in (Ag, p̄).

Lemma 16. Suppose the functions f, g : E → Z2q do not twist orig(p̄). Then for every
k-orbit P ∈ orbsk((Af , p̄)) there is a Q ∈ orbsk((Ag, p̄)) that has the same type.

Proof. It suffices to consider the case that exactly one edge e = {x, y} is twisted because
isomorphisms preserve types and because no edge contained in orig(p̄) is twisted, all twists
can be moved to a single edge using isomorphisms.

Let P ∈ orbsk((Af , p̄)). If {x, y} 6⊆ orig(P ), then P has the same type in (Af , p̄)
and in (Ag, p̄). Otherwise, let {x, y} ⊆ orig(P ) and assume w.l.o.g. that y /∈ orig(p̄)
(if {x, y} ⊆ orig(p̄), then {x, y} 6⊆ orig(P ) because the twisted edge is not contained
in orig(p̄)). Furthermore, choose a path s̄ = (x, y, . . . , z), such that z /∈ orig(P ) and
the path, possibly apart from x, is disjoint from orig(p̄). Such a path exists, because
G \ orig(p̄) \ orig(P ) is connected (at most m+ k < m+ k+ 1 many vertices are removed)
and y /∈ orig(p̄) by assumption. So we can pick some vertex z not contained in orig(P ) and
in orig(p̄). Now, we move the twist to an edge incident to z with the path isomorphism
ϕ := ~π[g(e) − f(e), s̄]. Then P has the same type in (Af , p̄) as in ϕ((Ag, p̄)) = (ϕ(Ag), p̄)
because Af [orig(p̄) ∪ orig(P )] = ϕ(Ag)[orig(p̄) ∪ orig(P )]. Because isomorphisms preserve
types, there is an orbit Q ∈ orbsk((Ag, p̄)) with the same type in (Ag, p̄) as P has in
(Af , p̄).

Lemma 17. Let f : E → Z2q and P ∈ orbsk((Af , p̄)). Then the permutation group Γ
on P induced by Aut((Af , p̄)) is a regular and abelian 2-group.

Proof. We first argue that the automorphism group of a gadget is a regular abelian
2-group. Recall that the vertices of a gadget for the vertex x̄ ∈ V are defined as
Ax = {a ∈ Z

NG(x)
2q |

∑

a = 0}. So |Ax| = (2q)d−1, where d is the degree of x. We saw
in Section 5.1 that the automorphism group of a gadget is transitive. We already ar-
gued that the automorphism group is isomorphic to {ā ∈ Z

d
2q |

∑

ā = 0}. Thus, the
automorphism group is a 2-group and has order (2q)d−1. Hence, it is a regular abelian
2-group.

The claim for k-orbits follows from the case of a gadget: Γ is a subgroup of the
direct product of the automorphism groups of the gadgets of orig(P ). That is, Γ is
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an abelian 2-group. By definition of a k-orbit, Γ is transitive. For regularity, note
that a gadget is partitioned into singleton orbits once one vertex of the gadget is fixed
(cf. Lemma 3.13 in [17]). So if we fix a ū ∈ P , all gadgets in the origin of ū are fixed. So,
if an automorphism ϕ maps ū to v̄, then its action on P is fixed, i.e., there is exactly one
permutation in Γ that maps ū to v̄. Hence, |Γ| = |P | and Γ is regular.

5.3 Composition of Orbits

Composing k-orbits out of k′-orbits for k′ < k plays a special role later. We further analyze
the structure of k-orbits and identify cases in which such a composition in possible. As in
the previous section, let q, k,m ∈ N and G = (V,E,≤) be a (k +m+ 1)-connected base
graph, denote for f : E → Z2q by Af the CFI structure CFIZ2q (G, f) with universe A, and
let p̄ ∈ Am.

Let ū ∈ Ak and orig(ū) (viewed as a set) be partitioned into M and N . We now
introduce notation for splitting ū into its parts belonging to N and M and for recovering
ū from these two parts again.

1. The tuple ūN obtained from ū by deleting all entries whose origin is not in N
(respectively for M), is

ūN := ū{i∈[k] | orig(ui)∈N}.

2. We define a concatenation operation for a permutation σ of [k] as follows:

ūN ·σ ūM := σ(ūN ūM).

For a suitable σ we have ū = ūN ·σ ūM . In this article we are only interested in
permutations satisfying the former equation. Then σ is almost always fixed by the
context and we use juxtaposition ūN ūM . It is never the case that we refer with
ūN ūM to ordinary concatenation.

3. We define similar operations for orbits: For P ∈ orbsk((A, p̄)) we set

P |N :=
{

ūN

∣

∣

∣ ū ∈ P
}

,

P |N ×σ P |M :=
{

ūN ·σ ūM

∣

∣

∣ ūN ∈ P |N , ūM ∈ P |M
}

,

and leave out σ if clear from the context. This intentionally overloads notation.
Because the tuples in P are indexed by [k], P |N and P |K for N ⊆ orig(P ) ⊆ V and
K ⊆ [k] can always be distinguished.

We also use this notation if N and M are sets of sets, such that orig(ū) is partitioned
into

⋃

N and
⋃

M .

Definition 18 (Components of Tuples and Orbits). Let f : E → Z2q , ū ∈ Ak, and
N ⊆ orig(ū). We call N a component of ū if N is a connected component of G[orig(ū)].
We call ū disconnected if it has more than one component.

Likewise, a k-orbit P ∈ orbsk((Af , p̄)) is disconnected if P contains some (and thus
only) disconnected tuples. A set N ⊆ orig(P ) is a component of P if N is a connected
component of G[orig(P )].
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If a k-orbit P is disconnected, then we can split P into multiple k′-orbits for k′ < k
as follows.

Lemma 19. Let f : E → Z2q , P ∈ orbsk((Af , p̄)), and the components of P be partitioned
into M and N . Then P = P |M ×P |N , P |M ∈ orbskM

((Af , p̄)), and P |N ∈ orbskN
((Af , p̄))

for suitable kM and kN such that kM + kN = k.

Proof. This can easily be seen by Corollary 13. Because M and N are sets of components,
the type of ū ∈ P is given by the disjoint union of the types of ūM and ūN (even if orig(p̄)
overlaps with M and N because p̄ has to be fixed by every automorphism).

Next, we show how to obtain k′-orbits from k-orbits with k′ < k by fixing a vertex.

Lemma 20. Let f : E → Z2q , P ∈ orbsk((Af , p̄)), K ⊆ [k], and orig(P |K) = {z}. For
every v̄ ∈ A|K| and w ∈ A such that orig(v̄) = {z} and orig(w) = z, the set

Q :=
{

ū|[k]\K

∣

∣

∣ ū ∈ P, ū|K = v̄
}

satisfies

Q ∈ orbsk−|K|((Af , p̄w)) ∪ {∅}.

If v̄ has the same type as ū|K for some (and thus every) ū ∈ P , then Q 6= ∅.

Proof. We assume w.l.o.g. up to reordering that K = [|K|]. Let v̄ ∈ A|K| such that
orig(v̄) = {z}. Every vertex vi forms a singleton orbit in orbs1((Af , w)) and in particular
in orbs1((Af , p̄w)) because vi and w have the same origin z (all vertices with origin z can
be distinguished by their distances to w in the Cu,v relation, cf. Lemma 3.13 in [17]).
So it holds that Aut((Af , p̄v̄)) = Aut((Af , p̄w)). Assume that Q 6= ∅. Because P is
an orbit, if v̄ū, v̄ū′ ∈ P , then there is an automorphism ϕ ∈ Aut((Af , p̄)) such that
ϕ(v̄ū) = v̄ū′. That is, ϕ ∈ Aut((Af , p̄v̄)) = Aut((Af , p̄w)) and thus Q is a subset of an
orbit in orbsk−|K|((Af , p̄w)). To show that Q is indeed an orbit, assume that ū ∈ Q and
ϕ ∈ Aut((Af , p̄w)) = Aut((Af , p̄v̄)). Because ū ∈ Q, v̄ū ∈ P and ϕ(v̄ū) = v̄ϕ(ū) ∈ P .
Hence, ϕ(ū) ∈ Q and so Q ∈ orbsk−|K|((Af , p̄w)).

Now assume that there is some ū ∈ P such that ū|K has the same type as v̄. That is,
there is an automorphism ϕ ∈ Aut((Af , p̄)) such that ϕ(ū)|K = v̄ (Lemma 12). Hence,
ϕ(ū) ∈ P and ϕ(ū)|[k]\K ∈ Q.

Note that Q is independent of w, but not the type of Q in (Af , p̄w).

Corollary 21. Let f : E → Z2q , P ∈ orbsk((Af , p̄)), i ∈ [k], orig(P |{i}) = {z}, and let
distG(z, orig(p̄)) > 1. For every v, w ∈ A such that orig(v) = orig(w) = z it holds that
{ū|[k]\{i} | ū ∈ P, ui = v} ∈ orbsk−1((Af , p̄w)).

Proof. We apply Lemma 20: Because distG(z, orig(p̄)) > 1, the type of w is the same as
the type of every v with origin z, in particular the same as vi for every v̄ ∈ P .

5.4 Rank Logic on CFI Structures

In this section we refine a result of [17] and show that on CFI structures over Z2q the
uniform rank logic IFP+R has the same expressiveness as the rank logic IFP+R{2} only
with rank operators over F2.
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Definition 22. For a class of base graphs K,

CFI2ω(K) :=
{

CFI2q(G, f)
∣

∣

∣ q ∈ N, G = (V,E,≤) ∈ K, f : E → Z2q

}

is the class of all CFI structures over K.

Lemma 23. Let K be a class of base graphs. For every IFP+R-formula Φ there is an
IFP+R{2}-formula Ψ that is equivalent to Φ on CFI2ω (K).

Proof. Let solvability logic IFP+CS be the extension by IFP+C by the uniform solv-
ability quantifier slv [17]. If s(x̄, ȳ) is a numeric term and t is a closed numeric term,
then

slv(x̄, ȳ). (s, t)

is a formula. Similar to the rank operator rk, the numeric term t defines a number p. If p
is prime, then the solvability quantifier is satisfied if the linear system MA

s x = 1 is solvable
over Fp. If otherwise p is not prime, then the operator is not satisfied. Let IFP+CSΩ be
the extension of IFP+C with solvability quantifiers slvp for each fixed field Fp with p ∈ Ω
similar. We again left out parameters for readability.

Grädel and Pakusa [17] give a translation of IFP+RΩ-formulas to IFP+C-formulas
equivalent on CFI structures over F2 for every set of primes Ω satisfying 2 /∈ Ω. The crucial
point in their proofs is that the automorphism groups of these CFI structures are abelian
2-groups and that their k-orbits can be defined and ordered in IFP+C, that is, there is an
IFP+C-definable total preorder on all k-tuples whose equivalence classes coincide with
the k-orbits (their construction is not specific to F2 but generally for Fp whenever p /∈ Ω
and p is the characteristic of the CFI structures). These assumptions are made explicit
in Section 3.2 in [17]. Hence, the arguments work for CFI structures over Z2q instead
of F2, too. In [17], the authors use solvability logic as an intermediate step and first show
that for all sets of primes Ω (even with 2 ∈ Ω) it holds that IFP+RΩ = IFP+CSΩ on
CFI2ω(K) (Lemma 3.7 in [17]). This reduction works as well for the uniform case and
shows IFP+R = IFP+CS on CFI2ω (K).

The second step in [17] is a recursive translation of IFP+RΩ-formulas to IFP+C-
formulas if 2 /∈ Ω (Lemmas 3.4 to 3.6 in [17]). For every IFP+C-term s the solvability
quantifier Ψ = slvp(x̄, ȳ). s over Fp can be simulated in IFP+C by computing the rank of
the matrix M := MA

s orbit-wise. This is expressible in IFP+C because the automorphism
group is a 2-group and p 6= 2. This process works as follows: There is an IFP+C-formula
that for every prime p and every term s exploits the orbits of the structure to define a
matrix E such that Mx = 1 is solvable if and only if (M ·E)x = 1 is solvable (Lemma 3.6
in [17]). Now, E is defined such that the columns of M · E are totally ordered and thus
the solution can be obtained in IFP+C.

Now, we translate an IFP+CSΩ-formula (respectively term) with 2 ∈ Ω recursively
into an IFP+CS{2}-formula (respectively term). Again consider a solvability quantifier
Ψ = slvp(x̄, ȳ). s. If p = 2, then we recurse on s but do not replace the solvability
quantifier. If otherwise p 6= 2, then we recurse on s and obtain an IFP+CS{2}-term
equivalent to s, define the matrix E with the IFP+C-formula from above, and construct
a formula defining whether M · E = 1 is solvable. Because this check can be done
in IFP+C and M is defined by an IFP+CS{2}-term, we obtain an IFP+CS{2}-formula
equivalent to Ψ.
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We finally deal with the case of an IFP+CS formula, where the prime is defined
by a numeric term t. Checking an ordered equation system for solvability is IFP+C-
definable when the prime is given by a term, too. Let Ψ = slv(x̄, ȳ). (s, t) be a uniform
solvability quantifier. Let Ψ2 be the formula obtained for slv2(x̄, ȳ). s in the former
case and Ψ 6=2 be the formula for the case p 6= 2, where we already use t to obtain the
prime. Indeed, Ψ 6=2 is independent of p because defining the matrix E is independent
of p and checking the linear equation system for consistency is already done using the
prime-defining term t. Then the uniform solvability quantifier Ψ is equivalent to the
IFP+CS{2}-formula (t = 2 → Ψ2) ∧ (t 6= 2 → Ψ 6=2). Obviously, an IFP+CS{2}-formula
can be translated back into an IFP+R{2}-formula.

6 Matrices over CFI Structures

In the invertible-map game, Duplicator has to partition the 2k-tuples of CFI structures
and to provide a similarity matrix. For our arguments, we want that Duplicator plays
with the 2k-orbit partitions. To construct the required similarity matrices, we develop a
criterion for invertibility of matrices over F2 and show that this criterion is preserved by
matrix multiplication.

Let q, k,m ∈ N and G = (V,E,≤) be a (k + m + 1)-connected base graph. The
connectivity is needed to apply the lemmas of Section 5.2. Again, we denote for a
function f : E → Z2q by Af the CFI structure CFIZ2q (G, f) with universe A (which is
equal for every f : E → Z2q ). Let p̄ ∈ Am be arbitrary but fixed in this section.

Definition 24 (Blurring the Twist). For f, g : E → Z2q not twisting orig(p̄), an Ak ×Ak

matrix S over F2 k-blurs the twist between (Af , p̄) and (Ag, p̄) if S is invertible and
χP ·S = S ·χQ for every P ∈ orbs2k((Af , p̄)) and Q ∈ orbs2k((Ag, p̄)) that are of the same
type.

Note that by Corollary 13 two different orbits have different types and that by
Lemma 16 for each P ∈ orbs2k((Af , p̄)) there is a Q ∈ orbs2k((Ag, p̄)) of the same type.
So we indeed get a bijection between the orbits and Duplicator can use the matrix S
in the invertible-map game. Because S is invertible, χP · S = S · χQ is equivalent to
χP = S ·χQ ·S91. Showing the former has the benefit that we do not need the inverse S91.

Lemma 25. Let f, g, h : E → Z2q pairwise not twist orig(p̄) and S, T be Ak ×Ak matrices
over F2. If S blurs the twist between (Af , p̄) and (Ag, p̄) and T blurs the twist between
(Ag, p̄) and (Ah, p̄), then S · T blurs the twist between (Af , p̄) and (Ah, p̄).

Proof. Let P ∈ orbs2k((Af , p̄)), Q ∈ orbs2k((Ag, p̄)), and R ∈ orbs2k((Ah, p̄)) be of the
same type. Recall that given P , the orbits Q and R are determined uniquely (Corol-
lary 13). Then χP · S · T = S · χQ · T = S · T · χR.

Now we want to develop combinatorial conditions for an Ak × Ak matrix S over F2,
which guarantee that S is invertible. The k-orbits (for given f, g : E → Z2q ) partition S
into a block matrix. Each P ∈ orbsk((Af , p̄)) corresponds to a subset of the rows of S
and each Q ∈ orbsk((Ag, p̄)) corresponds to a subset of the columns of S. We denote by
SP ×Q the corresponding submatrix of S.
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Definition 26 (Orbit-Diagonal Matrix). For f, g : E → F2 not twisting orig(p̄), we call
an Ak × Ak matrix S over F2 orbit-diagonal over (Af , p̄) and (Ag, p̄), if for every
P ∈ orbsk((Af , p̄)) and every Q ∈ orbsk((Ag, p̄)) it holds that if SP ×Q 6= 0, then P has the
same type in (Af , p̄) as Q has in (Ag, p̄).

We have seen that for every P ∈ orbsk((Af , p̄)) there is exactly one Q ∈ orbsk((Ag, p̄))
of the same type. So orbit-diagonal matrices are block-diagonal matrices, where orbits of
the same type form the nonzero blocks. A permutation σ of Ak is applied to an Ak ×Ak

matrix S in the natural way: (σ(S))(ū, v̄) = S(σ(ū), σ(v̄)). Of particular interest are
automorphisms.

Definition 27 (Orbit-Invariant Matrix). For f, g : E → Z2q that do not twist orig(p̄),
an Ak × Ak matrix S over F2 is called orbit-invariant over (Af , p̄) and (Ag, p̄), if
for every P ∈ orbsk((Af , p̄)), Q ∈ orbsk((Af , p̄)), and ϕ ∈ Aut((Af , p̄)) = Aut((Ag, p̄))
(cf. Corollary 15) the matrix S satisfies ϕ(SP ×Q) = SP ×Q.

Lemma 28. Let f, g, h : E → Z2q not twist orig(p̄) and S, T be Ak ×Ak matrices over F2.
If S is orbit-diagonal and orbit-invariant over (Af , p̄) and (Ag, p̄) and T is orbit-diagonal
and orbit-invariant over (Ag, p̄) and (Ah, p̄), then S·T is orbit-diagonal and orbit-invariant
over (Af , p̄) and (Ah, p̄).

Proof. It is clear that S · T is orbit-diagonal over (Af , p̄) and (Ah, p̄). For k-orbits
P ∈ orbsk((Af , p̄)), Q ∈ orbsk((Ag, p̄)), and R ∈ orbsk((Ah, p̄)) of the same type it holds
that (S · T )P ×R(ū, w̄) =

∑

v̄∈Q SP ×Q(ū, v̄) · TQ×R(v̄, w̄). Let ϕ ∈ Aut((A, p̄)). Then

(ϕ(S · T ))P ×R(ū, w̄) = (S · T )P ×R(ϕ(ū), ϕ(w̄))

=
∑

v̄∈Q

SP ×Q(ϕ(ū), v̄) · TQ×R(v̄, ϕ(w̄))

=
∑

v̄∈Q

SP ×Q(ϕ(ū), ϕ(v̄)) · TQ×R(ϕ(v̄), ϕ(w̄))

=
∑

v̄∈Q

SP ×Q(ū, v̄) · TQ×R(v̄, w̄)

= (S · T )P ×R(ū, w̄).

Applying ϕ to v̄ is valid because ϕ is a permutation of Q and thus only permutes the sum-
mands. Then SP ×Q(ϕ(ū), ϕ(v̄)) = SP ×Q(ū, v̄) because S is orbit-invariant (and likewise
for T ).

Definition 29 (Odd-Filled Matrix). A matrix over F2 is called odd-filled if every row
contains an odd number of ones.

Lemma 30. If two Ak × Ak matrices S and T over F2 are odd-filled, then so is S · T .

Proof. Let R = S · T and denote by rū and tv̄ the rows of R and T indexed by ū ∈ Ak

and v̄ ∈ Ak. Then
rū =

∑

v̄∈Ak

S(ū, v̄) · tv̄.

The number of ones modulo 2 is given by
∑

rū =
∑

v̄∈Ak

S(ū, v̄) ·
∑

tv̄.
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Now S(ū, v̄) = 1 for an odd number of v̄ ∈ Ak, because S is odd-filled. Hence,
∑

rū is the
sum of an odd number of

∑

tv̄, of which each is odd because T is odd-filled. So
∑

rū = 1
and rū contains an odd number of ones.

Lemma 31. Let f, g : E → Z2q not twist orig(p̄) and S be an Ak × Ak matrix over F2.
If S is odd-filled and both orbit-diagonal and orbit-invariant over (Af , p̄) and (Ag, p̄), then
every column of S contains an odd number of ones.

Proof. Consider the block SP ×Q for arbitrary P ∈ orbsk((Af , p̄)) and Q ∈ orbsk((Ag, p̄))
of the same type. Let P = {ū1, . . . , ūn} and Q = {v̄1, . . . , v̄n}. Then consider automor-
phisms ϕi such that ϕi(ū1) = ūi. Because the induced action of Aut((A, p̄)) on P (and
on Q) is regular (Lemma 17), the action of ϕi on P (and so Q) is uniquely determined.
Now we consider w.l.o.g. the column indexed by v̄1:

S(ūi, v̄1) = ϕ91
i (S)(ūi, v̄1) = S(ū1, ϕ

91
i (v̄1))

because S is orbit-invariant. So the column indexed by v̄1 contains exactly the entries of
the row indexed by ū1. That is, the number of ones in every column is odd.

Lemma 32. Let ā ∈ F
N
2 for some finite set N and Γ < Sym(N) be a regular and abelian

2-group. If the number of ones in ā is odd, then the set B := {σ(ā) | σ ∈ Γ} is a basis
of FN

2 .

Proof. Assume w.l.o.g. that N = [ℓ] and let W ⊆ F
N
2 be the linear space spanned by B.

Because Γ is regular, it consists of ℓ many permutations Γ = {σ1, . . . , σℓ} such that
σi(1) = i for all i ∈ [ℓ]. By definition, W is invariant under permutations of Γ. In coding
theory, such a linear space is called an abelian code. It is known that W can be identified
with an ideal of the group algebra F2[Γ] [4], which is the set of formal sums

{

∑

g∈Γ

bgg

∣

∣

∣

∣

∣

bg ∈ F2

}

.

This set is naturally an F2-vector space indexed by Γ. To turn it into a F2-algebra,
multiplication is defined via

(

∑

g∈Γ

bgg

)

·

(

∑

g∈Γ

cgg

)

:=
∑

g,h∈Γ

(bg · ch)(g · h).

A set I ⊆ F2[Γ] is a (left) ideal of the algebra F2[Γ] if g · h ∈ I for every g ∈ F2[Γ] and
h ∈ I, i.e., F2[Γ] · I = I. The abelian code W is identified with an ideal of F2[Γ] via the
bijection (b1, . . . , bℓ) 7→

∑ℓ
i=1 biσi for every b̄ ∈ W .

Let I ⊆ F2[Γ] be the corresponding ideal of W and let the number of ones of ā ∈ W

be odd. Because Γ is a 2-group, there is a k such that σ(2k)
i = 1Γ for all i ∈ [ℓ].

Because Γ is abelian and we consider F2, (bσi)(cσj) + (cσj)(bσi) = 2(bσi)(cσj) = 0. So
(bσi + cσj)2 = (bσi)2 + (cσj)2 and (bσi + cσj)(2k) = (bσi)(2k) + (cσj)(2k). It follows that

(

ℓ
∑

i=1

aiσi

)(2k)

=
ℓ
∑

i=1

(aiσi)(2k) =
ℓ
∑

i=1

a
(2k)
i 1Γ =

ℓ
∑

i=1

ai1Γ = 1Γ.
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The last step holds because the number of ones in ā is odd. So
∑ℓ

i=1 aiσi is a unit with
inverse (

∑ℓ
i=1 aiσi)2k−1. First,

∑ℓ
i=1 aiσi ∈ I because ā ∈ W . Second, 1Γ ∈ I because the

inverse of
∑ℓ

i=1 aiσi ∈ I is clearly contained in F2[Γ] and F2[Γ] · I = I. Thus, I = F2[Γ]
and W = F

N
2 . Finally, B must be a basis of W because |B| = |N |.

Lemma 33. Let f, g : E → Z2q not twist orig(p̄) and S be an Ak ×Ak matrix over F2. If S
is odd-filled and both orbit-diagonal and orbit-invariant over (Af , p̄) and (Ag, p̄), then S
is invertible.

Proof. It suffices to show that each block on the diagonal of S is invertible because S
is orbit-diagonal. Let P ∈ orbsk((Af , p̄)) and Q ∈ orbsk((Ag, p̄)) be of the same type.
Because S is odd-filled and orbit-diagonal, SP ×Q is also odd-filled. By Lemma 17, the
action of Aut((Af , p̄)) on P induces a regular and abelian 2-group Γ. By Corollary 15,
the action of Aut((Ag, p̄)) on Q yields the same group Γ. Let n := |P |, P = {ū1, . . . , ūn},
and si be the row of SP ×Q indexed by ūi. We want to show that si = ϕi(s1) for a
unique ϕi ∈ Γ. Each ϕ ∈ Γ acts as a permutation on the entries of each si, that is
(ϕ(si))(v̄) = si(ϕ(v̄)). Let Γ = {ϕ1, . . . , ϕn} such that ϕ91

i (ū1) = ūi for every i ∈ [n] (this
is possible because Γ is regular). Then

(ϕi(s1))(v̄) = SP ×Q(ū1, ϕi(v̄)) = SP ×Q(ϕ91
i (ū1), v̄)

because S is orbit-invariant. Hence,

(ϕi(s1))(v̄) = SP ×Q(ϕ91
i (ū1), v̄) = si(v̄),

i.e., ϕi(s1) = si. Finally, {ϕi(s1) | i ∈ [n]} = {s1, . . . , sn} forms a basis of F
n
2 by

Lemma 32. That is, SP ×Q has full rank and is invertible.

7 The Arity 1 Case

To separate rank logic from Ptime, we want to show that for every arity k and number of
pebbles 2k+m, there are two non-isomorphic CFI structures over Z2q for a suitable q ∈ N

for which Duplicator has a winning strategy in the invertible-map game M2k+m,k,{2}. This
implies IFP+R{2}-undefinability of the CFI query by Lemma 3 and IFP+R-undefinability
by Lemma 23. The most challenging part of constructing winning strategies for Dupli-
cator in the invertible-map game is to provide similarity matrices. Indeed, our goal is
to construct matrices blurring the twist. Once we achieve this, it suffices to ensure that
the pebbled tuples in both structures always have the same type. This final step is made
formal in Section 10. Constructing matrices blurring the twists for an arbitrary arity k
turns out to be formally intricate and is in particular recursive on the arity. In this
section, we start with constructing matrices for arity 1, which serve as a base case for
the recursion. We introduce basic techniques that we generalize to higher arities later in
Section 9.

Let q ≥ 2, m ∈ N, G = (V,E,≤) be an (m + 3)-connected base graph, z ∈ V be a
vertex of degree d, and {z, t} ∈ E. Let f, g : E → Z2q such that {z, t} is the only twisted
edge and g({z, t}) = f({z, t}) + 2q−1. The number m is the number of pebbles remaining
on the structure when Spoiler picks up the 2 = 2k many pebbles before Duplicator
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needs to provide the similarity matrix (we consider arity k = 1 in this section). From
another perspective, m corresponds to the number of free variables of a rank operator.
Set Af := CFI2q (G, f) and Ag := CFI2q (G, g), both with universe A. Let p̄ ∈ Am such
that distG(z, orig(p̄)) ≥ 3, in particular g and f do not twist orig(p̄). The tuple p̄ is the
tuple of vertices on which the pebbles remain. It suffices to consider only a single tuple p̄
for both structures because we will ensure that the pebbled tuples always have the same
type in both structures. Whenever the pebbled tuples have the same type but are not
equal, we can consider an isomorphic structure in which we moved the twist to an edge
far apart from the pebbled tuples. Then the tuples are equal and we ensured that the
distance between orig(p̄) and the twisted edge is sufficiently large (details in Section 10).

For x ∈ V , let Ax be the set of vertices originating from x, i.e., the vertices of the
gadget for x. The key idea is to “distribute” the twist among multiple edges, such that
it cannot be detected by Spoiler. For this, we introduce blurrers, the key ingredient to
define the desired similarity matrix.

Definition 34. Let Ξ ⊆ Z
d
2q . For b ∈ Z2q and j ∈ [d] we define

#j,b(Ξ) :=
∣

∣

∣

{

ā ∈ Ξ
∣

∣

∣ aj = b
}∣

∣

∣ mod 2.

The set Ξ is called a (q, d)-blurrer if it satisfies

1.
∑

ā = 0 for all a ∈ Ξ,

2. #1,2q−1(Ξ) = 1,

3. #j,0(Ξ) = 1 for all 1 < j ≤ d, and

4. #j,b(Ξ) = 0 for all other pairs of b ∈ Z2q and j ∈ [d].

From now on, we use the letter ξ for elements of a blurrer Ξ. Note that Ξ consists solely
of tuples satisfying

∑

ξ = 0, i.e., we can later turn every ξ ∈ Ξ into an automorphism.
But intuitively, when looking at a single index and summing over all ξ ∈ Ξ, it looks like
there is a twist at index 1 and no twist at all other indices.

Lemma 35. The size |Ξ| of every (q, d)-blurrer is odd. For every d ≥ 3, there is a
(q, d)-blurrer.

Proof. By Conditions 2 and 4 it holds that

|Ξ| =
∑

b∈Z2q

#1,b(Ξ) = #1,2q−1(Ξ) +
∑

b∈Z2q \{2q−1}

#1,b(Ξ) = 1 mod 2.

For d ≥ 3, set Ξ := 2q−2 · {(3, 0, 1, 0, . . . , 0), (3, 1, 0, 0, . . . , 0), (2, 1, 1, 0, . . . , 0)}.

Let Pj = orbsj((Af , p̄)) and Qj = orbsj((Ag, p̄)) for every j ∈ [2]. For P ∈ P2 we
set Pi := P |i for every i ∈ [2] and likewise for a Q ∈ Q2. By Corollary 13, Pi satisfies
Pi = Ax if x = orig(Pi) and distG(x, orig(p̄)) > 1. Moreover, every P ∈ P1 is also in Q1

and has the same type in (Af , p̄) as in (Ag, p̄).
Let Ξ be a (q, d)-blurrer (note that z is of degree d ≥ 3 because G is (m+3)-connected)

and NG(z) = {t1, . . . , td} such that t1 = t. Then we can view ξ ∈ Ξ also as a tuple
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ξ ∈ Z
NG(z)
2q . Thus, ξ acts on vertices u originating from z and we denote this action by

ξ(u) (cf. Section 5.1 for a definition of the action). Note that every ξ ∈ Ξ extends to an
automorphism of (Af , p̄) (and so of (Ag, p̄)): By Corollary 13, the gadget of z consists
of a single orbit because distG(z, p̄) ≥ 3, i.e., Az ∈ P1. We define an A × A matrix S
over F2, which is orbit-diagonal over (Af , p̄) and (Ag, p̄). We set SP := SP ×P and define

SP (u, v) :=















1 if orig(P ) 6= z and u = v,

1 if orig(P ) = z and ξ(u) = v for some ξ ∈ Ξ,

0 otherwise.

Of particular interest is the unique 1-orbit Pz with origin z. We have already seen that
Pz = Az ∈ P1, because distG(z, orig(p̄)) ≥ 3 by assumption. For all other orbits P ∈ P1,
it is easy to see that SP = 1.

Lemma 36. The matrix S is orbit-invariant over (Af , p̄) and (Ag, p̄).

Proof. Let P ∈ P1, ϕ ∈ Aut((Af , p̄)), u ∈ P , and v ∈ Q = P ∈ Q1. If P 6= Pz, then
clearly ϕ(SP ) = ϕ(1) = 1 = SP . Otherwise, P = Pz. Because the automorphism group
of Af is abelian (Lemma 5) and every ξ ∈ Ξ extends to an automorphism, it holds that
ξ(ϕ(u)) = ϕ(ξ(u)). So SPz

(ϕ(u), ϕ(v)) = 1 if and only if ξ(ϕ(u)) = ϕ(ξ(u)) = ϕ(v) for
some ξ ∈ Ξ if and only if ξ(u) = v for some ξ ∈ Ξ, i.e, SPz

(u, v) = 1.

Lemma 37. The matrix S is odd-filled.

Proof. Let P ∈ P1. For P 6= Pz, the number of ones in a row of SP = 1 is one and thus
odd. In SPz

, the number of ones in a row is |Ξ| because ξ(u) 6= ξ′(u) if ξ 6= ξ′ (Lemma 17)
and if u ∈ Pz, then ξ(u) ∈ Pz for every ξ ∈ Ξ. From Lemma 35 it follows that |Ξ| is
odd.

Corollary 38. The matrix S is invertible.

Proof. Apply Lemmas 33, 36, and 37.

We want to define a function λ : P2 → Q2 such that it maps an orbit to another
orbit of the same type. By Corollary 15, we know that P2 = Q2 and by Lemma 16
that a type-preserving bijection exists. Let P ∈ P2 with origin (x, y). If {z, t} 6= {x, y},
we set λ(P ) := P . Otherwise if (t, z) = (x, y), then P has a different type in (Af , p̄)
than in (Ag, p̄): Every vertex in P1 is related with every vertex in P2 via some RE,c.
By Corollary 13, we have that P = E{z,t},a for some a ∈ Z2q (recall our assumption
distG(z, p̄) ≥ 3 and thus a determines the type of P ). We set λ(P ) := E{z,t},a+2q−1 , which
then has the same type in (Ag, p̄) because of the twist (cf. Figure 1). The case of (z, t) is
analogous.

Lemma 39. χP · S = S · χλ(P ) for every P ∈ P2.

Proof. Let P ∈ P2 and orig(P ) = (x, y) and set Q := λ(P ). Clearly P ⊆ P1 × P2. We
also have P1 = Q1 and P2 = Q2 (as seen earlier by Corollary 13). Then the P1 ×P2 block
is the only nonzero block of χP . Because S is orbit-diagonal, χP ·S has only one nonzero
block, namely the P1 ×Q2 block, which satisfies (χP ·S)P1×Q2

= χP
P1×P2

·SP2×Q2
. Likewise,

(S · χQ)P1×Q2
= SP1×Q1

· χQ
Q1×Q2

. Recall that we have set SP2
= SP2×Q2

. We identify χP

with χP
P1×P2

and likewise for χQ. So we are left to show that χP · SP2
= SQ1

· χQ.
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Figure 1: This figure shows the twist between Af and Ag. It assumes that we consider Z4 and
that f({z, t}) = 0 and g({z, t}) = 2. It shows the twisted connection for the edge {z, t}. On the
left, there are the two gadgets for the vertices z and t in Af and on the right there are the same
gadgets in Ag. Every vertex represents a clique corresponding to the Az,t,c and every edge a
complete bipartite graph (cf. Section 5). The relation RE,0 is drawn in blue and RE,2 in red and
dashed style. Restricted to the connection between {z, t}, we have in Af that RE,0 = E{z,t},0

and RE,2 = E{z,t},2. In Ag we have that RE,0 = E{z,t},2 and RE,2 = E{z,t},0.

• Case z /∈ {x, y}: Then Q = λ(P ) = P and χP · SP2
= χP · 1 = 1 · χQ = SQ1

· χQ.

• Case x = y = z: Then Q = λ(P ) = P . As already seen, P1 = P2 = Q1 = Q2 = Pz.
So if u ∈ Q2, then ξ91(u) ∈ Q2 for every ξ ∈ Ξ. We obtain

(χP · SP2
)(u, v) =

∑

w∈P2

χP (u, w) · SPz
(w, v)

=
∑

ξ∈Ξ

χP (u, ξ91(v))

=
∑

ξ∈Ξ

χP (ξ(u), v).

The last step uses that ξ extends to an automorphism and thus χP (u, ξ91(v)) =
ξ(χP )(u, ξ91(v)) = χP (ξ(u), v). The reverse direction is similar:

∑

ξ∈Ξ

χP (ξ(u), v)

=
∑

ξ∈Ξ

χQ(ξ(u), v)

=
∑

w∈Q1

SQ1
(u, w) · χQ(w, v)

= (SQ1
· χQ)(u, v).

• Case y = z and {x, z} ∈ E (the case x = z and {z, y} ∈ E is analogous): Again
P2 = Pz. We have

(χP · SP2
)(u, v)

=
∑

w∈Pz

χP (u, w) · SPz
(w, v)

=
∑

ξ∈Ξ

χP (u, ξ91(v))

=







1 if |{ξ ∈ Ξ | (u, ξ91(v)) ∈ P}| is odd,

0 otherwise.
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Let P = E{x,z},a for some a ∈ Z2q (cf. the definition of λ) and (u, v) ∈ E{x,z},b for
some b ∈ Z2q . Then, by definition of E{x,z},b, it holds that u(z) + v(x) = b. Let
i ∈ [d] such that x = ti (recall that NG(z) = {t1, . . . , td} and t1 = t). For every
ξ ∈ Ξ it holds that (u, ξ91(v)) ∈ P = E(x,z),a if and only if u(z) + ξ91(v)(x) = a if
and only if ξ(i) = b− a because

u(z) + ξ91(v)(x) = u(z) + v(x) − ξ(i) = b− ξ(i).

We see that
∣

∣

∣

{

ξ ∈ Ξ
∣

∣

∣ (u, ξ91(v)) ∈ P
}∣

∣

∣ = #i,b−a(Ξ).

Set c := 2q−1 if i = 1 (and so x = t) and c := 0 otherwise. Then #i,b−a(Ξ) = 1 if
and only if b− a = c by the properties of a blurrer. It follows that

(χP · SP2
)(u, v) =







1 if b− a = c,

0 otherwise.

– If i 6= 1 (so x 6= t′), then c = 0 and (χP · SP2
)(u, v) = 1 if and only if b = a,

but that holds if and only if (u, v) ∈ P . So

χP · SP2
= χP = 1 · χQ = SQ1

· χQ

because Q = λ(P ) = P .

– If i = 1 (so x = t), then (χP · SP2
)(u, v) = 1 if and only if b − a = 2q−1, i.e.,

a + 2q−1 = b. But that holds by definition of λ if and only if

(u, v) ∈ Q = λ(P ) = E(x,z),a+2q−1

and so

χP · SP2
= 1 · χQ = SQ1

· χQ.

• Case y = z and {x, z} /∈ E (the case x = z and {z, y} /∈ E is analogous): By the
assumption that distG(z, orig(p̄)) ≥ 3 the type of (u, v) and (u, v′) for u ∈ Ax and
v, v′ ∈ Az is equal. So (u, v) ∈ P if and only if (u, v′) ∈ P by Corollary 13. In
particular, (u, v) ∈ P if and only if (u, ξ91(v)) ∈ P for every ξ ∈ Ξ. Set

D :=
{

ξ ∈ Ξ
∣

∣

∣ (u, ξ91(v)) ∈ P
}

.

Then we have

(χP · SP2
)(u, v) =







1 if |D| is odd,

0 otherwise

= χP (u, v).

The last step holds because if (u, v) ∈ P , then D = Ξ and |D| = |Ξ| is odd
(Lemma 35), and if (u, v) 6∈ P , then D = ∅ and |D| = 0. As seen before,

χP · SP2
= χP = χQ = SQ2

· χQ

because Q = λ(P ) = P .
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Corollary 40. The matrix S 1-blurs the twist between (Af , p̄) and (Ag, p̄).

We summarize the results of this section:

Lemma 41. For every q ≥ 2, m ∈ N, every (m+ 3)-connected base graph G = (V,E,≤),
every f, g : E → Z2q twisting exactly one edge {z, t} such that f({z, t}) = g({z, t})+2q−1,
and every m-tuple p̄ ∈ Am of Af := CFI2q(G, f) and Ag := CFI2q (G, f), there is an
odd-filled matrix S, both orbit-diagonal and orbit-invariant over (Af , p̄) and (Ag, p̄), that
1-blurs the twist between (Af , p̄) and (Ag, p̄) and satisfies that SP,Q = 1 for every k-orbits
P ∈ orbs1((Af , p̄)) and Q ∈ orbs1((Ag, p̄)) of the same type with orig(P ) = orig(Q) 6= z.

Constructing matrices blurring the twist for higher arities is more difficult: First,
we have to generalize our notion of a blurrer to arity k. Second, we are faced with
disconnected orbits, which do not pose a problem in the 1-ary case, but complicate
matters in the general case. To deal with these orbits, we need to establish more technical
lemmas for matrices over CFI structures.

8 The Active Region of a Matrix

In this section, we consider the part of a matrix S, where S “has a non-trivial effect”.
Intuitively, this means that S is locally not the identity matrix. We will call these parts
the active region. Conversely, for parts where S is not active, S is locally the identity
matrix. We now make this idea formal.

As in Section 6, let q, k,m ∈ N and G = (V,E,≤) be a (k + m + 1)-connected base
graph. We again denote for every f : E → Z2q by Af the CFI structure CFIZ2q (G, f) and
by A the universe of these CFI structures. Let p̄ ∈ Am be arbitrary but fixed in this
section. For N ⊆ V , the N-components CN(P ) of an orbit P is the set of components C
of P satisfying C ⊆ N .

Definition 42 (Active Region). Let f, g : E → Z2q not twist orig(p̄), S be an Ak × Ak

matrix over F2, and Pk = orbsk((Af , p̄)) and Qk = orbsk((Ag, p̄)). For P ∈ Pk and
Q ∈ Qk of the same type, the matrix S is active (with respect to (Af , p̄) and (Ag, p̄))
on a component C of P (and so of Q), if there are ū ∈ P and v̄ ∈ Q such that ūC 6= v̄C

and S(ū, v̄) = 1. We write Af,g,p̄(S, P ) = Af,g,p̄(S,Q) for the set of components of P ,
on which S is active, and Nf,g,p̄(S, P ) = Nf,g,p̄(S,Q) for the remaining components. The
active region Af,g,p̄(S) ⊆ V of S is the inclusion-wise smallest set satisfying the fol-
lowing:

1. C ⊆ Af,g,p̄(S) for every C ∈ Af,g,p̄(S, P ) and every P ∈ Pk.

2. For every P, P ′ ∈ Pk and Q,Q′ ∈ Qk such that

CAf,g,p̄(S)(P ) = CAf,g,p̄(S)(P
′) = CAf,g,p̄(S)(Q) = CAf,g,p̄(S)(Q

′) =: A,

both P and Q (respectively P ′ and Q′) have the same type, and thus Nf,g,p̄(S, P ) =
Nf,g,p̄(S,Q) =: N (respectively Nf,g,p̄(S, P ′) = Nf,g,p̄(S,Q′) =: N′), and every ū ∈ P ,
ū′ ∈ P ′, v̄ ∈ Q, and v̄′ ∈ Q′, it holds that if ūA = ū′

A, v̄A = v̄′
A, ūN = v̄N, and

ū′
N′ = v̄′

N′, then S(ū, v̄) = S(ū′, v̄′).
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The active region is well-defined: Clearly V itself satisfies Conditions 1 and 2. If
two sets X ⊆ V and Y ⊆ V satisfy the two conditions, then also X ∩ Y . Note that
CAf,g,p̄(S)(P ) and Nf,g,p̄(S, P ) are not necessarily disjoint, but Nf,g,p̄(S, P ) contains all
components of P not contained in CAf,g,p̄(S)(P ). Condition 2 equivalently can be stated
only with the remaining components apart from CAf,g,p̄(S)(P ) instead of Nf,g,p̄(S, P ).

Although Condition 2 is rather technical, it ensures that the “non-identity-part” of S
only depends on the active region: S(ū, v̄) only depends on the components of ū and v̄,
on which S is active, as long as the entries for the other components are equal (oth-
erwise S(ū, v̄) = 0 anyway by Condition 1). That is S(ū, v̄) only depends on whether
ūNf,g,p̄(S,P ) = v̄Nf,g,p̄(S,P ) but not on e.g. the type of ūNf,g,p̄(S,P ).

We first consider the matrix blurring the twist defined in Section 7:

Lemma 43. The matrix S given in the setting of Lemma 41 satisfies Af,g,p̄(S) = {z}.

Proof. Let P ∈ orbs1((Af , p̄)) and Q ∈ orbs1((Ag, p̄)) be of the same type with origin
x = orig(P ) = orig(Q) 6= z. Then SP ×Q = 1 by Lemma 41, i.e., S is clearly not active on
{x}. The matrix S has to be active on {z} because otherwise S = 1 and the structures
would be isomorphic. This proves Condition 1. In the 1-ary case, a 1-orbit can only have
one component, so Condition 2 of the active region is trivially satisfied.

We now continue in the general case. The rest of this section establishes rather
technical lemmas needed in Section 9. It is easy to see that if P and Q have the same
type, whose origins contain no vertex of Af,g,p̄(S), then SP ×Q = 1. In the region of a
twist, S has to be active:

Lemma 44. Let f, g : E → Z2q not twist orig(p̄), S be an Ak × Ak matrix over F2,
and P ∈ orbsk((Af , p̄)) and Q ∈ orbsk((Ag, p̄)) have the same type. If the block SP ×Q

is nonzero and C is a component of P (and thus of Q) such that P |C 6= Q|C, then
C ∈ Af,g,p̄(S, P ).

Proof. Let ū ∈ P and v̄ ∈ Q such that S(ū, v̄) = 1. Such an entry must exist because
SP ×Q is nonzero. If ūC = v̄C , then P |C = Q|C by Lemma 19 and Corollary 13, which
contradicts our assumption. So ūC 6= v̄C and C ∈ Af,g,p̄(S, P ).

The next lemma shows that, as long as f and g agree on the edges in orig(p̄), the actual
values f and g assign to edges e are not important but only the difference f(e) − g(e)
matters.

Lemma 45. Let f, g : E → Z2q not twist orig(p̄) and S be an Ak × Ak matrix over F2.
Furthermore, let f ′, g′ : E → Z2q such that f ′(e) = f(e) and g′(e) = g(e) for every
e ∈ E with e ∩ orig(p̄) 6= ∅ and f ′(e) − f(e) = g′(e) − g(e) for every other e ∈ E.
Then Af,g,p̄(S) = Af ′,g′,p̄(S) and if S is orbit-diagonal (respectively orbit-invariant) over
(Af , p̄) and (Ag, p̄), then S is orbit-diagonal (respectively orbit-invariant) over (Af ′ , p̄)
and (Ag′ , p̄).

Proof. Note that if P ∈ orbsk((Af , p̄)) has the same type in (Af , p̄) as Q ∈ orbsk((Ag, p̄))
has in (Ag, p̄), then P ∈ orbsk((Af ′ , p̄)) and Q ∈ orbsk((Ag′ , p̄)) (Corollary 15) and P
has the same type in (Af ′ , p̄) as Q has in (Ag′ , p̄). So we only change the type of the
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orbits, but not the correspondence between orbits of the same type. That is, if S is orbit-
diagonal (respectively orbit-invariant) over (Af , p̄) and (Ag, p̄), then S is orbit-diagonal
(respectively orbit-invariant) over (Af ′ , p̄) and (Ag′ , p̄). Furthermore, S is active on the
same components with respect to (Af , p̄) and (Ag, p̄) as S is with respect to (Af ′ , p̄) and
(Ag′ , p̄). This implies that Af,g,p̄(S) = Af ′,g′,p̄(S).

We now show that the active region of products S ·T is bounded by the active regions
of S and T . For two k-tuples ū, v̄ ∈ Ak we use the Kronecker delta δū,v̄, which is 1 if and
only if ū = v̄ and 0 otherwise.

Lemma 46. Let f, g, h : E → Z2q pairwise not twist orig(p̄) and S, T be Ak ×Ak matrices
over F2. If S is orbit-diagonal over (Af , p̄) and (Ag, p̄) and T is orbit-diagonal over (Ag, p̄)
and (Ah, p̄), then Af,h,p̄(S · T ) ⊆ Af,g,p̄(S) ∪ Ag,h,p̄(T ).

Proof. In this proof we omit the superscripts f , g, h, and p̄ for readability: for S we
always refer to f and g, for T to g and h, and for S · T to f and h. We show that
A(S) ∪ A(T ) satisfies Conditions 1 and 2. Because the active region is the inclusion-wise
minimal set satisfying the two conditions, it then follows that A(S · T ) ⊆ A(S) ∪ A(T ).
Let Pk = orbsk((Af , p̄)), Qk = orbsk((Ag, p̄)), and Rk = orbsk((Ah, p̄)).

We show Condition 1 by contraposition. Let P ∈ Pk and C be a connected component
of G[orig(P )]. We show that if C 6∈ A(S, P ) ∪ A(T, P ), then C 6∈ A(S · T, P ). Let
C 6∈ A(S, P )∪A(T, P ), Q ∈ Qk and R ∈ Rk be of the same type as P , ū ∈ P , and w̄ ∈ R.
Because S and T are orbit-diagonal,

(S · T )(ū, w̄) =
∑

v̄∈Q

S(ū, v̄) · T (v̄, w̄).

If S(ū, v̄) = 1 (i.e., S(ū, v̄) 6= 0), then ūC = v̄C because C /∈ A(S, P ). Similarly, v̄C = w̄C

if T (v̄, w̄) = 1. This implies ūC = w̄C if (S ·T )(ū, w̄) = 1 (so there is at least one nonzero
summand). Hence, C 6∈ A(S · T, P ).

To show Condition 2, let P, P ′ ∈ Pk and R,R′ ∈ Rk be arbitrary k-orbits, such that

A := CA(S)∪A(T )(P ) = CA(S)∪A(T )(P ′) = CA(S)∪A(T )(R) = CA(S)∪A(T )(R′),

the orbits P and R have the same type, and P ′ and R′ have the same type. Let N be
the set of remaining components of P (and so of R) apart from A. Similarly, let N′ be
the set of remaining components of P ′ (and so of R′) apart from A . Let ū ∈ P , ū′ ∈ P ′,
w̄ ∈ R, and w̄′ ∈ R′, such that ūA = ū′

A, w̄A = w̄′
A, ūN = w̄N, and ū′

N′ = w̄′
N′ . We have to

show that (S · T )(ū, w̄) = (S · T )(ū′, w̄′).
By assumption, ūA ∈ P |A, ū′

A ∈ P ′|A, and ūA = ū′
A. So P |A = P ′|A by Corollary 13

because they have the same type and contain the same tuple. Let Q ∈ Qk be of the
same type as P and Q′ ∈ Qk be of the same type as P ′. Then Q|A = Q′|A and A

and N (respectively N′) are sets of components of Q (respectively Q′). We first assume
that the blocks SP ×Q and TQ×R are nonzero. We apply Lemma 19: Q = Q|A × Q|N,
Q′ = Q′|A ×Q′|N′, and likewise for P and P ′.

(S · T )(ū, w̄) =
∑

v̄∈Q

S(ū, v̄) · T (v̄, w̄)

=
∑

v̄A∈Q|A

∑

v̄N∈Q|N

S(ūAūN, v̄Av̄N) · T (v̄Av̄N, w̄Aw̄N). (⋆)
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From Lemma 44 it follows that P |N = Q|N = R|N (recall we assumed that the blocks SP ×Q

and TQ×R are nonzero), in particular ūN, w̄N ∈ Q|N. We use again that the N-components
are not in the active region of S and T . We continue the equation (⋆):

(⋆) =
∑

v̄A∈Q|A

∑

v̄N ∈Q|N

δūN,v̄N
· S(ūAūN, v̄AūN) · δv̄N,w̄N

· T (v̄Aw̄N, w̄Aw̄N)

=
∑

v̄A∈Q|A

δūN,w̄N
· S(ūAūN, v̄AūN) · T (v̄Aw̄N, w̄Aw̄N)

=
∑

v̄A∈Q′|A

δū′

N′ ,w̄′

N′
· S(ūAū

′
N′, v̄Aū

′
N′) · T (v̄Aw̄

′
N′, w̄Aw̄

′
N′)

=
∑

v̄′
A∈Q′|A

∑

v̄′

N′ ∈Q′|N′

δū′

N′ ,v̄′

N′
· S(ūAū

′
N′, v̄′

Aū
′
N′) · δv̄′

N′ ,w̄′

N′
· T (v̄′

Aw̄
′
N′ , w̄Aw̄

′
N′).

We used, as already seen, Q|A = Q′|A. We also used A(S · T, P ) ⊆ A(S, P ) ∪ A(T, P ) as
shown for Condition 1. So ūN can be exchanged with ū′

N′ and w̄N with w̄′
N′. In the next

step we use that ūA = ū′
A and w̄A = w̄′

A (by assumption) and again that S and T are not
active on the N′-components.

(⋆) =
∑

v̄′
A∈Q′|A

∑

v̄′
N∈Q′|N′

S(ū′
Aū

′
N′, v̄′

Av̄
′
N′) · T (v̄′

Av̄
′
N′ , w̄′

Aw̄
′
N′)

=
∑

v̄′∈Q′

S(ū′, v̄′) · T (v̄′, w̄′)

= (S · T )(ū′, w̄′).

If SP ×Q or TQ×R is zero, then SP ′×Q′ or TQ′×R′ is zero because S(ū, v̄) = S(ū′, v̄′) = 0 and
likewise for T . The claim follows because (S · T )P ×Q = 0 and (S · T )P ′×Q′ = 0.

We now consider products S · T in the case that the active regions of S and T are
disjoint. Intuitively, our goal is to prove that then S ·T is given by S on the active region
of S and by T on the active region of T .

Lemma 47. Let f, g, h : E → Z2q pairwise not twist orig(p̄) and S, T be Ak × Ak ma-
trices over F2. Let S be orbit-diagonal over (Af , p̄) and (Ag, p̄), T be orbit-diagonal
over (Ag, p̄) and (Ah, p̄), both be odd-filled, Af,g,p̄(S) ∩ Ag,h,p̄(T ) = ∅, P ∈ orbsk((Af , p̄)),
Q ∈ orbsk((Ag, p̄)), and R ∈ orbsk((Ah, p̄)) be of the same type, and the components
of P (and thus the components of Q and R) be partitioned into M and N such that
CAf,g,p̄(S)(P ) ⊆ M and CAg,h,p̄(T )(Q) ⊆ N .

(a) For every ū ∈ P and w̄ ∈ R it holds that

(S · T )(ū, w̄) = S(ūM ūN , w̄M ūN) · T (w̄M ūN , w̄Mw̄N).

(b) If S is orbit-invariant over (Af , p̄) and (Ag, p̄), then for every ū ∈ P and w̄ ∈ R it
holds that

∑

ū′
M ∈P |M

(S · T )(ū′
M ūN , w̄Mw̄N) = T (w̄M ūN , w̄Mw̄N).
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Proof. We first show Part (a). Let ū ∈ P and w̄ ∈ R.

(S · T )(ū, w̄) =
∑

v̄∈Q

S(ūM ūN , v̄M v̄N) · T (v̄M v̄N , w̄M w̄N)

=
∑

v̄∈Q

δūN ,v̄N
· S(ūM ūN , v̄M ūN) · δv̄M ,w̄M

· T (w̄M v̄N , w̄M w̄N). (⋆)

The last step uses that components of ūN and w̄N consist only of components not con-
tained in A(S) and likewise for v̄M and w̄M .

(⋆) =
∑

v̄∈Q,
v̄=w̄M ūN

S(ūM ūN , w̄M ūN) · T (w̄M ūN , w̄M w̄N)

= S(ūM ūN , w̄M ūN) · T (w̄M ūN , w̄M w̄N).

For the last step, we have to argue that w̄M ūN ∈ Q. From Lemma 19 it follows that
P = P |M × P |N , Q = Q|M × Q|N , and R = R|M × R|N . Because S is not active on the
components in N and T is not active on the components in M , it follows from Lemma 44
that P |N = Q|N and that Q|M = R|M (the corresponding blocks of S and T are nonzero
because S and T are odd-filled). Hence, w̄M ūN ∈ Q because w̄M ∈ R|M and ūN ∈ P |N .

We now show Part (b). We apply Part (a):
∑

ū′

M
∈P |M

(S · T )(ū′
M ūN , w̄Mw̄N)

=
∑

ū′
M ∈P |M

S(ū′
M ūN , w̄M ūN) · T (w̄M ūN , w̄Mw̄N)

= T (w̄M ūN , w̄Mw̄N) ·
∑

ū′
M ∈P |M

S(ū′
M ūN , w̄M ūN).

It suffices to show that the value of the sum is 1. We rewrite the sum using P = P |M ×P |N
(Lemma 19):

∑

ū′
M ∈P |M

S(ū′
M ūN , w̄M ūN) =

∑

ū′
M ū′

N ∈P

S(ū′
M ū

′
N , w̄M ūN) −

∑

ū′
M ū′

N ∈P,
ū′

N 6=ūN

S(ū′
M ū

′
N , w̄M ūN).

In the right sum it always holds that S(ū′
M ū

′
N , w̄M ūN) = 0 because ū′

N 6= ūN and N
is not in the active region of S. So the right sum is zero. Finally, the left sum
∑

ū′
M ū′

N ∈P S(ū′
M ū

′
N , w̄M ūN) sums over a column of S because S is orbit-diagonal. Be-

cause S is orbit-invariant and odd-filled, this sum is 1 by Lemma 31.

Finally, we show the result of Lemma 47(b) for a product of three matrices S1 ·S2 ·S3.

Lemma 48. Let gi : E → Z2q pairwise not twist orig(p̄) for every i ∈ [4]. Let Si be
an Ak × Ak matrix over F2 that is odd-filled and both orbit-diagonal and orbit-invariant
over (Agi

, p̄) and (Agi+1
, p̄) for every i ∈ [3]. If the active regions Agi,gi+1,p̄(Si) are pairwise

disjoint, then for all k-orbits Pi ∈ orbsk((Agi
, p̄)) of the same type for all i ∈ [4], every par-

tition of the components of the Pi into M1, M2, and M3 such that CAgi,gi+1,p̄(Si)(Pi) ⊆ Mi

for every i ∈ [3], and every ū ∈ P1 and w̄ ∈ P4 it holds that
∑

ū′

M2
∈P1|M2

(S1 · S2 · S3)(ūM1
ū′

M2
ūM3

, w̄M1
w̄M2

w̄M3
) = (S1 · S3)(ūM1

w̄M2
ūM3

, w̄M1
w̄M2

w̄M3
).
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Proof. By Lemma 28, the matrix (S1·S2) is orbit-diagonal and orbit-invariant over (Ag1
, p̄)

and (Ag3
, p̄) and the matrix (S2 · S3) is orbit-diagonal and orbit-invariant over (Ag2

, p̄)
and (Ag4

, p̄). Both matrices are odd-filled by Lemma 30. We apply Lemma 47(a) for the
partition of the components of P into M1 ∪M3 and M2:

∑

ū′
M2

∈P1|M2

(S1 · S2 · S3)(ūM1
ū′

M2
ūM3

, w̄M1
w̄M2

w̄M3
)

=
∑

ū′
M2

∈P1|M2

S1(ūM1
ū′

M2
ūM3

, w̄M1
ū′

M2
ūM3

) · (S2 · S3)(w̄M1
ū′

M2
ūM3

, w̄M1
w̄M2

w̄M3
)

=
∑

ū′
M2

∈P1|M2

S1(ūM1
w̄M2

ūM3
, w̄M1

w̄M2
ūM3

) · (S2 · S3)(w̄M1
ū′

M2
ūM3

, w̄M1
w̄M2

w̄M3
). (⋆)

The last step uses that M2 consists only of components not contained in Ag1,g2,p̄(S1). We
continue the equation by moving S1 out of the sum and applying Lemma 47(b) for the
partition of the components of P into M1 ∪M3 and M2:

(⋆) = S1(ūM1
w̄M2

ūM3
, w̄M1

w̄M2
ūM3

) ·
∑

ū′

M2
∈P |M2

(S2 · S3)(w̄M1
ū′

M2
ūM3

, w̄M1
w̄M2

w̄M3
)

= S1(ūM1
w̄M2

ūM3
, w̄M1

w̄M2
ūM3

) · S3(w̄M1
w̄M2

ūM3
, w̄M1

w̄M2
w̄M3

)

= (S1 · S3)(ūM1
w̄M2

ūM3
, w̄M1

w̄M2
w̄M3

).

The last step follows from applying Lemmas 45 and 47(a) in the reverse direction by
partitioning the components into M1 and M2 ∪M3.

9 The Arity k Case

We now construct a similarity matrix for the k-ary invertible-map game. Constructing
this matrix and verifying its suitability will be quite technical and intricate. We first
discuss the difficulties we have to overcome and why the approach for arity 1 cannot
be generalized to arity k easily. In the following, we provide high-level intuition for
constructing the similarity matrix for arity k. This prepares us for the lengthy formal
definition of this matrix, which follows subsequently.

9.1 Overview of the Construction

Orbits of the Same Type. Let Af and Ag be two CFI structures, such that a single
edge {t, t′} of the base graph G is twisted by f and g. Let p̄ be parameters, whose
origin has sufficiently large distance to the twisted edge. We have seen in Section 7
that every 1-orbit has the same type in (Af , p̄) as it has in (Ag, p̄). For a k-orbit P ,
this is not the case whenever {t, t′} ⊆ orig(P ). Ultimately, our goal is to construct an
orbit-invariant, orbit-diagonal, and odd-filled similarity matrix S that k-blurs the twist.
Because the blocks on the diagonal of S arise from orbits of the same type and because
the characteristic matrices of orbits of the same type have to be simultaneously similar,
we first want to define a bijection orbsk′((Af , p̄)) → orbsk′((Ag, p̄)) for every k′ ≤ 2k that
preserves the orbit types. For this, we want to construct a function τ : A≤2k → A≤2k

that preserves the type of tuples. Then τ preserves orbit types, too. To do so, we pick
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a vertex z satisfying distG(t, z) > 2k and a path (z, . . . , t′, t). We consider the path-
isomorphism ϕτ that twists the edge {t, t′} and the edge incident to z in the chosen path.
That is, between ϕτ (Af ) and Ag an edge incident to z is twisted but the edge {t, t′} is not.
For the moment assume that we only consider connected tuples and thus only connected
orbits. Let τ be the function that applies the path-isomorphism ϕτ to every tuple ū with
{t, t′} ⊆ orig(ū) and is the identity function on all others. Let ū ⊆ A≤2k be such a tuple
with {t, t′} ⊆ orig(ū). Because distG(t, z) > 2k and because we consider connected tuples,
we have that z /∈ orig(ū). Hence, Ag[orig(ū)] = ϕτ (Af )[orig(ū)] and ū has the same type
in (Af , p̄) as τ(ū) has in (Ag, p̄). Consequently, for every k′ ≤ 2k and P ∈ orbsk′((Af , p̄))
it holds that τ(P ) ∈ orbsk′((Ag, p̄)) and τ(P ) has the same type in (Ag, p̄) as P has in
(Af , p̄).

Generalized Blurrers. Next we transfer the concept of a blurrer to the k-ary case.
Definition 34 of a (q, d)-blurrer requires that there seems to be a twist at index 1 but none
at the others indices when considering only one of the d entries of the blurrer elements.
Although, all tuples ξ in a blurrer satisfy

∑

ξ = 0. We require the same property in the
k-ary case, but now not only consider one index at a time but sets of k many indices.
We will generalize (q, d)-blurrers to (k, q, a, d)-blurrers, where k is the arity, q specifies
the ring Z2q , d the length of the tuples in the blurrer, and a ∈ Z2q the value of the twist
(which was fixed to 2q−1 before). Showing the existence of such blurrers will be more
difficult, in particular we will have to use, for a given k, the ring Z2q for a sufficiently
large q = q(k).

In the 1-ary case, we identified a tuple ξ ∈ Ξ with a local automorphism of the
gadget of z. We now describe the approach in the k-ary case. Assume we are given a
generalized (k, q, a, d)-blurrer Ξ for arity k for some suitable q, a ∈ Z2q , and d. We now
require that the base graph G is regular of degree d. Recall that in Section 7 we blurred
the twist between the edges incident to z, of which one was the twisted edge: We used
multiple local automorphisms (one for each ξ ∈ Ξ) to distribute the twist among these
edges. When considering connected 2k-tuples, we want to ensure that the origin of every
2k-tuple contains at most one of the edges between which we blur the twist. So it is
not possible to blur the twist between the incident edges of a single vertex. Instead, we
will choose vertices t1, . . . , td and t′1, . . . , t

′
d, such that t = t1, t′ = t′1, and such that there

are simple paths s̄i = (z, . . . , t′i, ti) of length at least 2k forming a star, i.e., the paths s̄i

are disjoint apart from z (cf. Figure 2). Here it will be important to choose s̄1 to be
the path we used to define the tuple-type-preserving map τ in the previous paragraph.
We will ensure that such paths exist by requiring that the girth of G is large enough.
We will blur the twist between the edges {ti, t

′
i}. In the 1-ary case, an element in a

blurrer corresponded to an automorphism of the gadget of z, or equivalently to a star-
isomorphism, where the paths of the star have length 1. In the k-ary case we will identify
a ξ ∈ Ξ with the star-isomorphism ϕξ := π∗[ξ, s̄1, . . . , s̄d]. Again to preserve the type of
tuples, we will only apply ξ to tuples ū satisfying {ti, t

′
i} 6⊆ orig(ū) for all i ∈ [d]. That is,

on such a ū, the action of ξ could also be defined by an automorphism. This turns ξ into
a “star-automorphism”. Using a star in combination with the large girth ensures that the
tips of the star, the edges {ti, t

′
i}, are sufficiently far apart. If we only had to deal with

connected tuples, this approach would be sufficient to construct a similarity matrix (and
in particular, we could even use easier blurrers). However, disconnected tuples complicate
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matters.

Disconnected Tuples and Orbits. We have to consider disconnected tuples and or-
bits. While with connected tuples the approach just described is local (we only considered
the 2k-neighborhood of z), there are disconnected tuples containing vertices scattered in
the structure. But these vertices belong to different components of the tuple (cf. Defini-
tion 18). Lemma 19 tells us that the components of disconnected orbits are independent
whenever the connectivity of G is sufficiently large. In a first step, we will salvage the
previous approach by applying the path- and the star-isomorphism not to entire tuples,
but instead to components of tuples. That is, if a component C contains the twisted
edge {t, t′} = {t1, t

′
1}, then we apply the type-preserving map τ to this component. If

{ti, t
′
i} 6⊆ C for all i ∈ [d], i.e, C contains none of the edges between which we blur the

twist, we apply the star-automorphisms ξ to this component. (Note that ξ is the identity
map unless C intersects non-trivially with at least one path s̄i.)

This approach fails, when for a 2k-orbit P the two k-orbits P1 := P |{1,...,k} and
P2 := P |{k+1,...,2k} contain the center z of the star and some of the edges {ti, t

′
i} in their

origin. Because the edges {ti, t
′
i} are contained in the origin, we need to argue with the

blurrer properties to show that we blur the twist. This is only possible if for two k-tuples
ū ∈ P1 and v̄ ∈ P2 it only depends on up to k indices of a ξ ∈ Ξ whether ξ(ū)v̄ is in
the same orbit as ūv̄. But because the center z is in the origin, this actually depends
on all d entries of ξ and the blurrer properties do not apply. This is why we will have
to distinguish two kinds of k-orbits. We call a k-orbit P blurrable, if z /∈ orig(P ). For
non-blurrable orbits, we need another technique as follows.

Recursive Blurring. Now consider a 2k-orbit P , such that both P1 := P |{1,...,k} and
P2 := P |{k+1,...,2k} are non-blurrable k-orbits. Let us quickly recall the 1-ary case. It was
possible to blur the twist in Lemma 39 because we summed over the tuples ξ(ū)v̄ for all
ξ ∈ Ξ. For a 2-orbit P , whose origin was the twisted edge {z, t}, w.l.o.g. the origin of P2

is z and for every v ∈ P it held that ξ(v) 6= ξ′(v) for every ξ 6= ξ′ in the blurrer. But
for P1 only one index of the blurrer was relevant. That is, for every u ∈ P1, v ∈ P2, and
ξ, ξ′ ∈ Ξ such that ξ(1) = ξ′(1) we had that ξ(u) = ξ′(u) and that ξ(u)v is in the same
orbit as ξ′(u)v. So were able to apply the properties of a blurrer, i.e., when summing over
ξ(u)v for all ξ ∈ Ξ and if only one index matters, then the twist vanishes. The 2-orbits
for which both P1 and P2 have origin {z} did not cover the twisted edge and so did not
pose a problem in the 1-ary case.

Now consider the k-ary case again. Here of course there are orbits P such that
both P1 and P2 are non-blurrable and they contain the twisted edge and the center z in
their origins. Let ū ∈ P1 and v̄ ∈ P2. Both ū and v̄ contain a vertex with origin z and
the blurrer properties do not apply because the orbit of ξ(ū)v̄ is different for every ξ ∈ Ξ
(fixing one vertex of origin z separates the gadget of z into singleton orbits).

That is, when summing over all ξ ∈ Ξ, we map every ūv̄ to the tuple ξ(ū)v̄, whose type
in (ϕξ(Ag), p̄) is the same as the type of ūv̄ in (Af , p̄). But in (Ag, p̄) the tuple ξ(ū)v̄ has a
different type. Between (Ag, p̄) and (ϕξ(Ag), p̄) the edges {ti, t

′
i} are twisted additionally

(the values of the twists depend on ξ). This, in some sense, introduces other twists, but
only for said 2k-orbits P , where the origins of both P1 and P2 are not blurrable.
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The idea is to fix an arbitrary vertex pz with origin z and consider (k − 1)-orbits of
(A, p̄pz) (justified by Corollary 21). This can be done because all non-blurrable orbits
contain z in its origin. For every ξ ∈ Ξ, we will recursively obtain a matrix Sξ that
(k − 1)-blurs the twist between (Af , p̄pz) and (ϕ91

ξ (Ag), p̄pz). We use the inverse ϕ91
ξ of

the star-isomorphism ϕξ because we want to revert the twists introduced by ϕξ. Here the
need arises to blur a twist of value a 6= 2q−1. Combining the blurrer Ξ with the matrices Sξ

to a matrix S that k-blurs the twist will become formally tedious. In particular, we will
need to ensure that the Sξ act “independently” on the {ti, t

′
i}, which we discuss next.

Active Region and Blurrers. The matrix S is defined for blocks of k-orbits. Blocks
for blurrable k-orbits will be defined using the blurrer Ξ, blocks for non-blurrable k-orbits
will be defined using Ξ and the matrices Sξ. With this approach we will show that S is
a similarity matrix for all orbits P , for which either P1 and P2 are both blurrable or P1

and P2 are both non-blurrable. In the former case, we will use the blurrer property, in
the latter case, we will use induction. The case that P1 is blurrable and P2 is not or
vice versa remains. We have to show that χP · S = S · χQ (for Q = τ(P ), which has the
same type as P ). Assume that P1 is blurrable and P2 is not. For S · χQ solely the block
SP1×Q1

of S is relevant. This block is defined using the blurrer Ξ because P1 is blurrable.
Similarly, for χP · S solely the block SP2×Q2

is relevant. This block is defined using the
blurrer Ξ and the matrices Sξ because P2 is non-blurrable.

To use the blurrer properties also for P2, we will define the matrices Sξ, which blur
multiple twists at the edges {ti, t

′
i}, as Sξ := Sξ,1 · . . . · Sξ,d, where each Sξ,i only blurs a

single twist at the edge {ti, t
′
i}. We will ensure that the active region of Sξ,i is bound by

the r(k)-neighborhood of ti for some suitable r(k). We then enlarge the star such that
the paths s̄i have length greater than max{2k, r(k)}. Now, the active regions of the Sξ,i

are disjoint and we can use Lemma 48 to show that indeed all except k many of the Sξ,i

cancel out. So finally, we can use the blurrer properties to show that S is a similarity
matrix for orbits where P1 is blurrable and P2 is not. We now start with generalizing
blurrers and then show the existence of the required similarity matrix.

9.2 Blurrer

When dealing with arity k, the properties of a blurrer must be generalized from a single
index to sets of indices of size at most k. Let q, d ∈ N and Ξ ⊆ Z

d
2q . For K ⊆ [d] and

b̄ ∈ Z
|K|
2q we count the tuples contained in Ξ whose restriction to K equals b̄. We define

#K,b̄(Ξ) :=
∣

∣

∣

{

c̄ ∈ Ξ
∣

∣

∣ c̄|K = b̄
}∣

∣

∣ mod 2.

Definition 49 (Blurrer). Let d ≥ k, Ξ ⊆ Z
d
2q , and a ∈ Z2q . The set Ξ ⊆ Z

d
2q is called a

(k, q, a, d)-blurrer if it satisfies the following for all K ⊆ [d] with |K| = k:

1.
∑

ξ = 0 for all ξ ∈ Ξ.

2. If 1 ∈ K, then #K,(a,0,...,0)(Ξ) = 1.

3. If 1 /∈ K, then #K,0̄(Ξ) = 1.

4. #K,b̄(Ξ) = 0 for all other pairs of K and b̄.
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The crucial property of a blurrer is the following:

Lemma 50. Let Ξ be a (k, q, a, d)-blurrer, K ⊆ [d] such that |K| = k, and define
ξtwst := (a, 0, . . . , 0) ∈ Z

d
2q . Every function f : Ξ|K → F2 satisfies

∑

ξ∈Ξ

f(ξ|K) = f(ξtwst|K).

In particular, there is a ξtw ∈ Ξ such that ξtw|K = ξtwst|K.

Proof. Because f takes k-tuples as input, it cannot distinguish whether it is applied to
ξ|K or to ξtwst|K because by Conditions 2, and 3 ξtwst|K ∈ Ξ|K . Conditions 2, 3, and 4
ensure that when summing over all ξ ∈ Ξ, all summands f(ξ|K) apart from f(ξtwst|K)
cancel out (by Condition 4 and 2 if 1 ∈ K or Condition 3 if 1 /∈ K). The existence of a
ξtw ∈ Ξ as required follows from Conditions 2 and 3.

Note that while ξ only contains tuples satisfying
∑

ξ = 0, we have that
∑

ξtwst = a.

Lemma 51. Let Ξ be a (k, q, a, d)-blurrer. Then |Ξ| is odd.

Proof. Let K ⊆ [d] with |K| = k. We partition Ξ = M ∪N into

M :=
{

ξ ∈ Ξ
∣

∣

∣ ξ|K = ξtwst|K
}

,

N :=
{

ξ ∈ Ξ
∣

∣

∣ ξ|K 6= ξtwst|K
}

,

where ξtwst := (a, 0, . . . , 0) is the tuple from Lemma 50. The size of |M | is odd by
Condition 2 if 1 ∈ K and otherwise by Condition 3. By Condition 4, the size |N | is even.
If it was odd, then some b̄ would violate Condition 4.

We now construct blurrers.

Lemma 52. If there is a (k, q, a, d)-blurrer Ξ, then

1. there is a (k, q, a, d′)-blurrer for every d′ ≥ d,

2. Ξ is a (k′, q, a, d)-blurrer for every k′ ≤ k, and

3. there is a (k, q, c · a, d)-blurrer for every c ∈ Z2q .

Proof. To prove the first statement, we just fill up the tuples of Ξ with zeros to be of
length d′. To prove the second statement, let K ′ ⊆ K ⊆ [d] such that |K| = k and let
b̄′ ∈ Z

|K ′|
2q . Then

#K ′,b̄′(Ξ) =
∑

b̄∈Z
k
2q ,

b̄|K′ =b̄′

#K,b̄(Ξ).

Assume 1 ∈ K ′ and b̄′ = (a, 0, . . . , 0). Then for b̄ = (a, 0, . . . , 0) ∈ Z
k
2q we have b̄|K ′ = b̄′

and #K,b̄(Ξ) = 1 by Condition 2. For all other b̄ we have #K,b̄(Ξ) = 0 by Condition 4.
So the sum is 1. The case that 1 /∈ K ′ and b̄ = 0̄ is similar using Condition 3. In the
remaining case all summands are 0 by blurrer Condition 4.
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To prove the last statement, let c ∈ Z2q and set Ξ′ := {c · ξ | ξ ∈ Ξ}. If
∑

ξ = 0, then
clearly

∑

c · ξ = 0. We verify blurrer Condition 2, the others are similar. Let K ⊆ [d] of
size k and b̄ = (a, 0, . . . , 0) ∈ Z

k
2q . From Conditions 2 and 3 it follows that

#K,c·b̄(Ξ
′) = #K,b̄(Ξ) +

∑

b̄′∈Z
k
2q ,

b̄′ 6=b̄,

c·b̄′=c·b̄

#K,b̄′(Ξ) = 1 +
∑

b̄′∈Z
k
2q ,

b̄′ 6=b̄,

c·b̄′=c·b̄

0 = 1.

Lemma 53. Let m,n ∈ N. If 0 < m < 2n, then
(

2n

m

)

is even. If m ≤ 2n − 1, then
(

2n−1
m

)

is odd.

Proof. Let k ∈ N and consider
(

k

m

)

. We write k and m in base 2 representation

m =
j
∑

i=0

mi2i k =
j
∑

i=0

ki2i

for some suitable j and mi, ki ∈ {0, 1} for all i ∈ {0, . . . , j}. We apply Lucas’s Theo-
rem [7]:

(

k

m

)

mod 2 =
j
∏

i=0

(

ki

mi

)

mod 2,

where
(

0
1

)

= 0 and
(

0
0

)

=
(

1
0

)

=
(

1
1

)

= 1. That is,
(

k

m

)

mod 2 = 0 if and only if there is
an i ∈ {0, . . . , j} such that ki = 0 and mi = 1.

(a) Let k = 2n and 0 < m < k. Then there is an i < n such that mi = 1 . Because
k = 2n, ki = 0 and so

(

k

m

)

is even.

(b) Let k = 2n − 1 and m ≤ k. For every i < n we have ki = 1. For every i such that
mi = 1 it holds that i < n. That is,

(

k

m

)

is odd.

Lemma 54. For every i ∈ N, there is a (2i−1 − 1, i, 2i−1, 2i − 1)-blurrer.

Proof. We set k := 2i−1 − 1, d := 2i − 1, and define Ξ as follows:

Ξ1 :=







(2i−1, a2, . . . , a2i−1)

∣

∣

∣

∣

∣

∣

2i−1
∑

j=2

aj = 2i−1, aj ∈ {0, 1} for every j







,

Ξ2 :=







(2i−1 + 1, a2, . . . , a2i−1)

∣

∣

∣

∣

∣

∣

2i−1
∑

j=2

aj = 2i−1 − 1, aj ∈ {0, 1} for every j







,

Ξ := Ξ1 ∪ Ξ2.

To verify that Ξ is indeed a (k, i, 2i−1, d)-blurrer, let K ⊆ [d] be of size k and b̄ ∈ Z
k
2i . Set

K := [d] \K.

• Let 1 ∈ K and b̄ = (2i−1, 0, . . . , 0). Every ξ ∈ Ξ with ξ|K = b̄ is contained in Ξ1.
Because every ξ ∈ Ξ1 contains 2i−1 many 1-entries, ξ is of length d = 2i − 1, and b̄
contains k − 1 = 2i−1 − 2 many 0-entries, every ξ ∈ Ξ1 such that ξ|K = b̄ satisfies
ξ|K = (1, . . . , 1). So there can be at most one such ξ ∈ Ξ1. It exists by construction
of Ξ1. Hence, #K,b̄(Ξ) = 1.
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• Let 1 ∈ K and b̄ = (2i−1, b2, . . . , b2i−1), bj ∈ {0, 1} for all j, and not all bj equal
zero. Again, every ξ ∈ Ξ such that ξ|K = b̄ is contained in Ξ1. Because

∑

b̄ ∈
{

2i−1 + 1, . . . , 2i−1 + k − 1
}

=
{

2i−1 + 1, . . . , 2i − 2
}

it holds that
m := −

∑

b̄ =
∑

ξ|K ∈
{

2, . . . , 2i−1 − 1
}

for every ξ ∈ Ξ1. By construction, {ξ ∈ Ξ1 | ξ|K = b̄}|[2i−1]\K is the set of all
0/1-tuples of length 2i−1 that contain exactly m many ones. There are exactly

(

2i−1

m

)

many 0/1-tuples of length 2i−1. For all possible values of m, the number
(

2i−1

m

)

is
even by Lemma 53. We conclude that #K,b̄(Ξ) = 0.

• Let 1 ∈ K and b̄ = (2i−1 + 1, b2, . . . , b2i−1). Now, every ξ ∈ Ξ with ξ|K = b̄ is
contained in Ξ2. Then

m := −
∑

b̄ =
∑

ξ|K ∈
{

1, . . . , 2i−1 − 1
}

for every ξ ∈ Ξ2 because
∑

b̄ ∈
{

2i−1 + 1, . . . , 2i−1 + 1 + (k − 1)
}

=
{

2i−1 + 1, . . . , 2i − 1
}

.

Again, there are
(

2i−1

m

)

many 0/1-tuples extending b̄ to a ξ ∈ Ξ, which is an even
number by Lemma 53 and thus #K,b̄(Ξ) = 0.

• Let 1 ∈ K and b̄ not be covered by two cases before. Then there is no ξ satisfying
ξ|K = b̄ and so #K,b̄(Ξ) = 0.

• Now the case that 1 /∈ K remains. If there is no ξ ∈ Ξ satisfying ξ|K = b̄, then
clearly #K,b̄(Ξ) = 0. So assume that there is such a ξ ∈ Ξ.

– Let us first consider Ξ1. Let ξ ∈ Ξ1. Then

0 =
∑

ξ =
∑

b̄+
∑

ξ|K =
∑

b̄+ 2i−1 +
∑

ξ|K\{1}.

The tuple ξ|K\{1} is a 0/1-tuple of length d− k − 1 = 2i−1 − 1. So

∑

ξ|K\{1} ∈
{

0, . . . , 2i−1 − 1
}

.

That is, if
∑

b̄ = 0, we obtain a contradiction because there is no ξ ∈ Ξ1

satisfying ξ|K = b̄ and #K,b̄(Ξ1) = 0. Otherwise, all ξ ∈ Ξ1 satisfying ξ|K = b̄

extend b̄ by a 0/1-tuple of length 2i−1 − 1 containing

m := −
∑

b̄− 2i−1 ∈
{

0, . . . , 2i−1 − 1
}

many ones. There are
(

2i−1−1
m

)

many 0/1-tuples of length d− k− 1 = 2i−1 − 1
and sum m, which is an odd number by Lemma 53. Hence, #N,b̄(Ξ1) = 1.
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– Now consider Ξ2. For every ξ ∈ Ξ2 such that ξ|K = b̄, it similarly holds that

0 =
∑

b+ 2i−1 + 1 +
∑

ξ|K\{1}

and thus
∑

ξ|K\{1} ∈ {0, . . . , 2i−1}. Every ξ ∈ Ξ1 satisfying ξ|K = b̄ extends b̄
by a 0/1-tuple of length 2i−1 − 1 containing

m := −
∑

b̄− 2i−1 − 1 ∈
{

0, . . . , 2i−1 − 1
}

many ones. The number m is again odd by Lemma 53. Hence, #N,b̄(Ξ2) = 1.

Together, if b̄ = 0, then #K,b̄(Ξ) = #K,b̄(Ξ1) + #K,b̄(Ξ2) = 0 + 1 = 1. Otherwise,
#K,b̄(Ξ1) + #K,b̄(Ξ2) = 1 + 1 which is 0 modulo 2.

Remark 55. Computer experiments suggest that for a given 2i−2 ≤ k ≤ 2i−1 − 1 our
choice of q = i is minimal to construct a (k, q, 2i−1, d)-blurrer and that d = 2i − 1 could
be improved in the case that k 6= 2i−1 − 1, but is minimal in the case that k = 2i−1 − 1.

We now lift a (k, q, a, d)-blurrer from the ring Z2q to the ring Z2q+ℓ . Here we have two
choices, both of which we need later: the first is via the embedding of Z2q in Z2q+ℓ , the
second will not change the value a.

Lemma 56. Let q, ℓ ∈ N and ι : Z2q → Z2q+ℓ be the embedding of Z2q in Z2q+ℓ defined by
a 7→ 2ℓa. If Ξ is a (k, q, a, d)-blurrer, then ι(Ξ) is a (k, q + ℓ, ι(a), d)-blurrer.

Proof. This is straightforward from the definition.

Lemma 57. For every i, ℓ ∈ N, there is a (2i−1 − 1, i+ ℓ, 2i−1, 2i − 1)-blurrer.

Proof. Let Ξ be the (2i−1 − 1, i, 2i−1, 2i − 1)-blurrer given by Lemma 54 and suppose
c = 2ℓ+1 −1 ∈ Z2i+ℓ . Let h be the following function that maps Ξ to Ξ′ := {h(ξ) | ξ ∈ Ξ}:

ξ 7→



−c ·
d
∑

j=2

ξj, c · ξ2, . . . , c · ξd



 .

The operations are all in Z2i+ℓ . By definition
∑

ξ′ = 0 for every ξ′ ∈ Ξ′. Let K ⊆ [d] be
of size k and b̄ ∈ Z

k
2i+ℓ . Note that c is a unit because c is odd.

• Let 1 /∈ K. Because c is a unit, multiplication with c is a bijection and thus we
have #K,b̄(Ξ

′) = #K,c91·b̄(Ξ), which is 1 if and only if c91 · b̄ = b̄ = 0̄.

• Let 1 ∈ K. We argue that also the action of h on the first position is a bijection.
Because

∑

ξ = 0 for all ξ ∈ Ξ, the map ξ1 7→
∑d

j=2 ξj is a bijection and so is the
action of h because c is a unit. So we have #K,b̄(Ξ

′) = #K,ā(Ξ) for some ā ∈ Z
k
2i .

It holds that −ca1 = −(2ℓ+1 − 1)a1 = a1 − 2ℓ+1a1 (over Z2i+ℓ). So a1 = 2i−1

if and only if −ca1 = 2i−1 − 2ℓ+12i−1 = 2i−1 − 2ℓ+i = 2i−1 − 0 = 2i−1. Hence,
b̄ = (2i, 0, . . . , 0) if and only if ā = (2i, 0, . . . , 0), which is the case if and only if
#K,b̄(Ξ

′) = 1.
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9.3 Similarity Matrix for One Round

We now construct a similarity matrix k-blurring the twist. To be able to define this
matrix, we need bounds on the degree, the girth, and the connectivity of the base graph
as well as certain guarantees for the placement of the pebbles. Therefore, we define the
following functions N

+ → N
+, which will give us the needed bounds. In the definitions

let i ∈ N be the unique number that for the given k satisfies 2i−1 − 1 < k ≤ 2i − 1.

r(k) :=







1 if k = 1,

max{4 · r(k − 1) + 2, 2k + 2} otherwise,

θ(k) :=







1 if k = 1,

i+ θ(k − 1) otherwise,

d(k,m) :=







3 +m if k = 1,

max{2i+1 +m− 1, d(k − 1, m+ 1)} otherwise,

q(k) := 1 + θ(k).

Lemma 58. For every k,m ∈ N,

• every regular and (2k + m + 1)-connected base graph G = (V,E,≤) of degree
d ≥ d(k,m) and girth at least 2r(k + 1),

• every edge {t, t′} ∈ E,

• every q ≥ q(k),

• every θ = a · 2θ(k) ∈ Z2q (for an arbitrary a ∈ Z2q ),

• every f, g : E → Z2q such that f(e) = g(e) for all e ∈ E \ {{t, t′}} and g({t′, t}) =
f({t′, t}) + θ, and

• every m-tuple p̄ ∈ Am of Af := CFI2q(G, f) and Ag := CFI2q(G, g), both with
universe A, for which distG(t, orig(p̄)) > r(k + 1)

there is an odd-filled Ak × Ak matrix S, both orbit-diagonal and orbit-invariant over
(Af , p̄) and (Ag, p̄), that k-blurs the twist between (Af , p̄) and (Ag, p̄) and those active

region satisfies Af,g,p̄(S) ⊆ N
r(k+1)
G (t).

The proof is by induction on k and spans the rest of this section. We already proved
the case k = 1 in Lemmas 41 and 43 for q ≥ 2 and θ = 2q−1 using a (1, q, 2q−1, d) blurrer.
This can easily be adapted for the case that θ = a · 2θ(1) = 2a for some a ∈ Z2q . We start
with a (1, q, 2, 3)-blurrer given by Lemma 57 and turn it into a (1, q, 2a, d)-blurrer using
Lemma 52. Then the proof proceeds exactly the same.

So assume k > 1. Let m ∈ N, G = (V,E,≤) be a regular and (2k+m+ 1)-connected
base graph of degree d ≥ d(k,m) and girth at least 2r(k + 1), and {t, t′} ∈ E. The
bound on the connectivity of G is needed in the following to apply the results from
Sections 5.2, 6, and 8 and we will not further mention this when applying them. Let
q ≥ q(k). As before, we denote for every f : E → Z2q by Af the CFI structure CFI2q(G, f)
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z

t′1 = t′

t1 = t

t′2 t2t′dtd

s̄1

s̄2s̄d

distG(z, t1)

≥ r(k) + 2

Figure 2: The star s̄1, . . . , s̄d. Each path s̄i is contained in its own tree rooted at z (depicted in
gray) because G has girth ≥ 4r(k).

with universe A (which is equal for all such f). Let f, g : E → Z2q such that f(e) = g(e)
for all e ∈ E \ {{t, t′}} and g({t, t′}) = f({t, t′}) + θ, where θ = a · 2θ(k) for some a ∈ Z2q .
Furthermore, let p̄ ∈ Am such that distG(t, orig(p̄)) > r(k + 1) be arbitrary but fixed. In
particular, f, g do not twist orig(p̄).

Let z be a vertex with distG(z, t′) = r(k)+1 and distG(z, t) = r(k)+2. Choose vertices
t = t1, . . . , td and t′ = t′1, . . . , t

′
d such that there are simple paths s̄i = (z, . . . , t′i, ti) of

length r(k) + 2 > 2k+ 1 for all i ∈ [d] forming a star. Such paths exist because the girth
of G is at least 2r(k + 1) > 2r(k) + 4 and the degree is d (cf. Figure 2).

Claim 1. We have distG(t′i, orig(p̄)) ≥ 2r(k) for every i ∈ [d] and distG(t′i, t′j) = 2r(k) + 2
for every i 6= j.

Proof. By choice of z, distG(z, t′i) = r(k) + 1. Let i, j ∈ [d] such that i 6= j. The
t′i-t′j-path obtained by joining s̄i and s̄j (after removing ti and tj respectively) has length
2 · (r(k) + 1) by construction. If this path was not a shortest path, then we would obtain
a cycle of length less than 4 · (r(k) + 1). This contradicts that G has girth at least
2r(k + 1) ≥ 4 · (r(k) + 1). It follows distG(t′i, t′j) = distG(t′i, z) + distG(z, t′j) = 2r(k) + 2.

Let y ∈ orig(p̄). Then distG(y, t′1) ≤ distG(y, t′i) + distG(t′i, t′1). By assumption,
distG(y, t′1) ≥ r(k + 1) = 4r(k) + 2 and by the former argument distG(t′i, t′1) = 2r(k) + 2.
It follows that

distG(y, t′i) ≥ distG(y, t′1) − distG(t′1, t′i) = 4r(k) + 2 − 2r(k) − 2 ≥ 2r(k). ⊣

We call a set C ⊆ V such that |C| ≤ 2k and G[C] is connected a 2k-component.
Every 2k-component is a component of some 2k-orbit (cf. Definition 18). Because k is
fixed in this proof, we just call them components in the following.

Definition 59. We call a component C

• an i-tip component if {ti, t
′
i} ⊆ C and i ∈ [d],

• a star component if C intersects non-trivially with the star s̄1, . . . , s̄d and ti /∈ C
for all i ∈ [d],
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• an i-star component if C is a star component, C intersects non-trivially with s̄i,
and for every other j 6= i, C intersects trivially with s̄j,

• a star center component if C is a star component but not an i-star component
for every i ∈ [d],

• and otherwise a sky component.

Claim 2. Let C be a component and C ′ ⊆ C be a component.

1. If C is an i-star component, then C ′ is an i-star or a sky component

2. If C is a star component, then C ′ is a star or a sky component.

3. If C is an i-tip component, then C ′ is an i-tip, an i-star, or a sky component.

4. If C is a star component, then C is an i-star component for some i if and only if
z /∈ C.

Proof. To show Case 1, let C be an i-star component. By definition, C only has a non-
trivial intersection with s̄i and ti /∈ C. So every C ′ ⊆ C has either a trivial intersection
with every s̄j , i.e., C ′ is a sky component, or a non-trivial intersection only with s̄i and
ti /∈ C ′ ⊆ C, i.e., C ′ is an i-star component. The Case 2 where C is a star component in
similar.

For Case 3, let C be an i-tip component. Because distG(t′i, t′j) = 2r(k) + 2 > 4k + 4
(Claim 1), distG(t′i, z) = r(k) + 1 > 2k, |C| ≤ 2k, and because G[C] is connected, C has a
trivial intersection with every s̄j for all j 6= i. Let C ′ ⊆ C. Now C ′ is an i-tip component
if {ti, t

′
i} ⊆ C ′, an i-star component if otherwise C ′ intersects non-trivially with s̄i, or

otherwise a sky component.
Finally, to prove Case 4, let C be a star component. If C is also an i-star component,

then z /∈ C because otherwise C would intersect non-trivially with all s̄j . For the reverse
direction, let z /∈ C and C have a non-trivial intersection with s̄i. Because distG(t′i, t′j) =
2r(k) + 2 > 4k + 4, |C| ≤ 2k, G[C] is connected, and because z /∈ C, the component C
cannot have a non-trivial intersection with another s̄j. Hence, C is an i-star component.

⊣

To blur the twist, we want to distribute it among the edges {ti, t
′
i} (for all i ∈ [d])

similar to the 1-ary case. Here we blurred the twist between all edges adjacent to z. In
the 1-ary case, 1-tuples always had the same type in (Af , p̄) and in (Ag, p̄). However, for
k-tuples, this is no longer the case. We now want to construct a function that maps a
tuple ū to a tuple v̄ such that v̄ has the same type in (Ag, p̄) as ū has in (Af , p̄). To do
so, we use a path isomorphism on the path s̄1. We generalize this and not only want to
“repair” the types for a twist at the edge {t1, t

′
1} but possibly for multiple twists at all

edges {ti, t
′
i}.

Let ā ∈ Z
d
2q . We define a function τā : A≤2k → A≤2k that preserves the size of tuples.

Set ϕā,i
τ := ~π[ai, s̄i] (cf. Definition 7). The function τā applies ϕā,i

τ to tuples, but only
to those components containing some of the edges {ti, t

′
i}. These are precisely the i-tip
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components:

τā(ū) := (v1, . . . , v|ū|),where ū = (u1, . . . , u|ū|) and

vj :=







ϕā,i
τ (uj) if orig(uj) ∈ C and C is an i-tip component of ū,

uj otherwise.

Given a function h : E → Z2q , we write h + ā for the function h′ : E → Z2q such that
h′({ti, t′i}) = h({ti, t′i}) + ai for all i ∈ [d], and h′(e) = h(e) otherwise.

Claim 3. Suppose ā ∈ Z
d
2q , h : E → Z2q , and k′ ≤ 2k. If P ∈ orbsk′((Ah, p̄)), then

τā(P ) ∈ orbsk′((Ah+ā, p̄)) and τā(P ) has the same type in (Ah+ā, p̄) as P has in (Ah, p̄).

Proof. Let P ∈ orbsk′((Ah, p̄)). It suffices to consider the case that P has a single com-
ponent C because τā is defined component-wise and because by Lemma 19 the type of a
disconnected orbit is given by the types of the restrictions to the components. If C does
not contain ti and t′i for some i ∈ [d], then τā is the identity function. Because P does
not cover the twisted edge, it has the same type in (Ah, p̄) and in (Ah+ā, p̄).

So assume {ti, t
′
i} ⊆ C. This is the case for exactly one i ∈ [d] by Claim 2. Let hi

be the function equal to h for all edges apart from hi({ti, t′i}) := h({ti, t′i}) + ai and
hi({z, zi}) := h({z, zi})−ai, where zi is the neighbor of z used in the path s̄i. By Claim 1,
the parameters p̄ have distance 2r(k) to t′i and thus in particular are not contained in s̄i.
So ϕā,i

τ is an isomorphism between (Ah, p̄) and (Ahi
, p̄) by Lemma 8. Because P is a

k′-orbit and k′ ≤ 2k, neither z nor its neighbors (in particular not zi) are contained in C,
because 2k < distG(z, t′i) = r(k) + 1. So τā(P ) = ϕā,i

τ (P ) has the same type in (Ahi
, p̄)

as P has in (Ah, p̄). Now, between (Ah+ā, p̄) and (Ahi
, p̄) all edges {tℓ, t

′
ℓ} for ℓ 6= i and

the edge {z, zi} are potentially twisted. Because z /∈ C and {tℓ, t
′
ℓ} 6⊆ C for every ℓ 6= i,

(Ahi
, p̄)[C] = (Ah+ā, p̄)[C]. Hence, the type of ϕā,i

τ (P ) in (Ahi
, p̄) is equal to the type of

τā(P ) in (Ah+ā, p̄). ⊣

We now construct a blurrer for our setting. Let i ∈ N such that 2i−1 − 1 < k ≤ 2i − 1.

1. By Lemma 57, there is a (2i − 1, q − θ(k − 1), 2i, 2i+1 − 1)-blurrer (note that
q − θ(k − 1) ≥ q(k) − θ(k − 1) = i+ 1).

2. We use Lemma 56 to turn it into a (2i−1, q, 2i+θ(k−1), 2i+1−1)-blurrer by embedding
Z2q−θ(k−1) in Z2q .

3. We use Lemma 52 to get a (k, q, 2i+θ(k−1), 2i+1 − 1)-blurrer because k ≤ 2i − 1,

4. then a (k, q, 2i+θ(k−1), d)-blurrer because d ≥ d(k,m) ≥ 2i+1 − 1, and finally

5. a (k, q, a · 2i+θ(k−1), d)-blurrer Ξ.

By this construction, for every ξ ∈ Ξ and every j ∈ [d] there is some b ∈ Z2q such that
ξ(j) = b ·2θ(k−1) because we embedded Z2q−θ(k−1) in Z2q . Let ξtwst = (a ·2i+θ(k−1), 0, . . . , 0)
be the tuple given by Lemma 50 for Ξ. Then g = f + ξtwst. We set τ := τξtwst

.

Corollary 60. If k′ ≤ 2k and P ∈ orbsk′((Af , p̄)), then τ(P ) ∈ orbsk′((Ag, p̄)) and τ(P )
has the same type in (Ag, p̄) as P has in (Af , p̄).

42



Proof. Follows from Claim 3.

We have seen that with τ we can “repair” the types of the orbits, but τ introduces
inconsistencies between tuples along the path s̄1. This can easily be seen already for
k = 2: Consider a 2-tuple (u, v) with origin (t1, t′1) and the 2-tuple (v, w) with origin
(t′1, x), where x is the next vertex in the path s̄1. Then τ((u, v)) = (u, v′) for some v′ 6= v
but τ((v, w)) = (v, w). So clearly the composed 4-tuple (u, v, v, w) has a different type
than (u, v′, v, w). For these inconsistencies, we use the blurrer Ξ as follows.

We now define another function which according to a ξ ∈ Ξ “distributes” the twists
among the edges {ti, t

′
i} using a star isomorphism. We associate with each ξ ∈ Ξ a function

ψξ : A≤k → A≤k, again preserving tuple sizes: Set ϕξ := π∗[ξ, s̄1, . . . , s̄d] (cf. Definition 9).
Then define ψξ : A≤k → A≤k as follows: Let ū ∈ A≤k. We set

ψξ(ū) := (v1, . . . , v|ū|),where ū = (u1, . . . , u|ū|) and

vi :=







ϕξ(ui) if orig(ui) ∈ C and C is a star component of ū,

ui otherwise.

That is, we apply ϕξ to all components of ū that do not contain the tips of the star
s̄1, . . . , s̄d. On the sky components ϕξ is the identity function anyway. From now on, we
will identify ξ with ψξ and write ξ(ū).

Claim 4. Let ū ∈ Aℓ and the components of ū be partitioned into D and D′. Then
τā(ū) = τā(ūD)τā(ūD′) and ξ(ū) = ξ(ūD)ξ(ūD′) for every ā ∈ Z

d
2q and ξ ∈ Ξ.

Proof. The claim is immediate because τā and ψξ are defined component-wise. ⊣

Claim 5. For every ā ∈ Z
d
2q and ξ ∈ Ξ, the functions τā, ψξ, and every automorphism

ϕ ∈ Aut((Af , p̄)) = Aut((Ag, p̄)) commute.

Proof. The functions τā and ψξ are defined component-wise by isomorphisms. We saw in
Section 5.1 that isomorphisms between CFI structures are composed of automorphisms
of each gadget. Because the automorphism group of a gadget is abelian (Lemma 17), the
said functions commute. ⊣

Definition 61. An orbit-automorphism is a function ζ : A≤2k → A≤2k that satisfies
the following: For every P ∈ orbsk′((Af , p̄)) = orbsk′((Ag, p̄)) with k′ ≤ 2k there is an
automorphism ϕP ∈ Aut((Af , p̄)) = Aut((Ag, p̄)) such that ζ(ū) = ϕP (ū) for all ū ∈ P .

That is, an orbit-automorphism is a function, whose action on a single orbit is the
action of an automorphism. For different orbits, the corresponding automorphisms may
be different. This matches the definition of an orbit-invariant matrix (cf. Definition 27),
which is invariant under all orbit-automorphisms.

Claim 6. Every ξ ∈ Ξ is an orbit-automorphism.

Proof. By Lemma 19, it suffices to show the claim for connected orbits P ∈ orbsk′((Af , p̄))
with k′ ≤ 2k. If the origin of P is not a star component, then ξ is the identity function
on P and so clearly an orbit-automorphism.

Otherwise, the origin C := orig(P ) is a star component. Then in particular ti /∈ C for
all i ∈ [d]. We show that there are paths s̄′

i = (t′i, ti, . . . , t1, t′1) that are completely disjoint

43



from orig(p̄) and possibly apart from t′i, t
′
1 disjoint from C. Set C ′ := C \ {t′i | i ∈ [d]}.

Consider the graph G \ C ′ \ orig(p̄). We removed at most |orig(p̄)| + k′ ≤ 2k + m many
vertices. Because G is (2k+m+1)-connected, the claimed paths exists in G\C ′ \orig(p̄).
We then use path isomorphisms ϕi := ~π[ξ(i), s̄′

i] for all i ∈ [d] \ {1} to move the twist
introduced by ψξ at the {ti, t

′
i} to {t1, t

′
1}. We set ψ := ψξ ◦ϕ2◦· · ·◦ϕd. Now, we have that

(Af , p̄) ∼= ψ((Af , p̄)) = (Af , p̄) by Lemmas 8 and 10. Let ū ∈ P . The isomorphisms ϕi

are the identity function on vertices in orig(P ) because ϕi is the identity on t′i and t′1
(cf. Definition 7) and other vertices in orig(P ) are not contained in s̄′

i for every i ∈ [d].
That is, P = ψ(P ) = ψξ(P ) = ξ(P ) and ξ is an orbit-automorphism. ⊣

We show how ξ and τξ work together. That is, for ūv̄ of length at most 2k, the tuple
τξ(ξ(ū))τξ(ξ(v̄)) has the same type as the tuple τξ(ūv̄). This is not true for applying
only τξ to ū and v̄ because their origins may overlap.

Claim 7. Let h : E → Z2q , k′ ≤ 2k, P ∈ orbsk′((Ah, p̄)), and ξ ∈ Ξ. Every ūv̄ ∈ Ak′

satisfies ūv̄ ∈ P if and only if τξ(ξ(ū))τξ(ξ(v̄)) ∈ τξ(P ).

Proof. Set P1 := P |{1,...,|ū|} and P2 := P |{|ū|+1,...,k′}. Let Ci
1, . . . , C

i
ℓi

be the components
of Pi for every i ∈ [2]. Because τξ and ξ are defined component-wise, it suffices by
Lemma 19 to assume that P has a single component C. We need to verify that ūv̄ ∈ P
if and only if τξ(ξ(ū))τξ(ξ(v̄)) ∈ τξ(P ). The component C is the union of the Ci

j. We
perform the following case distinction:

• Assume C is an n-tip component. For every i ∈ [2], let DT
i be the set of the n-tip

components Ci
j, D

S
i be the set of the n-star components Ci

j, and DR
i be the set of

sky components Ci
j. This yields a partition of all Ci

j by Claim 2.

Then we have by the definitions of τξ and ξ that ξ is the identity function on DT
i , τξ

is the identity on DS
i , and both are the identity on DR

i . That is,

τξ(ξ(ū))τξ(ξ(v̄))

= τξ(ξ(ūDT
1
ūDS

1
ūDR

1
))τξ(ξ(v̄DT

2
v̄DS

2
v̄DR

2
))

= τξ(ūDT
1
)ξ(ūDS

1
)τξ(ūDR

1
)τξ(v̄DT

2
)ξ(v̄DS

2
)τξ(v̄DR

2
). (⋆)

When working on the whole component C, τξ applies ϕξ,n
τ to vertices in components

of DS
1 and DS

2 because C is an n-tip component. We see that ϕξ|DS
i

= ϕξ,n
τ |DS

i

because DS
i is an n-star-component and so does not contain z (cf. the Definitions 7

and 9 and the definitions of ϕξ and ϕξ,n
τ ). It follows that

(⋆) = τξ(ūDT
1
ūDS

1
ūDR

1
v̄DT

2
v̄DS

2
v̄DR

2
) = τξ(ūv̄).

So ūv̄ ∈ P if and only if τξ(ξ(ū))τξ(ξ(v̄)) = τξ(ūv̄) ∈ τξ(P ).

• Otherwise, C is not a tip component. We distinguish two more cases:

– If C is a star component, let DS
i be the set of star components Ci

j and DR
i be

the set of sky components Ci
j for all i ∈ [2]. There are no tip components of

the Ci
j by Claim 2. So we again partitioned all components Ci

j . Now τξ is the
identity function on all DS

i and DR
i and ξ is the identity on all DR

i . So we
have ūv̄ ∈ P if and only if τξ(ξ(ū))τξ(ξ(v̄)) = ξ(ū)ξ(v̄) = ξ(ūv̄) ∈ τξ(P ) = P
by Claim 6.
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– Otherwise, C is a sky component and both τξ and ξ are the identity function
on C and all Ci

j and the claim follows immediately. ⊣

Using the blurrer Ξ, we will be able to blur the twist in many cases, but not in all. The
problem is the following: If we only look at k many of the {ti, t

′
i} edges, then the blurrer

properties will ensure that we cannot see the twist, i.e., “summing” over all elements in
the blurrer maps a 2k-orbit of (Af , p̄) to a 2k-orbit of the same type in (Ag, p̄) similar
to the 1-ary case. Let us briefly recall the arguments to prove Lemma 39, which shows
that summing over blurrer elements indeed yields a matrix bluring the twist for arity 1.
There are two cases: First, for a tuple (u, v) with origin (z, z) the action of every ξ ∈ Ξ is
the action of an automorphism, so (ξ(u), v) and (u, ξ91(v)) are in the same orbit. Second,
for a tuple (u, v) with origin (z, t1) only one index (namely the first for t1) was relevant:
ξ(u)v and ξ′(u)v are in the same orbit if ξ(1) = ξ′(1). So whenever ξ(1) = ξ′(1), the terms
for ξ(u)v and ξ′(u)v canceled out in the summation. The blurrer properties ensured that
only one term for ξ(u)v of the same type in (Ag, p̄) as uv in (Af , p̄) remained.

For arity k the two cases (automorphism or blurrer properties) can be mixed. Consider
k = 2 and a 4-tuple ū with origin (z, t′1, z, t1). Then for every ξ, ξ′ ∈ Ξ, ξ(u1u2)u3u4 and
ξ′(u1u2)u3u4 are in the same orbit if and only if ξ = ξ′ (because fixing one vertex with
origin z splits the gadget of z into singleton orbits). That is, we cannot argue solely with
blurrer properties. However, the two tuples ξ(u1u2)u3u4 and u1u2ξ

91(u3u4) are not in the
same orbit in general because every automorphism mapping u1u2 to ξ(u1u2) cannot be the
identity for u4 but which ξ91(u3u4) is. So we also cannot argue solely with automorphisms.
The techniques of the 1-ary case can only be applied if z is not in the origin of at least
one of u1u2 and u3u4.

In general, let P ∈ orbs2k((Af , p̄)) and ū ∈ P . Then in χP the first k positions of ū
will serve as row index and the remaining k positions as column index. The problem with
the blurrer only occurs if both the first and second half of ū contain z in its origin. So
we make a case distinction on whether a k-orbit contains z in its origin.

Definition 62. We call a P ∈ orbsk((Af , p̄)) blurrable if z /∈ orig(P ).

To also be able to blur the twist for non-blurrable orbits, we use a recursive approach.
Because

∑

ξ = 0, Ag−ξ is isomorphic to Ag for every ξ ∈ Ξ. Let pz be an arbitrary
vertex with origin z. Our goal now is to blur the twist between (Af , p̄pz) and (Ag−ξ, p̄pz).
This will exactly undo the action of a ξ ∈ Ξ, when we consider an orbit that fixes a
vertex with origin z. We exploit the high girth of G to blur the twists at each {ti, t

′
i}

independently. Before we start to blur twists between (Af , p̄pz) and (Ag−ξ, p̄pz), we first
have to show that τξ and ξ are compatible with orbits when fixing the additional vertex pz.
The following two claims are in some sense refinements of Claims 3 and 7.

Claim 8. For every ā ∈ Z2q and k′ ≤ 2k, every orbit P ∈ orbsk′((Af+ā, p̄pz)) satisfying
orig(P ) ∩N1

G(z) = ∅ is contained in orbsk′((Af+ā, p̄)).

Proof. Let P ∈ orbsk′((Af+ā, p̄pz)) such that orig(P ) ∩N1
G(z) = ∅. By Lemma 12, it suf-

fices to show that two tuples ū, v̄ ∈ Ak′

, such that orig(ū) = orig(v̄) is disjoint from N1
G(z),

have the same type in (Af+ā, p̄) if and only if they have the same type in (Af+ā, p̄pz).
Because orig(P ) ∩N1

G(z) = ∅, the components of ūp̄pz are the components of ūp̄ and the
one of pz. Hence, if ū and v̄ have the same type in (Af+ā, p̄), then they also have the
same type in (Af+ā, p̄pz). The other direction is trivial. ⊣
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Claim 9. Let ā ∈ Z
d
2q , h : E → Z2q , and k′ ≤ 2k. If P ∈ orbsk′((Ah, p̄pz)), then

τā(P ) ∈ orbsk′((Ah+ā, p̄pz)) and τā(P ) has the same type in (Ah+ā, p̄pz) as P has in
(Ah, p̄pz).

Proof. Let P ∈ orbsk′((Ah, p̄pz)), R be the set of components C of P with C∩N1
G(z) 6= ∅,

and D be the set of all remaining components of P . Then P = P |R × P |D by Claim 19.
Similarly, τā(P ) = τā(P )|R×τā(P )|D. Every component C in R does not contain the edges
{ti, t

′
i} for all i ∈ [d] because |C| ≤ k′ but every path s̄i has length r(k)+2 > 2k+1 ≥ k′+1.

That is, τā is the identity on P |R and so P |R = τā(P )|R and P |R has the same type in
(Ah+ā, p̄pz) as it has in (Ah, p̄pz). By Claim 8, the orbit τā(P )|D is an orbit of (Ah, p̄) and
has by Claim 3 the same type in (Ah, p̄) as τā(P )|D has in (Ah+ā, p̄). It follows that P
has the same type in (Ah, p̄) as τā(P ) has in (Ah+ā, p̄). ⊣

Claim 10. Suppose Q ∈ orbsk′((Ag−ξ, p̄pz)) for some ξ ∈ Ξ and k′ ≤ 2k − 2. Then
τξ(Q) ∈ orbsk′((Ag, p̄pz)) and has the same type as Q. Let C be the connected component
of G[orig(Q) ∪ {z}] containing z, R be the set of components of Q contained in C, D be
the set of all other components of Q, and let w̄v̄ ∈ Ak′

. Then w̄v̄ ∈ Q if and only if
w̄Rξ(τξ(w̄D))v̄Rξ(τξ(v̄D)) ∈ τξ(Q).

Proof. We split Q using Lemma 19 in Q = Q|R ×Q|D. Because k′ ≤ 2k− 2, components
in R cannot be tip components. Hence, τξ(Q) = Q|R × τξ(Q|D). By Claim 8, Q|D
is also an orbit of (Ag−ξ, p̄) because its origin has distance greater than 1 to orig(pz).
Then τξ(Q|D) has the same type in (Ag, p̄) and is also an orbit of (Ag, p̄pz) of the same
type, too, by Claim 3. It follows that τξ(Q) has the same type as Q. Let w̄v̄ ∈ Ak′

.
Using the splitting above, from Claim 7 it follows that w̄Dv̄D ∈ Q|D if and only if
ξ(τξ(w̄D))ξ(τξ(v̄D)) ∈ τξ(Q|D). The claim follows because Q = Q|R ×Q|D. ⊣

Now we construct matrices (k−1)-bluring the twist between (Af , p̄p) and (Ag−ξ, p̄pz).
For every ξ ∈ Ξ and j ∈ [d+ 1] we define gξ,j : E → Z2q to be the following function:

gξ,j(e) :=







f({ti, t′i}) if e = {ti, t
′
i} for some i ≥ j,

(g − ξ)(e) otherwise.

Note that f(e) = g(e) = gξ,j(e) for all e different from the edges {ti, t
′
i}, gξ,1 = f ,

gξ,d+1 = g − ξ, and the only possibly twisted edge by gξ,j and gξ,j+1 is {tj , t
′
j} for every

j ∈ [d]. Define Nj := N
r(k)
G (tj) for every j ∈ [d].

Claim 11. For every ξ ∈ Ξ and j ∈ [d], there is an Ak−1 × Ak−1 matrix Sξ,j, which is
odd-filled and both orbit-diagonal and orbit-invariant over (Agξ,j , p̄pz) and (Agξ,j+1 , p̄pz),
which (k − 1)-blurs the twist between (Agξ,j , p̄pz) and (Agξ,j+1 , p̄pz), and those active region

satisfies Agξ,j ,gξ,j+1,p̄pz(Sξ,j) ⊆ Nj. In particular, Sξ,j = 1 if ξ(j) = 0.

Proof. Let ξ ∈ Ξ and j ∈ [d]. If ξ(j) = 0, then gξ,j = gξ,j+1 and Sξ,j := 1 trivially
satisfies the claim. Otherwise, the matrix Sξ,j is obtained from the induction hypothesis:
The number of parameters increased by one, but we consider tuples of length k − 1. We
continue to consider Z2q .

• Clearly, q ≥ q(k) ≥ q(k − 1), the degree of G is d ≥ d(k,m) ≥ d(k − 1, m+ 1), and
the girth of G is at least 4r(k) + 2 > 2r(k).
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• We have 2k + m + 1 ≥ 2(k − 1) + (m + 1) + 1 and so G satisfies the connectivity
condition.

• By construction, we have that gξ,j(e) = gξ,j+1(e) for all e ∈ E \ {{tj , t
′
j}} for every

j ∈ [d].

• We consider the value of the twist: Let j ∈ [d]. Then ξ(j) = b · 2θ(k−1) for some
b ∈ Z2q (as shown before when constructing the blurrer Ξ). If j 6= 1, then it holds
that gξ,j+1({tj , t′j}) = gξ,j({tj, t′j}) − b · 2θ(k−1). If otherwise j = 1, then we have
gξ,2({t1, t′1}) = g({t1, t′1}) − ξ(1) = gξ,1({t1, t′1}) − ξ(1) + θ because gξ,1 = f and
g({t1, t′1}) = f({t1, t′1}) + θ. By assumption, we have that θ = a · 2θ(k) = a · 2i+θ(k−1)

for some a ∈ Z2q . Clearly −ξ(1)+θ = −b ·2θ(k−1) +a ·2i+θ(k−1) = (a ·2i − b) ·2θ(k−1).
So the value of the twist at the {tj , t

′
j} is in all cases c · 2θ(k−1) for some c ∈ Z2q .

• By Claim 1, it holds that distG(t′i, orig(p̄)) ≥ 2r(k) for every i ∈ [d], in partic-
ular distG(ti, orig(p̄)) > r(k). By construction, it holds that distG(t′i, orig(pz)) =
distG(t′i, z) = r(k) + 1. So distG(ti, orig(p̄pz)) > r(k) for every i ∈ [d]. ⊣

We now define for every ξ ∈ Ξ the Ak−1 ×Ak−1 matrix Sξ as follows:

Sξ := Sξ,1 · . . . · Sξ,d,

where Sξ,j is the matrix given by Claim 11 for ξ and j.

Claim 12. For every ξ ∈ Ξ, the matrix Sξ is odd-filled and both orbit-diagonal and orbit-
invariant over (Af , p̄pz) and (Ag−ξ, p̄pz), (k − 1)-blurs the twist between (Af , p̄pz) and
(Ag−ξ, p̄pz), and satisfies Af,g−ξ,p̄pz(Sξ) ⊆

⋃d
i=1 Ni.

Proof. For every j ∈ [d], the matrix Sξ,j is odd-filled and both orbit-diagonal and orbit-
invariant over (Agξ,j , p̄pz) and (Agξ,j+1 , p̄pz), (k − 1)-blurs the twist between (Agξ,j , p̄pz)
and (Agξ,j+1 , p̄pz), and satisfies Agξ,j ,gξ,j+1,p̄pz(Sξ,j) ⊆ Nj by Claim 11.

Because f = gξ,1 and g − ξ = gξ,d+1, Sξ = Sξ,1 · . . . · Sξ,d is orbit-diagonal and
orbit-invariant over (Af , p̄pz) and (Ag−ξ, p̄pz) by Lemmas 47 and 28. By Lemma 30, the
matrix Sξ is odd-filled. It (k − 1)-blurs the twist between (Af , p̄pz) and (Ag−ξ, p̄pz) by
Lemma 25. Finally, Af,g−ξ,p̄pz(Sξ) ⊆

⋃d
i=1 Agξ,j ,gξ,j+1,p̄pz(Sξ,j) ⊆

⋃d
i=1Ni by Lemma 46. ⊣

Claim 13. For every pair of distinct i, j ∈ [d] it holds that Ni ∩Nj = ∅.

Proof. Let i 6= j. Assume that there is an x ∈ Ni ∩ Nj. Then there is a path from ti
to tj of length at most 2r(k). By construction distG(ti, z) = distG(tj , z) = r(k) + 2
and so z /∈ Ni and z /∈ Nj. But that means that there is a cycle of length at most
distG(ti, z) + distG(tj , z) + distG(ti, x) + distG(tj , x) ≤ 4r(k) + 4 contradicting that G has
girth at least 2r(k + 1) ≥ 8r(k) + 4. ⊣

Claim 14. For every ξ ∈ Ξ, every P ∈ orbsk−1((Af , p̄pz)), Q ∈ orbsk−1((Ag−ξ, p̄pz)) of
the same type in (Ag−ξ, p̄pz) as P in (Af , p̄pz), ū ∈ P , v̄ ∈ Q, and ϕ ∈ Aut((Af , p̄)) the
matrix Sξ satisfies Sξ(ū, v̄) = Sξ(ϕ(ū), ϕ(v̄)).
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Proof. Let ξ ∈ Ξ. By Claim 12, the matrix Sξ is orbit-invariant over (Af , p̄pz) and
(Ag−ξ, p̄pz) and thus satisfies the claim for all ϕ ∈ Aut((Af , p̄pz)). But now we also want
to consider automorphisms not fixing pz.

So let P ∈ orbsk−1((Af , p̄pz)), Q ∈ orbsk−1((Ag−ξ, p̄pz)) be of the same type in
(Ag−ξ, p̄pz) as P in (Af , p̄pz), ū ∈ P , v̄ ∈ Q, and ϕ ∈ Aut((Af , p̄)). Let R be the set
of components of ū (and thus of v̄) containing a vertex of N1

G(z) (so in particular z
itself). Let D be the set of the remaining components.

Because ūDv̄D and ϕ(ūDv̄D) are in the same orbit in (Af+ā, p̄), they are also in the
same orbit in (Af+ā, p̄pz) by Claim 8. Hence, there is a ψ ∈ Aut((Af+ā, p̄pz)) satisfy-
ing ϕ(ūDv̄D) = ψ(ūDv̄D). We now apply that Sξ is orbit-invariant over (Af , p̄pz) and
(Ag−ξ, p̄pz):

Sξ(ū, v̄) = Sξ(ūRūD, v̄Rv̄D)

= Sξ(ūRψ(ūD), v̄Rψ(v̄D))

= Sξ(ūRϕ(ūD), v̄Rϕ(v̄D)). (⋆)

For every C ∈ R it holds that C 6⊆ Af,g−ξ,p̄pz(Sξ) ⊆
⋃d

i=1 Ni because N1
G(z) ∩

⋃d
i=1 Ni = ∅,

which follows from Ni = N
r(k)
G (ti) and distG(z, ti) = r(k)+2. So we can apply Condition 2

of the active region because ūR = v̄R if and only if ϕ(ūR) = ϕ(v̄R):

(⋆) = Sξ(ϕ(ūDz
)ūDR

, ϕ(v̄Dz
)v̄DR

)

= Sξ(ϕ(v̄), ϕ(v̄)). ⊣

Claim 15. Let k′ ≤ k − 1, ξ ∈ Ξ, P ′ ∈ orbsk′((Af , p̄pz)), K ⊆ [d], D be the set of all
components C of P ′ satisfying C ⊆ Ni for some i ∈ K, and R be the set of remaining
components. Let Q′ = τ(P ′) ∈ orbsk′((Ag, p̄pz)), ū ∈ P ′, and v̄ ∈ Q′. Then

∑

w̄D∈P ′|D

Sξ(w̄DūR, v̄Dv̄R) =

(

∏

i∈[d]\K

Sξ,i

)

(v̄DūR, v̄Dv̄R)

and Af,f+ā,p̄pz(
∏

i∈[d]\K Sξ,i) ⊆
⋃

i∈[d]\K Ni, where ā ∈ Z
d
2q satisfies ai = (g − ξ)({ti, t′i}) −

f({ti, t′i}) if i /∈ K and ai = 0 otherwise for every i ∈ [d].

Proof. Recall that Sξ = Sξ,1 · . . . · Sξ,d and that Agξ,j ,gξ,j+1,p̄pz(Sξ,j) ⊆ Nj for every j ∈ [d]
by Claim 11. The first part of the claim follows from repeated application of Lemma 48
using that the sets Nj are disjoint (Claim 13). The second part follows from repeated
application of Lemmas 45 and 46. ⊣

We introduce more notation. Let ū ∈ Ak′

such that z ∈ orig(ū). Then ū9z ∈ Ak′−1

is the tuple obtained from ū by deleting the first entry with origin z. This first entry is
denoted by ūz. Similarly to our convention for ūC for a component C in Section 5.2, we
write ūzū

9z not for concatenation but for inserting ūz at the correct position such that
ūzū

9z = ū. Now we are ready to define the Ak × Ak matrix S. For j ∈ {k, 2k} we set
Pj := orbsj((Af , p̄)). We define the P × τ(P ) block of S for every P ∈ Pk. All other
blocks are zero.

SP ×τ(P )(ū, v̄) :=



























∑

ξ∈Ξ,
τ(ξ(ū))=v̄

1 if P is blurrable,

∑

ξ∈Ξ,
τξ(ξ(ūz))=v̄z

Sξ(ξ(ū9z), τ 91
ξ (v̄9z)) if P is not blurrable.
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We first check that we make reasonable use of the matrices Sξ:

Claim 16. Let P ∈ Pk be non-blurrable, ū ∈ P , and v̄ ∈ τ(P ). If ū has the same type in
(Af , p̄) as v̄ has in (Ag, p̄), then for every ξ ∈ Ξ such that τξ(ξ(ūz)) = v̄z, the tuple ξ(ū9z)
has the same type in (Af , p̄pz) as τ 91

ξ (v̄9z) has in (Ag−ξ, p̄pz).

Proof. Let ξ ∈ Ξ such that τξ(ξ(ūz)) = v̄z. Let R be the star component of orig(P ) con-
taining z and let D be the set of remaining components of orig(P ). Then P = P |R × P |D
by Lemma 19. In particular τ(P ) = P |R×τ(P |D) because τ is the identity on star compo-
nents. The orbit τ(P |D) has the same type in (Ag, p̄) as P |D has in (Af , p̄) (Corollary 60)
and τξ(τ(P |D)) has thus the same type in (Ag−ξ, p̄) as P |D has in (Af , p̄) (Claim 3). Be-
cause z ∈ R (P is not blurrable), all components in D have distance at least 2 to z. Thus,
P |D is also an orbit of (Af , p̄pz) (Claim 8) and has the same type in (Af , p̄pz) as τξ(τ(P |D))
has in (Ag−ξ, p̄pz). Because ξ is an orbit-automorphism (Claim 6), ξ(P |D) = P |D. It fol-
lows that ξ(ūD) ∈ P |D and τξ(v̄D) ∈ τξ(τ(P |D)) have the same type.

It suffices to show that ξ(ūR) has the same type in (Af , p̄pz) as τξ(v̄R) has in (Ag−ξ, p̄pz).
Because R contains star components, τξ is the identity on R and so v̄R ∈ P |R. Further,
ξ(ūR) ∈ P |R because ξ is an orbit-automorphism. That is, there is an automorphism
ψ ∈ Aut((Af , p̄)) such that ψ(ξ(ūR)) = v̄R. Because by assumption τξ(ξ(ūz)) = ξ(ūz) = v̄z

(τξ is the identity on vertices with origin z), ψ is the identity on vertices with origin z
and thus ψ ∈ Aut((Af , p̄pz)). That is, ξ(ūR) and v̄R are in the same orbit of (Af , p̄pz).
Because R contains star components, it does not contain any edge twisted by f and g− ξ
and thus ξ(ūR) and v̄R have the same type in (Af , p̄pz) and in (Ag−ξ, p̄pz). ⊣

Claim 17. The matrix S is orbit-diagonal over (Af , p̄) and (Ag, p̄).

Proof. By definition, the only nonzero blocks of S are the P × τ(P ) blocks. By Corol-
lary 60, P and τ(P ) have the same type for every P ∈ Pk. ⊣

Claim 18. The matrix S is orbit-invariant over (Af , p̄) and (Ag, p̄).

Proof. Let ϕ ∈ Aut((Af , p̄)) = Aut((Ag, p̄)), P ∈ Pk, ū ∈ P , and v̄ ∈ Q := τ(P ).
We perform a case distinction: Assume that P is blurrable. The functions τ , ξ, and ϕ
commute (Claim 5) and thus τ(ξ(ϕ(ū))) = ϕ(τ(ξ(ū))) for every ξ ∈ Ξ. Because ϕ is a
bijection, ϕ(τ(ξ(ū))) = ϕ(v̄) if and only if τ(ξ(ū)) = v̄. So

S(ϕ(ū), ϕ(v̄)) =
∑

ξ∈Ξ,
τ(ξ(ϕ(ū)))=ϕ(v̄)

1 =
∑

ξ∈Ξ,
ϕ(τ(ξ(ū)))=ϕ(v̄)

1 =
∑

ξ∈Ξ,
τ(ξ(ū))=v̄

1 = S(ū, v̄).

Otherwise, assume that P is non-blurrable. Then for every ξ ∈ Ξ the following holds
because τξ, ξ, and ϕ commute by Claim 5 and because Sξ is invariant under ϕ by Claim 14:

Sξ(ξ(ϕ(ū9z)), τ 91
ξ (ϕ(v̄9z)))

= Sξ(ϕ(ξ(ū9z)), ϕ(τ 91
ξ (v̄9z)))

= Sξ(ξ(ū9z), τ 91
ξ (v̄9z)).
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Because τξ, ξ, and ϕ commute and because ϕ is a bijection, it holds that τξ(ξ(ϕ(ūz))) =
ϕ(v̄z) if and only if τξ(ξ(ūz)) = v̄z. Hence,

S(ϕ(ū), ϕ(v̄)) =
∑

ξ∈Ξ,
τξ(ξ(ϕ(ūz)))=ϕ(v̄z )

Sξ(ξ(ϕ(ū9z)), τ 91
ξ (ϕ(v̄9z)))

=
∑

ξ∈Ξ,
τξ(ξ(ūz))=v̄z

Sξ(ξ(ū9z), τ 91
ξ (v̄9z)) = S(ū, v̄). ⊣

Claim 19. The matrix S is odd-filled.

Proof. Let P ∈ Pk and ū ∈ P . Then τ(ū) ∈ τ(P ) and because every ξ ∈ Ξ is an orbit-
automorphism (Claim 6), it holds that ξ(ū) ∈ P and τ(ξ(ū)) ∈ τ(P ) for every ξ ∈ Ξ,
too.

Assume first that P is blurrable. Now, we sum up (over F2) the entries in the row
indexed by ū:

∑

v̄∈τ(P )

S(ū, v̄) =
∑

v̄∈τ(P )

∑

ξ∈Ξ,
τ(ξ(ū))=v̄

1 =
∑

ξ∈Ξ,
τ(ξ(ū))∈τ(P )

1 = |Ξ| mod 2.

The last step holds, because – as seen – τ(ξ(ū)) ∈ τ(P ) for every ξ ∈ Ξ. Finally, |Ξ| is
odd by Lemma 51 and so the number of ones in the row indexed by ū is odd, too.

Assume otherwise that P is not blurrable and set Q := τ(P ), which is of the same type
as P (Corollary 60). For every ξ ∈ Ξ we set Qξ := {v̄9z | v̄ ∈ Q, τξ(ξ(ūz)) = v̄z}. Then
Qξ ∈ orbsk−1((Ag, p̄pz)) = orbsk−1((Ag−ξ, p̄pz)) by Corollaries 21 and 15 (the center z has
distance greater than 1 to orig(p̄)).

∑

v̄∈Q

S(ū, v̄) =
∑

v̄∈Q

∑

ξ∈Ξ,
τξ(ξ(ūz))=v̄z

Sξ(ξ(ū9z), τ 91
ξ (v̄9z))

=
∑

ξ∈Ξ

∑

v̄∈Q,
τξ(ξ(ūz))=v̄z

Sξ(ξ(ū9z), τ 91
ξ (v̄9z))

=
∑

ξ∈Ξ

∑

v̄∈Qξ

Sξ(ξ(ū9z), τ 91
ξ (v̄))

=
∑

ξ∈Ξ

∑

v̄∈τ91
ξ

(Qξ)

Sξ(ξ(ū9z), v̄). (⋆)

In the first line of the equation, ξ(ū9z) has the same type in (Af , p̄pz) as τ 91
ξ (v̄9z) has

in (Ag−ξ, p̄pz) for every ξ ∈ Ξ such that τξ(ξ(ūz)) = v̄z (Claim 16). One sees that we
always sum over the same column indices of Sξ (for a fixed ξ) and we only manipulate
the way in which we express the sum. Hence, in the last line, ξ(ū9z) has the same
type in (Af , p̄pz) as v̄ has in (Ag−ξ, p̄pz). By Claim 9, τ 91

ξ (Qξ) ∈ orbsk−1((Ag−ξ, p̄pz)), so
∑

v̄∈τ91
ξ

(Qξ) S
ξ(ξ(ū9z), v̄) = 1 because we sum over all entries in one row of a block on the

diagonal of Sξ and Sξ is odd-filled (Claim 12). It follows that

(⋆) =
∑

ξ∈Ξ

1 = |Ξ| mod 2 = 1.

For the last step we used again that |Ξ| is odd by Lemma 51. ⊣
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Now it follows from Lemma 33 that S is invertible.

Claim 20. Af,g,p̄(S) ⊆ N
r(k+1)
G (t).

Proof. We show that N r(k+1)
G (t) satisfies the conditions of the active region. This implies

that Af,g,p̄(S) ⊆ N
r(k+1)
G (t). To show Condition 1 of the active region, we have to show

that C ⊆ N
r(k+1)
G (t) for every component C ∈ Af,g,p̄(S, P ) for every P ∈ Pk.

Let P ∈ Pk be blurrable and C be a component of P . By definition of ξ and τ , the
matrix S is only active on C if C is a star or a tip component. But this means that
C ⊆ N

r(k)+2+k
G (z) because C is connected, of size at most k, and contains a vertex x of

some s̄i (which have length r(k) + 2). Because distG(z, t) = r(k) + 2, every vertex with
distance at most r(k)+2+k to z has distance at most 2r(k)+4+k ≤ 4r(k)+2 = r(k+1)
to t (one immediately sees that r(k) ≥ k ≥ 2). Thus,

C ⊆ N
r(k)+2+k
G (z) ⊆ N

r(k+1)
G (t).

Let otherwise P ∈ Pk be non-blurrable and C be a component of P . Then S is
possibly active on C if C ⊆ N

r(k)+2+k
G (t) (as seen in the blurrable case) or

C ⊆ Af,g−ξ,p̄pz(Sξ) ⊆
⋃

i∈d

Ni

for some ξ ∈ Ξ (Claim 12). Recall that Ni = N
r(k)
G (ti) and that distG(ti, z) = r(k) + 2 by

construction. If follows that
⋃

i∈d

Ni ⊆ N
4r(k)+2
G (z) = N

r(k+1)
G (t)

because every vertex with distance r(k) to some ti has distance at most 3r(k) + 4 ≤
4r(k) + 2 to t (we again use that r(k) ≥ 2 for k ≥ 2).

To prove Condition 2 of the active region, we see that ξ, τ , and τξ are defined
component-wise (for every ξ ∈ Ξ) and that Af,g−ξ,p̄pz(Sξ) ⊆

⋃

i∈d Ni. ⊣

Now, we want to show that S actually k-blurs the twist. For P ∈ P2k we set
P1 := P |{1,...,k} ∈ Pk and P2 := P |{k+1,...,2k} ∈ Pk to be the unique k-orbits such that
P ⊆ P1 ×P2 (and similar for a Q ∈ Q2k). Our aim is to prove that χP ·S = S ·χQ for ev-
ery P ∈ P2k and Q := τ(P ). Because S is orbit-diagonal and χP

P1×P2
and χQ

Q1×Q2
are the

only nonzero blocks of χP and χQ, it suffices to show that χP
P1×P2

SP2×Q2
= SP1×Q1

χQ
Q1×Q2

.
We begin with blurrable orbits and define the set of indices i ∈ [d] of the blurrer Ξ which
are relevant for a blurrable orbit.

Definition 63. The occupied indices Occ(P ) of a blurrable orbit P ∈ Pk is the set of
indices i ∈ [d], such that there is a component C of P that satisfies C ⊆ Ni or C is an
i-star component.

Note that the definition also covers i-tip components because every i-tip component
is contained in Ni. Also note that |Occ(P )| ≤ k because P is a k-orbit and thus we can
use the blurrer properties later. The following lemma states that if one of P1 and P2 is
blurrable, say P1, then it does not matter whether we apply ξ or ξ′ to P2 as long as ξ
and ξ′ agree on Occ(P1).
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Claim 21. Suppose P ∈ P2k, ξ, ξ′ ∈ Ξ, and ū, v̄ ∈ Ak. If P1 ∈ Pk is blurrable and
ξ|Occ(P1) = ξ′|Occ(P1), then ūξ(v̄) ∈ P if and only if ūξ′(v̄) ∈ P . Likewise, if P2 is blurrable
and ξ|Occ(P2) = ξ′|Occ(P2), then ξ(ū)v̄ ∈ P if and only if ξ′(ū)v̄ ∈ P . The same holds for
Q := τ(P ).

Proof. Consider the case that P1 is blurrable. Assume that ūξ(v̄) ∈ P . Let Ci
1, . . . , C

i
ℓi

be the components of Pi for every i ∈ [2]. Because τ and ξ are defined component-wise,
it suffices by Lemma 19 to assume that P is a k′-orbit of (Af , p̄) for some k′ ≤ k and has
a single component C. The component C is the union of all Ci

j.
First consider the case that C is a star component. Because P1 is blurrable, we can

partition all components C1
j by Claim 2 into D1

1, . . . , D
1
d and D1

R such that D1
i contains all

i-star components for all i ∈ [d] and D1
R the remaining sky components. Set ξ′′ := ξ′ − ξ.

Then ξ′′|Occ(P1) = 0, ξ′′(ξ(v̄)) = ξ′(v̄), and ξ′′ is the identity function on the components
in all D1

i because every D1
i only contains i-star components and is nonempty only if

i ∈ Occ(P1). Additionally, ξ′′ is the identity on the sky components D1
R. Hence ϕξ′′(ū) = ū

by Definition 9. Because C is a star component, we have that

ξ′′(ūξ(v̄)) = ϕξ′′(ūξ(v̄)) = ϕξ′′(ū)ϕξ′′(ξ(v̄)) = ūξ′′(ξ(v̄)) = ūξ′(v̄).

Because ξ′′ is an orbit-automorphism by Claim 6, it holds that ūξ(v̄) ∈ P if and only if
ξ′′(ūξ(v̄)) = ūξ′(v̄) ∈ P .

If otherwise C is not a star component, then none of the Ci
j is a star component and ξ

and ξ′ are the identity function on v̄ and the claim follows immediately. The cases for P2

and Q are analogous. ⊣

Claim 22. For every P ∈ P2k, ξ ∈ Ξ such that ξ|Occ(P ) = ξtwst|Occ(P ), and ū, v̄ ∈ Ak it
holds that ūv̄ ∈ P if and only if τ(ξ(ū))τ(ξ(v̄)) ∈ τ(P ).

Proof. Let P ∈ P2k, ξ ∈ Ξ such that ξ|Occ(P ) = ξtwst|Occ(P ), and ū, v̄ ∈ Ak. Using Claim 7
we obtain ūv̄ ∈ P if and only if τξ(ξ(ū))τξ(ξ(v̄)) ∈ τξ(P ). Because ξ|Occ(P ) = ξtwst|Occ(P ),
the action of τξ and τ is equal on the i-tip components of P for i ∈ Occ(P ). Thus,
τξ(P ) = τ(P ). Similarly, τξ(ξ(ū)) = τ(ξ(ū)) and τξ(ξ(v̄)) = τ(ξ(v̄)). ⊣

For every blurrable orbit P ∈ Pk it holds that |Occ(P )| ≤ k and so we can apply the
blurrer properties as follows:

Claim 23. Let P ∈ P2k and Q = τ(P ). If P1 (and so Q1) and P2 (and so Q2) are
blurrable, then χP · S = S · χQ.

Proof. With the definition of S on blurrable orbits we obtain for ū ∈ P1 and v̄ ∈ Q2 that

(χP · S)(ū, v̄) =
∑

w̄∈P2

χP (ū, w̄) · SP2×Q2
(w̄, v̄)

=
∑

w̄∈P2

χP (ū, w̄) ·
∑

ξ∈Ξ,
τ(ξ(w̄))=v̄

1

=
∑

ξ∈Ξ

χP (ū, ξ91(τ 91(v̄))). (⋆)

Now for every ξ ∈ Ξ, χP (ū, ξ91(τ 91(v̄))) depends only on ξ|Occ(P1) by Claim 21, i.e.,
ξ 7→ χP (ū, ξ91(τ 91(v̄))) is actually a function Ξ|Occ(P1) → F2. Because P1 is a blurrable
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k-orbit, it holds that |Occ(P1)| ≤ k. Then, by Lemma 50, it follows that for some ξtw ∈ Ξ
with ξtw|Occ(P1) = ξtwst|Occ(P1) we have that

(⋆) = χP (ū, ξtw
91(τ 91(v̄)))

= χQ(τ(ξtw(ū)), v̄)

=
∑

ξ∈Ξ

χQ(τ(ξ(ū)), v̄)

=
∑

w̄∈Q1

SP1×Q1
(ū, w̄) · χQ(w̄, v̄)

= (S · χQ)(ū, v̄),

where the transition from P to Q is by Claim 22. The last step is the inverse reasoning
as for P using Claim 21. ⊣

Next, we want to consider the case that P1 is blurrable and P2 is not (or vice versa,
which is symmetric). We would like to use Claim 22 as in the case that both P1 and P2

are blurrable. But this is not sufficient because SP2×τ(P2) is defined using the matrices Sξ.
We show that the matrices Sξ cancel out in this case. Intuitively, the idea is to use that
the active regions of the Sξ,i are disjoint (Claim 13). As a consequence the matrices Sξ,i

for all i /∈ Occ(P1) cancel out. For the remaining Sξ,i we use the blurrer properties to
show that they vanish.

Claim 24. Suppose P ∈ P2k and Q = τ(P ). If P1 is blurrable and P2 is not, then
χP · S = S · χQ.

Proof. We first unfold the definition of S. Let ū ∈ P1 and v̄ ∈ Q2.

(χP · S)(ū, v̄) =
∑

w̄∈P2

χP (ū, w̄) · SP2×Q2
(w̄, v̄)

=
∑

w̄∈P2

χP (ū, w̄) ·
∑

ξ∈Ξ,

ξ(w̄z)=τ91
ξ

(v̄z)

Sξ(ξ(w̄9z), τ 91
ξ (v̄9z))

=
∑

ξ∈Ξ

∑

w̄∈P2,

ξ(w̄z)=τ91
ξ

(v̄z)

χP (ū, w̄) · Sξ(ξ(w̄9z), τ 91
ξ (v̄9z)). (⋆)

For every ξ ∈ Ξ, we set P ′
ξ,2 := {w̄9z | w̄ ∈ P2, w̄z = ξ(v̄z)} (note that τ 91

ξ (v̄z) = v̄z

because orig(v̄z) = z). Here w̄ξ91(τ 91
ξ (v̄z)) denotes the tuple w̄′ such that w̄′9z = w̄ and

w̄′
z = ξ91(τ 91

ξ (v̄z)). It holds that P ′
ξ,2 ∈ orbsk−1((Af , p̄pz)) by Corollary 21. Then

(⋆) =
∑

ξ∈Ξ

∑

w̄∈P ′

ξ,2

χP (ū, w̄ξ91(τ 91
ξ (v̄z))) · Sξ(ξ(w̄), τ 91

ξ (v̄9z)).

Let K ⊆ [d] be the maximal set of indices, such that there is no component C of P1

satisfying C ⊆ Ni. So in particular Occ(P1) ⊆ [d] \ K. We partition the components
of P2 as follows:

• Let D be the set of components C of P2 that are also components of P and satisfy
C ⊆ Ni for some i ∈ K.
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• Let E be the set of C of P2 that are not contained in D and satisfy C ⊆ Ni for
some i ∈ [d].

• Let R be the set of all remaining components of P2.

We split w̄ = w̄Dw̄Ew̄R into the components belonging to D, E, and R. We split
v̄ = v̄Dv̄E v̄Rv̄z likewise, where, for simplicity, we set v̄D := v̄9z

D and similar for v̄E and v̄R.
From Lemma 19 it follows that P ′

ξ,2 = P ′
ξ,2|D × P ′

ξ,2|E∪R and P = P |D × P |R′ , where R′

are the components of P not contained in D. By the definition of K and D, we have
that P |D = P ′

ξ,2|D because the components in D are components of P , are disjoint with
orig(P1), and do not contain z (z /∈ Ni for all i ∈ [d]). We obtain that

(⋆)

=
∑

ξ∈Ξ

∑

w̄D∈P ′

ξ,2
|D

∑

w̄Ew̄R∈P ′

ξ,2
|E∪R

χP (ū, w̄Dw̄Ew̄Rξ
91(τ 91

ξ (v̄z))) · Sξ(ξ(w̄Dw̄Ew̄R), τ 91
ξ (v̄Dv̄E v̄R))

=
∑

ξ∈Ξ

∑

w̄Ew̄R∈P ′

ξ,2
|E∪R

χP |R′ (ū, w̄Ew̄Rξ
91(τ 91

ξ (v̄z))) ·
∑

w̄D∈P ′

ξ,2
|D

Sξ(ξ(w̄Dw̄Ew̄R), τ 91
ξ (v̄Dv̄E v̄R)).

By Claim 4, the functions ξ and τξ can be applied component-wise. For every ξ, the
matrix Sξ is not active on the components in R (by definition of R and Claim 12). Thus,
ξ(w̄R) = τ 91

ξ (v̄R) unless Sξ(ξ(w̄Dw̄Ew̄R), τ 91
ξ (v̄Dv̄E v̄R)) = 0. We again use Lemma 19 to

split P ′
ξ,2|E∪R = P ′

ξ,2|E ×P ′
ξ,2|R. Such a split of P is not possible because the components

of P ′
ξ,2 in E and R might not be components of P . Here we have ξ91(τ 91

ξ (v̄R))ξ91(τ 91
ξ (v̄z)) =

ξ91(τ 91
ξ (v̄Rv̄z)) because if C∪{z} is a component, then C∪{z} is a star component and C

is a union of star and sky components. Thus,

(⋆)

=
∑

ξ∈Ξ

∑

w̄E∈P ′

ξ,2
|E

χP |R′ (ū, w̄Eξ
91(τ 91

ξ (v̄Rv̄z))) ·
∑

w̄D∈P ′

ξ,2
|D

Sξ(ξ(w̄Dw̄E)τ 91
ξ (v̄R), τ 91

ξ (v̄Dv̄E v̄R)).

We know that P ′
ξ,2|D ∈ orbsk′((Af , p̄pz)) for some k′ ≤ k − 1 by Lemma 19. Because ξ

is an orbit-automorphism for every ξ ∈ Ξ (Claim 6) and D contains no star center
components, every ξ ∈ Ξ permutes P ′

ξ,2|D. Hence, we can sum over ξ(w̄D) ∈ P ′
ξ,2|D

instead over w̄D ∈ P ′
ξ,2|D. Then we can apply Claim 15:

(⋆) =
∑

ξ∈Ξ

∑

w̄E∈P ′

ξ,2
|E

χP |R′ (ū, w̄Eξ
91(τ 91

ξ (v̄Rv̄z))) ·





∏

i∈[d]\K

Sξ,i



 (τ 91
ξ (v̄D)ξ(w̄E)τ 91

ξ (v̄R), τ 91
ξ (v̄Dv̄E v̄R)).

We show that this term only depends on ξ|[d]\K as follows: Let ξ, ξ′ ∈ Ξ such that
ξ|[d]\K = ξ′|[d]\K .

(a) Consider the right term (
∏

i∈[d]\K Sξ,i)(·, ·) in the equation. First, Sξ,i = Sξ′,i for
every i ∈ [d]\K by construction of the matrices Sξ,i because ξ(i) = ξ′(i). Because R
does not contain tip components, it holds that τξ(v̄R) = v̄R. Second, all components
in E are contained in some Ni for i ∈ [d] \K by definition of E. That is, ξ(w̄E) =
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ξ′(w̄E) and τξ(v̄E) = τξ′(v̄E). Third, the active region of
∏

i∈[d]\K Sξ,i is bounded
by

⋃

i∈[d]\K Ni by Claim 15. Because components in D ∪ R are not contained in
⋃

i∈[d]\K Ni by definition of D and R, we can exploit Condition 2 of the active
region and apply τξ to v̄D and v̄R on both sides (because τξ is a bijection), that is,





∏

i∈[d]\K

Sξ,i



 (τ 91
ξ (v̄D)ξ(w̄E)τ 91

ξ (v̄R), τ 91
ξ (v̄Dv̄E v̄R))

=





∏

i∈[d]\K

Sξ,i



 (v̄Dξ(w̄E)v̄R, v̄Dτ
91
ξ (v̄E)v̄R)

=





∏

i∈[d]\K

Sξ,i



 (v̄Dξ
′(w̄E)v̄R, v̄Dτ

91
ξ′ (v̄E)v̄R)

=





∏

i∈[d]\K

Sξ′,i



 (τ 91
ξ′ (v̄D)ξ′(w̄E)τ 91

ξ′ (v̄R), τ 91
ξ′ (v̄Dv̄E v̄R)).

(b) Now consider the left term χP |R′ (·, ·). First, note that R does not contain tip
components and thus τ 91

ξ (v̄Rv̄z) = v̄Rv̄z. Second, ūw̄Eξ
91(v̄Rv̄z) ∈ P |R′ if and only

if ūw̄Eξ
′91(v̄Rv̄z) ∈ P |R′ by Claim 21: By repeating entries, one sees that Claim 21

also holds for k′-orbits with k′ ≤ 2k and a partition of [k′] into two parts each of
size at most k. Hence,

χP |R′ (ū, w̄Eξ
91(τ 91

ξ (v̄Rv̄z))) = χP |R′ (ū, w̄Eξ
′91(τ 91

ξ′ (v̄Rv̄z))).

Hence, the Equation (⋆) is of the form
∑

ξ∈Ξ h(ξ|[d]\K) for some function h : Ξ|[d]\K → F2.
Because P1 contains k-tuples, it holds that |K| ≥ d − k and hence that |[d] \ K| ≤ k.
That is, we can apply Lemma 50 and obtain for some ξtw ∈ Ξ, which satisfies that
ξtw|[d]\K = ξtwst|[d]\K , the following:

(⋆) =
∑

w̄E∈P ′

ξtw,2
|E

χP |R′ (ū, w̄Eξtw
91(τ 91

ξtw
(v̄Rv̄z))) ·





∏

i∈[d]\K

Sξtw,i



 (τ 91
ξtw

(v̄D)ξtw(w̄E)τ 91
ξtw

(v̄R), τ 91
ξtw

(v̄D v̄E v̄R)).

Now, the matrices Sξtw,i in the equation blur a twist of value 0 for every i ∈ [d] \ K:
Sξtw,i blurs a twist of value (g − ξtw − f)({ti, t′i}) = (ξtwst − ξtw)(i), which is 0 for every
i ∈ [d] \ K because ξtw|[d]\K = ξtwst|[d]\K . That is, Sξtw,i = 1 by definition (cf. Claim 11)
and ξtw(w̄E) = τ 91

ξtw
(v̄E) unless the right factor is zero. Hence,

(⋆) = χP |R′ (ū, ξtw
91(τ 91

ξtw
(v̄E v̄Rv̄z))).

On the components of E the functions τ and τξtw
act equally because ξtw|[d]\K = ξtwst|[d]\K .

On R, both are the identity. Hence, τ 91
ξtw

(v̄E v̄Rv̄z) = τ 91(v̄E v̄Rv̄z) and

(⋆) = χP |R′ (ū, ξtw
91(τ 91(v̄E v̄Rv̄z))).
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We show that ūξtw
91(τ 91(v̄E v̄Rv̄z)) ∈ P |R′ if and only if ūξtw

91(τ 91(v̄Dv̄E v̄Rv̄z)) ∈ P . This
holds because D is a set of component of P , v̄D ∈ Q|D, and τ 91(v̄D) ∈ P |D if and only if
v̄D ∈ Q|D by Claim 22 and τ 91(v̄D) ∈ P |D if and only if ξtw

91(τ 91(v̄D)) ∈ P |D by Claim 6.
It follows that

(⋆) = χP (ū, ξtw
91(τ 91(v̄Dv̄E v̄Rv̄z))) = χP (ū, ξtw

91(τ 91(v̄))).

We finish the proof similar to Claim 23 because P1 (and thus Q1) is blurrable:

(⋆) = χQ(τ(ξtw(ū)), v̄)

=
∑

ξ∈Ξ

χQ(τ(ξ(ū)), v̄)

=
∑

w̄∈Q1

SP1×Q1
(ū, w̄) · χQ(w̄, v̄)

= (S · χQ)(ū, v̄). ⊣

The case when P2 is blurrable and P1 is not is analogous. Finally, to solve the case
where both P1 and P2 are non-blurrable, we argue with the induction hypothesis for the
matrices Sξ (Claim 12). It formally becomes elaborate for two reasons. First, we need
to argue precisely that the types of occurring orbits are the same. Second, we need to
treat the components containing z differently (Claim 10) because in the recursive step
we have pz as an additional parameter and thus cannot apply the orbit-automorphisms
ξ ∈ Ξ freely (because they are not the identity function on pz). These components can be
treated specially because they are not contained in the active region of the matrices Sξ.

Claim 25. Suppose P ∈ P2k and Q = τ(P ). If P1 and P2 are non-blurrable, then
χP · S = S · χQ.

Proof. Let ū ∈ P1 and v̄ ∈ Q2. We expand the definition of S:

(χP · S)(ū, v̄) =
∑

w̄∈P2

χP (ū, w̄) · SP2×Q2
(w̄, v̄)

=
∑

w̄∈P2

χP (ū, w̄) ·
∑

ξ∈Ξ,

ξ(w̄z)=τ91
ξ

(v̄z)

Sξ(ξ(w̄9z), τ 91
ξ (v̄9z))

=
∑

ξ∈Ξ

∑

w̄∈P2,

w̄z=ξ91(τ91
ξ

(v̄z))

χP (ū, w̄) · Sξ(ξ(w̄9z), τ 91
ξ (v̄9z)). (⋆)

We define for every ξ ∈ Ξ

Pξ :=
{

ū′9zw̄′9z
∣

∣

∣ ū′ ∈ P1, w̄
′ ∈ P2, ū

′w̄′ ∈ P, ū′
z = ūz, w̄

′
z = ξ91(τ 91

ξ (v̄z))
}

,

Pξ,2 :=
{

w̄′9z
∣

∣

∣ w̄′ ∈ P2, w̄
′
z = ξ91(τ 91

ξ (v̄z))
}

.

By Lemma 20, we have that Pξ ∈ orbs2k−2((Af , p̄pz)) ∪ {∅} and, by Corollary 21, that
Pξ,2 ∈ orbsk−1((Af , p̄pz)). It depends on ξ ∈ Ξ whether the set Pξ is empty. We continue
the equation:

(⋆) =
∑

ξ∈Ξ

∑

w̄∈Pξ,2

χPξ(ū9z, w̄) · Sξ(ξ(w̄), τ 91
ξ (v̄9z)).
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We use that Sξ is invariant under automorphism of (Af , p̄) (Claim 14) and that ξ is an
orbit-automorphism (Claim 6) for very ξ ∈ Ξ.

(⋆) =
∑

ξ∈Ξ

∑

w̄∈Pξ,2

χPξ(ū9z, w̄) · Sξ(w̄, ξ91(τ 91
ξ (v̄9z)))

=
∑

ξ∈Ξ

(χPξ · Sξ)(ū9z, ξ91(τ 91
ξ (v̄9z)))

=
∑

ξ∈Ξ

(Sξ · χQξ)(ū9z, ξ91(τ 91
ξ (v̄9z)))

=
∑

ξ∈Ξ

∑

w̄∈Qξ,1

Sξ(ū9z, w̄) · χQξ(w̄, ξ91(τ 91
ξ (v̄9z))),

where Qξ ∈ orbs2k−2((Ag−ξ, p̄pz)) has the same type in (Ag−ξ, p̄pz) as Pξ has in (Af , p̄pz)
and Qξ,1 := Qξ|[k−1] for every ξ ∈ Ξ (or Qξ = Qξ,1 = ∅ if Pξ = ∅). The step from Pξ to Qξ

is possible because Sξ blurs the twist between (Af , p̄pz) and (Ag−ξ, p̄pz) for every ξ ∈ Ξ
(Claim 12).

We analyze the structures of these orbits. Let R be the star center component of P
(and so of Q). (Note that R may be split into multiple components for P1, P2, Pξ, etc.).
We apply Lemma 19 to split P = P |R × P |D, Pξ = Pξ|R × Pξ|D, and Qξ = Qξ|R × Qξ|D
for every ξ ∈ Ξ, where D is the set of components of P apart from R. The components
in D have distance greater than 1 to z because z ∈ R. Hence, P |D = Pξ|D and

P = P |R × Pξ|D

for every ξ ∈ Ξ. Because Pξ|R has the same type in (Af , p̄pz) as Qξ|R has in (Ag−ξ, p̄pz)
and their origins do not contain any of the vertices t′i, it even follows that Pξ|R = Qξ|R
for every ξ ∈ Ξ because (Af , p̄pz)[R] = (Ag−ξ, p̄pz)[R]. So

Qξ = Pξ|R ×Qξ|D

for every ξ ∈ Ξ. For readability, we set ūD := ū9z
D and ūR := ū9z

R . Then ū9z = ūRūD. We
perform the same for v̄9z = v̄Rv̄D and w̄ = w̄Rw̄D. So we obtain in the next step that

(⋆) =
∑

ξ∈Ξ

∑

w̄Rw̄D∈Qξ,1

Sξ(ūRūD, w̄Rw̄D) · χQξ(w̄Rw̄D, ξ
91(τ 91

ξ (v̄Rv̄D))).

We set
QD := τξ(Qξ|D)

for some ξ ∈ Ξ. Claim 10 states that QD is an orbit of (Ag, p̄pz) and has the same
type in (Ag, p̄pz) as Qξ|D has in (Ag−ξ, p̄pz). As seen before, this is the same type as
Pξ|D has in (Af , p̄pz). Because, as already seen, Pξ|D = P |D for every ξ ∈ Ξ, the type
of QD is independent of ξ and QD is well-defined. So QD is also an orbit of (Ag, p̄) and
ξ(QD) = QD for every ξ ∈ Ξ because ξ is an orbit-automorphism (Claim 6). Thus,
QD = ξ(τξ(Qξ|D)) for every ξ ∈ Ξ. We set for every ξ ∈ Ξ

Q′
ξ := Qξ|R ×QD = Pξ|R ×QD.
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By Claim 10, for every ξ ∈ Ξ it holds that

χQξ(w̄Rw̄D, ξ
91(τ 91

ξ (v̄Rv̄D)))

= χQ′

ξ(w̄Rξ(τξ(w̄D)), ξ91(τ 91
ξ (v̄R))ξ(τξ(ξ91(τ 91

ξ (v̄D)))))

= χQ′

ξ(w̄Rξ(τξ(w̄D)), ξ91(τ 91
ξ (v̄R))v̄D).

We used that ξ and τξ commute (Claim 5) and can be applied component-wise (Claim 4).
With Q′

ξ,1 := Q′
ξ|[k−1] for every ξ ∈ Ξ, we obtain that

(⋆) =
∑

ξ∈Ξ

∑

w̄Rw̄D∈Qξ,1

Sξ(ūRūD, w̄Rw̄D) · χQ′

ξ(w̄Rξ(τξ(w̄D)), ξ91(τ 91
ξ (v̄R))v̄D)

=
∑

ξ∈Ξ

∑

w̄Rw̄D∈Q′

ξ,1

Sξ(ūRūD, w̄Rξ
91(τ 91

ξ (w̄D))) · χQ′

ξ(w̄Rw̄D, ξ
91(τ 91

ξ (v̄R))v̄D).

We claim that
Q = P |R ×QD.

First, P |R ×QD ∈ orbs2k((Ag, p̄)) by Lemma 19. Both parts are orbits and their origins
are not connected. Second, because QD has the same type in (Ag, p̄pz) as Pξ|D = P |D in
(Af , p̄pz), QD has also the same type in (Ag, p̄) as Pξ|D = P |D in (Af , p̄). Because the
components in R do not contain a twisted edge, P |R = Q|R and so indeed Q = P |R ×QD.
Because Q′

ξ|R = Pξ|R and by the definition of Pξ|R, it holds that w̄Rw̄Dξ
91(τ 91

ξ (v̄R)) ∈ Q′
ξ

if and only if w̄zw̄Rw̄D, ξ
91(τ 91

ξ (v̄z v̄R)) ∈ Q. We continue as follows:

(⋆) =
∑

ξ∈Ξ

∑

w̄Rw̄D∈Q′

ξ,1

Sξ(ūRūD, w̄Rξ
91(τ 91

ξ (w̄D))) · χQ(ūzw̄Rw̄D, ξ
91(τ 91

ξ (v̄zv̄R))v̄D)

=
∑

ξ∈Ξ

∑

w̄zw̄Rw̄D∈Q1,
w̄z=ūz

Sξ(ūRūD, w̄Rξ
91(τ 91

ξ (w̄D))) · χQ(w̄zw̄Rw̄D, ξ
91(τ 91

ξ (v̄z v̄R))v̄D).

For every ξ ∈ Ξ, it holds that ξ91(τ 91
ξ (Q|R)) = Q|R because τξ is the identity function

on R-vertices (R is a star center component) and because ξ is an orbit-automorphism
(Claim 6). So by Lemma 19, ξ91(τ 91

ξ (w̄R))w̄D ∈ Q if and only if w̄Rw̄D ∈ Q for every
ξ ∈ Ξ. We substitute w̄Rw̄D 7→ ξ91(τ 91

ξ (w̄R))w̄D (this is a bijection).

(⋆)

=
∑

ξ∈Ξ

∑

w̄zw̄Rw̄D∈Q1,

ξ91(τ91
ξ

(w̄z))=ūz

Sξ(ūRūD, ξ
91(τ 91

ξ (w̄R))ξ91(τ 91
ξ (w̄D))) ·

χQ(ξ91(τ 91
ξ (w̄zw̄R))w̄D, ξ

91(τ 91
ξ (v̄z v̄R))v̄D)

=
∑

ξ∈Ξ

∑

w̄zw̄Rw̄D∈Q1,

ξ91(τ91
ξ

(w̄z))=ūz

Sξ(ūRūD, ξ
91(τ 91

ξ (w̄Rw̄D))) · χQ(ξ91(τ 91
ξ (w̄zw̄R))w̄D, ξ

91(τ 91
ξ (v̄z v̄R))v̄D)

=
∑

ξ∈Ξ

∑

w̄zw̄Rw̄D∈Q1,

ξ91(τ91
ξ

(w̄z))=ūz

Sξ(ūRūD, ξ
91(τ 91

ξ (w̄Rw̄D))) · χQ(w̄zw̄Rw̄D, v̄zv̄Rv̄D).

In the last step we again used that τξ is the identity on the R-component and that ξ is
an orbit-automorphism. We finish the proof with the reverse steps as to how we started
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it.

(⋆) =
∑

ξ∈Ξ

∑

w̄∈Q1,

ξ91(τ91
ξ

(w̄z))=ūz

Sξ(ū9z, ξ91(τ 91
ξ (w̄9z))) · χQ(w̄, v̄)

=
∑

w̄∈Q1

∑

ξ∈Ξ,

ξ(ūz)=τ91
ξ

(w̄z)

Sξ(ū9z, ξ91(τ 91
ξ (w̄9z))) · χQ(w̄, v̄)

=
∑

w̄∈Q1

S(ū, w̄) · χQ(w̄, v̄)

= (S · χQ)(ū, v̄). ⊣

Claims 23, 24, and 25 show that S indeed k-blurs the twist between (Af , p̄) and (Ag, p̄).
This finishes the proof of Lemma 58.

Remark 64. We checked our construction in the proof for k ≤ 2 on the computer. For
larger k it was computationally not tractable.

10 Separating Rank Logic from Choiceless Polyno-

mial Time

In this section we finally separate rank logic from CPT. To apply Lemma 58, we need to
construct a suitable class of base graphs.

Lemma 65. For every n ∈ N, there is a regular graph that has degree at least n, girth at
least n, and is n-connected.

Proof. A (d, g)-cage is a d-regular graph with girth g of minimum order. For every odd
g ≥ 7, every (d, g)-cage is ⌈d

2
⌉-connected [2]. So it suffices to show that for every n there

is a d ≥ 2n and an odd g ≥ n such that there is a (d, g)-cage. For every d ≥ 2 and g ≥ 3
there is a d-regular graph of girth g [32] and so in particular a (d, g)-cage.

Lemma 66. Let G = (V,E) be a d-regular graph of girth at least 2(ℓ + 2) + 1 for some
ℓ ∈ N. Then for every set V ′ ⊆ V of size |V ′| < d, there is a vertex x ∈ V such that
distG(V ′, x) > ℓ.

Proof. For every y ∈ V and i ≤ ℓ+2 it holds that |N i
G(y)| = 1+d

∑i−1
j=0(d−1)j because G

is d-regular and has girth at least 2(ℓ+ 2) + 1 and thus G[N i
G(y)] is a tree, in which the

root y has d many subtrees, which are all complete (d− 1)-ary trees of height i− 1. Let
y ∈ V ′. Then

∣

∣

∣N ℓ+2
G (y) \

⋃

z∈V ′

N ℓ
G(z)

∣

∣

∣ ≥ 1 + d
ℓ+1
∑

j=0

(d− 1)j − |V ′| ·



1 + d
ℓ−1
∑

j=0

(d− 1)j





≥ d
ℓ+1
∑

j=0

(d− 1)j − (d− 1) − d
ℓ
∑

j=0

(d− 1)j

≥ d(d− 1)ℓ+1 − (d− 1) > 0.

Hence, there is at least one x ∈ V satisfying the claim.
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Theorem 67. There is a class of base graphs K, such that for every k,m ∈ N, there is
a graph G = (V,E,≤) ∈ K and a q ∈ N such that CFI2q (G, f) ≡

2k+m,k,{2}
M CFI2q (G, g) for

every f, g : E → Z2q satisfying
∑

g =
∑

f + 2q−1.

Proof. Let K be the class of graphs given by Lemma 65 for every n ∈ N equipped with
some total order. Let k,m ∈ N and G ∈ K such that it has degree d ≥ d(k,m) > m,
girth at least 2(2r(k+ 1) + 2) + 1, and G is at least (2k+m+ 1)-connected. Let q = q(k),
e = {x, y} ∈ E, and g, f : E → Z2q such that

∑

g =
∑

f + 2q−1. Up to isomorphism of
the CFI structures, we can assume that e is the only edge twisted by f and g and that
g(e) = f(e) + 2q−1. Let Af = CFI2q (G, f) and Ag = CFI2q (G, g) both with universe A.
We show that Duplicator has a winning strategy in the invertible-map game M2k+m,k,{2}

played on Af and Ag.
We consider the case where m many pebbles are placed on the structures. Starting

with fewer pebbles makes the proof more elaborate, without providing any additional in-
sights. Let ū ∈ A2k+m and v̄ ∈ A2k+m such that the type of ū in Af is the same as of v̄ in Ag

and e 6⊆ orig(ū), i.e., there exists a local isomorphism mapping ū to v̄. Assume we play
on (Af , ū) and (Ag, v̄). Let P ∈ orbs2k+m((Af , ū)) contain ū and Q ∈ orbs2k+m((Ag, v̄))
contain v̄. Because ū and v̄ have the same type, P and Q have the same type. Because
e 6⊆ orig(ū), we have that Af [orig(P )] = Ag[orig(Q)] and thus P = Q. That is, there is an
automorphism ϕ ∈ Aut(Ag) such that ϕ(v̄) = ū (Corollary 13). Up to isomorphism, we
can continue the game on (Af , ū) and ϕ((Ag, v̄)) = (Ag, ū). Spoiler picks up 2k pebbles on
each graph leaving us with the structures (Af , w̄) and (Ag, w̄) for some w̄ ∈ Am, where w̄
has the same type in Af and in Ag.

There is a vertex z ∈ V such that distG(orig(w̄), z) > 2r(k+ 1) by Lemma 66. We can
assume up to exchanging x and y that e∩ orig(w̄) ⊆ {x} because e 6⊆ orig(w̄). Because G
is (2k + m + 1)-connected, there is a path s̄ = (x, y, . . . , z′, z) such that s̄ and orig(w̄)
are disjoint apart from x. Then we apply the path isomorphism ψ := ~π[2q−1, s̄] and
w.l.o.g. can continue the game on (Af , w̄) and ψ((Ag, w̄)) = (Ah, w̄), where f and h only
twist the edge {z, z′}. Now between Af and Ah the twist is moved sufficiently far away
from orig(w̄).

Duplicator chooses the partitions P := orbs2k((Af , w̄)) and Q := orbs2k((Ah, w̄)) of
Ak × Ak and the invertible matrix S that k-blurs the twist between (Af , w̄) and (Ah, w̄)
given by Lemma 58. By construction, the conditions of the lemma are satisfied. The
matrix S induces a map P → Q mapping P 7→ Q if and only if P and Q have the same
type in (Af , w̄) respectively (Ah, w̄) (Definition 24). Spoiler chooses orbits P ∈ P and
Q ∈ Q of the same type and ū′ ∈ P and v̄′ ∈ Q. Then ū′ has the same type in (A, w̄)
as v̄′ in (Ah, w̄). So w̄ū′ and w̄v̄′ induce a local isomorphism and the next round starts.

As we can see, we are in the same situation as before, that is w̄ū′ and w̄v̄′ have the
same type in Af and Ah respectively and we can apply Duplicator’s strategy again. So
Duplicator has winning strategy in the M2k+m,k,{2}-game.

Theorem 68. There is a class of τ -structures K, such that IFP+R < Ptime on K and
CPT = Ptime on K.

Proof. Let K′ be the graph class from Theorem 67, and set K := CFI2ω (K′) (recall Def-
inition 22). We want to show that the CFI query for K is not IFP+R-definable. This
is the task of deciding whether for a given CFI2q(G, f) ∈ K it holds that

∑

f = 0. By
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Lemma 23, it suffices to show that the CFI query is not IFP+R{2}-definable. The claim
follows from Lemma 3 and Theorem 67.

We now argue that CPT captures Ptime on K. By Theorem 2, it suffices to show that
K is a class of structures with abelian and ordered colors (cf. Section 3). By Lemma 5, the
colors are abelian and it remains to define for every color class an ordered and transitive
permutation group in CPT. Every gadget forms a color class. As seen in Section 5, every
gadget forms a 1-orbit and has a regular, so in particular transitive, automorphism group
(Lemmas 12 and 17). Consider a degree d gadget. Then every automorphism ϕ of the
gadget can be identified with a tuple ā ∈ Z

d
2q satisfying

∑

ā = 0 such that ϕ(u) = v
if and only if ā(u) = v. Indeed, every such tuple represents an automorphism. So the
automorphism group of the gadget can be represented by {ā ∈ Z

d
2q |

∑

ā = 0}, which is
a CPT-definable set (the tuples, although of unbounded length, can be represented by
standard set encoding of tuples). This set can be ordered using the lexicographical order
on tuples. Because the base graph is ordered, the automorphism corresponding to the
tuple ā is CPT-definable: The i-th entry defines the action on the i-th outgoing edge,
which is definable using the relation RI .

11 Discussion

We showed that rank logic does not capture CPT and in particular not Ptime on the
class of CFI structures over rings Z2i , even if the base graph is totally ordered. To do
so, we used combinatorial objects called blurrers and a recursive approach over the arity.
The non-locality of k-tuples for k > 1 increased the difficulty of k-ary rank operators
dramatically compared to the arity 1 case. It was suggested in [17] that CFI graphs
over Z4 could be a separating example for rank logic and Ptime. Our concepts for blurrers
required rings Z2i with i > 2 for higher arities. Actually, our computer experiments to
check Lemma 58 indicate that CFI graphs over Z4 could possibly be distinguished using
the k-ary invertible map game for k > 1. It might also be possible that the CFI query
over Z4 is definable in rank logic using rank operators of higher arities, but this remains
an open question.

There are various definitions of rank logic, which slightly differ in the way the matrices
in the rank operator are defined. In particular, there is an extension, in which rank
operators not only bind universe variables, but also numeric variables [17, 25, 30]. It is not
clear whether this extension is more expressive or not. However, for a suitable adaptation
of the invertible-map game, which also supports numeric variables to construct matrices,
we strongly believe that our arguments work exactly the same. In fact, we think that
at least in the invertible-map game numeric variables do not increase the expressiveness
and thus our arguments directly apply.

A natural question is how rank logic can be extended such that it can define the CFI
query. We have shown that it is not sufficient to compute ranks over finite fields only.
Even more, our construction applies to arbitrary linear-algebraic operators over finite
fields [12]. However, it is not clear how rank logic can be extended to rings Zi. Over
rings, there are several non-equivalent notions of the rank of a matrix. For a discussion
see [9, 30]. As opposed to rank logic, solvability logic can easily be extended to rings
and thus should be able to define the CFI query over all Zi. Notably, such an extension

61



would also capture Ptime on structures with bounded and abelian colors [30].
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