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Abstract

In this paper, we study the sampling problem for first-order logic proposed recently by
Wang et al.—how to efficiently sample a model of a given first-order sentence on a finite do-
main? We extend their result for the universally-quantified subfragment of two-variable logic
FO? (UFO?) to the entire fragment of FO?. Specifically, we prove the domain-liftability
under sampling of FO?, meaning that there exists a sampling algorithm for FO? that runs in
time polynomial in the domain size. We then further show that this result continues to hold
even in the presence of counting constraints, such as Vo3_,y : p(z,y) and I_,aVy : o(z,y),
for some quantifier-free formula ¢(z, y). Our proposed method is constructive, and the result-
ing sampling algorithms have potential applications in various areas, including the uniform
generation of combinatorial structures and sampling in statistical-relational models such as
Markov logic networks and probabilistic logic programs.

1 Introduction

Let I denote a function-free first-order sentence formed over a vocabulary P, and let A be a
finite domain. A model of I' interprets each predicate in P over A such that the interpretation
satisfies I'. ' We use Mpr A to denote the set of all models of I' over A. The uniform first-order
model sampling problem on I' over A is to uniformly generate a model p of ' according to the
probability P[u] = 1/|Mp a|. The weighted variant of this problem adds nonnegative weights
to atomic facts and their negations in the models; the total weight of a model is the product
of its facts’ weights. The problem is then to sample a model according to a probability strictly
proportional to its weight.

We investigate the symmetric weighted first-order model sampling problem (WFOMS) for the
two-variable fragment FO? of first-order logic. The term “symmetric” refers to the property that
the weights are determined solely by the relation symbol. In this paper, we focus on studying
the data complexity of WFOMS—the complexity of sampling a model when the I and w and w
are fixed, and the domain is considered as an input. In particular, we are interested in designing



a domain-lifted weighted model sampler for FO?, which runs in time polynomial in the size of
the domain.

The WFOMS was first considered by Wang et al. [I] who showed that the data complexity
of WFOMS is in polynomial time for formulas of the universally-quantified subfragment UFO?
of FO2. The subfragment UFO?, comprising of sentences of the form VaVy : 1 (x,y) with some
quantifier-free formula ¢ (z,y), is proved to admit a lifted weighted model sampler, and then
identified to be domain-liftable under sampling.

Symmetric weighted model sampling problems have a wide range of practical applications.
For example, many problems related to the generation of combinatorial structures can easily
be formulated as WFOMS and solved using the techniques developed for this problem. There
are also applications of WFOMS in the realm of statistical-relational learning (SRL) [2]. It is
known that probabilistic inference in many SRL models is reducible to weighted first-order model
counting (WFOMC) [3, 4], and the same reduction can also be applied to the corresponding
sampling problems.

Among the various applications of WFOMS, the input first-order sentences are usually com-
plex and go beyond the fragment of UFO?. For instance, even the very simple problem of uni-
formly generating graphs with no isolated vertices necessitates the utilization of the existentially-
quantified formula Vz3y : E(z,y) to encode the constraint that every vertex must have at least
one incident edge. However, directly extending the approach described in [I] to FO? is in-
feasible. As the authors showed, their technique would at some point need to solve #P-hard
problems: “...applying our sampling algorithm on an FO? sentence with existential quanti-
fiers is intractable (not domain-lifted) unless FP=#P,...”. We stress here that they did not
show the intractability of WFOMS for the FO? fragment, but rather the infeasibility of their
specific method, indicating that a distinct sampling approach is required. Moreover, the stan-
dard Skolemization techniques used in automated reasoning [5] and WFOMC [4] to eliminate
existential quantifiers beforehand are not applicable to WFOMS, as they introduce either func-
tions or negative weights, which make the resulting sampling problem ill-defined. This further
complicates the extension of the WFOMS approach to more complex formulas beyond UFO?Z.

1.1 Owur Contribution

In this paper, we present a novel sampling algorithm for the full FO?. The algorithm employs
a completely different approach than Skolemization, based on the domain recursion scheme.
The basic idea is to consider one object from the domain at a time, and then sample the value
of all related atomic facts, resulting in a new WFOMS over a smaller domain with the object
removed. The new WFOMS has an identical form to the original one but possibly contains
fewer existentially-quantified formulas. The algorithm then runs recursively on the reduced
sampling problems until the domain becomes singleton or all existentially-quantified formulas
are eliminated. We prove that the data complexity of our algorithm is in PTIME, meaning that
the entire fragment of FO? is domain-liftable under sampling.

We also show how to further extend the result to the cases, where we include counting
constraints. Specifically, our generalized algorithm can be applied to the FO? sentences with
additional counting constraints of the form Vx3_py : o(z,y) and I_pzVy : ¢(x,y), where @
is a quantifier-free formula and & is a natural number. This extension, originally proposed by
Kuusisto and Lutz [6] and Kuzelka [7] for first-order counting problems, is mainly motivated by
the connection of WFOMS to the uniform generation of combinatorial structures. For example,
our algorithm can be applied to efficiently solve the uniform sampling problem of k-regular



graphs, a problem that has been widely studied in the combinatorics community [8 [9]. This
problem can be formulated as a WFOMS on the following sentence:

VaVy : (E(z,y) = E(y,z)) AVx : ~E(x,z) AVxI_gy : E(x,y),

where Vz3_yy : E(z,y) expresses that every vertex = has exactly k connected edges.

1.2 Related Work

The symmetric weighted first-order model sampling problem was first proposed and studied
in [I]. The approach, as well as the formal liftability notions considered in that study, were
derived from the literature on lifted inference [10, 1), B]. In lifted inference, the goal is to
perform probabilistic inference in SRL models in a way that takes advantage of the symmetries
in the high-level structure of the models. The symmetry also exists in WFOMS and is a vital
property leveraged by this paper to prove the liftability under sampling of FO?. We note here
that the importance of symmetry for lifted inference (and its reduced WFOMC) has also been
extensively discussed by Beame et al. [12].

The domain recursion approach adopted in this paper is similar to the domain recursion
rule used in weighted first-order model counting [I3], 14} [I5, [16]. The domain recursion rule
for WFOMC is a technique that utilizes a gradual grounding process on the input first-order
sentence, where only one element of the domain is grounded at a time. As each element is
grounded, the partially grounded sentence is simplified until the element is entirely removed,
resulting in a new WFOMC problem with a smaller domain. With the domain recursion rule,
one can apply the principle of induction on the domain size, and compute WFOMC by dynamic
programming. A closely related work to this paper is the approach presented by Kazemi et al.
[14], where they used the domain recursion rule to compute WFOMC without Skolemization [4],
which introduces negative weights. However, it is important to note that their approach can
be only applied to some specific first-order formulas, whereas the domain recursion scheme
presented in this paper, mainly designed for eliminating the existentially-quantified formulas,
supports the entire FO? fragment.

It is also worth mentioning that sampling from propositional logic formula (Boolean for-
mula) is a relatively well-studied area [I7, I8, 19]. However, many real-world problems can
be represented more naturally and concisely in first-order logic, and suffer from a significant
increase in formula size when grounded out to propositional logic. For example, a formula of
the form Vz3y : ¢ is encoded as a Boolean formula of the form A", \/?:1 l;,j, whose length is
quadratic in the domain size n. Since even finding a solution to a such large ground formula
is challenging, most sampling approaches for propositional logic instead focus on designing ap-
proximate samplers. We also note that these approaches are not polynomial-time in the length
of the input formula, and rely on access to an efficient SAT solver. An alternative strand of
research [20, 21}, 22] on combinatorial sampling, focuses on the development of near-uniform
and efficient sampling algorithms. However, these approaches can only be employed for spe-
cific Boolean formulas that satisfy a particular technical requirement known as the Lovasz Local
Lemma. The WFOMS problems studied in this paper do not typically meet the requisite criteria
for the application of these techniques.



2 Preliminaries

In this section, we briefly review the main necessary technical concepts that we will use in the
paper

2.1 Symmetric weighted first-order model sampling

We consider the function-free fragment of first-order logic. An atom of arity k takes the form
P(x1,...,x) where P/k is from a vocabulary of predicates (also called relations), and x1, ..., xj
are logical variables from a vocabulary of variables. A literal is an atom or its negation. A
formula is formed by connecting one or more literals together using conjunction or disjunction.
A formula may optionally be surrounded by one or more quantifiers of the form Va or dz, where
x is a logical variable. A logical variable in a formula is said to be free if it is not bound by any
quantifier. A formula with no free variables is called a sentence. The vocabulary of a formula a
is taken to be P,.

Given a vocabulary P, a P-structure A interprets each predicate in P over a given domain.
We often interchangeably view a structure as a set of ground literals and their conjunction. Given
a P-structure A and P’ C P, we write (A)ps for the P'-reduct of A. We follow the standard
semantics of first-order logic for determining whether a structure is a model of a formula. We
denote the set of all models of a sentence I' over the domain A by Mrp A. The two-variable
syntactic fragment of first-order logic (FOz) is obtained by restricting the variable vocabulary
to {z,y}.

The first-order model counting problem [3] asks, when given a domain A and a sentence T,
how many models T has over A. The weighted first-order model counting problem (WFOMC)
adds a pair of weighting functions (w,w) to the input, that both map the set of all predicates
in I' to a set of weights: Pr — R. Given a set L of literals, the weight of L is defined as

(w,w)(L) := [] wlpred(@))- [ w(pred(1))

leLp leLr

where Ly (resp. L) denotes the set of true ground (resp. false) literals in L, and pred(l) maps
a literal [ to its corresponding predicate name. The value of WFOMC(T', A, w,w) is then the
sum of the weight (w,w) () over all models of I" over A.

Recently, the model counting problem was extended to the sampling regime by [I], and the
symmetric weighted first-order model sampling problem (WFOMS) defined therein is the main
focus of this paper.

Definition 1 (Symmetric weighted first-order model sampling). Let (w,w) be a pair of
weighting function: Pr — Rxg EI The symmetric weighted first-order model sampling problem
on I" over a domain A under (w,w) is to generate a model G(I', A, w,w) of I" over A such that

PIG(T, A, w,w) = pf = WFOIS/I%(?(K,)w,w) M

for every € Mra.

Following the terminology in [I], we call a probabilistic algorithm that realizes a solution
to the WFOMS a weighted model sampler (WMS). A WMS is domain-lifted (or simply lifted)

!The non-negative weights ensures that the sampling probability of a model is well-defined.



if the model generation algorithm runs in time polynomial in the size of the domain A. A
sentence, or class of sentences, is domain-liftable (or simply liftable) under sampling if it admits
a domain-lifted WMS.

Example 1. The WMS of the sentence
(Vavy : (E(z,y) = E(y,x)) A ~E(z, ) A (VeyE(z, y))

over a domain of size n under the weighting w(E) = w(E) = 1 uniformly samples undirected
graphs with no isolated vertices.

For technical purposes, when the domain is fixed, we allow the input sentence of the WFOMC
(and WFOMS) to contain some ground literals, e.g., I' = (VaVy : fr(z,y) A sm(xz) = sm(y)) A
sm(e1) A ~sm(eg) over a fixed domain of {ej, ez2,e3}. The WFOMC problem on such sentences
is also known as conditional WFOMC [23], 24]. We define the probability of a sentence @
conditional on another sentence I' over a domain A under (w,w) as

WFOMC(® AT, A, w, )
Pl® | T; A, w,w] := —
(@115 A, w, @] WFOMC(T, A, w, @)
With a slight abuse of notation, we also write the probability of a set L of ground literals
conditional on a sentence I' over a domain A under (w,w) in the same form:

PL|T;Aw,o]:=P [/\l | F;A,w,w] )
leL

Then, the required sampling probability of G(I', A, w,w) in the WFOMS can be written as
P[GT,A,w,w) = p] = Plp | T'; A, w, w]. When the context is clear, we omit A and (w,w) in
the conditional probability.

We call a set L of ground literals valid in a WFOMS (I', A, w, w), if there exists a model
p € Mr a that includes L. A skeleton of a WFOMS (I', A, w, @) is a subset P of the vocabulary
Pr, such that the interpretation for P fully determines Pr \ P in the models of I, and for any
predicate P € Pr \ P, w(P) = w(P) = 1. Using the notion of skeleton, a WFOMS (', A, w, w)
can be reduced to randomly generating a valid P-structure G(I', A, w, w) such that

P[G(F7 A w, U_)) = <u>73] = P[(M)P ’ A w, U_}}

for every i € Mr a, where P is a skeleton of the problem.
In this paper, we often convert complicated WFOMS problems into simpler ones, which are
commonly referred to as reductions. The essential property of such reductions is soundness.

Definition 2 (Soundness). A reduction of a WFOMS of (T, A, w, @) to (I', A", w’, @") is sound
iff there exists a polynomial-time deterministic function f mapping from My ar to Mr A, and
for every model pn € Mr a,

Plu|T;A,ww)l = Y P |TGA W, ). (2)
WEMps ar:
fu)=p

A general mapping function f used most in this paper is the projection f(u') = (1')py., where
Pr is a skeleton of (I, A’,w’, w"). In this case, the mapping function is bijective and preserves
the weight of the mapped models. Through a sound reduction, we can easily transform a WMS
G’ of (I, w', @', A") to a WMS G of (T',w,w,A) by G(T', A, w,w) = f(G'(T', A", w',@")). Note
that the soundness is transitive, i.e., if the reductions from a WFOMS &; to &5 and from &,

to ©3 are both sound, the reduction from &; to G3 is also sound.



2.2 Types and Tables

We define a I-literal as an atomic predicate or its negation using only the variable x, and a
2-literal as an atomic predicate or its negation using both variables xz and y. An atom like
R(z, ) or its negation is considered a 1-literal, even though R is a binary relation. A 2-literal
is always of the form R(z,y) and R(y,x), or their respective negations.

Let P be a finite vocabulary. A I-type over P is a maximally consistent set of 1-literals
formed by P. Denote the set of all 1-types over P as Up. The size of Up is finite and only
depends on the size of P. We often view a 1-type 7 as a conjunction of its elements, whence
7(x) is simply a formula in the single variable x.

Let A be a structure over P. A domain element e € dom(.A) realizes the 1-type 7 if A |= 7(e).
Note that every element of A realizes exactly one 1-type over P, which we call the I-type of the
element. The cardinality of a 1-type is the number of elements realizing it.

A 2-table over P is a maximally consistent set of 2-literals formed by P. We often identify
a 2-table 7 with a conjunction of its elements and write it as a formula 7 (z,y). Denote Tp the
set of all 2-tables over P, whose size also only depends on the size of P. Given a P-structure A
over a domain A, the 2-table of an element tuple (a,b) € A? is the unique 2-table 7 that (a,b)
satisfies in A: A |= 7m(a,b). It is worth noting that the 1-types together with the 2-tables fully
characterize a structure.

Example 2. Consider the vocabulary P = {F/2,G/1} and the structure
{F(a,a),G(a),~F(b,b),G(b), F(a,b),~F(b,a)}

over the domain {a,b}. The 1-type of the elements a and b are F(z,z)\G(z) and ~F(x,z)\G(x)
respectively. The cardinalities of these two 1-types are both 1, while that of the other 1-types
F(z,xz) N =G(z) and ~F(z,z) N ~G(x) are both 0. The 2-table of the element tuples (a,b) and
(b,a) are F(x,y) N —F(y,x) and =F(z,y) A F(y,x) respectively.

2.3 Universally Quantified FO? is Liftable under Sampling

As an elementary attempt to the symmetric weighted first-order model sampling problem, Wang
et al. [I] provided a positive result of the data complexity for the universally quantified fragment
of FO? (UFO?) of the form VaVy : ¢(z,vy), where 1 (z,y) is a quantifier-free formul

The proof of this result established a general framework for designing a WMS. Therefore,
We summarize the main ideas of their argument here and refer the reader to their paper for
the complete proof and technical details. We note that the approach presented here is slightly
different from the original one in [I]. The main divergence is that, instead of using the notion of
count distribution [7], we perform the sampling of 1-types by a random partition on the domain,
which keeps in line with our sampling algorithm for FO?2,

Theorem 1 (Proposition 1 in [I]). The fragment UFO? is domain-liftable under sampling.

Proof sketch. Suppose that we wish to randomly sample models from some input UFO? sentence
' = VaVy : ¢(z,y) over a domain A = {ej,eq,...,e,} under weights (w,w). Given a Pr-
structure A over A, we denote 7; the 1-type of the ith element and 7; ; the 2-table of the tuple

2They went a bit beyond this fragment, e.g., UFO? with cardinality constraints, which we also handle later
in this paper.



of the ith and jth elements. The structure A is fully characterized by the ground 1-types 7;(e;)
and 2-tables m; j(e;, e;). We can write the sampling probability of A as

PIAITI =P | A\ mile) A N\ mijleie) |T
_ie[n] 1,J€[n]:i<j

=P /\ Ti(ei) | I'f P /\ wiyj(ei,ej) | I'A /\ ’7'1'(61') ,

| i€[n] i,j€[n]: i€[n]
~ 1<]
$1
B
where [n] denotes the set of {1,2,...,n}. This decomposition naturally gives rise to a two-phase

sampling algorithm:
1. sample 1-types 7; according to the probability 3;, and
2. randomly assign 2-table 7; ; to each element tuple according to ‘Bo.

The sampling of 1-types can be achieved through a random partition of the domain A, resulting
in |Up,.| disjoint subsets of A; each subset contains the elements assigned to its corresponding 1-
type. The symmetry property of the weighting function ensures that the satisfaction and weight
of the models are not affected by permutations of the domain elements. Therefore, any partitions
of the domain with the same partition size have the same probability to be sampled. This
further decomposes the sampling problem of 1-types into two stages: the stochastic generation
of partition size and the random partitioning of the domain according to the sampled size.
Randomly partitioning the domain according to the sampled size is straightforward, and we will
demonstrate that sampling a partition size can be done in time polynomial in the domain size.

Recall that the number |Up.| of all 1-types only depends on the input sentence, and thus
enumerating all possible partition sizes is computationally tractable. For any partition size

(n1,n2,... 7"|U7>F\)’ there are totally (n17n27---n7n|U7, ‘) partitions of the domain with the same

sampling probability. It will turn out that the sampling probability, which is of the form 31, can

be computed in time polynomial in the domain size. The reason for this is: we expand B3; into

WFOMC(T' A Ay mies), A, w, w) /WFOMC(T, A, w, w); the numerator WFOMC can be viewed

as a WFOMC of T" conditional on the unary facts in all 7;(e;), whose complexity is polynomial

in the domain size by [23]; and the denominator WFOMC can be also efficiently computed due

to the liftability (in terms of WFOMC) of T' by [3]. Finally, the sampling probability of the
n

partition size (ni,na, ... ,n|UPF|) is given by B - (m S )
b bARRS P |

For sampling 7; ; according to Pa, we first ground out I' over the domain A:
N leie)) Avese).
i,j€[n]:i<y

Let %/',j(%l/) be the simplified formula of ¥(x,y) A ¢¥(y,z) obtained by replacing the unary
ground literals with their truth value given by the 1-types 7; and 7;. Then the probability ‘Bs

can be written as
Pl A miglene) | N ¢ e
i,j€[n]:i<j 1,j€[n]:i<j



Note that in this probability, each ground 2-tables ; ;(e;, e;) are independent in the sense that
they do not share any ground literals. The independence also holds for the ground formulas
1%;‘ (es,€;5). It follows that the probability B2 can be factorized into

IT  PBlmijenes) | ¥ (ei el

1,j€[n]:i<y

Hence, the sampling of each 7; ; can be solved separately by randomly choosing a model of its
respective ground formula (e, e;) according to the probability P[m; j(ei, ;) | ¥ ;(ei, e;)]. The
overall computational complexity is clearly polynomial in the domain size.

The procedure for both sampling 7; and 7; ; is polynomial in the domain size, which completes
the liftability under sampling of UFO?Z. O

Extending the approach above to the case of FO? would requires a novel and more so-
phisticated strategy, especially for the sampling of 2-tables, as decoupling the grounding of
Va3y : p(x,y) to the form of /\i,je[n]:z’q i j(es, €5) is impossible even conditioning on the sam-
pled 1-types.

2.4 Notations

We will use [n] to denote the set of {1,2,...,n}. The notation {;};c[, represents the set of
terms {x1,72,...,2n}, and (z;);c[n the vector of (w1, 29,...,2,). We also use the bold symbol
x to denote a vector (7;)ic[y, and denote by x¥ the product over element-wise power of two
vectors x¥ = Hie[n] z¥". The notation @ is used to denote the concatenation of two vectors.

Using the vector notation, we often write the multinomial coefficient (x1 - 2N ) xn) as (]X )

3 Sampling Algorithm for FO?

We now show the domain-liftability under sampling of the FO? fragment by providing a lifted
WMS for it. It is common for logical algorithms to operate on normal form representations
instead of arbitrary sentences. The normal form of FO? used in our sampling algorithm is the
Scott normal form (SNF) [25]; an FO? sentence is in SNF, if it is written as:

I'=VaVy : ¢(z,y) A /\ Va3y 1 pr(,y), (3)
ke[m)]

where 9 and ¢, are quantifier-free formulas. It is well-known that one can convert any FO? sen-
tence I' in polynomial time into a formula I'g in SNF such that I" and I's are equisatisfiable [26].
The principal idea is to substitute, starting from the atomic level and working upwards, any
subformula ¢(x) = Qy : ¢(z,y), where @ € {V,3} and ¢ is quantifier-free, with an atomic
formula A,, where A, is a fresh predicate symbol. This novel atom A,(z) is then separately
“axiomatized” to be equivalent to ¢(x). The weight of A, is set to be w(Ay,) = w(Ay,) = 1. It
follows from reasoning similar to one by Kuusisto and Lutz [6] that such reduction is not only
equisatisfiable but also sound (according to Definition [2)).

Lemma 1. For any WFOMS of & = (T, A, w,w) where T is an FO? sentence, there exists a
WFOMS &' = (I", A,w',w"), where I" is in SNF and independent of A, such that the reduction
from & to &' is sound.
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Figure 1: A sampling step for an undirected graph with no isolated vertices: (a) begin with
an initial graph that has no edges, and in the more general sampling problem, Vy = V5 =
{v1,v2,v3,v4}; (b) sample edges for the vertex vy; (c) remove the vertex vy with its sampled
edges; (d) and obtain a graph with some vertices already non-isolated (ve and v3), resulting in
a new sampling problem with V) = {v2,v3,v4} and V3 = {v4}.

The proof is clear, as every novel predicate (e.g., P,) introduced in the SNF transformation
is axiomatized to be equivalent to the subformula (p(x)), whose quantifiers are to be eliminated,
and thus the interpretation of the predicate is fully determined by the subformula in every model
of the resulting SNF sentence (see the details in Appendix .

3.1 An Intuitive Example

We start with an intuitive example of how to generate an undirected graph of size n without
any isolated vertex uniformly at random, to illustrate the basic idea of our sampling algorithm.
This graph structure can be expressed by an FO? sentence in SNF,

Ig:= (VaVy : (E(x,y) = E(y,x)) AN—E(z,x)) A (VaTJy : E(x,y)),

and the sampling problem corresponds to a WFOMS on I' under w(E) = w(E) = 1 over
a domain of vertices V' = {v;}ic[,. In this sentence, the only realizable 1-type is —E(z,z),
and the realizable 2-tables are 7!(z,y) = E(z,y) A E(y,x) and 7%(z,y) = ~E(x,y) A ~E(y, )
representing the connectedness of two vertices.

We first apply the following transformation on I'g resulting in I'gyp:

1. introduce an auxiliary Tseitin predicate Z/1 that indicates the non-isolation of vertices,
and append Vz : Z(z) < Jy : E(x,y) to I'g, and

2. remove Vz3y : E(z,y),

and set the weight of the predicate Z to w(Z) = w(Z) = 1. Then we consider a bit more
general WFOMS of (Tgr A /\vev3 Z(v), Vg, w,w), where V53 C V5, C V and V3 represents the set
of vertices that should be non-isolated in the graph induced by V5. The original WFOMS on I'g
can be clearly reduced to the more general problem by setting V3 = V4, = V, and the reduction
is sound with the mapping function f(u') = (') {gy-

Let T'¢; denote the sentence [y A Nvevsy Z(v). For the more general WFOMS, since {E£} is
its skeleton, the problem is equivalent to sampling an { E'}-structure A over V4 according to the
probability P[A | Tg]. Given an {E}-structure A over Vi, denote by A; the substructure of A
concerning the vertex v; € V5, which consists of the 2-tables of all vertex tuples containing v;
and other vertices in V:

.Ai = U 7T7;7j(’Ui, Uj),

UjEVij#’i

9



where 7; ; is the 2-table of (v;,v;). Following the domain recursion scheme, we choose a vertex
v from V4 and decompose the sampling probability of A into

P[A | Tg) =P [A| T A A - PlA | Tol]

The decomposition leads to two successive subproblems of the general WFOMS: the first one is
to sample a valid substructure A; from fg; the other can be viewed as a new WFOMS on fG
given the sampled A;.

We first show that the new WFOMS can be also reduced to the general WFOMS but with
the smaller domain V) = V& \ {v;} and

VHIZ {’UZ' | V; € V§| ) ;é’l}t/\ﬂ't’i :7-(2}'
The reduction is obviously sound because every model of the WFOMS (I'gr AN, eV Z(v), VJ,w, )

can be mapped to a unique model of the WFOMS (fG N Ag, Vi, w,w), and vice versa, without
affecting the weight of the models. Thus, the decomposition can be performed recursively on
any WFOMS on I'g over V4. Specifically, the algorithm takes V4 and V3 as input,

1. selects a vertex vy from V4,
2. samples its substructure A; according to the probability P[A; | fg], and

3. obtains a new problem with updated V{ and V4 for recursion.

The recursion procedure terminates when all substructures A; are sampled (14 contains a single
vertex), or the problem degenerates to a WFOMS on UFO? sentence (V3 is empty). The number
of recursions is less than |V, the total number of vertices. An example of a recursion step is
shown in Figure

The remaining problem is to sample the substructure A; according to P[4, | ['¢]. Recall
that A; determines the edges between v; and vertices in V. Let Vi3 = V() \ V3 and Vo = V) \ V1.
The sampling of A; can be realized by performing two random binary partitions on V; and
Vo respectively, resulting in {Vi1,Via} and {Va1, Vas}, where the vertices in Vi; and Vi will
be connected to v, while the vertices in Vio and Vao will not be connected to it. It can be
demonstrated that the sampling probability of a substructure A; only depends on the size
(IVi1l, [Vizl, | Vail, [Vaz2]). The proof of this claim can be found in Section where the more
general case of FO? sampling is addressed. As a result, the sampling of A; can be accomplished
by a random generation of the partition size, followed by two random partitions of the sampled
size on V) and V5 respectively. We use the enumerative sampling method to generate a partition
size. The number of all possible partition sizes is clearly polynomial in |V4|, and it will be shown
in Section that the sampling probability of each partition size can be computed in time
polynomial in |V{|. Therefore, the complexity of the sampling algorithm is polynomial in the
number of vertices. This, together with the complexity of the recursion procedure, which is also
polynomial in the number of vertices, implies that the whole sampling algorithm is lifted.

3.2 A More General Sampling Problem

W.l.o.gﬂ , we suppose that each formula ¢ (z,y) in the SNF sentence is an atomic formula
Ry (z,y), where Ry is a binary predicate in Py, ,, and its weights w(Ry) = w(Ry) = 1. We

3Any SNF sentence can be transformed into such form by introducing an auxiliary predicate Ry with weights
w(Rk) = W(Rk) = 1 for each ¢i(z,y), append VaVy : Ri(z,y) < pr(z,y) to the sentence, and replacing ¢ (z,y)
with Ri(z,y). The transformation is obviously sound when viewing it as a reduction in WFOMS.
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first construct the following sentence from the SNF one:

Ty :=VaVy : ¢(z,y) /\ Va : Zy(x) < (3y : Ry(x,y)), (4)
[m]

where each Zj/1 is a Tseitin predicate with the weight w(Zy) = w(Zy) = 1.
We then consider a more general WFOMS problem on the following sentence

L=IrA N\ G (5)

1€[n]

over a domain of {e;};c[n), Where each C; is a conjunction over a subset of the ground atoms
{Z1(€i) }wepm)- We call C; the existential constraint on the element e; and allow C; = T, which
means e; is not existentially quantified. The more general WFOMS can be regarded as a con-
ditional sampling problem, where the existential constraint serves as unary facts that condition
the problem. The original WFOMS on I' can be reduced to a more general problem by setting
all existential constraints to be /\;cp,,) Zk(z). On the other hand, the WFOMS on the UFO?
sentence VaVy : ¢ (z,y) is also reducible to the problem with C; = T for all i € [n]. It is easy
to check that these two reductions are both sound. The main idea of our sampling algorithm
is to use the domain recursion scheme to gradually remove the existential constraints until we
eventually end up with a WFOMS problem on a UFO? sentence.

3.3 Partitioning the Domain

Unless stated otherwise, in the rest of this section, 1-types and 2-tables are defined over Pr,
where I is the sentence in SNF. Please bear in mind that the Tseitin predicates Z; are not in
these 1-types.

We introduce the concepts of block and cell types as extensions of 1-types. These types are
utilized in a manner akin to 1-types in the sampling algorithm for UFO?. Consider a sentence r
of the form (5)) with Tseitin predicates Z;. A block type (3 is a subset of the atoms {Zk () }relm]
The number of the block types is 2", where m is the number of existentially-quantified formulas.
We often represent a block type as B(z) and view it as a conjunctive formula over the atoms
within the block. With the notion of block type, we can write I' = I'pr A /\ie[n] Bi(e;), where
the grounding 5;(e;) is exactly the existential constraint C; imposed on e;. We call 3; the block
type of e;. We fix the order of all block types and denote by 3? the ith block type. The domain
A is then partitioned by the blocks {Bpgi }ic[om), where each subset Bgi C A contains precisely
the domain elements with the block type 8°. It is important to note that the block types only
indicate which Tseitin atoms should hold for a given element, and the Tseitin atoms not covered
by the block types are left unspecified. In contrast, the 1-types explicitly determine the truth
values of all unary and reflexive atoms, excluding the Tseitin atoms.

The blocks are further partitioned into cells. A cell type n = (8, 7) is a pair of a block type g
and a 1-type 7. We also write a cell type as a conjunctive formula of n(x) = B(x) A 7(x). Given
a Pr-structure A, the cell type of an element e is the combination of its block type (which is
given by the sentence I') and its realizing 1-type in A. Each block Bg is partitioned by the cells
{0;74 | n = (8,7), 7 € Up.}, where each cell 0;74 C Bg contains precisely the domain elements
that are of cell type 7.

For brevity, we denote by N, = |Up.|, the number of all 1-types and N, = 2™ x N, the
number of all cell types. We fix a linear order of 1-types as well as cell types, and let 7 and 7/
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be the ith 1-type and jth cell type respectively. Given a Pp-structure A with the cell partition

{C;;}},;G[NC], we call the size <\C;7‘}|> ] of the cell partition the cell configuration of A, and
1€ c

(\Cé Ti)|)< ] the cell configuration of A in the block 8. A Pp-structure will have a unique
’ 1€ | Ny

cell configuration (in a block).
We will often care about the set of all cell configurations over a set of elements, which is
defined as the configuration space.

Definition 3 (Configuration Space). Given a nonnegative integer M and a positive integer
m, we define the configuration space Trrm as

TM7m: (nz)ze[m] | Z ni:M,nl,ng,...,nm eN
1€[m]

M+m—1
m—1

The size of Ty, is given by (
in m).

), which is clearly polynomial in M (while exponential

3.4 The Sampling Algorithm

We now describe our algorithm for the WFOMS of (f, A, w,w) where T is of the form and
A = {e;}ic[n), and prove that the algorithm is domain-lifted (i.e. runs in time polynomial in the
domain size). It can be easily verified that Pr is a skeleton of the WFOMS problem. Hence, this
WFOI}{IS problem is equivalent to sampling a valid Pr-structure A according to the probability
P[A | T7.

Given a Pr-structure A over A, let 7; be the 1-type of the element e;, and denote by
n; = (Bi, 1) the cell type of e;. Using the notation of conditional probability, we decompose the
sampling probability as

PA|T] =P | A\ mi(e:) |T| P [A|TA A 7iles)

1€[n] i€[n]

Following a similar idea to the one used for sampling models from UFO? sentences, our proposed
algorithm is divided into two phases—we first sample the 1-type for each element, and then
handle the sampling of the structure conditional on the sampled 1-types.

3.4.1 Sampling 1-Types

Let us first consider the sampling of 1-types according to P[/\;c(, Ti(ei) | f] Note that the block

type of each element has been determined by the sentence f, and thus the problem is equivalent
to sampling the cell type of each element ﬁ Due to the symmetry of the WFOMS problem,
the sampling probability of a cell partition is completely determined by its corresponding cell
configuration. Therefore, the problem of randomly partitioning cells is further reduced to a
problem of sampling cell configurations.

“In the special case where there is a single block, e.g., T is of the standard SNF or in UFO?, the sampling
problem can be simplified.
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The sampling algorithm for cell configurations is outlined in Algorithm The algorithm
begins by sampling a random cell configuration in Line 1-14, which is then used to randomly
partition each block into cells in Line 15-21. While the partitioning process is relatively straight-
forward, in the following discussion, we will focus specifically on how to sample a cell configu-
ration.

Algorithm 1 OneTypeSampler(f, A, w,w)

1. W+ WFOMC(T, A, w, ) R
2: Obtain the blocks Bgi, Bgz, ..., Bgem from I'

3 for (ng),cpm € Prod (’ﬁBﬁu,Nu,---aﬁBBmNu) do
4: n < P;cpm Npi

5: Compute Wy, by

6: W' — W, - Hf:l (fgfl)

7: // Uniform(0, 1) produces a uniformly random number over [0, 1]
8: if Uniform(0,1) < %/ then

9: n* < n

10: break

11: else

12: W«W-—-w

13: end if

14: end for

15: for i € [2™] do

16: Fetch the cell configuration n;i in 8 from n*

17: Randomly partition Bgi into {Cpgi . }je[n,] according to ng,
18: for j € [V,] do

19: Assign the 1-type 77 to all elements in Cgi 7i
20: end for
21: end for

The basic idea is again based on enumerative sampling. Let Bgi, Bgz, ..., Bgom be the blocks
defined by T. Any cell configuration n can be viewed as a concatenation of 2" cell configurations
ngi,Ng2, ..., Ngm in the blocks, and each ng: is from the configuration space 7"361. N, - Hence, in
the algorithm, the enumeration of all cell configurations is performed by applying the Cartesian
product function Prod on the configuration spaces 7"351|7N1N7TBB2‘7NM’ e ’WBBQ"‘ |, Na-

For the computation of the sampling probability, we first observe that any cell partitions that
produce the same configuration n will have the same sampling probability. We use W, to denote
the sampling weight (the numerator WFOMC of the probability) of any such cell partition. Then
the sampling probability of a cell configuration n can be derived from Wy, - Hie[Qm] (‘ﬁg; |), where
the latter product equates to the total number of the partitions giving rise to n.

The value of W, will play a crucial role in the remaining sampling algorithm. In this
context, we provide its formal definition. Given a nonnegative integer vector n of size N, let
n= ZiE[NC] n;, and Wy be defined as

Wn = WFOMC(FT VAN /\ ﬁi(’éi),ﬁ,w,w), (6)

i€ln]
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where {ni}ie[ﬁ] is a set of cell types that gives rise to the configuration n, A is a domain of size
n, and ¢; is the ith element in A. Recall that a cell type can be represented by a conjunction of
unary atoms, and thus each 7;(€;) in Wy, can be interpreted as a set of unary facts. The value
of Wy is then equal to the WFOMC of the FO? sentence I'z conditional on a set of unary facts.
Such conditional counting problems have been thoroughly studied by Van den Broeck and Davis
[23], and the computational complexity has been shown to be polynomial in the domain size 1
and the number of facts. Since the number of facts is clearly polynomial in 7, computing Wy,
can be done in time polynomial in n.

Lemma 2. The complexity of OneTypeSampler(-,-,-,-) in Algorithm|1] is polynomial in the size
of the input domain.

Proof. For each block Bgi, there are totally ]’7"3[31. I N, | possible cell configurations in Bgi. Travers-

ing over all blocks in the loop at line 3 in Algorithm [1{ will enumerate a total of H?:l ’ﬁBﬁiL N, |
possible cell configurations. Even though this number may appear daunting, it is polynomial in
the domain size by the definition of configuration space. The remaining complexity of the algo-
rithm is derived from the computation of Wy, which has been shown to be polynomial-time in
Zz‘e[ N i Finally, the value of Zz‘e[ N, i 1 equal to the domain size, completing the proof. [

3.4.2 Domain Recursive Sampling

Now, let us consider the sampling problem of Pr-structures conditional on the sampled 1-types
n;. We rewrite the sampling probability P[A | T' A Niepy Tilei)] as PLA | T A Njepy mile)] for
better presentation.

Let m;; be the 2-table of the element tuple (e;,e;), and denote by A; the set of ground
2-tables over all element tuples involved in the element e;:

.Ai = U 7Ti7j(€i,6j).
JE€n):j#i

Following the idea of domain recursion, we select an element e; from A and decompose the
sampling probability as

P A’FT/\ /\m(ei) =P .A‘FT/\ /\?72'(62')/\./415 -P At’FT/\ /\m(ei)

1€[n] i€[n] 1€[n]

We first demonstrate that for any valid substructure 4; of the sampling problem, the WFOMS
specified by the probability P[A | 'z A A;cp mi(ei) A A] can be reduced to a WFOMS of the

same form as the original problem on I'r A A;c(,; mi(€:), but over a smaller domain A" = A\ ;.
Given a 2-table m and a block type 5, let 5, be a new block type:

Biw = B\AZk(2) [ k € [m] : Ry(y, x) € m(z,y)}

We call f, the relazed block type of 8 under m, as it removes a part of the existential constraint
that is already satisfied by the relations in 7. We can also apply the relaxation under 7 on a
cell type n = (3, 7), resulting in 7, = (B, 7). Let

f =I'rA /\ m(ei) A Ag, (7)

i€[n]
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and B
I'=Tr A N i, (e). (8)
i€n]\{t}

We have the following lemma.

Lemma 3. If A; is valid w.r.t. the WFOMS of (FT/\/\ie[n] ni(e;), A, w, w), i.e., T is satisfiable,
the reduction from the WFOMS of (T, A,w, ) to (I', A, w, @) is sound.

Proof. Let &1 and &5 be the WFOMS of (I', A, w, @) and (I, w, A, @) respectively. Both of &;
and Gg have Pr as their skeleton. Thus, the problem of &; (resp. &2) is equivalent to sampling
a Pr-structure over the domain A (resp. A’). The mapping function in the reduction can be
defined on Pr-structures over A’. We argue that the mapping function is f(A") = A'UA;UT(er).
The function f is clearly deterministic and polynomial-time.

To simplify the rest arguments of the proof, we will first show that f is bijective, i.e., for any
valid Pp-structure A of &1, there exists a unique valid structure A’ of &5 such that f(A") = A.
Let the respective structure to be A" = A\ A; \ {7¢(e;)}, and the uniqueness is clear. Next, we
demonstrate that A’ is valid w.r.t. G5. Ground out I' into A:

AN /\ 771'(6,')/\ /\ ¢(ei,ej)AA,

i€[n] 4,j€[n]
where A = /\ke[m] /\ie[n} (Zk(ei) S \/je[n} Rk(ei,ej)). By replacing the ground Tseitin atoms

in cell types n;(e;) in A with their corresponding truth assignments and then discarding A, we
obtain a ground formula without Tseitin atoms:

.At/\ /\ Ti(ei)/\ /\ 1/1(61-,6]-)/\ /\ /\ \/ Rk(ei,ej). (9)

i€[n] ,j€[n] i€[n] k€[m]: j€[n]
Zr(x)€P;

It can be easily shown that A is valid w.r.t. Sy, iff A satisfies the formula @ It follows that
the structure A’ satisfies the following formula

N e n N dlene)n A A V  Rileiep), (10)

ien]\{t} ij€n\{t} i€ln\{t}  kelm]:  jen]\{t}

A (I)Eﬁ”ﬂ-t,i

which is obtained from @ by substituting the ground atoms in A; and 7¢(e;). The formula
is nothing else but the grounding of I” over A’ followed by the same replacement of ground
Tseitin atoms in the relaxed cell types Milre. ;- So we can conclude that A’ is also valid w.r.t. &.

Now, we are prepared to demonstrate the consistency of sampling probability through the
mapping function. Since f is bijective, it remains to be shown that

PIf(A) | T; A, w, @) = PIA | T A, w, @)
for any valid structure A’ of G5. By the definition of the mapping function f, we have

(w, w)(f(A) = {w, w)(A) - (w, 0)(Ay) - (w, @) (7).
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Moreover, due to the bijection of f and the fact that Pr is a skeleton of &1 and G4, we have

WFOMC(f,A,w,lﬂ) = Z <w7w>(</‘>7>r)

BEME A

WEMgs s (11)
= (w, @) (Ay) - (w,@)(r) - D (w, @) (1))
“/EMF’,A’

= (w, @) (Ay) - (w, @)(r) - WFOMC(I”, A’ w, w).

Finally, by the definition of conditional probability, we can write

PL(A) | T: A w, 0] = WFgﬂMiz(fffL) )

(w, @) (A) - (w, @) (Ay) - {w, ) (7)
(w, w)(A") - (w, w)(A¢) - WFOMC(T7, A/, w, w) (12)
_ {w, w)(A')
WFOMC(TV, A!, w, w)
= P[A | T; A, w,w),

and thus complete the proof. O

With the sound reduction presented above, what remains to the algorithm is the sampling
of A; given the probability P [.At | Tp A /\ie[n] 7]1‘(61')} )

Recall that A; consists of the ground 2-tables of all tuples comprising e; and the elements
in A’. We follow a similar approach as in the cell type sampling and accomplish the sampling
of A; through random partitions on cells. Let Cy1,Cype,...,Cyn. be the cell partition of A’
corresponding to the sampled cell types n1,72,...,7n—1. Let N, be the number of all 2-tables,
and fix the linear order of 2-tables 7!, 72, ..., 7M. Any substructure A; can be viewed as
partitions on each cell into N, disjoint subsets; each subset corresponds to a 2-table 7/ and
precisely contains the elements that realize 7/ in combination with e;.

Given a substructure A;, we use {G;tﬂ]}. ) to denote the refined partition on C,;, and
’ JENp
g;;&t = <‘G$iﬂj‘)je[m] its corresponding cardinality vector. Let g = @z‘e[Nc] g;ﬁt be the

concatenation of cardinality vectors over all cells, which is called the 2-table configuration of A;.

We first assume that A; is valid in the sampling problem ('t A A\;cp, mi(€:), A, w, w). It
will turn out that the sampling probability of A; is completely determined by its corresponding
2-table configuration g#¢. To begin with, as stated by , we can write the sampling weight
WFOMC(I'r A Ajepy milei) A Ag, A w, w) as

WFOMC(I, A/, w, @) - (w, w)(7¢) - (w, @) (Ay) (13)

where I , defined as , is the reduced sentence by the 2-tables in A;. Let nj‘t be the cell
configuration corresponding to the ground cells in I". The value of WFOMC(IV, A’ w, w) is
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exactly W, 4,, which is formally defined in Section Denote by w = ((w, 1D>(7r’))Z N, the
weight vector of 2-tables. We can then write (13) as

W - (w,w)(r) - [ W (14)
1

1€[Ne

In the equation above, 7; has already been decided in the cell type 7; (by OneTypeSampler), and
the last term only depends on the 2-table configurations g*. It is easy to check that the cell

configuration of n* is also fully determined by g*. To illustrate this, let n,“;‘t be the cardinality

At

of cell type n in n*, and g;;}; the cardinality of 7 in g;*,

ie., ]Gé’;r . For any cell type 7, the
value of nnAt be can computed by

A
n#t - Z gn’fﬁj ' (15)
i€[Ne.JEINy]m 5 =n

By the argument above, the sampling probability of a valid substructure A; is com-
pletely determined by g#¢. Thus, we can sample A, in the same spirit of sampling 1-types
in Section by first sampling a 2-table configuration g*, and then partitioning the cells
accordingly. We can then simply apply the enumerative sampling method, as the number of
possible 2-table configurations is clearly polynomial in the domain size. For any 2-table config-
uration g, its sampling weight can be computed by multiplying by Hie[ N (;}i), where
ny is the size of C. !

So far in our discussion, we have been always assuming that the substructure A; is valid
in the WFOMS (I'r A A;epy mil€i), A, w,w), or it should not be sampled. We guarantee this

assumption by imposing some constraints on the 2-table configuration g*. We call a 2-table 7
coherent with a 1-types tuple (7,7") if, for some domain elements a and b, the interpretation of
7(a)Un(a,b) U7'(b) satisfies the formula ¢ (a,b) A1) (b,a). Then, the first constraint is that any
2-table 7 ; in A; must be coherent with 7 and 7;. This translates to a requirement on 2-table
configuration that, when partitioning a cell n?, the cardinality of 2-tables that are not coherent
with 73 and 7; is restricted to be 0. The second constraint is that, for any index k € {i | Z; € 5},
the substructure A; must contain at least one ground atom of the form Ry(e;, a), where a is a
domain element from A, to make A; satisfy the existential formula 3y : Ry(es, y). This means
that there must be at least one nonzero cardinality in the 2-table configuration such that its
corresponding 2-table 7 satisfies Ry (z,y) € 7.

By combining all the ingredients discussed above, we now present our sampling algorithm
for the sentence I'r conditionally on the cell types 7;, as shown in Algorithm The overall
structure of the algorithm follows a recursive approach, where a recursive call with a smaller
domain and relaxed cell types is invoked at Line 33. The algorithm terminates when the input
domain contains a single element (at Line 1) or there are no existential constraints on the
elements (at Line 4). In Lines 10-23, all possible 2-table configurations are enumerated. For
each configuration, we compute its corresponding weight in Lines 13-15 and decide whether
it should be sampled in Lines 16-21. When the 2-table configuration has been sampled, we
randomly partition the cells in Lines 25-32, and then update the sampled structure and the cell
type of each element respectively at Line 29 and 30. The function ExSat(g, n) at Line 12 is used to
check whether the 2-table configuration g guarantees the validity of the sampled substructures,
as discussed above. The pseudo-code for this function is presented in Appendix
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Algorithm 2 DRSampler(TI'r, A, w, w, (0;)ic[n))

1: if n =1 then
2 return ()

3. end if
4
5

. if only the block of type = T is nonempty then
return a model p sampled by a UFO? WMS from VaVy : 1 (x,y) A Niepn Ti(ei) over A
under (w,w)
end if
Choose t € [n]; u < 1(er); A« A\ {es}
Get the cell configuration n = (nni)ie[Nc} of (1) iepnp {1}
W < Wh
10: for (gni)ie[NC] — PrOd(%,,th-"7771,,N07Nb) do
11: g < Dicin, 8y
12: if ExSat (g, n:) then

13: Get the new cell configuration n’ w.r.t g by
14: Compute Wy by @

15: W' Wy - <w,ﬂ1>(7’t) . Hie[Nc] (Z;I:>Wgnl
16: if Uniform(0,1) < %/ then

17: gh+—g

18: break

19: else

20: W—W-Ww'

21: end if

22: end if

23: end for

24: Obtain the cell partition {Cy: g, from (1) ;e 1)
25: for i € [N.| do
26: Fetch the cardinality vector g;i of n' from g*

27: Randomly partition the cell C; into {Gni’ﬂ.j} according to g;’;i

JE[N]
28: for j € [Nb] do
w0 g,
T] ,Tr
30: Ves € Gy Ny 4 Ns|mi
31: end for
32: end for

33: p <+ pUDRSampler(T'p, A’ w, w, (né)z’e[n—l])
34: return p

Lemma 4. The complexity of DRSampler(-,-,-,-) in Algom'thm@ 1$ polynomaal in the size of the
mput domain.

Proof. The algorithm DRSampler is called at most n times, where n is the size of the domain.
The main computation of each recursive call is for the loop, where we need to iterate over all
HiE[NC] |Tn,i, Np| possible configurations. The size of a configuration space Tys,, is polynomial
in M, and thus the complexity of this loop is also polynomial in the domain size. The other
complexity of computing W, has been shown to be polynomial in the summation over the vector
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n’, which is clearly smaller than the domain size. O

3.4.3 A Lifted WMS for FO?

We present our WMS for FO? in Algorithm [3| Given a FO? sentence I' in SNF, the algorithm
first obtains the sentence I'r of the general form (f]). Then the algorithms OneTypeSampler and
DRSampler then applied successively to sample a skeleton structure of T. It is easy to verify
that the skeleton structure is also a model of I', as it can be regarded as the output of the
mapping function in the sound reduction from the WFOMS problem on I' to . Since both
OneTypeSampler and DRSampler have been proved to be polynomial-time in the domain size by
Lemma [2] and [ the WMS in Algorithm [3]is clearly lifted.

Algorithm 3 WMS(T', A, w, w)

INPUT: An FO? sentence I' of the form (3)), a domain A = {€i}iepm) of size n, a weighting
(w, w)
OUTPUT: A model p of " over A

1: Construct I'y from T' by

2: Vi € [n], Bi(2) < Npepm) Zr(2)

3: T = I'r A Nigpp Bies)

4: (Ti)ie[n eOneTypeSampIer(f,A,w,w)
5: Vi € [nLTh‘ « (Bismi)

6: p1 <= DRSampler(I'r, A, w, w, (1:)ic[n])
7: return p

Theorem 2. The fragment FO? is domain-liftable under sampling.

Proof of Theorem[9. The proof is directly following from the above and from Lemma O

Remark 1. We note that there are several optimizations to our WMS, e.q., heuristically se-
lecting the domain element in DRSampler so that the algorithm can quickly reach the terminal
condition. However, the current algorithm is clear and efficient enough to prove our main result,
so that we leave the discussion on some of the optimizations to Appendiz[A.5.1]

4 A Genralization to FO? with Cardinality Constraints

In this section, we extend our results to FO? with cardinality constraints. A single cardinality
constraint is a statement of the form |P| < ¢, where < is a comparison operator (e.g., =, <,
>, <, >) and ¢ is a natural number. These constraints are imposed on the number of distinct
positive ground literals in a structure A formed by the predicate P. For example, a structure
A satisfies the constraint |P| < ¢ if there are at most ¢ literals for P that are true in A.
For illustration, we allow cardinality constraints as atomic formulas in the FO formulas, e.g.,
(|E| =2)A (VaVy : E(z,y) = E(y,z)) (its models can be interpreted as undirected graphs with
exactly one edge) and the satisfaction relation = is extended naturally.

The cardinality constraints are not necessarily expressible in FO logic without grounding
out the constraint over the domain, and have a strong connection to the fragment of C2, which
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will be introduced in the next section. In [I], the authors also extended their WMS (which was
originally developed for UFO?) to handle cardinality constraints. However, their method was
relatively straightforward whereas the extension to FO? is more complicated.

Let T be an FO? sentence and

T :=o(|Pi| > q1,...,|Pu|>qn), (16)

where ¢ is a Boolean formula, {P;}icar) € Pr, and Vi € [M],q; € N. Consider the WFOMS
problem on I' A YT over the domain A under (w,w). The overall structure of the sampling
algorithm for I' A T remains unchanged from Algorithm I The algorithm still begins with
obtaining the general sentence [ from I'. Then the formula I' A Y is fed into OneTypeSampler
and DRSampler successively to sample the Pr-structure. Please refer to Appendix [A.5.3| for the
detailed algorithm. We only describe its modifications to the original one below.

The algorithm of OneTypeSampler for TAT is similar to Algorithm with the main difference
being that the computation of WFOMC problems, specifically WFOMC(f, A, w,w) and Wy, now
include cardinality constraints T in their input sentences. To account for this change, we slightly
modify the definition of W, in @ by taking I'r A /\ie[ﬁ] 7n; AT as input, and denote the new
term by Wy y. According to Proposition 5 in [7], the addition of cardinality constraints to a
liftable sentence does not affect the liftability of the resulting formula (in terms of WFOMC
problems). Therefore, the computation of Wy, v remains polynomial-time in the domain size, as
the original sentence in W, was already proven to be liftable.

For the sampling problem conditional on the sampled cell types 7;, the domain recursive
property still holds as we will show in turn. Given a set L of ground literals and a predicate P,
let N (P, L) denote the number of positive ground literals for P in L. Given a valid substructure
Ay of the element e;, denote the 1-type of e; by 7 as usual, let ¢, = ¢; — N(P;, A;) — N(P;, 1(et))
for every i € [M], and define

Y =o(|P|<aq),-..,|Pu|>dy). (17)

Let ¢ =AY and f’c =T/ AY', where I and I are defined as and respectively. Then
the reduction from the WFOMS problem on I" to I" is sound.

Lemma 5. If A; is valid w.r.t. the WFOMS of (Nicpmi(e) AT AT, A w, ), ie., Te is
satisfiable, the reduction from the WFOMS of (FC,A,w,w) to (F'C, A" w, ") is sound.

Proof of Lemma[3 The proof follows the same argument for Lemma The only statement
that needs to be argued again is the bijection of the mapping function f(A") = A" U A; Ui (ey).
Let 6§ and & be the WFOMS of (T¢, A, w, @) and (T, A’,w, ). For any valid A of 67, A
must satisfy both T' and Y. It follows that A’ = A\ A; \ {r(e;)} satisfies I and Y’, meaning
that A’ is also valid w.r.t. 620. This establishes the bijection of f. The remainder of the
proof, including the consistency of sampling probability, proceeds exactly the same as Lemma [3]

specifically follows and . O

The core structure of DRSampler remains the same as the sound reduction still holds. How-
ever, the recursive call is now made with the reduced sentence I'r A Y. The other slight
modifications include:

e W, 4, in has been replaced with W4, v/, and
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e the validity check for the sampled 2-table configuration in ExSat now includes an additional
check for the well-definedness of the reduced cardinality constraints Y’, returning False if
any ¢; ¢ N for i € [M].

As discussed above, the extension of our sampling algorithm to handle cardinality constraints
in FO? only slightly increases the complexity of the procedure. Furthermore, the computation
of Wy, v remains polynomial-time in the domain size, meaning that the generalized algorithm is
still lifted, and thus proving the liftability under sampling of FO? with cardinality constraints

Theorem 3. Let T’ be an FO? sentence and Y of the form . Then ' A'Y is domain-liftable
under sampling.

Proof. The proof follows from the discussion above. O

5 A Further Generalization to SC?

With the lifted WMS for FO? with cardinality constraints, we can further extend our result to
the case involving the counting quantifiers 3_j [27]. Here, we study the sentences of the form

LA (Vodgy : d1(x,y)) Ao A (V23=k,, @ dmr (T, y))
A (Bop @y = di(z,y)) A A (B, VY - O (,9)),

where I is an FO? sentence and 3_j, is the counting quantifier that specifies the exact number of
elements in the domain that satisfy a given formula. For instance, a structure A over a domain A
satisfies the sentence I_xx : 1 (z), if there are exactly k distinct elements ¢1, ..., tx € A such that
A = 1(t;) for all i € [k]. We call this fragment two-variable logic with counting in SNF SC?, as
its extended conjunction to FO? sentences resembles SNF. The presence of counting quantifiers
significantly enhances the expressiveness of SC?, e.g., k-regular graphs can be encoded in SC?,
as demonstrated in the introduction.

Recently, Kuzelka [7] showed that the liftability of FO? can be generalized to the fragment
of two-variable logic with counting C2, a superset of SC?, by reducing the WFOMC problem on
C? sentences to FO? sentences with cardinality constraints. We demonstrate that this reduction
can be also applied to the sampling problem and it is sound, when the fragment is restricted to
be SC2.

Lemma 6. For any WFOMS & = (®,A,w,w) where ® is a SC? sentence, there exists a
WFOMS &' = (T'AY, A, w', @), where T" is an FO? sentence, Y denotes cardinality constraints
of the form and both T' and Y are independent of A, such that the reduction from & to &'
s sound.

The proof follows a similar technique used in [7], and the details are deferred to Appendix[A.2]
We note here that further generalizing this result to the general C? sentences is infeasible,
since the original reduction used in [7] for C? sentences introduced some negative weights on
predicates. However, it can be established that the domain-liftability under sampling of C? can

°It is worth noting that the computational complexity of Wh,r is independent of the values g1, ..., gy in the
cardinality constraints Y, so that the reduction on these constraints does not affect the liftability of the reduced
WA vr-
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be demonstrated by directly applying our domain recursion sampling method without resorting
to the reduction to cardinality constraints. For a more detailed discussion, please refer to
Appendix

Since FO? with cardinality constraints has been proved to be liftable under sampling, it is
easy to prove the liftability under sampling of the SC? fragment.

Theorem 4. The fragment of SC? is domain-liftable under sampling.
Proof. The proof follows from Lemma [6] and Theorem O

Moreover, one can further introduce additional cardinality constraints into SC? without
degrading its liftability under sampling.

Corollary 1. Let ® be a SC? sentence and Y of the form . Then ® AY is domain-liftable
under sampling.

6 Experimental Results

We conducted several experiments to evaluate the performance and correctness of our sampling
algorithms. All algorithms were implemented in Python and the experiments were performed
on a computer with an 8-core Intel i7 3.60GHz processor and 32 GB of RAM ﬁ

Many sampling problems can be expressed as WFOMS problems. Here we consider two
typical ones.

e Sampling combinatorial structures: the uniform generation of some combinatorial
structures can be directly reduced to a WFOMS, e.g., the uniform generation of graphs
with no isolated vertices and k-regular graphs in Examples [1| and the introduction. We
added four more combinatorial sampling problems to these two for evaluation: functions,
functions w/o fix-points (i.e., the functions f satisfying f(x) # x), permutations and per-
mutations w/o fiz-points. The details of these problems are described in Appendix

e Sampling from MLNs: our algorithms can be also applied to sample possible worlds
from MLNs. An MLN defines a distribution over structures (i.e., possible worlds in SRL
literature), and its respective sampling problem is to randomly generate possible worlds
according to this distribution. There is a standard reduction from the sampling problem
of an MLN to a WFOMS problem (see Append and also [I]). We used two MLNs
in our experiments: 1) A variant of the classic friends-smokers MLN with the constraint
that every person has at least one friend:

{<OO7 _'fT(.%', .’L‘)), (OO, fT'($, y) = f?"(y, x))? (0, sm(x)),
(0.2, fr(z,y) A sm(x) = sm(y)), (00, 3y : fr(z,y))}.
2) The employment MLN used in [4]:
{(1.3,3y : work for(x,y) V boss(z))},

which states that with high probability, every person either is employed by a boss or is
a boss. The details about the reduction from sampling from MLNs to WFOMS and the
corresponding WFOMS problems of these two MLNs can be found in Appendix

5The code can be found in https://github.com/lucienwang1009/1ifted_sampling_fo2
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Figure 3: Conformity testing for the count distribution of MLNs.

6.1 Correctness

We first examine the correctness of our implementation on the uniform generation of combi-
natorial structures over small domains, where exact sampling is feasible via enumeration-based
techniques; we choose the domain size of 5 for evaluation. To serve as a benchmark, we imple-
mented a simple ideal uniform sampler, denoted by IS, by enumerating all the models and then
drawing samples uniformly from these models. For each combinatorial structure encoded into
an FO? sentence T, a total of 100 x | M a| models were generated from both IS and our WMS.
Figure [2] depicts the model distribution produced by these two algorithms—the horizontal axis
represents models numbered lexicographically, while the vertical axis represents the generated
frequencies of models. The figure suggests that the distribution generated by our WMS is in-
distinguishable from that of IS. Furthermore, a statistical test on the distributions produced by
WMS was performed, and no statistically significant difference from the uniform distribution
was found. The details of this test can be found in Appendix

For sampling problems from MLNs, enumerating all the models is infeasible even for a domain
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Figure 4: Performance of WMS versus UniGen.

of size 5, e.g., there are 22°+5 = 937 models in the employment MLN. That is why we test the
count distribution of vocabulary for these two MLNs. Instead of specifying the probability of
each model, the count distribution only tells us how probably a certain number of predicates
are interpreted to be true in the models. An advantage of testing count distributions is that
they can be efficiently computed for our MLNs. Please refer to [7] for more details about count
distributions. We also note that the conformity of count distribution is a necessary condition
for the correctness of algorithms. We keep the domain size to be 5 and sampled 10° models
from friends-smokers and employment MLNs respectively. The empirical distributions of count-
statistics, along with the true count distributions, are shown in Figure 3| It is easy to check the
conformity of the empirical distribution to the true one from the figure. The statistical test was
also performed on the count distribution, and the results confirm the conclusion drawn from the
figure (also see Appendix [A.4.2)).

6.2 Performance

To evaluate the performance, we compared our weighted model samplers with Unigen [18] 28],
the state-of-the-art approximate sampler for Boolean formulas. A WFOMS problem can be
reduced to a sampling problem of the Boolean formula by grounding the input sentence over
the given domain. Since Unigen only works for uniform sampling, we employed the technique
in [29] to encode the weighting function in the WFOMS problem into a Boolean formula.

For each sampling problem, we randomly generated 1000 models by our WMS and Unigen
respectively and computed the average sampling time of one model. The performance com-
parison is shown in Figure [} In most cases, our approach is much faster than UniGen. The
exception in the employment MLN, where UniGen performed better than WMS, is likely due
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to the simplicity of this specific instance for its underlying SAT solver. This coincides with the
theoretical result that our WMS is polynomial-time in the domain size, while UniGen usually
needs amounts of expensive SAT calls on the grounding formulas.

7 Conclusion and Future Work

In this paper, we prove the domain-liftability under sampling of FO? by presenting a novel and
efficient approach to its symmetric weighted first-order model sampling problems. The result
is further extended to the fragment of SC? with the presence of counting constraints. The
widespread applicability of WFOMS renders the proposed approach a promising candidate to
serve as a universal paradigm for a plethora of sampling problems.

A potential avenue for further research is to expand the methodology presented in this paper
to encompass more expressive first-order languages. Specifically, the utilization of the domain
recursion scheme employed in this study could be extended beyond the confines of the FO? and
SC?, as its analogous counterpart in WFOMC has been demonstrated to be effective in proving
the domain-liftability of the fragments S?FO? and S?RU [17].

In addition to extending the input logic, other potential directions for future research include
incorporating elementary axioms, such as tree axiom [30] and linear order axiom [16], as well
as more general weighting functions that involve negative weights. However, it is important to
note that these extensions would likely require a more advanced and nuanced approach than the
one proposed in this paper, and may present significant challenges.

Finally, the lower complexity bound of WFOMS is also an interesting open problem. A
direct implication from the infeasibility of WFOMC in [31] suggests that there is unlikely for an
(even approximate) lifted WMS to exist for full first-order logic. However, the establishment of
a tighter lower bound for fragments of FO, such as FO?, remains an unexplored and challenging
area that merits further investigation.
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A Appendix

A.1 Scott Normal Forms

We briefly describe the transformation of FO? formulas to SNF and prove the soundness of
its corresponding reduction on the WFOMS problems. The process is well-known, so we only
sketch the related details.

Let T be a sentence of FO?. To put it into SNF, consider a subformula ¢(z) = Qy : ¢(z,v),
where @ € {V,3} and ¢ is quantifier-free. Let A, be a fresh unary predicate[] and consider the
sentence

Vi (Ap(z) < (Qu: ¢(z,y)))

which states that ¢(z) is equivalent to A, (). Let Q" denote the dual of @, i.e., Q" = {V,3}\{Q},
this sentence can be seen equivalent to

I :=VzQy : (Ay(z) = ¢(x,y))
AVZQ'y : (p(z,y) = Ay(x)).

Let
I =T"ATp(x)/Ap(2)],

where I'[p(x)/Ay(x)] is obtained from I' by replacing ¢(x) with A,(z). For any domain A,
every model of I'” over A can be mapped to a unique model of " over A. The bijective mapping
function is simply the projection (-)p.. Let both the positive and negative weights of A, be 1 and
denote the new weighting functions as w’ and @’. It is clear that the reduction from (I, A, w, )
to (T, A,w’,@") is sound. Repeat this process from the atomic level and work upwards until
the sentence is in SNF. The whole reduction remains sound due to the transitivity of soundness.

A.2 A Sound Reduction from SC? to FO? with Cardinality Constraints

In this section, we show the sound reduction from a WFOMS problem on SC? sentence to a
WFOMS problem on FO? sentence with cardinality constraints.
We first need the following two lemmas.

Lemma 7. Let I" be a first-order logic sentence, and let A be a domain. Let ® be a first-order
sentence with cardinality constraints, defined as follows:
I:=(|P| = k- |A])
A\ (V23y : R (2,y))

i€[k]
AN\ (Vavy: =R (z,y) vV =RE (2,y)),
i€ k)i

where RY are auziliary predicates not in Pr with weight w(RY) = w(RY) = 1. Then the
reduction from the WFOMS (T AVz3_yy : P(x,y), A, w,w) to (T AN, A, w,w) is sound.

"If (z) has no free variables, e.g., 3z : ¢(x), the predicate A, is nullary.
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Proof. Let f(:) = (-)p.ugp) be a mapping function. We first show that f is from Mrama to
MF/\Vwﬂzk:P(aE,y),A: if AET ATl then f(A) ET AVza_gy : P(x,y).

The sentence II means that for every ci,co € A such that P(ci,c2) is true, there is exactly
one i € [k] such that RF(cy,c2) is true. Thus we have that 2iclk] |IRP| = |P| = k- |A]
which together with /\;cpy Yoy RP(x,y) implies that |RF| = k for i € [k]. We argue that
each RI is a function predicate in the sense that Vz3_1y : RI(z,y) holds in any model of
[' AL Let us suppose, for contradiction, that (Vz3y : RY(x,y)) A (|RF| = k) holds but there
is some a € A such that RI(a,b) and R (a,V') are true for some b # ¥ € A. We have
H{(z,y) € A? | RP(z,y) ANz # a}| > |A| — 1 by the fact Vo3y : RP(x,y). It follows that
|RP| > {(z,y) € A? | RP(x,y) Az # a}| + 2 > |A|, which leads to a contradiction. Since all of
Rj-D are function predicates, it is easy to check Vz3_yy : P(z,y) must be true in any model u of
L ATL ie., f(u) ET AVzI_gy : P(x,y).

To finish the proof, one can easily show that, for every model u € MFAvxa:ky:P(x7y)7A, there
are exactly (k!)!2l models ' € Mpama such that f(u') = p. The reason for this is that 1) if,
for any a € A, we permute by, ba, ..., b, in R (a,b1), RY (a,bs), ..., Rl (a,by) in the model 4/,
we get another model of ' AII, and 2) up to these permutations, the predicates Rf in /' are
determined uniquely by u. Finally, the weights of all these u's are the same as those of u, and
we can write

/
Z#/GMFAH,A: H

/ 1—\ H — f(MI):M
>, Bl IT AT = e AL A )

W EMram,A:
fu)=p
_ (k)2 (w, @) (n)
(kDA WFOMC(T AVa3_py : P(z,9), A, w, )
_ (w, w)(p)
WFOMC(I' AVz3_yy : P(z,y), A, w,w)
=Plu | T AVe3_gy : P(z,y)],
which completes the proof. O

Lemma 8. Let I' be a first-order logic sentence, A be a domain, and P be a predicate. Then
the WEFOMS (I A\V—Vy : P(x,y), A, w,w) can be reduced to (L A (|[U| =k)A(Vz : U(z) < (Vy:
P(x,y))), A, w,w), where U is an auziliary unary predicate with weight w(U) = w(U) =1, and
the reduction is sound.

Proof. The proof is straightforward. O

Proof of Lemma[6. We can first get rid of all formulas of the form 3_j2Vy : P(z,y) by repeatedly
using Lemma [8| Then we can use Lemma [7] repeatedly to eliminate the formulas of the form
Vax3_ry : P(x,y). The whole reduction is sound due to the transitivity of soundness. O

A.3 Applying Domain Recursion Scheme on C? is Possible

The C? sentences that we need to handle are of the form

TA N (Vo Ag(x) & Gomy : Relz,y))), (18)
kelq)
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where T is a FO? sentence, each Ry(z,y) is an atomic formula, and each Aj is an auxiliary
Tseitin predicate. Any WFOMS problem on C2? can be reduced to a new one, whose input
sentence is of the above form and maxjc(g my < |Al, by the following steps:

e Convert each counting-quantified formula of the form 3>,y : ¢(x,y) to =(I<m-1y :
o(z,y)).

e Decompose each I<imy : o(x,y) into (Vy : ~¢(z,9)) A Vg (G=iy : (2, 9)).
e Replace each subformula 3_,,y : ¢(z,y), where m > |A|, with False.

e Starting from the atomic level and working upwards, replace any subformula 3_,,¢(x,y),
where p(z,y) is a formula that does not contain any counting quantifier, with A(z); and
append VaVy : R(z,y) & ¢(z,y) and Vo : A(x) & (3=ny : R(z,y)), where R is an
auxiliary binary predicate, to the original sentence.

It is easy to check that the reduction presented above is sound and independent of the domain
size if the domain size is greater than the maximum counting parameter m in the input sentenceﬁ

We first sample the 1-types of each element from the sentence so that all the predicates
Ay, will be eliminated. The resulting WFOMS is then defined on the following sentence:

Lo A /\ /\ J=m,y + Ri(e,y) A /\ ~(F=ky : Rk(e,y)) |
kelg] \eeA? e€A}

where I'g is the simplified sentence of I' by replacing all its unary literals with their truth values,
A% contains precisely the elements with positive sampled literals Ag(e), and A£ =A\ Ag.

We need to consider a more general WFOMS problem to apply our domain recursion scheme.
For each counting quantified formula 3_yy : Ri(x,y), we introduce 2my new unary predicates
Z,il, Z/i?’ e Z,imk, Z,f,l, Z,f,z, R ZZimk, and append the conjunction of

Vo : <Z27t(x) & (I Rk(x,y))> N (Zlit(x) & (3= Rk(ﬂ%y)))

over t € [my] to I'g, resulting in a new sentence I';. The more general WFOMS is then defined
on
' A /\ l/i(ei), (19)

i€[n]

where each v;(z) is a quantifier-free conjunction over a subset of {Z,it(a:)}te[mk] U {Z,f’t(:c)}te[mk}.
It is easy to check that the original WFOMS of is reducible to the more general WFOMS
problem, and the reduction is sound and independent of the domain size.

We show that the domain recursion scheme is still applicable to the WFOMS of . We
only provide an intuition here while leaving the details for the future version of this paper.
Additionally, we hope to discover a more practical and efficient solution in the future that would
introduce fewer unary predicates, despite the current approach being domain-lifted.

The intuition is that we can view v;(x) as the “block type” similar to what we have done in
the WMS of FO2. Then the domain recursion strategy is applied, first sampling the substructure

8This condition does not change the data complexity of the problem, as all the counting parameters in the
sentence are considered constants but not the input of the problem.
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of an element, and then updating each block type accordingly. The updated block types can still
be represented by the unary predicates Z l?,t and Z ,f}t, and the new sampling problem is reducible

to a new WFOMS of the general form. Following the similar argument for sampling FO?, the
corresponding WMS for C? is also lifted, which means that the full fragment of C? is liftable
under sampling.

A.4 Missing Details of Experiments

A.4.1 Experiment Settings

Sampling Combinatorial Structures The corresponding WFOMS problems for the uni-
form generation of combinatorial structures used in our experiments are presented as follows.
The weighting functions w and w map all predicates to 1.

Functions:

Ved_y : f(z,y).

Functions w/o fix points:
(Ved=iy : f2,y) A (Vo : = f (2, 2)).

Permutations:

(Vx3=1y : Per(x,y)) A (Vy3=1z : Per(x,y)).

Permutation without fix-points:

(Vx3=1y : Per(xz,y)) A (Vy3=ix : Per(z,y)) A (Vz : =Per(z,x)).

Sampling from MLNs An MLN is a finite set of weighted first-order formulas {(wi, @) }ic[m),
where each w; is either a real-valued weight or oo, and «; is a first-order formula. Let P be
the vocabulary of a1, as,...,q;,. An MLN @ paired with a domain A induces a probability
distribution over P-structures (also called possible worlds):

1 . :
Po.aw) = {Z«m oxp (Siaca 0 #(0)) i | s

0 otherwise

where & and P, are the real-valued and oo-valued formulas in ® respectively, and #(o,w)
is the number of groundings of « satisfied in w. The sampling problem on an MLN & over a
domain A is to randomly generate a possible world w according to the probability pe A (w).

The reduction from the sampling problems on MLNs to WFOMS can be performed as follows.
For every real-valued formula (a;,w;) € ®g, where the free variables in «; are x, we introduce
a novel auxiliary predicate &; and create a new formula Vx : &(x) < «;(x). For formula o
with infinity weight, we instead create a new formula Vx : «a;(x). Denote the conjunction of
the resulting set of sentences by I', and set the weighting function to be w(§;) = exp(w;) and
w(&;) = 1, and for all other predicates, we set both w and @ to be 1. Then the sampling problem
on ® over A is reduced to the WFOMS (T, A, w, w).

By the reduction above, we can write the two MLNs used in our experiments to WEFOMS
problems. The weights of predicates are all set to be 1 unless otherwise specified.
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e Friends-smokers MLN: the reduced sentence is

(VY : = fr(z,x) A sm(x))
A (YaVy : frz,y) < fr(y, )
A (Va¥y = &(x,y) & (frz,y) Asm(z) = sm(y)))
A (VxTy : fr(z,y)),
and the weight of ¢ is set to be w(&) = exp(0.2).

o Employment MLN: the corresponding sentence is
Vo : &(x) & 3y : workfor(x,y) V boss(x)),

and the weight of £ is set to be exp(1.3).

A.4.2 More Experimental Results

The Kolmogorov—Smirnov Test We utilized the Kolmogorov-Smirnov (KS) test [32] to
validate the conformity of the (count) distributions produced by our algorithm to the reference
distributions. The KS test used here is based on the multivariate Dvoretzky—Kiefer—Wolfowitz
(DKW) inequality recently proved by [33].

Let X; = (Xh-)ie[k],Xg = (ng‘)ie[k], L X, = (Xm)ie[k] be n real-valued independent and
identical distributed multivariate random variables with cumulative distribution function (CDF)
F(-). Let F,(-) be the associated empirical distribution function defined by

1
Fo(x) = n Z LX) <@y, Xiz<wz, Xip<ay» x € R,
i€[n]
The DKW inequality states
P | sup [Fu(x) — F(x)| > €| > (n+ 1)ke 2" (20)
xeRk

for every e¢,n,k > 0. When the random variables are univariate, i.e., kK = 1, we can replace
(n + 1)k in the above probability bound by a tighter constant 2.

Table 1: The Kolmogorov-Smirnov Test

’ Problem Maximum deviation | Upper bound
graphs w/o isolated vertices 0.0036 0.0049
2-regular graphs 0.0065 0.0069
functions 0.0013 0.0024
functions w/o fix-points 0.0027 0.0042
permutations 0.0071 0.0124
permutations w/o fix-points 0.019 0.02
friends-smokers 0.0021 0.0087
employmenet 0.0030 0.0087
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In the KS test, the null hypothesize is that the samples X1, Xo,...,X,, are distributed ac-
cording to some reference distribution, whose CDF is F(-). Then by , with probability 1—«,
the maximum deviation supycpr |Fr(x) — F/(x)| between empirical and reference distributions
is bounded by € = /In(k(n +1)/a)/2n (y/In(2/a)/2n for the univariate case). If the actual
value of the maximum deviation is larger than e, we can reject the null hypothesis at the confi-
dence level a. Otherwise, we cannot reject the null hypothesis, i.e., the empirical distribution of
the samples is not statistically different from the reference one. In our experiments, we choose
a = 0.05 as a significant level.

For the uniform generation of combinatorial structures, we assigned each model a lexico-
graphical number and treated the model index as a random variable with a discrete uniform
distribution. For the sampling problems of MLNs, we test their count distributions against the
true count distributions. Table[I]shows the maximum deviation between the empirical and refer-
ence cumulative distribution functions, along with the upper bound set by the DKW inequality.
As shown in Table [1], all maximum deviations are within their respective upper bounds. There-
fore, we cannot reject any null hypotheses, i.e., there is no statistically significant difference
between the two sets of distributions.

A.5 Missing Details of WMS
A.5.1 Optimizations for WMS

There exist several optimizations to make it more practical. Here, we present some of them that
are used in our implementation.

e The complexity of DRSampler heavily depends on the recursion depth. In our implementa-
tion, when selecting a domain element e; for sampling its substructure, we always chose the
element with the “strongest” existential constraint that contains the most Tseitin atoms
Zy(x). It would help DRSampler fast reach the condition that the existential constraint for
all elements is T. In this case, DRSampler will invoke the more efficient WMS for UFO?
to sample the remaining substructures.

e Let P3 be the union of vocabularies of the existentially quantified formulas
P3:=Poi(ay) Y Posay) YU U P (e)-

We further decomposed the sampling probability P[A | It A A, i(€s)] into

PA|TrA N\ mile) NAs| P A5 Tr A N nie)|

i€[n) i€[n]

where A3 is a P3-structure over A. It decomposes the conditional sampling problem
of A into two subproblems—one is to sample A3 and the other sample the remaining
substructures conditional on A3. The advantage of this decomposition is that the lat-
ter subproblem can be reduced into a sampling problem on a UFO? sentence, since all
existentially-quantified formulas have been satisfied with .A3. The first subproblem for
sampling A5 can be solved by a similar algorithm of DRSampler. In this algorithm, the
2-tables used to partition cells are now defined over P35, whose size is exponentially smaller
than the one in the original algorithm. As a result, the enumeration of 2-table configura-
tions in Algorithm [2| will be exponentially faster.
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e We cached Wy, the weight (w, w)(7%) of all 1-types and the weight (w, w)(7*) of all 2-tables,
which are widely used in our WMS.

A.5.2 The Function ExSat(,")
The pseudo-code of ExSat is presented in Algorithm

Algorithm 4 ExSat(g,n)

Decompose g into {g,i i }ic[N.],je[Vy)]
(8,7) < (n)
// Check the coherence of 2-tables
for i € [N,]| do
for j € [N;] do
// T(n) is the 1-type in n’
if 7/ is not coherent with 7(n’) and 7 and g, - > 0 then
return False
end if
end for
: end for
: // Check the satisfaction of existentially-quantified formulas
1 Vj € [Nb],hﬂ.j — Zie[Nc} Gni i
. for Zk(.ili) € B do
for j € [NV}] do
if Ry(z,y) € 7/ and h,; > 0 then
return True
end if
end for
: end for
: return False

I N T R T S e S T

A.5.3 A Lifted WMS for FO? with Cardinality Constraints

We present the modified sampling algorithm for FO? with cardinality constraints. The changes
from the original WMS for FO? are highlighted by the blue lines.
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Algorithm 5 WMS(T', Y, A, w, w)

INPUT: An FO? sentence I' of the form , a set of cardinality constraints YT of the
form (16), a domain A = {e;};c[,) of size n, a weighting (w, @)
OUTPUT: A model pof ' AY over A

Construct T to I'r by

Vi € [n]HBl(x) < /\ke[m] Zk(x)

T T A Ajep Bilei)

(Ti)iem) < OneTypeSampler(T', T, A, w, @)
Vi € [nLTh‘ « (Bismi)

pv < DRSampler(I'y, T, A, w, w, (i) ig[n))
return u

Algorithm 6 OneTypeSampler(f, T, A w,w)

1. W« WFOMC(T A Y, A, w, ) ~
2: Obtain the blocks Bgi, Bge, ..., Bgam from I
3. for (nﬁi)ie[Qm] € Prod <’7‘-B61|7Nu7 .. "IEB52mI,Nu> do

4: n < EBiE[T”] nﬁz
5: Compute Wn,r

6: W' < Whr - H?:l ('fitt')
if Uniform(0,1) < %/ then

n* < n
: break
10: else
11: W« W-—-w
12: end if
13: end for
14: for i € [2™] do
15: Fetch the cell configuration ngi in B¢ from n*
16: Randomly partition Bg: into {Cpgi . }je|n,] according to ngi
17: for j € [N,] do
18: Assign the 1-type 77 to all elements in Cgi ri
19: end for
20: end for
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Algorithm 7 DRSampler(T'p, T, A, w, w, (ni)ie[n])

11:

12:
13:
14:
15:
16:
17:

18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

29:

30:
31:

32:
33:
34:
35:
36:
37:

1
2
3:
4
5

: if n =1 then

return ()

end if

. if only the block of type 8 = T is nonempty then

return a model p sampled by a UFO? WMS from VzVy : 9 (z,y) A /\ie[n] Ti(e;) AN Y over
A under (w,w)
end if
Choose t € [n]; p < me(er); A <+ A\ {e:}
Get the cell configuration n = (nnz)z €V, of (m)ie[n]\ @
W Wh
Vi e [NC],TZ‘ < 7;%1.71\7,]
for (gni)ie[Nc] — Prod(7;bnl7Nb7 e ’nnchNb) do
g < @ie[Nc] By
if ExSat (g, 7, T) then
Get the new cell configuration n’ w.r.t. g by
Get the new cardinality constraints Y/ w.r.t. g by
Compute Wy v
W' = W x - (w, 0)(72) - [ Lie v, (gZ) - wn
if Uniform(0,1) < %l then
g g
break
else
W+—W-w
end if
end if
end for
Obtain the cell partition {Cni}iE[Nc] from (nl)ze[n}\{t}
for i € [N.| do
Fetch the cardinality vector g;;,- of ' from g*
Randomly partition the cell C}; into {Gniﬂrj}
for j € [N}] do
B pU {wj(et, 6)}666,7]1_ y
Ves € Gpi iy s < s
end for
end for
Obtain the reduced cardinality constraints Y’ w.r.t. g* by
p < p U DRSampler(I'z, Y/, A" w, w, (n))
return p

: *
elMy] according to g

|

ie[n—l])
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