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Abstract—This paper introduces a novel method to estimate
distance fields from noisy point clouds using Gaussian Process
(GP) regression. Distance fields, or distance functions, gained
popularity for applications like point cloud registration, odome-
try, SLAM, path planning, shape reconstruction, etc. A distance
field provides a continuous representation of the scene defined as
the shortest distance from any query point and the closest surface.
The key concept of the proposed method is the transformation of
a GP-inferred latent scalar field into an accurate distance field by
using a reverting function related to the kernel inverse. The latent
field can be interpreted as a smooth occupancy map. This paper
provides the theoretical derivation of the proposed method as
well as a novel uncertainty proxy for the distance estimates. The
improved performance compared with existing distance fields is
demonstrated with simulated experiments. The level of accuracy
of the proposed approach enables novel applications that rely
on precise distance estimation: this work presents echolocation
and mapping frameworks for ultrasonic-guided wave sensing in
metallic structures. These methods leverage the proposed distance
field with a physics-based measurement model accounting for the
propagation of the ultrasonic waves in the material. Real-world
experiments are conducted to demonstrate the soundness of these
frameworks.

Index Terms—localisation, mapping.

I. INTRODUCTION

Robotic perception and map representations are the key
components of any autonomous system operating in the real
world. There exist many representations to model the environ-
ment in which a system is running, each with its own specific
set of applications. For example, sparse geometric features are
traditionally used for Visual Odometry (VO) and Simultaneous
Localisation And Mapping (SLAM) [1], [2], occupancy grids
[3] allow for dense mapping and path planning [4], [5], etc.
Unfortunately, the multitude of representations needed to run
a single robot in the real world leads to a high level of
complexity and hinders holistic approaches. In this paper, we
introduce an accurate continuous distance field representation
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Fig. 1. Illustration of the proposed continuous GP-based distance field
compared with the naive smooth minimum approach solely using noisy
observations of the surface (a). The high level of accuracy allows for
applications such as echolocation shown in (b): real-world experimental setup
with an ultrasonic emitter-receiver, and estimated trajectory.

based on Gaussian Process (GP) regression that accommodates
a wide variety of applications such as localisation, mapping,
and planning within a unique representation.

A distance field (or distance function) is a function over a
given space RN that maps a query point x with the distance d
to the nearest object/surface. For some regular-shaped objects,
the surface can be represented with a parametric or implicit
function that equals zero on the surface. The knowledge
of such a function (eg., ax + by + cz + w = 0 for an
infinite plane) may lead to a closed-form expression of the
distance field. In the general case, the surface function and the
distance field are not explicitly known, and in the context of
robotics, surfaces are often represented with discrete samples
in the form of noisy point clouds (Fig. 1 (a)). Distance-field-
based frameworks have increased in popularity over the past
decade. Using a truncated distance function, KinectFusion [6]
performs dense 3D reconstruction using an RGB-D camera.
Euclidean Signed Distance Fields (ESDFs) [7] allowed for
novel mapping and planning methods [8], [9], [10]. More
recently, leveraging the computational power of GPUs, neural-
network-based representations also exploit distance fields.
Several works build upon such representations for the purpose
of SLAM [11], [12] and path planning [13], [14].

GP regression is a non-parametric, probabilistic interpola-
tion method widely used for representing the environment.
In [15], surface reconstruction is performed with Gaussian
Process Implicit Surfaces (GPISs) modelling the world as a
continuous scalar field representing the signed distance to the
surface close to the object. Unfortunately, this representation
does not allow for path planning/obstacle avoidance as the field
converges to zero away from the surface. In [16], the LogGPIS
is introduced to remedy this issue by defining a distance field
over the full space. It has been shown that LogGPIS is suitable
for applications like odometry, mapping, path planning, and
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surface reconstruction [17]. These applications rely on the
fact that the distance field is minimal on the surface (e.g.,
distance minimisation for scan registration), and maximal the
furthest away from the surface (e.g., distance maximisation
for obstacle avoidance). However, LogGPIS does not provide
a truly Euclidean distance field (c.f. Section II-B) and suffers
from a trade-off between accuracy and interpolation abilities
[18]. These are limiting factors for specific applications that
require accurate values of the Euclidean distance field such as
echolocation. Additionally, due to the non-linear transforma-
tion of the GP-field, the variance prediction of LogGPIS fails
to reliably model the field’s uncertainty. The proposed method
addresses these issues with a more accurate representation of
the distance field and by providing a proxy for its uncertainty.

Localisation and mapping based on range measurements is
an active field of study. It finds a wide range of applications
such as acoustic room geometry reconstruction [19], [20],
underwater localisation and mapping [21], [22], and robotic
inspection [23], [24]. Yet, recent works often rely on strong
assumptions on the map. For example, in [19], [20], [24]
the map is modelled with a fixed set of lines, preventing the
possibility to capture richer information on the environment.
GP-based distance fields are appealing in these applications as
they can represent complex environments with non-parametric
models. The accuracy of the proposed distance field enables
us to tackle the problems of echolocation and mapping based
on Ultrasonic Guided Waves (UGWs).

To summarise, the contributions outlined in this work fur-
ther the abilities of GP regression through the derivation of a
novel GP-based distance field and a proxy for its uncertainty
using solely point clouds as input, the thorough evaluation of
the proposed distance field, and its integration into echoloca-
tion and mapping frameworks using UGWs.

II. BACKGROUND

The design of the proposed distance field relies on GP
regression. Accordingly, this section provides the required
preliminary knowledge and explores existing distance field
methods and their limits.

A. Gaussian Process regression

GP regression is a probabilistic non-parametric method for
interpolation. Let us consider an unknown signal h(x) ∈ R
with x ∈ Rm, and Q noisy observations yi defined as

yi = h (xi) + ηi, where ηi ∼ N
(
0, σ2

y

)
, (1)

where i = (1, · · · , Q). The goal is to infer the distribution
(mean and variance) of h for any given input x.

By modelling the signal h as a GP h ∼ GP (0, k (x,x′)),
with k the covariance kernel function k (x,x′) =
cov (h(x), h(x′)), one can express occurrences of h as a
multivariate Gaussian distribution[

y
h(x)

]
= N

(
0,

[
KXX + σ2

yI kxX
⊤

kxX k (x,x)

])
, (2)

where y = [y1, · · · , yQ]⊤, x is a query point,
kx∗X = [k (x,x1), · · · , k (x,xQ)], and KXX =

[kx1X
⊤, · · · ,kxQX

⊤]. By conditioning (2) with respect
to the noisy observations, the mean and variance of h(x∗)
are respectively computed as

ĥ(x) =kxX

(
KXX + σ2

yI
)−1

y,

σ2
(ĥ(x))

=k (x,x)− kxX

(
KXX + σ2

yI
)−1

kxX
⊤.

(3)

B. Distance fields

Considering a surface S in Euclidean space Rm, let us
define the distance field d(x) with x ∈ Rm as a scalar-
valued continuous function that represents the shortest distance
between the input x and the surface S. Such a function is a
solution to the Eikonal equation

|∇d(x)|= 1 with d(x) = 0 ⇐⇒ x ∈ S. (4)

Unfortunately, as per its non-linear nature, (4) does not possess
a known general closed-form solution. The aim of this work
is to estimate the Euclidean distance d̂ given a finite set of
points on the surface xi ∈ S with i = (1, · · · , Q). It is a
challenging task in the sense that only samples of d(x) = 0
are provided. Implicitly, this task requires representing the
surface in a continuous manner to enable the interpolation
between noisy measurements and provide an accurate estimate
of the distance to the surface. In this section, we explore
a few existing continuous and differentiable distance field
approximations.

1) Smooth-minimum: A naive way to address the distance
function estimation problem is to compute the distance be-
tween the query point x and each of the surface observations
xi and take the minimum of these distances. Unfortunately, the
derivative of such an approach is not continuous. However,
one can leverage the smooth minimum function defined as
(
∑Q

i=1 ∥x−xi∥ exp(λ∥x−xi∥))
(
∑Q

i=1 exp(λ∥x−xi∥))
. While it is suitable for use in

optimisation cost functions as it is differentiable, it does not
account for any observation noise. Furthermore, as illustrated
in Fig. 1, the smooth-minimum function does not interpolate
the surface between the discrete observations.

2) GPIS: Originally the GPIS [15] represents the surface
with the zero crossing of a GP-modelled scalar field. It
is achieved by arbitrarily fixing the value of the surface
observation to zero and adding positive and negative virtual
observations inside and outside the closed surface. The inter-
polation abilities of GP regression allow GPIS to interpolate
the surface between discrete measurements. In [25], with the
use of linear operators [26] and observations of the normal
vectors, the scalar field corresponds to the distance field close
to the surface but converges to zero further away. It results
in a scalar field that is not monotonic with respect to the
true Euclidean distance to the surface. This is a significant
drawback that prevents the use of GPIS for applications like
scan registration or path planning.

3) LogGPIS: Motivated by heat-based methods [27], Log-
GPIS [16] models the propagation of heat in space at time t
with a zero-mean GP scalar field vt(x) ∼ GP(0, kv (x,x

′)). It
corresponds to the assumption that the surface’s temperature
is maintained to one and that the rest of the space has an
initial temperature of zero. The time t is directly deduced



from the kernel’s lenghtscale l. According to Varadhan’s
results [28], the limit limt→0{−

√
t ln (v(x, t))} is equal to

the distance from the surface. Using a fixed lengthscale and
a specific kernel, the resulting distance field is the solution of
a regularised version of the Eikonal equation. Unfortunately,
this leads to a trade-off between accuracy and interpolation
abilities: the limit in Varadhan’s equation requires a small
lengthscale to approximate the true distance to the surface, but
a small lengthscale removes the correlation between the GP
observations, reducing the ability of the method to interpolate
non-observed parts of the surface. Additionally, regardless of
the kernel’s lengthscale, LogGPIS does not represent a truly
Euclidean distance field of space. Considering the simple
case of using only one observation x0 of the surface and
the Matérn 3/2 kernel, the heat is analytically expressed as
vt(x) = (1 +

√
3d
l ) exp(−

√
3d
l ). Therefore, one can compute

the error between the estimated distance and the ground truth
as − l√

3
log (vt (x)) − d = − l√

3
log(1 +

√
3d
l ). The growth

of the absolute error with respect to the distance expends to
multi-observation scenarios as empirically shown later in our
experiments.

III. METHOD

The proposed method comes from the observation that
applying an unscaled, monotonic, stationary, isotropic kernel
function1 k(d) to the distance field generated by a single point
in RN , results in exactly the same scalar field as performing
GP regression using a zero-mean model and a single noiseless
observation equal to k(0) = 1. Further, leveraging the prob-
abilistic nature of GP regression and given the appropriate
hyperparameters, we can obtain a very similar scalar field
using noisy measurements (c.f., Fig. 2). Accordingly, we
define o(x) = ko(d(x)) a latent scalar field modelled with a
zero-mean GP: o(x) ∼ GP (0, ko (x,x

′)). Note that provided
a set of surface observations xi (with ko(d(xi)) = 1), the field
o(x) can be seen as a smooth representation of the occupancy
space, which is similar to the heat field of LogGPIS. By using
(3), we can infer the latent field at any point x ∈ RN :

ô(x) = kxX

(
KXX + σ2

oI
)−1

1, (5)

with σo a hyperparameter discussed in Section III-B. The
proposed distance field is obtained by applying the inverse
of the kernel function to the latent field:

d̂(x) = r (ô (x)) with r (k(∥x− x′∥)) ≜ ∥x− x′∥. (6)

We denote r as the reverting function of our latent GP field.
In order to use the distance field in any optimisation-based

framework (odometry, planning, etc) or for shape reconstruc-
tion, we need to infer the gradient/normal of the field. With the
use of linear operators [26], it is also possible to recover the
gradient ∇o of the latent field with its associated covariance
Σ∇o as:

∇ô(x) = ∇kxX (KXX + σnI)
−1

1 (7)

Σ∇ô(x) = ∇kxx∇−∇kxX (KXX + σnI)
−1

(∇kxX)
⊤
.

1Such kernel function can be expressed as a function of the distance
between the two input arguments: k (x,x′) → k(∥x− x′∥).

Covariance kernel (ko(d)) Reverting function (r(o))

Rational
quadratic

(
1 + d2

2αl2

)−α
√

2αl2
(
o−

1
α − 1

)
Square

exp. exp
(
− d2

2l2

) √
−2l2 log (o)

Matérn
ν = 3/2

(
1 +

√
3d
l

)
exp

(
−

√
3d
l

)
argmin

d
∥o − ko (d)∥2

TABLE I
COVARIANCE KERNELS AND ASSOCIATED REVERTING FUNCTIONS

The value of the gradient and its uncertainty are also used as
part of the uncertainty estimation detailed in Section III-B.

A. Kernels, reverting functions
This subsection presents the reverting functions associated

with a few commonly-used kernels that are at least once-
differentiable the Rational Quadratic (RQ) kernel, the Square
Exponential (SE) kernel, and the ν = 3/2 Matérn kernel.
In their unscaled isometric form, these kernels depend on
the Euclidean distance between the two input vectors. Using
d = ∥x − x′∥, Table I shows the different kernels as well
as their reverting function with l the kernel’s lengthscale.
In the case of the RQ and SE it is straightforward to find
the reverting function with simple algebraic manipulations.
Unfortunately, the ν = 3/2 Matérn kernel does not possess
a known, closed-form reverting function. In this scenario, the
reverting “function” can be formulated as a single-value non-
linear optimisation problem.

The value of the lengthscale depends on the data at hand
as it corresponds to the typical distance at which the data
points are correlated. Intuitively, l represents the “level of
interpolation” as it characterises the “area of influence” of
each of the observed points on the surface. We show in Fig. 2
the impact of the lengthscale on the distance field estimate.
While it is safe to define the lengthscale l empirically equal
to one and a half times the typical distance between neighbour
data points of the same surface, future work will explore the
systematic learning of this hyperparameter from the data.

B. Uncertainty modelling
Let us first discuss the uncertainty of the noisy observations.

Unlike standard GP regression where the noise is modelled on
the value of the observations, here the uncertainty is on the
location of the observation. This is addressed in [29] by adding
a corrective term to the observations’ covariance based on the
derivative of the GP mean. Unfortunately, the derivative of
our latent field’s mean is null. We then propose to learn the
corrective term σn (corresponding to the measurement noise
in standard GP regression) by minimising the Mahalanobis
distance between the GP posterior given a typical set of
noisy observations (real or simulated from expected noise
specification and typical point density) and the desired latent
field model. Formally, considering a set of noisy observations
X of a single surface and a set of query points Xq (from
a regular grid around the surface) with their associated ideal
latent space values oq(Xq) = k(d(Xq)), we can define the
optimisation problem as

σ∗
n = argmin

σn

(oq − ô)⊤Σ−1
ô (oq − ô),
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Fig. 2. Illustration of the proposed GP-based distance field and the effect of hyperparameter values. (a) shows in 1D the GP-modelled latent field o(x) =
k(d(x)). Provided appropriate hyperparameters, the inference matches the ground truth model. (b) is an example of field inference in 2D. (c) and (d) represent
the absolute error and uncertainty proxy along the white line in (b) with two different kernel lengthscales.

with ô and Σô obtained with (5) and (3). Fig. 2 illustrates the
results of such an optimisation approach (the grey line “GT”
is the desired latent field).

Regarding the output of our method d̂, it is important to
note that due to the non-linear nature of the reverting function,
the proposed distance field is not a GP. While one can
propagate the variance of the latent field through the reverting
function using its Jacobian as done in LogGPIS, this does not
accurately represent the uncertainty of the estimated distance
field as it rapidly diverges towards infinity. We propose to
use the discrepancy between the derivative of the proposed
latent field model (o(x) = k(d(x))) and the gradient of the
inferred field (ô(x)) as a proxy for the distance uncertainty.
This uncertainty proxy is defined as the Mahalanobis distance
between ∂|k(d)|

∂d |d=d̂ and ∥∇ô(x)∥ leveraging the covariance
Σô(x) propagated through the norm. The value of the proposed
uncertainty proxy is shown in Fig. 2 (b-d).

C. Discussion and further developments

In the general scenario with noisy measurements, despite
efforts to provide good values for the hyperparameters as
illustrated in Fig. 2 (a), there is no guarantee that the field
ô is exactly one ( =⇒ d̂ = 0) on the surface. Consequently,
for the sake of shape reconstruction (the original motivation
of GPIS), leveraging only the latent or distance field is not
sufficient. To determine exactly where the surface is, one needs
to analyse the derivatives of the latent field along the normal.
By considering the probability p(ô > thr, ∥∇ô∥ < ϵ | X), a
probabilistic and continuous version of the marching cubes
algorithm [30] could be developed. In our distance field
implementation, we cap the latent field to one before applying
the reverting function2. On the other extreme, when querying
far from the surface (relative to the kernel’s lenghtscale), the
success of the proposed field can be hindered due to limited
machine precision. Accordingly, inferences of ô that are not
strictly positive are regarded as failure cases.

Interestingly, LogGPIS turns out to be a close-range approx-
imation of the reverting function concept3. Unlike LogGPIS,

2Note that our uncertainty proxy still provides information about these
imperfect estimates.

3Approximating the Matérn kernel used in LogGPIS (ν = 3/2) for
small distances limd→0

(
1 +

√
3d
l

)
exp

(
−

√
3d
l

)
≈ exp

(
−

√
3d
l

)
, the

associated reverting function would be r̃(o) = − l√
3
log(o). This corresponds

to the logarithm operation introduced in LogGPIS.

Traj. RMSE:
0.021m
2.09◦

Fig. 3. Results of RGB-D odometry and mapping with the proposed distance
field (slice visible on the right). Dataset: Freiburg3/teddy [31].

the proposed formulation does not rely on a specific kernel.
However, not all kernels can be used due to the need for
the derivatives in the uncertainty proxy and the downstream
applications. Thus, the kernel needs to be at least once-
differentiable (unlike Matérn 1/2 or Whittle kernels). Sec-
tion V provides empirical-based guidelines about the choice
of the kernel. Nonetheless, additional work is needed to
understand better the impact of the kernel choice on the
physical meaning of the latent field and the properties of the
resulting distance estimates.

IV. APPLICATIONS

As both LogGPIS [17] and the proposed method use
monotonic functions over a similar GP-modelled latent field,
one can expect both fields to have colocated local minima
and maxima. Thus, all the applications demonstrated in [17]
(depth-camera odometry and mapping, path planning, surface
reconstruction) can be performed with the proposed method.
As an example, we released a real-time open-source imple-
mentation of a depth-camera odometry and mapping pipeline
based on the proposed distance field4 (c.f., Fig. 3). Due to
the space limitation, we only present novel uses of GP-based
distance fields such as echolocation and mapping with UGW
sensing systems. Let us first introduce the UGW measurement
model.

A. Ultrasonic Guided Waves measurement model

Given a co-located emitter-receiver, at every measurement
step i, a time signal s(t) is pulsed by the emitter to create
an UGW that propagates radially around the emitter, inside

4https://github.com/UTS-CAS/gp odometry



the structure’s material. Simultaneously, the receiver collects
the measurement zi(t) that contains the ultrasonic echoes due
to reflections of the excited wave on structural features (the
boundaries S of a metal panel in our case study). These
measurements can be modelled by relying on the image source
model, which states that the reception of any echo can be
interpreted as a signal originating directly from a fictive image
source (cf. Fig. 4(a)). The image sources’ positions depend on
the position of the actual emitter and the geometry of the sur-
face S. Considering isotropic material, the propagation is only
a function of time and of the distance between the receiver
and the image source resulting in the following measurement
model: z̃i(t) =

∑
ρ∈I(p,

iS) g(||ρ − pi||, t) ∗ s(t) + ni(t),
where pi is the emitter position, I(p,

iS) is the set of the
image source positions for a surface S and a real source
position p, g(||ρ− p

|
i|, t) is the acoustic transfer function of

the propagation medium5, n(t) is an additive Gaussian noise
term that we assume temporally and spatially white, and the
symbol ∗ denotes the convolution operation.

Let us generate a correlation signal between the measure-
ment and the model to assess the likelihood that a single
acoustic reflection occurred at any distance d from the emitter-
receiver with:

z′i(d) =
⟨zi(t), ẑ(d, t)⟩√

⟨zi(t), zi(t)⟩⟨ẑ(d, t), ẑ(d, t)⟩
, (8)

where ẑ(d, t) = ĝ(2d, t)∗s(t) is the expected signal containing
an echo due to a reflection at a distance d, and ⟨., .⟩ denotes
the usual scalar product for time-continuous signals. We
subsequently retrieve the envelope of the correlation signals
with ei(d) = |z′i(d) + jH(z′i)(d)|, with H denoting the Hilbert
transform operator. The envelope signal ranges between 0 and
1, and it presents a local maximum in d if there is indeed a
reflector at such distance, as illustrated in Fig. 4(b). The figure
shows a distinguishable first echo at 0.08m corresponding to
the closest boundary and later echoes corresponding to the
other edges of the plate.

To summarise, from a real measurement and the propagation
model, the envelope signal allows us to assess the likelihood
of a reflector being present at any distance d. Accordingly,
considering the map (known or estimated) of the reflective
features in the environment in the form of a point cloud
and using the proposed GP-based distance field, it is possible
to evaluate the envelope signal at any position in space to
quantify the likelihood of a measurement being captured at
such location.

B. Echolocation

We aim at estimating the system’s position pi by relying
on ultrasonic measurements, noisy odometry information, and
given the map (the plate boundaries S) in the form of a point
cloud X using a particle filter as in [33]. Such filters usually
provide satisfactory solutions to the localisation problem when
the dynamic and observation models are non-linear, and the

5A standard propagation model for an UGW propagating in a metal panel is
ĝ(r, ω) ≈ e−jk(ω)r/

√
k(ω)r, where k(ω) is the wavenumber of the major

acoustic mode. More details can be found in [32].
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Fig. 4. Illustration of the emitter/receiver setup and the equivalent image
source representation when considering only first-order echoes (a), and
example of an acoustic measurement acquired on an aluminium plate with
the corresponding envelope signal (b).

process and measurement noises are non-Gaussian [34]. Yet,
the method described in [33] can only be applied to metal
panels with a rectangular shape. Hence, we propose a modifi-
cation to the calculation of the particles’ weights to make the
approach applicable to arbitrary surface geometries, using the
proposed GP-based distance field.

The localisation approach relies on the aforementioned
envelope signals ei(d) to determine the likelihood of each
measurement and update the weights wn

i of the particles as
follows: wn

i = η exp
(
βei(d̂(p

p
i ))
)
wn

i−1, where d̂(pn
i ) is the

GP-based distance of the n-th particle to the closest point on
the surface S computed with (5) and the reverting function (6),
η is the normalization factor, and β is a positive parameter.
The filtering process consists of the succession of motion and
measurement updates with regular resampling of the particles
after a fixed number of steps (5 in our experiments). The filter’s
output corresponds to the mean coordinates of the 25% best
particles (highest weights).

C. Mapping

For the purpose of mapping, the goal is to estimate the
continuous distance field given the system’s localisation and
the UGW measurements. While the UGW measurements
contain information about the distance to the closest surface
(peaks in the envelope ei(d)), this scenario is different from
the depth-camera/lidar mapping of [17] as there is no bearing
information available.

Similarly to the echolocation scenario, we use the envelope
signals ei(d) as proxies to quantify the likelihood of the
measurements given the state variables. In the context of
echolocation, the map points X are known and the measure-
ment positions pi are estimated whereas for mapping it is the
opposite: the sensing positions pi are known and the state
variables consist of a set of virtual observations X of the map
(same X as in the GP formulation in (5)). The maximisation
of the envelope measurements is formulated as a non-linear
least-square optimisation problem

argmin
X

(
N∑
i=1

∥1-ei(d̂(pi,X))∥2+ α

Q∑
i=2

∥xi-xi-1∥2
)
, (9)

with α
∑Q

i=2 ∥xi − xi−1∥2 a naive regularisation term to
prevent under-constrained state variables in case virtual ob-
servation estimates are located in non-observed areas. While



Method
RMSE [m]
close-range

RMSE [m]
far-range

Coverage
ratio

LogGPIS 0.0132 0.0708 1.0
Smooth min 0.0190 0.0104 1.0

Ours SE 0.0076 0.0018 0.3350
Ours Matern 3/2 0.0082 0.0260 1.0

Ours RQ 0.0076 0.0121 1.0
TABLE II

AVERAGE RMSE (100 SIMULATED ENVIRONMENTS × 40K SAMPLES)

−2

−1

0

1

2

Noisy obs. RMSE: 0.007 RMSE: 0.007

−3 −2 −1 0 1

−2

−1

0

1

2

RMSE: 0.174

−3 −2 −1 0 1

RMSE: 0.011

−3 −2 −1 0 1

0

1

2

0.0

0.1

0.2

0.0

0.1

0.2

0.0

0.1

0.2

0.0

0.1

0.2

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

(d) LogGPIS err. [m]

(a) GT distance field [m] (b) Ours SE err. [m] (c) Ours RQ err. [m]

(e) Smooth min err. [m] (f) Ours RQ uncertainty

Fig. 5. Accuracy comparison of the proposed distance field, LogGPIS [16],
and the smooth minimum function. (f) corresponds to the proposed uncertainty
proxy.

being conceptually simple, solving (9) is not an easy task
due to the many extrema present in the envelope signals
(c.f. Fig 4(b)). To provide a decent initial guess, we perform
the mapping method considering only a single peak in each
envelope signal by detecting the distances di of the peaks
corresponding to the first echoes:

argmin
X

(
N∑
i=1

∥di-d̂ (pi,X) ∥2+ α

Q∑
i=2

∥xi-xi-1∥2
)
. (10)

Solving for (10) and then (9) with the Trust Region Reflective
algorithm allows for the estimation of the virtual observa-
tions therefore of the continuous occupancy field ô and the
associated distance field d̂. Note that the number of virtual
observations should comply with the kernel’s lengthscale and
the length/area of the surface (i.e., enough points to cover S).

V. EXPERIMENTS

A. Distance field
In this subsection, we benchmark the proposed method

against LogGPIS [16] and the simple smooth minimum func-
tion presented in Section II-B1 over 100 simulated 2D en-
vironments. Each environment is generated using the sum of
sine functions with both random amplitudes and frequencies.
The typical gap between points is around 0.04m. To evaluate
the different methods, we query 40k distance measurements
per environment following a regular grid and compute the
Root Mean Squared Error (RMSE) against the ground truth6.

6The ground truth is generated by creating noiseless measurements of the
surface at high density (≈ 1µm between points) before finding the minimum
distance between a query point and the dense surface points.
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Fig. 6. Comparison of the interpolation abilities of different distance fields
with sparse observations. Ours and LogGPIS use l = 0.75m.

Table II reports the average RMSE for each method consider-
ing separately close-range (under 0.05m) and far-range (above
0.05m) from the surface. The last column corresponds to the
success rate of each method (failure cases are due to numerical
accuracy far from the surface). Our hyperparameters have been
tuned as presented in Section III. The same lengthscale has
been used for LogGPIS to allow for the interpolation between
the observations. The parameter α of the RQ kernel and λ of
the smooth minimum have been selected with high values for
accuracy but low enough to keep clear from machine precision
at ranges considered in this experiment (α=100, λ = -50).

Overall, our method consistently outperforms the other
methods at close range. Especially, one can see the high
error of the smooth minimum corresponding to its inability
to interpolate between the observations as illustrated in Fig. 1
and 6. These figures also illustrate the ability of the proposed
method to accurately model the distance field despite noisy
or sparse observations. Please note that the value of the
lengthscale l is changed to adapt to the sparsity of the data
without hindering the performances away from the surface,
unlike LogGPIS.

According to Table II, the accuracy of the smooth minimum
is on par with the proposed method when querying away
from the surface. In Fig. 7 we display the absolute error of
2500 inferences randomly selected among the query points
aforementioned. Smoothing the plot with a moving average
one can see that the error of LogGPIS follows a log(1 + x)
curve as predicted in Section II-B3. Fig. 7 also introduces
a merged approach combining the proposed method and the
smooth minimum function leveraging the best of both meth-
ods: trusting the GP reverting approach close to the surface and
the smooth minimum further away with a smooth transition in
between (progressive weighted average). The overall accuracy
of this fusion is better than each individual method as the
smooth minimum tends to overestimate the distance due to
its incapability to interpolate the surface, while our method
can underestimate the field with potential “over-interpolation”
between distinct surfaces.

B. Echolocation

In this subsection, we evaluate the proposed echolocation
algorithm based on our GP distance field (with RQ kernel
and α = 100). We have collected UGW measurements in
an aluminium metal panel with dimensions 600x450x6mm.
The experimental setup consists of an emitter/receiver pair of
nearly collocated transducers (as shown in Fig. 1) placed by
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Fig. 7. Comparison of the error distribution between LogGPIS [16], the
smooth minimum function, and the proposed method with the RQ and SE
kernels (2500 random samples among 100 simulated environments).

hand on the vertices of a 9×12 regular grid whose positions are
carefully recorded. For every position, the UGW is generated
using a two-tone burst sinusoidal wave at 100 kHz (excitation
signal s(t)) while the receiver collects the ultrasonic response.
In total, 108 measurements were acquired. From these grid-
based measurements, we generated 100 trajectories of 300
steps by randomly navigation through the grid. Fig. 8(a)
illustrates 30 steps of such a trajectory.

We benchmark the localisation accuracy of the particle filter
with LogGPIS, the particle filter with our novel reverting-
function distance field, and the method from [33]. In [33], the
environment is modelled with a set of geometric primitives (4
lines for our rectangular plate) and a particle filter is also used
for localisation. The parametric map approach allows for the
computation of multiple echoes as part of the measurement
model of each particle while our approach only considers
the first echo. For a more thorough comparison, we also
implemented a version of [33] that considers solely the closest
edge for each particle. Note that it corresponds to the particle
filter described in this work using the ground truth distance
field of the rectangular panel. We denote the two versions as
[33] 1 echo and [33] 4 echoes.

Fig. 8(b) shows the median error as a function of the
measurement step for the 100 trajectories. The fact that [33]
1 echo and Ours result in very similar accuracy supports
the evidence that the proposed representation approximates
well the Euclidean distance field. It is not the case for
LogGPIS which limits the overall system’s performance in
accordance with our simulated experiments in Section V-A.
While providing satisfying levels of accuracy (≈ 0.01m), our
method does not perform as well as [33] 4 echoes. This shows
the importance of considering multiple echoes to improve the
system’s performance. Future work will explore the integration
of multiple echoes in our GP representation.

C. Mapping

To evaluate our UGW-based mapping approach, we use the
108 measurements presented in the previous setup as input. In
Fig. 9, we show the different mapping results using LogGPIS,
the proposed distance field (denoted ours), and Delay-and-Sum
(DaS) beamforming. The former is a non-parametric approach
for acoustic reflector mapping that assesses the likelihood of
the presence of a reflector at any position x by summing the
values of each envelope signal ei as L(x) = ∑N

i=1 ei(||xi −
x||). As the DaS approach does not provide a distance field,
we chose to visualise the latent field of both LogGPIS and
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generation from a fixed grid of UGW measurements. (b) shows the median
error obtained with several methods over 100 trajectories (the transparent areas
correspond to the spread of the error between the 25th and 75th percentiles).
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ours. Note that the latent and distance fields are directly
usable in downstream applications (localisation, path-planing,
etc) whereas the DaS-generated map is not. Accordingly, the
beamforming map needs additional processing to allow its use
in autonomous systems.

To provide the reader with additional insight into our
mapping pipeline, we run the mapping experiment without
the first distance-based optimisation step (10) (denoted Ours
(envelope-only) in Fig. 9). One can see that even if some
estimated observations are present at the location of the
plate’s edges, the problem does not converge to the global
minimum. Converting the occupancy fields into distance fields
and analysing the results inside the plate, we obtain distance
RMSEs of 0.021m for mapping using LogGPIS’ distance
field, 0.016m with Ours (envelope-only), and 0.006m with
Ours. These results demonstrate the ability of our novel GP-
based distance to represent accurately the environment in
a non-parametric manner while providing readily available
information (occupancy and distance to obstacle) for later use
of the mapping results.

VI. CONCLUSION

In this paper, we presented a novel GP-based distance field
estimation method. Using a point cloud as input, the proposed



method first infers a latent field with GP regression before
applying a reverting function. We empirically show that our
approach significantly outperforms state-of-the-art representa-
tions with higher levels of accuracy allowing for novel ap-
plications which rely on precise Euclidean distance functions.
Accordingly, this work presents frameworks for echolocation
and mapping using UGWs. With real-world experiments, we
demonstrated similar levels of localisation accuracy as those
of parametric-based representations. In the mapping context,
our method does provide useful maps for various robotics
applications (localisation, path planning, etc) while traditional
DaS maps need further processing. Future work includes the
development of a probabilistic shape reconstruction algorithm
adapted to the proposed GP latent field. We will also explore
the use of multi echoes in our GP model to improve both
UGW echolocation and mapping in terms of robustness and
accuracy.
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