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Joint Time Delay and Frequency Estimation
via State-Space Realization

Y. Wu, H. C. Sg Member, IEEEand P. C. ChingSenior Member, IEEE

Abstract—By applying a two-dimensional parameter estimation - constants, and the normalized radian frequengigs} are dis-
method proposed by Viberg and Stoica, we develop a subspacetinct. It is assumed tha® is knowna priori or an accurate esti-
method for estimating the differential delay of a sinusoidal signal mate ofP has been obtained [10]. The additive noiggs:) and

received at two separated sensors as well as the sinusoidal frequen- are uncorrelated zero-mean complex white Gaussian bro
cies. Using state-space realization, the time delay and frequencyqz(n) p p

estimates are obtained from the state transition and observation cesses with variances. The parameteb represents the differ-
matrices. Performance evaluation via computer simulations is in- ence in arrival times at the two receivers a¥ds the number of

cluded to demonstrate the effectiveness of the proposed algorithm. samples collected at each channel. Our goal is to estimate both

Index Terms—Pelay estimation, frequency estimation, state- the time difference of the received signals and the frequencies
space, subspace algorithm. of their constituent components.

Whens(n) is a single sinusoid, a discrete-time Fourier trans-
form based method [11] has been devised for optimum time
delay and frequency estimation. FBr> 1, Shermaret al. [8]

IME DELAY estimation between signals received at spaas presented an ESPRIT algorithm [12] to estinfatevhile

tially separated sensors [1], [2] and sinusoidal frequenegygeneralized Yule—Walker solution is suggested in [3] to de-
estimation [3], [4] are two frequently addressed problems in th€rmine {w,,} separately. Recently, a subspace-based method
signal processing literature. Recently, the problem of joint ting] has been developed for joint delay and frequency estimation
delay and frequency estimation of sinusoidal signals has alged the estimates are obtained using the eigenvalues and eigen-
attracted considerable attention. Application examples for thigctors of a matrix derived from the covariance matrices of the
work include speech enhancement and pitch estimation usi@geived signals. Unlike standard subspace approaches where
a microphone array [5], [6], synchronization in code divisiothe frequencies are estimated from the eignenvalues, this tech-
multiple access (CDMA) systems [7], analysis of thalamocorique calculates the frequencies from the eigenvectors, and as
tical seizure pathways [8] and fequency-shift keying (FSK) derresult its estimation performance is limited. In this paper, we

I. INTRODUCTION

modulation using multiple segments [9]. first formulate the problem using a state-space realization [13]
Let the discrete-time sinusoidal signals received at two seshd then utilize the subspace technique to achieve joint param-
sors be eter estimation. The state-space model for multiple sinusoidal
frequency estimation was first introduced in [14], which was
ri(n) =s(n) + q1(n) motivated by the fact that state-space parameterization enables

ro(n) =s(n — D)+ ¢q2(n), n=0,1,...,N—1 (1) reduction of parameter sensitivity [15]. This model has been
extended to direction-of-arrival (DOA) estimation [16] as well

where as joint DOA and frequency estimation [17] using array data,
P where the second method is referred to as the Viberg—Stoica

s(n) = Z A exp(jwmn). ) me_thod_. Ograpproach in obtalnlngthe_jomtdelay and frgquency

= estimation is based on the Viberg—Stoica method and will be ex-

plained in detail in Section Il. In short, the frequency estimates
The source signai(n) is modeled by a sum d? complex sinu- are given by the eigenvalue phases of a state transition matrix
soids where the amplitudgs.,, } are unknown complex-valued while the delay is determined using the diagonal elements of an

observation matrix as well as the estimated frequencies. In Sec-
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A. State-Space Model Formulation which is a2M L-vector with L > 2. Using (6),X (k) is ex-
Using the received signals, we form the following set dPressed as
vectors: X (k) = QrS(k) +Er(k) 9
Xy (k) =[ri(k),r1(k+1),...,r(k+M—1)]7 where

Xa(k) =lra(k) ra(k +1), . ora(k+ M= DI (3) Q= [B” (B&)" - (B&: )" (10)
wherek = 0,1,..., K —1with K = N — M + 1; M is the and

length of each vector; an@l denotes the transpose operation.
Note that bothV/ and K should be larger tharr.

T
Substituting (1) and (2) into (3) gives Ex(k) = [B"(k), E"(k+1),... .ET(k+ L - 1)]" . (11)

It is required thaf2;_; must have full-column rank aP, and

Xi(k) =A(w)S(k k - ;
1(F) (w)S(k) + Qu(k) a necessary condition for it &M (L — 1) > P.If P < 2M, a
X3 (k) =A(w)A(w, D)S(k) + Q2(k) (4)  sufficient condition is thaB has full-column rank. The cross-
covariance matrix betweeK (k) and the past output vector
where Xy (k- L) is
1 1 . 1 A
eiwt iw . ciwp Ry, (L) 2 E{X(k)XE (k- L)} = Q RsQ¥  (12)
Alw) = : : : :
pior(M=1)  jws(M=1) . gjwp(M=1) whereRs = diag(|a;[Pe?1 L, Jag?e/2 . |ap|?elort),
. . T because the noise components are uncorrelated. Hence,
S(k) = [’ * aze??*, . apel P Ry, (L) has low rank equal taP, and its column space
Qi(k) =[q1(k), qu(k+1),..., q1(k + M- 1)] coincides with that of2.,. A set of orthonormal basis vectors
_ _ for the column space can be obtained from #heprincipal
Qs (k) =lga(k), q;(f +E)'D'“'}"q2(k j_L ]1\)/1 oy’ left singular vectors oRx, (L). In practice, the vectors are
A(w, D) =diage™ 7, e 72, L eI ), () computed from the singular value decomposition (SVD) of the

) sample cross covariance
UsingS(k) as the state vector, and groupiXg (k) andX, (k)

into one vector, namelX (k) = [X17 (k)X2” (k)]T, we can | K<L+ 2ML
formulate a state-space model for the array output as Ry, (L) = % Z Xy (k)XH (k- L) Z v
k=L
S(k+1)=®S(k) and X(k)=BS(k)+E(k) (6) (13)

where {v;} represent the singular values arranged in nonin-
creasing order, while; andv; denote the left and right singular

where

vectors, respectively. WheN and/or the signal-to-noise ratio

& =diag(e’*, 7, ... elr) (SNR) is sufficiently large, the range 6f = [uy, us,. .., up]

A(:u) Ty can be well approximated by the rangef®f , which implies
B= [A(w)A(w,D)] )
Q~Q,T (14)
5= oy |- ™

2 whereT is an unknown full-rankP x P state transformation

In the state-space terminolog®, andB are referred to as the Matrix. In fact, $x is consistent in the sense thati v 2 =
state transition matrix and observation matrix, respectively. Ofkz T+ This means that fror, we can find the corresponding
estimation procedure first find® from which the frequency transformed state matrices fBrand®
estimates can be obtained. EstimationBwill then be fol-
lowed and finally,D is acquired with the use of the estimated Br =BT &; =T '®T (15)
frequencies.

and they are estimated as [18]

B. Estimation via Applying Viberg—Stoica Method

The estimation algorithm is based on the canonical variables Br = . (16)
[13], which employs the structure of the cross correlation be-
tween future and past data. Following the framework of gnd
Viberg—-Stoica method [17], we construct a future output vector dr=QF (17)
- 1:L—-1
Xp(k) = [XT(k), X" (k+1),....X"(k+ L—1)]", where€,.; denotes the block rows frof throughl, and+# is

k=1,2,...,K—L+1 (8) the pseudoinverse operation.
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Fig. 1. MSE relative to CRLB ofs, versus SNR. Fig. 2. MSE relative to CRLB of>, versus SNR.
. . . o : 12
Since® is a diagonal matrix with eigenvalue$~~, m = Q L
. . . . . . .2 r * =
1,2,..., P, estimation of® is achieved via diagonalizing 0l o L3
as @
2
T -1 m 8¢
&, = UAU (18) z 0
. . o
where A = diag Ay, Aa,...,Ap). From (15) and (18), esti- o 6
mates of® and T are given byA andU~!, respectively. As %
. n [3 .
aresult, consistent frequency estimates are computed as ~ j; *
Wm = LAm, m=12... P. (29) 2t . o . x ¥
o] o
Onthe other hand® is estimated aB = B U. Since the upper o [ ? o % | o o °
and lower parts oB are A(w) and A(w)A(w, D), respec- -20 -10 0 10 20 30 40
tively, we haveB;.,; A(w, D) ~ Bjsi1.00 WhereA(w, D) SNR (dB)
represents the estimateAf(w, D). A least squares solution for Fig. 3. MSE relative to CRLB oD versus SNR.

A(w,D)is BffMEMH:QM, and finally}he time delay can be
estimated using all diagonal elementstdfw, D) and{@wn.}  while the results of MSE relative to the CRLB for delay esti-

P mation are shown in Fig. 3. We observe that the algorithm with
A 21 LA m(w, D) L = 3 was superior to that of = 2 and degraded from the
D="=-7 : (20) CRLB, both by approximately 1 dB at SNR 5 dB, although
- O the two settings could give accurate estimation performance for
m= SNR > —5 dB. On the other hand, the computational load for

Notice that whenV is much larger thad/ and L, the compu- L = 3 was around 9/4 times of that éf = 2. Hence, we see
tational complexity of the algorithm is in the orderf>L>N. that there is a trade-off between computational complexity and
delay estimation accuracy. It is noteworthy that the algorithm
[ll. SIMULATION RESULTS with L = 2 is closely related to [12], and thus it can be consid-

Computer simulations were conducted to evaluate the joﬁﬁrted as a ESPRIT-type algprlthm. AIt'ernatlver, our approach
gan be viewed as a generalized algorithm.

time delay and frequency estimation performance of the pr
posed method in the presence of white Gaussian noise. The
source signak(n) was a sinusoidal signal of the forain) =
Q16791 4 el With o = iy = 1/\/5, w1 = 0.2« rad/s A subspace algorithm based on state-space realization has
andw» = 0.47 rad/s. The sampling interval was 1s and the timieeen proposed for joint time delay and frequency estimation of
delay D was selected to be 1.7s. Different SNRs were obtainsthusoidal signals received at two separated sensors. The fre-
by proper scaling of the noise sequences. The number of sajaency estimates are obtained directly from the eigenvalues of
ples wasV = 200 and the value o/ was chosen to be 25. All the state transition matrix while the delay is determined using
results provided were averages of 200 independent runs.  the observation matrix and the estimated frequencies. Perfor-

Figs. 1 and 2 plot the mean square error (MSE) of the frerance evaluation via computer simulations shows that the fre-
quency estimates relative to the CRLB, which was defined gaency and delay variances of the proposed approach can be
MSE/CRLB, versus SNR fol. = 2 and = 3. It can be close to the corresponding performance bounds for sufficiently
seen that the proposed algorithm performed similarly for bottigh SNR. We have also applied the algorithm for joint time
Ls and the variances a@f; andw, were only larger than the delay and pitch estimation using voiced speech at a microphone
corresponding CRLBs by around 2 dB when SMR—5 dB. array, and the findings are reported in [19].

IV. CONCLUDING REMARKS



342

REFERENCES

[1] “Special issue on time delay estimationZEE Trans. Acoust., Speech,

(2]

(3]
(4]
(5]

(6]

(7]

(8]

El

Signal Processingvol. 29, pp. 582-587, June 1981.

G. C. Carter,Coherence and Time Delay Estimation: An Applied
Tutorial for Research, Development, Test and Evaluation Engineers
Piscataway, NJ: IEEE Press, 1993.

S. M. Kay, Modern Spectral Estimation: Theory and Applications
Englewood Cliffs, NJ: Prentice-Hall, 1988.

P. Stoica, “List of references on spectral line analysg&gnal Process.
vol. 31, no. 3, pp. 329-340, Apr. 1993.

X. Qian and R. Kumaresan, “Joint estimation of time delay and
pitch of voiced speech signals,” i@onf. Rec. 29th Asilomar Conf.
Signals, Systems Computeml. 1, Pacific Grove, CA, Nov. 1995,
pp. 735-739.

G. Liao, H. C. So, and P. C. Ching, “Joint time delay and frequency esti-
mation of multiple sinusoids,” iffroc. IEEE Int. Conf. Acoust. Speech,
Signal ProcessingSalt Lake, UT, May 2001, pp. 3121-3124.

S. R. Dooley and A. K. Nandi, “Adaptive time delay and frequency es-
timation for digital signal synchronization in CDMA systems,"@onf.
Rec. 32th Asilomar Conf. Signals, Systems & Computeis2, Pacific
Grove, CA, Nov. 1998, pp. 1838-1842.

D. L. Sherman, Y. C. Tsai, L. A. Rossell, M. A. Mirski, and N. V.
Thakor, “Narrowband delay estimation for thalamocortical epileptic
seizure pathways,” ifProc. IEEE Int. Conf. Acoust. Speech, Signal
Processingvol. 5, Detroit, MI, May 1995, pp. 2939—-2942.

J. A. Sills and Q. R. Black, “Frequency estimation from short pulses
of sinusoidal signals,Proc. IEEE MILCOM '96 vol. 3, pp. 979-983,
1996.

(10]

(11]
(12]

(23]
[14]

(15]

[16]

(17]

(18]

(19]

IEEE SIGNAL PROCESSING LETTERS, VOL. 10, NO. 11, NOVEMBER 2003

H. T. Wu, J. F. Yang, and F. K. Chen, “Source number estimators using
transformed gerschgorin radilEEE Trans. Signal Processingol. 43,

pp. 1325-1333, June 1995.

H. C. So, “Delay estimation for sinusoidal signal®foc. Inst. Elect.
Eng.—Radar, Sonar, Navigatol. 148, no. 6, pp. 318-324, Dec. 2001.
R. Roy and T. Kailath, “ESPRIT—Estimation of Signal Parameter via
Rotational Invariance Technique$EEE Trans. Acoust. Speech, Signal
Processingvol. 37, pp. 984—-995, July 1989.

M. Aoki, State Space Modeling of Time Serie8erlin, Germany:
Springer-Verlag, 1990.

S. Y. Kung, K. S. Arun, and B. D. Rao, “State space and SVD based
approximation methods for the harmonic retrieval probleiQpt. Soc.
Amer, vol. 73, pp. 1799-1811, Dec. 1983.

B. D. Rao, “Sensitivity considerations in state-space model-based
harmonic retrieval methods,JEEE Trans. Acoust. Speech, Signal
Processingvol. 37, pp. 1789-1794, Nov 1989.

S. Prasad and B. Chandna, “Direction of arrival estimation using
stochastic model order reduction via state space modeli&mghal
Process.vol. 23, no. 2, pp. 157-177, May 1991.

M. Viberg and P. Stoica, “A computationally efficient method for joint
direction finding and frequency estimation in colored noise,Conf.
Rec. 32nd Asilomar Conf. Signals, Systems Compuielts2, Pacific
Grove, CA, Nov 1998, pp. 735-739.

S. Y. Kung, “A new identification and model reduction algorithm via
singular value decomposition,” iiroc. 12th Asilomar Conf. Circuits,
Syst., ComputPacific Grove, CA, Nov 1978, pp. 705-714.

L.Y.Ngan, Y. Wu, H. C. So, and P. C. Ching, “Joint time delay and pitch
estimation for speaker localization,” iroc. ISCAS Bangkok, Thai-
land, 2003, pp. 722-725.



	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 


