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Abstract

We study the problem of the transmission of currently observed time variable signals
via a channel that is capable of sending a single binary signal only for each measurement
of the underlying process. For encoding and decoding, we suggest a modification of the
adaptive delta modulation algorithm. This modification ensures tracking of time variable
signals. We obtained upper estimates for the error for the case of noiseless transmission.

Index Terms: encoding, communication bit-rate constraints, adaptive delta modu-

lation, noiseless binary channel, A/D conversion

1 Introduction

We study the problem of transmission of a currently observed continuous time signal via a
noiseless binary channel. The evolution law for the underlying continuous time signal is not
supposed to be known; only some mild conditions on the signal regularity are imposed. In
particular, the signal is not necessarily continuous, and unexpected jumps may occur. We

consider the situation where the channel capacity is insufficient to send in real time sufficiently
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accurate approximations of the current measurements. Therefore, the observed measurements
have to be encoded, transmitted in the encoded form, and decoded. This problem may arise,
for example, for remote control of underwater vehicles, since communication is severely limited
underwater (see [1]).

The paper suggests a modification of the systems from [2, 3, 4], where limited capacity
digital channels were studied in stochastic setting. In [2], a related filtering problem was
considered for the case of bounded random disturbances. A case of decreasing Gaussian
disturbances was studied in [3] for a scalar system. In [4], a filtering problem was studied
for the case of non-decreasing Gaussian disturbances for vector processes. The present paper
considers an extreme case of a binary channel, i.e., one-bit capacity channel that can transmit
a single binary signal for a single measurement of the underlying process. This channel
connects two subsystems of a dynamical system. The first subsystem, that is called Encoder,
receives the real-valued measurements and converts them into a binary symbolic sequence
which is sent over the communication channel. For each measurement, only one single bit
signal can be sent. The second subsystem (Decoder) receives this symbolic sequence and
converts it into a real-valued state estimate. Therefore, the effectiveness of the entire system
is defined by the effectiveness of the binary encoding algorithm. This encoding problem was
widely studied in the literature. In non-causal setting, some important results can be found
in [5, 6, 8, 9]; see also the bibliography therein. In [5, 6, 9], the encoding was studied in the
framework of the sampling theory and Fourier analysis. In [8], a sequential binary estimator
based on stochastic contamination was obtained for continuous processes.

For our particular task, we have restrictions of causality. To satisfy this condition, we
suggest a modification of the adaptive delta modulation algorithm introduced by Jayant [10]
for voice transmission; see more recent development in [11] and the bibliography therein. The
suggested algorithm ensures stable tracking of time variable signals using just one bit for each
measurement. The algorithm does not depend on the parameters of the evolution law and
the distributions of the underlying process. We obtained the upper estimates of the error for

the case of a noiseless transmission.

2 Problem statement and the result

Let z(t) be a continuous time state process observed at times ¢ = kd, k = 0,1,2, ..., where

6 > 0 is given.



Suppose estimates of the current state x(t) are required at a distant location, and are to
be transmitted via a digital communication channel such that only one bit of data may be
sent at each time ¢, i.e., a binary channel. For this task, we consider a system which consists
of the encoder, the transmission channel, and the decoder. For each observation x(tx), the
encoder produces a one-bit symbol hy which is transmitted via the channel and then received
by the decoder; the decoder produces an estimate y(t)|[o,] which depends only on Ay, ..., hy.
In other words, the process x(t) is supposed to be sampled at times ¢, encoded, transmitted
via the channel and then decoded. We assume that the transmission is noiseless.

It is important that, for each sample for each sampling point ¢z, only one bit of information
can be transmitted. The corresponding algorithm is suggested below.

Let real numbers yo, My > 0, M > 0, and a € (1,2] be given parameters that are known

both to the encoder and the decoder. The algorithm can be described as follows.
1. Sample values x(t;) are taken;

2. The encoder computes a sequence {(yx, My)}r>1 C R? and produces a sequence of

binary symbols {hy} consequently for k = —1,0,1,2,... by the following rule: h_; =1,

and
.
1, if g < $(tk)
hy, = —1, if Y > x(tk) (1)
—hp—1, if yr=x(ty),
where

Yk = Y1+ hp—1Mr_19, k=12, .. (2)

aMy—q, ifk¢Tandk—1¢T

My=19q M,_,, ifk¢Tandk—1€T (3)

max(a~'My_y, M), if keT,

\

and where 7 = {k > 1: hy_1hy < 0}.

3. The binary symbol hj is transmitted via the channel.



4. The decoder computes the same sequence {(yx, M) }r>1 C R? using the received values

{hi} by the same rule as the encoder.

5. Finally, the decoder computes estimate y(t) of the process z(t) as
y(t) =Yr + hkMk(t - tk)v te [tka tk+1]7 (4)

and where k£ =0, 1,2, ..., y(0) = yp.
Note that this algorithm represents a modification of the Jayant’s adaptive delta modu-

lation algorithm [10, 11], where it was assumed that, in our notations,
M =0, My, =aM,_, if k—1€T. (5)

The novelty of algorithm (1)—(4) is that it allows three possible values of M} /Mj_1 on each
step instead of two, and uses two bit memory instead of one. It was shown in [11] that
Jayant’s algorithm allows to track benchmark constant processes. We show below that he
suggested changes ensure stable tracking processes for variable in time underlying processes.
In addition, we were able to estimate the tracking error.

Let D > 0 be given.

We consider continuous time processes z(t) with a polynomial rate of growth, i.e., such

that there exists C' > 0 and ¢ > 0 such that
lz(t+0)| < C(|=(t)| +6°, t>0, 6>0.
In addition, we assume that there are intervals [a, 8] C [0, +00) such that

sup |z(t) — (t)] < D (6)
tG[tk,tk_'_l}
for all for all k such that [tg,tx+1] C [, 5]. In fact, y(¢) will be approaching z(¢) during these

time intervals only. Therefore, a good approximation is not feasible if these intervals are too

small or have too large gaps between them.

Remark 1 Clearly, (6) holds if x| (o g) is absolutely continuous and |dx(t)/dt| < D. However,
we prefer to use condition (6) since it is less restrictive; in particular, (6) holds for some

discontinuous on [a, 5] processes x.
Theorem 1 (i) Let 7 =inf{m € T}. Then
r<inf{m >0: My(1+a+a®+---+a™)6 > |yo — x(0)| + C(1 +ms°) }. (7)

Here C and c are the constants from (6).



(ii) Assume that M > 2D. Let § = 3log,(M,/M) + 6. In this case, if (6) holds for all
ke{r,7+1,7+2,....,7 + 0}, then there exists an integer n € {7, 7+ 1,7+ 2,....,7+ 0}
such that

My=M,  l|a(ty) —y(ty)| < (aM + D)d. (8)

(iii) Assume that M > 2D, assume that (8) holds for some integer n > 0, and assume that

(6) holds for k > n. Then My € {M,aM} for all k > n and My = M for all k > n
such that k € T. In addition,

(k) — y(te)| < (aM + D)9,

sup |z(t) = y(t)| < (aM +2D)g, (9)
tE[tk,tk_;,_ﬂ

for allk > n.

The proof of the theorem is given in Appendix.

Let us discuss some implications of Theorem 1. As can be seen, y(t) stats to approximate
x(t) after the time ¢, and until (6) is overstepped. The time period [0, ,] is used to bring the
value y(t) to a close proximity of z(¢). The time period [t;,%,] is used to reduce the value Mj,
from M, down to M. The approximation error can be significant during the time interval
[0, ,], if the distance |yo — x(0)] is large.

If a jump of x occurs at time s > ¢,, then Theorem 1 can be applied again for the
initial time ¢ = s instead of ¢ = 0, and for yy and My replaced by y(xd) and M, where
k= min{k : k6 > s}.

If M > 2D, then, by Theorem 1, the process y(t) oscillates about the underlying process,
and the error does not vanish even for constant z(¢). On the other hand, a choice of small

M may lead to a larger time of proximity recovery after a jump of .

Remark 2 The suggested algorithm is robust with respect to the errors caused by missed or
misread signals hy for the models where the decoder is always aware that a signal was missed
or misread, i.e., for the case of the so-called binary erasure channel. Obviously, there are
models of channels with noise where these conditions are not satisfied. It could be interesting
to find a way to modify an algorithm such that it will be robust with respect to the transmission

errors for these models.



3 Illustrative examples

In numerical experiments, we compared the performance of the Jayant’s encoding algorithm
[10] and modified version (1)—(4). We observed that, in all our experiments, the modified
version (1)—(4) ensures faster recovering of the proximity after a jump of the underlying
process. This is illustrated in Figures 1-2 presenting the results of the applications of the
Jayant’s encoding algorithm [10] and the suggested algorithm (1)—(4) of a discontinuous
piecewise continuous process z(t). Figures 1-2 show the process z(t) and the corresponding
processes y(t) for § = ty11—t; = 0.04 and for 6 = tx1—tx = 0.02 respectively, ¢t € [0,2]. With
these sampling rates, transmission of the encoded signals for ¢ € [0,2] requires to transmit
50 bits only for 6 = 0.04 and 100 bits only for § = 0.02. For these examples, we used yg = 5,
a = 1.5, and My = 26 = 2D. The algorithm (1)-(4) was applied with M = 26. We used
MATLARB for these calculations.

Figure 1: Example of a discontinuous input z(t) and the corresponding estimate y(t) for

0 = 0.04 for Jayant’s encoding algorithm [10] and for the suggested algorithm (1)—(4).
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4 Discussion and future developments

1. The estimates in Theorem 1 represent the upper bounds for the worst case scenario; in
practice, one should expect a better performance. A more informative estimate of the
algorithm performance could be obtained in the stochastic setting, such as the mean
square error given certain probabilistic characteristics of the input. In this setting,

optimal selection of the parameter a could be investigated.



Figure 2: Example of a discontinuous input z(t) and the corresponding estimate y(t) for

0 = 0.02, for Jayant’s encoding algorithm [10] and for the suggested algorithm (1)—(4).
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2. It could be interesting to extend the algorithm on vector processes x(t).

3. The presented algorithm is causal, i.e., it collects current information and does not
require the future values of the process. It could be interesting to estimate the loss of
the effectiveness caused by the causality restrictions in comparison with the algorithms
known in the rate-distortion theory in non-causal setting, where an entire signal z(t)| 0,7]

is known and has to be encoded, for some given interval [0, 7] (see, e.g., [12], Ch. 13).

. In theory, an arbitrarily close causal approximation in Ls-norm can be achieved by
binomial processes with a fixed rate of change for general stochastic square integrable
processes, including Ito and jump processes [13]. However, an algorithm of this approx-
imation was not obtained therein. It could be interesting to investigate if the algorithm

from the present paper can be used to achieve this kind of approximation.

Appendix: Proof of Theorem 1

To prove statement (i), it suffices to observe that

inf [y(ty) —2(t0)] < Jyo — 2(0)] + C(L+m6) = Mo(1+a+a® +---+a™)5.

Let us prove statement (ii). For integer numbers s > 0, set

7(0)=7=inf{me T}, 7(s)=inf{m>s: meT}, s>0.



Let us prove first that, for any s € T,
T(s) < s+3 (10)
and

sup |z (tr) — y(t)| < (Ms—1 + D)o,
s<k<7(s)

sup — sup |z(t) —y(t)] < (Ms—1 +2D)0. (11)
s<k<T(s) tE[ti tr+1]

For certainty, we assume that hs_1 = —1. Since s € T, it follows that hy = 1 and z(ts—1) €
[Ys,Ys_1). I s4+1 € T or s+2 € T then (10) holds. Suppose that s +1¢ 7, s+2 ¢ T, and
s+ 3¢ T. Hence

x(ts+3) € [ys —4Déb,ys—1 + 4D6]

Since s +1¢ T and s+ 2 ¢ T, it follows that z(tsy3) € [ys—1,ys—1 + 4DJ). On the other
hand,

y(ts+3) = Ys—1— Msflé + Ms6 + MS+16 + Ms+26 > Ys—1 + 2Ms6 > Ys—1 + 4Dj.

It follows that {s + 1,s+2,s +3}NT # () and (10) holds.

Let us prove (11). We have to consider the cases where 7(s) = s+ 1, s+2, s+ 3 separately.
Let us assume again that hy_1 = —1 and hy = 1.

We have that M;_1 > 2aD and x(ts) € [ys—1 + D9, ys].

Let us assume that 7(s) = s + 1. In this case,

T(ts41) < Yst,

2(tsy1) € [Ys — DO,ysy1],  (ts) € [ys, Yss1 + DO,
x(t) € [ys — D8, ysq1 + D3], t € [ts,tsy1),
y(t) = ys + M(t — t5)d, t € [ts,tsq1].

Hence (11) holds for the case where 7(s) = s + 1.

Let us assume that 7(s) = s + 2. In this case,

x(t5+2) < Ys42, x(ts-i-l) > Ys+1,
2(tst2) € [Yst1 — DO, ysq2], x(tss1) € [Yst1,Yst2 + DI,
x(tS) € [yS-I—l - D(Sa min(ys—l + D(S, Ys+2 + 2D]7



and

2(t) € [ysy1 — DO, ysi2 + DJ], t € [tsi1,tsya],
x(t) € [ys+1 — Do, min(y;—s + 2D6, ysyo + DJ)], t € [ts,tss1],

Y(t) = Ysyi + Mopi(t —ts14)0, t € [tspistsyiv1], =0,1,2.

Hence (11) holds for the case where 7(s) = s + 2.

Let us assume that 7(s) = s + 3. In this case,
T(tsy3) < Yst3,  T(ts2) > yst2,  T(st1) > Ysu1,
and

2(ts3) € [Ysr2 — DI, ysts),

)
z(tst2) € [Ysto, min(ys—1 + 3D6, ys43 + D4l
Z(ts+1) € [max(ys4+1,Ys+2 — DI), min(ys—1 + 2D0, ysy3 + 2D)],
)

.’E(ts € [strl — D(S, min(ys—1 + D(;, Ys42 + 2D)]
In addition,

x(t) € [ysy2 — DO, ys13 + DO, t € [tssa,tsts],

8

(t)
(t) € [yst1 — D3, ys—1 + 3D6], € [tst1,tst2],
z(t) € [yst1 — DO, yst2 + D], t € [ts,tsi1],

(t)

Y(t) = Ysti + Ms—i—i(t - ts-l—i)(sa te [ts-l—ia ts—i—i-l—l]a 1=0,1,2,3.

Hence (11) holds for the case where 7(s) = s + 3.
Let us prove that

M, (s < max(Ms_1/a, M). (12)

We found above that p = 7(s) < s+3. By the definitions, M, = max(M,_1/a, M). Further, if

p = s+ 1 then M, = max(M/a, M) = max(max(M;_1/a, M)/a, M) < max(Ms_1/a, M). If

p = s+2then My1 = M, and M, = max(M41/a, M) = max(M/a, M) < max(Ms_1/a, M),
similarly to the previous case. If p = s+ 3 then M1 = M, = max(M,_1/a, M), Mg o =
aMsy1 = aMy, and M, = max(M;i2/a, M) = max(Mg41, M) = max(M,, M) = max(Ms_1/a, M).
Then (12) follows.



Let us prove statement (ii). Let us define 6y = 7(0), 0 = 7(0x—1), kK > 0. By (10) and (12)
applied to 0y, instead of 7(0), it follows that 0y — 0;_1 < 3 and My, = max(My, ,_1/a, M).
Hence My, = max(a ***M, ), M). It follows that n exists and n < ), where k <
log, (M (0)/M) + 2 and 6 < 7(0) + 3k.

Let us prove statement (iii). Let us observe that, in the sequence (hyt1, hpt2, hnt3, ....),

there are no quadruple occurrences of the same symbol, i.e., for all m > n,

(hm+1uhm+27hm+37hm+4) # :l:(]-717]-71) (13)

We will use the induction method. Assume that the statement holds for k € [, m], where
m € T. It suffices to show that there exists mg € {m + 1,m + 2,m + 3} N7 such that the
statement holds for k € {m + 1,...,mo}. For certainty, we assume that h,, = 1. This means

that M,, = M and h,,_1 = —1.
e Assume that h,,, 1 = —1. It follows that M,,;1 = M and m+1¢& T.

e Assume that (A1, hmie2) = (1,—1). It follows that (M, 41, Myyi2) = (M, M) and
m+2€7T.

o Assume that (hpm+1,ms2) = (1,1). It follows from (10) that hp,4+3 = —1. Hence
(Mm+17 Mm+2; Mm+3) = (M, CLM, M) and m +3 € T

In addition, (11) holds for s = m. By induction, the proof of (iii) follows. This completes
the proof of Theorem 1. [J
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