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Abstract—In this letter, we quantify the transmit diversity order
of the SM system operating in a closed-loop scenario. Specifically,
the SM system relying on Euclidean distance based antenna subset
selection (EDAS) is considered and the achievable diversity gain
is evaluated. Furthermore, the resultant trade-off between the
achievable diversity gain and switching gain is studied. Simulation
results confirm our theoretical results. Specifically, at a symbol
error rate of about 10~% the signal-to-noise ratio gain achieved
by EDAS is about 7 dB in case of 16-QAM and about 5 dB in case
of 64-QAM.

Index Terms—Antenna selection, diversity, limited feedback,
spatial modulation, switching gain.

I. INTRODUCTION

ONSIDER a spatial modulation (SM) based system
[1]-9] having N; transmit antennas (TA) and N,. receive
antennas (RA), whose system model is given by
y = /phis +n, M

where p is the average signal-to-noise ratio (SNR) at each re-
ceive antenna, y € C!7 is the received signal vector, h; is
the channel vector corresponding to the ith TA, s is a random
symbol selected from a unit-energy M-QAM or M -PSK signal
set represented by S and n € C~ is the noise vector. The en-
tries of both channel matrix H and of the noise vector n are
from a circularly symmetric complex-valued Gaussian distribu-
tion CA/(0, 1). The input bitstream in SM is divided into blocks
of log, (N; M) bits and in each such block, log, M bits select a
symbol s from an M-QAM or M -PSK signal set, while log, V;
bits per channel use (bpcu) select an antenna i out of V; transmit
antennas for the transmission of the selected symbol s. Thus,
the SM system achieves log, IV, bits higher throughput than the
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single-input multiple-output (SIMO) system using M -ary mod-
ulation.

Definition 1. In the SM system, the number of bits transmitted
per channel use through the TA indices is defined as the spatial
switching gain (SSG) of the SM system.

Although SM has the benefit of having a single RF chain,
the related disadvantage is that it has no transmit diversity gain
due to the activation of single TA in every channel use. Some
recently proposed schemes to increase the diversity order of
SM beyond one are time-orthogonal signal design assisted spa-
tial modulation [3], [10], coherent space-time shift keying [11],
time-orthogonal signal design assisted SM relying on STBC
[12] and space-time block coded spatial modulation [13]. These
schemes constitute some of the existing open-loop techniques
conceived for SM. Recently, some closed-loop techniques were
conceived for the SM system [14]-[16], where the SM trans-
mitter relies on the feedback information sent back from the re-
ceiver. In this paper, we focus our attention on the Euclidean
distance (ED) based antenna subset selection (EDAS) technique
[14]-[16], which is briefly described as follows.

EDAS: Let Ngas out of Ny TAs be selected for achieving
a SSG of log, Ngar bpeu. Let Z = {I;}}_; represent the set

Ni
Nsm

J\ft
LNSI\,{
the specific TA set that maximizes the minimum ED among all

possible transmit vectors (TV) [15] is obtained as

of enumerations of all possible n = ( ) combinations of

selecting Ngps out of Ny TAs. Among the ( ) possibilities,

min
X1#£X2€X

Igp :argmax{ |H7(x1 X2)|§}, (2)

IcT
where H; € CY»*¥s™ has Ngpr columns given by I and
x represents the set of all possible transmit vectors given by
{eis}fvle, where s € 5 and e; is a Ngps x 1 vector having
1 as the only non-zero element at the ith location, with |x| =
Ngps M. The chosen Igp is encoded into bits, which are then
sent to the transmitter once every coherence interval. Upon re-
ceiving this information, the transmitter starts data transmission
through the TA indexed by the set Irp. Note that the conven-
tional TA selection scheme [17]-[19] is a special case of EDAS
corresponding to Ngas = 1.

Prior Work: A pair of TA selection schemes were proposed
in [16], namely capacity optimized antenna selection (COAS)
and EDAS. Furthermore, the components of the SM symbol
error at the receiver were studied. Explicitly, it was shown that
if P.(SM) represents the SM symbol error with components
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Pr(A) and Pr(S, A°), where A represents the event of an an-
tenna index not being in error and S represents the event of
a transmitted symbol error under ML detection [16], then the
component Pr(S, A°) in COAS achieves a diversity order of
N: — Ngn + 1,logy Ngar. However, the effective diversity
order of COAS was shown to be only N,. owing to A.

New Contributions: The EDAS of SM systems was shown to
achieve significant symbol-error rate (SER) improvements over
both COAS and over the conventional SM system. However, to
the best of our knowledge, the diversity order of this system has
not been quantified in the open literature. Hence in this paper,
we show that SM employing EDAS will achieve a transmit di-
versity order of di = (Ny — Ngps + 1), and strikes an attrac-
tive trade-off between the transmit diversity and SSG, given by
(d, SSG) = (Ny — Ngpr + 1,10g5 Nsar). A further substan-
tial benefit of antenna selection is that the number of high-cost
radio-frequency chains is reduced.

Notations: The lowercase boldface letters represent vectors
and uppercase boldface letters represent matrices. The notations
of | - || and || - || r represent the two-norm of a vector and the
Frobenious norm of a matrix, respectively. Trace of a matrix is
represented by Tr(-). The notations of (-) and (-)# indicate the
transpose and Hermitian transpose of a vector/matrix, respec-
tively, while | - | represents the cardinality of a given set, or the
magnitude of a complex quantity. Expected value of a random
variable X is denoted by E(X), while the smallest non-zero
Eigenvalue of matrix Y is denoted by A;(Y). Furthermore,
Q)(z) represents the tail probablhty of standard normal distri-

bution given by \/E [ exp(— )du

II. MAIN RESULTS

Let L = {i}}*, represent the set of TA indices and C; =
{sej|s € S,j € I;} for1 < i < nrepresent the n possible sub-
sets of TVs, where e; is the j th column of the (V; x NV; )-element
identity matrix. Let AC; = {z1 — 22|21,22 € C;,21 # z2} be
the set of difference vectors corresponding to the code book C;.
Consider the set of matrices given by
AD:{[Xl,Xg, Ce ,Xn”X1 EACl, X2 € ACa,. .. y Xn EACn},

3)
which is obtained by concatenating all possible difference vec-
tors, one taken from each of the n subsets. Note that each ecle-
ment in AD is of size (N; x n). Let p = min{rank(X)|X ¢
AD}.

Proposition 1: The SM system employing EDAS achieves a
diversity order of N, p.

Proof: We adopt the steps in the proof of Theorem 2 in [20],
showing that the rate of decay for the pairwise error probability
(PEP) between any two TVs is at least NV,.pl.

Let the TVs in each codebook be indexed as C; = {x;(i)|l
€ {1,2,,NspyM}}. Let the optimal set of TAs for a given
channel realization H be I+ as in (2). Then the PEP between
any two distinct TVs indexed by I1, 5 in the codebook Cy« is
given by

IThe Proposition 1 in our paper is a generalization of Theorem 2 in [20] which
is used along with Proposition 2 to arrive at our main result. Note that Proposi-
tion 2 constitutes the main result of our paper.
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We now have to show that the PEP decays as 1/p™VP. Let
Xmin(k) = for 1 < k < n represent
the difference vector from ACy corresponding to the minimum
ED and X,,in. = [Xmin{(1): Xmin(2), ; Xmin (n)]. Then we have

(6)
(7

1 (2, (k%) — %0, (K" ) P 2 [ HXmin ()1,
1 .

> — Hszn 7 .

> EX i

The inequality in (7) is due to the fact that X,,;,(k*) corre-
sponds to the maximum ED among the elements in X,,;,,. Fur-
thermore, we have

min

= Tr(HXmmXH HH)

M1

= Tr(HDminH )7

U:E)mmUH is the Eigen decompo-
and H = HU. Since |[HXinl|% =

where Xmmem
sition of XmmX

min

21:1 ) Ajlhi ;|2 where ¢ = rank(Xin) > p, we have
N, p N p
IHX pinl[3 > DN Nlhis P2 27D N Jhis*s (®)

i=1 j=1 i=1 j=1

where \* = minxecap A;(XX*). Thus, from (7) and (8) we
arrive at:

PEP(x;, = x,[H) < = eXp Z Z |hi s
i=1 j=1
(€))
Therefore averaging over H, we have
1 N. p p
* |7 2
F’EP'(XIl — Xlz) < 5 LI;IIJI;IIE (exp (_R/\ ‘h@j )) .

(10)

Since |h; ;|? is exponentially distributed with unit mean, we
have

JDE‘]D(Xl1 — Xlz) S

At a high SNR we have ” " > 1, hence

/3/\* —Nyp
4n

Thus, the probability of symbol errors in EDAS at high SNRs

can be bounded as
> X

x1y €Cpx X1y #Xzz ECx

* N.p
< (G| = 1) (A" ‘
- 2 4dn '

1
PE’]D(XI1 — XIQ) S E(

P < P'E'ID(Xl1 — Xl,_,),
|CA*
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 (NsuM —1) (pa=\ ™7
N 2 <4n> ’
Note that the exponent of p is IV,.p. This concludes the proof. B

Proposition 2: The SM system employing EDAS achieves a
diversity order of N,.(Ny — Ngar + 1).

Proof: Owing to Proposition 1, it is sufficient to prove that
we have p > N; — Ngas + 1 in order to prove the proposition.
Let us now consider any matrix X from the set AD. We can
then show that this matrix has at least (N; — Ngps + 1) linearly
independent columns and hence has a rank of at least (N; —
Nsum +1).

Let AS denote the set of non-zero difference constel-
lation points given by {s1 — s2|s1 € 5,82 € S, 51 # s2}.
Every element in AC; is either from the set & =
{cexlc € AS} for 1 < k < N,, or from the set &, , =
{ciep + coeylcr,e0 € 5,1 <p # g < N;}. We show that it
is impossible to construct a matrix X with rank less than
N¢ — Ngar + 1 by picking columns from the set & |J &, 4.

First, we show that by restricting the columns of X to be from
the collection of sets {£x} the least possible rank of X can be
N¢— Ngar+1. Then, we show that by picking the columns from
the collection of sets {&x, |J £y, } the minimum achievable rank
of X does not reduce than that achieved with & alone.

Pick g1 € &g for some legitimate k. Since g; belongs to
( Ny —1

Ngy —

AC;’s that constitute say first (

1) of the n sets {AC;},, we pick g1 from these
Ny — )
Nsm —1
ilarly, we pick g2 € &, # k. Since g2 belongs to (
n— Nt -1
Ngy —1
we pick g2 from these sets that constitute the next (

columns of X.. Now we have picked ( ]\zvt -1
'SM

columns of X. Sim-

Ny —2
Nsu —1
) sets in the collection {AC;},
Ny —2
Ngp —1
Ny —2
— 1) (Ng M — 1)
columns of X, which has a rank equal to two. Proceeding
in the same lines, at the mt" step, we would have chosen

of the remaining (

> N];/Lij 1 ) columns of X, which has a rank equal to m.
Since n = Z;&;NSM'H( : {Vt B 1'1 ), we would have picked
Nsar —

all the columns of X when m = N; — Ngus + 1. Thus the
minimum rank of X when the columns are picked from the
collection {&x} is Ny — Nspr + 1. Now we show that by con-
sidering the set {&x |J £ 4 }. we will not have any advantage in
reducing the rank of X any further.

Suppose, assume that we pick g € span(e;,e,,) from the

set £, 4 instead of g; € &k. Since g} belongs to ( Ny =2 )
P.q S k- 91 g NSM —9
of the n sets, which is strictly lesser? than ( Ny —1 ), any
Ngas — 1
choice of the vector from the collection {&;|J&p,q} to fill
in the remaining ( Ne—1 ) — (" “.) columns will
Nsy —1 Tsm — 2
N, —1 N, -2 Ne—2
2 —
]I\\[Iote ;hat (NSJ\A;IV* 11) = (NSM 3 1) + (NSM B ), and hence
t t
(NSM - 2) h (NSI\/I - 1)'

Diversity-SSG Trade-off in SM systems with EDAS

‘ ‘ e N=12

}_._Nl=s
‘{_V_Nl=4

Diversity Gain (dl)

1 2 3
Spatial Switching Gain [logz (Ns“)] bits

Fig. 1. Trade-off between transmit diversity and switching gain in SM systems
employing EDAS with various number of transmit antennas.

increase the rank of X to two, whereas g; gives a rank of only
N, -1
Nsy —17 = L .
whose basis element is either €; or e,, while increasing the
Ny —1 )
Ngy — 1
for each of the basis. Since we have already chosen those
columns which have both e; and e,,, we have effectively
( N, -1 )+ ( N -1 )~ ( N, -2
Nsp —1 N NisM -1 A;sM -2
is equal to £ t . Now, X has a rank of
4 (NSM—l) (NS]M_l)
Ny —1 ) ( Ny —2
CNem —1 Ngn — 1
by restricting the columns of X to be from &, a rank of two
was achieved with the same number of columns filled. Thus,
picking elements from E, , will not give any advantage in
reducing the rank further. This concludes the proof. [ |
Thus, it becomes clear from Proposition 2 that the SM system
cannot achieve full transmit diversity, while achieving a non-
zero SSG. Fig. 1 compares the trade-off between the achievable
transmit diversity and SSG for various number of TAs with dif-
ferent choices of Ngps. Considering for example N, = 12, we
can have Ny = [2,4, 8] < NV;. The achievable transmit diver-
sity gains in these cases are 11, 9, and 5 respectively. Note that
Ngnr = 1 corresponds to the conventional TA selection scheme
of [17].

one for { ) columns. However, we can pick vectors

rank of X only by one. There are totally ( vectors

) columns, which

two with ( ) columns filled. Note that

III. SIMULATION RESULTS AND DISCUSSION

Simulation Scenario: In all our simulations, we assume
block Rayleigh fading channels and perfect channel estimation
at the receiver. Furthermore, the receiver is assumed to perform
maximum-likelihood detection in all the transmission schemes
considered. For each channel realization, the antenna subset
Igp of (2) is obtained by employing the low-complexity EDAS
algorithm given in [16].

We demonstrate that the SM system employing EDAS indeed
achieves a transmit diversity of order d; = (N; — Ngpy + 1).
Consider an SM system operating with Ny = 5, N, = 1,
16-QAM and 32-QAM signal sets, where Ngy; € [1,2,3,4].
The choice of N, = 1 ensures that the achieved diversity is only
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Fig. 2. SER performance of the SM system having N, = 1, N; = 5 and
employing 16-QAM signal set for Ngar € [2,3,4].
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Fig. 3. SER performance of the SM system having N,, = 2, N; = 10 or 8,
Nsn = 8 and employing 16- and 64-QAM signal sets.

due to TA subset selection. Fig. 2 gives the SER performance of
the above SM system for Ngps € [1,2, 3, 4] along with the ref-
erence curves of the form ¢/ SN RN ~Nsm+1 where ¢ is an ap-
propriately chosen positive constant3. It is clear from Fig. 2 that
the SM system employing EDAS achieves a transmit diversity
order of (N; — Ngps + 1).

Consider an SM system having N, = 2, N; = 10 and em-
ploying EDAS using Ngjs = 8. Also consider an SM system
having N, = 2 and N, = 8. Fig. 3 provides the SER compar-
ison of these systems when using 16- and 64-QAM signal sets.
It is evident from Fig. 3 that EDAS increases the diversity order.
Specifically, at an SER of about 10 ~* the SNR gain achieved by

3The constants chosen in Fig. 2 are ¢; = 2.515 x 10*, ¢co = 4 x 109,
ca3= 10% and cs = 64 x 108.
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EDAS is about 5 dB in case of 64-QAM and about 7 dB in case
of 16-QAM.

IV. CONCLUSIONS

In this paper, we have quantified the achievable transmit di-
versity order of SM employing EDAS. Furthermore, the resul-
tant trade-off between the diversity order and the switching gain
was quantified. Our simulation results confirmed the theoretical
formulae.
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