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Abstract—In non-orthogonal multiple access (NOMA) down- The main novelty of this work is the investigation of the im-
link, multiple data flows are superimposed in the power do- pact of PA on the fairness performance of the NOMA scheme.
main and user decoding is based on successive interferencqn particular, we study the PA problem in NOMA from a
cancellation. NOMA's performance highly depends on the powr fai t ,d int under t . ¢ i .
split among the data flows and the associated power allocatio aimess standpoint under two main systeém assump |0n§_. 1)
(PA) problem. In this letter, we study NOMA from a faimess When user’s data rates are adopted to the channel conditions
standpoint and we investigate PA techniques that ensure faiess  (perfect channel state information (CSI)), and ii) whenrsse
for the downlink users under i) instantaneous channel staten-  have fixed targeted data rates under an average CSI. Although
formation (CSI) at the transmitter, and ii) average CSI. Although the resulting optimization problems are both non-convex, w

the formulated problems are non-convex, we have developedw- develop | lexity bisection-based iterati lthori
complexity polynomial algorithms that yield the optimal sdution evelop low-complexity bisection-based iterative algoris

in both cases considered. that provably yield globally optimal solutions. We further
Index Terms—5G, NOMA, faimess, outage probability, convex illustrate that each iteration subproblem can be optimally
optimization. solved in closed and semi-closed form for the two cases, with

no specialized optimization software. The results showt tha
the NOMA scheme outperforms conventional MA approaches

UTURE 5G communication systems need to suppasl significantly improving the performance of the worst user
unprecedented requirements for the wireless access con-

nection, targeting cell throughput capacities 1f00x cur-
rent 4G technology and roundtrip latency of abdumsec.
Towards t_h_is o_Iirection,_ three major 5G technol_ogies ngmedwe assume a single-cell downlink topology consisting of
yltra-densllflcanon, millimeter wave, and.masswe.mu@pl one base stationpB, and N users,U;, with i € N =

input multiple-output, have attracted considerable &tienin 1,...,N}; all terminals are equipped with a single antenna.

bOt.h '”‘?'“S”.y and acaderr_n [4]. In .add|t|on to these tgchn " has always data to transmit for each user (saturated sognari
logical implications, physical layer issues such as trassm

. ‘ d itin| MA) sch h lalad its total available transmitted power is equalRo All
sion waveforms and multiple-access (MA) schemes shoulejoss jinks exhibit independent and identically diaited

be reconsidered. A_promising downlink M'_A‘ scheme is t_h .i.d.) block Rayleigh fading and additive white Gaussian
non-orthogonal multiple access (NOMA) which achieves hi ise (AWGN). This means that the fading coefficients
spectral efficiencies by combining superposition codinthat

. ith e interf latidCYS: (for the B — U; link) remain constant during one slot, but
transmitter with successive interierence cance atidT) At change independently from one slot to another according to a
the receivers[]2],[13].

complex Gaussian distribution with zero mean and variance

In contrast to the conventional orthogonal MA scheme(}:%; the variance captures path-loss and shadowing effects.

(g.g. time-division muItipIe.access (T,DMA)’ etc.), NOI\/lAWi}hout loss of generality, the channels are sorted)as
simultaneously serves multiple users in the same degree1h0|

|. INTRODUCTION

Il. SYSTEM MODEL

12 < |he|* < ...|hN|? i.e., thei-th user always holds the
1-th weakest instantaneous channel. The AWGN is assumed to

%léahormalized with zero mean and varia
rates and this could be critical for scenarios with striatnfass rat?;a

constraints. The work if_[4] analyzes the performance of the
NOMA scheme in terms of outage probability and achievabfe NOMA scheme

sum-rate for a fixed power allocation without discussing@pet ~ The NOMA scheme allows3 to simultaneously serve all
tial fairmess issues. In order to enable fairness, [5] tic®s users by using the entire bandwidth to transmit data via a
a cooperative phase after the NOMA downlink, where strorgiperposition coding technique at the transmitter side and
users relay data for the weak users but with the cost gfC techniques at the usefs [6, Eq. (6.25)]; in this case;, use
extra channel resources (i.e., dedicated time slots ard usgultiplexing is performed in the power domain. According to
for cooperation). On the other hand, fairess can be supborthe NOMA principles,B transmits a linear superposition of
through appropriate power allocation (PA) of the superisgmb N data flows by allocating a fractiofi; of the total power to
transmitted data flows. thei-th data flow. Each receiver employs a SIC technique and
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the m-th data flow is given by([4] Algorithm 1 : Optimal solution to problem (@)

2
m})hiQ Llnh.tLB::(Ltngzlog(1+-£%%L).
RN%MA(/G):IOg <1+Ph2 ﬁN | | 2) ) (1) 2: while (tUB_tLBZG) do
7il? 2 j—mgr Br + 07 3 Sett = (typ +t1p)/2; Solve LP [§) to obtaim3“".
whereR,, .» < R;..m, m < idue to the ordering of the channel ]
coefficients. 7 4 if [ > g <1 then
1EN
5: Settrp =t 8 = B0 r =t.
B. Outage probability performance for NOMA 6 else
In caseB does not have any instantaneous channel feed# Settyp =t.

back, it transmits with a target spectral efficiengybits per
channel use (BPCU) for each data flow and an appropriate

performance metric is the outage probability. An outageneveProblem [[(B) is not convex and hence hard to solve directly
occurs at thei-th user when is not able to decode its owmising standard optimization solvers. In this section, va@gr
data flow or the data flows of the weakest users< i. By form the problem into a sequence of linear programs (LPs) and
using high order statistics and following similar steps/4d [ develop a customized low-complexity polynomial algorithm

the outage probability for théth user is for its optimal solution. Towards this direction, we state
NOMA NOMA propositior 1.

" =t P{ W:O iR“m (8) = TO} Proposition 1. Problem(@) is quasi-concave.

= hil? — 2> ¢ 2 Proof: A maximization optimization problem is quasi-
- ﬂ -| 2 Gnp =Byl = ¢ (23)  concave when the objective function is quasi-concave and

m=1,...,1

the constraints are convex. Clearly, the constraint§lofa(8)

convex sincel(3b) anf(Bc) are linear. For the objectivetfunc

to be quasi-concave, all its sublevel sets must be contdye [7
i—1 i.e., S, = {minRN?MA(B) > t}, for t € R, which denotes the

= Z%‘,k (1 —eXp(—&',kG)) ; (2b)  set of3 for which the objective function is larger thanDue to
k=0 themin operator, it is true thas, = {RNOMA(B) > ¢,i € N},

Nonetheless, seS,; is concave fort € R, as constraints

RYOMA(B) > t,i € N can be expressed as

=A; /Oéi <1 - exp(—/\:zr)>i1 exp (= AN — i+ 1)z)dx

A () (—1)k
where Yi,k = (k )( ) ’ Al = (i—l)]!\([‘;\/'—i)!’ 6i,k =

Oik

)\(N—Z+12+ k)n Cl - maX{CDCQa"'aCi}i A= 1/0}21’ N

o, 7 A~ _ or ) ~ N .
= a0 =2 L A>T d i Bi(see  gpip 2> (20— 1) <P|hz-|2 S B+ o;i> LiEN, (4)
Eg. (8) in [4]), and[(Zb) follows from the binomial theorem. I=it1
It is worth noting that here, we give a closed form expressiQfhich are linear inequalities and hence concave, compgletin
for i.i.d. Rayleigh fading, while the analysis inl[4] refeisa o proof. =
different channel probability distribution. Let ~* denote the optimal objective function value to quasi-

concave problem{3). For a specific constant valué the
I1l. FAIRNESS FORNOMA SYSTEMS LP

The NOMA scheme enables a more flexible management of ; ; ;
. . - Find B subject to constraint$ (Bb), (3c).] (4 5
the users’ achievable rates and is an efficient way to enhance p ) £BOLE3AI(®) ()
user fairness. In this section, we consider two fundaméaital is feasible then* > ¢, otherwiser* < ¢. Equivalently, one
ness criteria that refer to NOMA systems with instantaneoggn solve the following LP

and average CSI, respectively. mgnZBi subject to constraint§TBc) ard (4), (6)
ieEN
A. Max-Min fairness with instantaneous CSI and check if the solution satisfief [3b). This implies that
If a continuous channel feedback is available at the trartsy appropriately bounding through a bisection procedure
mitter side, users’ rates can be allocated according ta théAlgorithm[I), the optimal solution td13), within a desitab
instantaneous channel conditions. In this case, a suitabteuracy, can be obtained by solving a sequence of feasibility
criterion is the max-min fairness that maximizes the minimu LPs of the form[(B).
achievable user rate and is formulated as follows Although [8) is LP and can be solved with standard op-
timization solvers, its solution can be obtained in closed-
: NOMA ’
mgx TNt R (B), (3a) form with linear computational complexity from a custondze
algorithm. Towards this direction Propositibh 2 is essanti

N
st Zﬁj =1, (30) Proposition 2. The optimal solution of(@), satisfies all
=1 constraints(3d) with strict inequality {nactive constrainjsand

0<p;, forjeN. (3¢) @) with equality active constrainis



Proof: Because the problem is convex, the followingvhere PNOMA(3) is given by [2b). Naturally, increasing
Karush-Kuhn-Tucker (KKT) conditions are necessary and suthe total power monotonically decreases the optimal outage
ficient for optimality of [®), fori € A/: probability of [I3). Hence, a bisection procedure similar t
Algorithm [ can be followed, where each step involves the

. 12 R t 2
AiPlhil "+ pi = ;/\k(z DPIh|” +1, (7) solution of the following problem
N min y 3;, (14a)
BiP|hi|? > (2t — 1) <13|m|2 Z By +a§> , (8) B ;
I=it1 sit. PNOMAB) <t B >0. (14b)
Bi >0, \i 20, p; >0, 9) ) = N

N For a particular valuet, if the solution of [I#) satisfies

oot _ 12 2\ _ apip2) Y ien Bi < 1 then the optimal solution of(13) is* < ¢,
As <(2 b <P|hz| 1:21'121 hut U”) Ailhil ) =0, otheejr\[wisefr* > t. Hence, the optimal solution df {lL3), can be
(10) obtained by optimally solving a sequencel[of](14). Nonetwle
i =0 (11) problem [14) is non-convex due to the presence of terms

v ’ exp(—d; 1¢;) in (I44) which are neither convex or concave.
where \; and p;, i € N, are the Lagrange multipliers forTo simplify the problem, the next proposition allows the
constraints[{4) and(Bc) respectively. The right hand sidles() elimination of ;.
of (8) is strictly positive for alli € N, as¢? > 0, ¢t > 0 and
B; > 0; hence, the left hand side (l.h.s.) has to be strict
positive which implies thaps; > 0 and u; = 0 (due to [11)),
which completes the first part of the proposition. In a simila  Proof: The proposition will be proved by induction.
fashion the r.h.s. of{7) is strictly positive, which imi¢hat Assume that the optimal solution of {14) 8*. From the
Xi > 0,i€ N, asp; = 0. Since)\; > 0, condition [I0) definition of NOMA outage probability[(2a) foi = 1,

roposition 3. At the optimal solution of probler{fd), it is
ue that|h 2 = ¢ < ... < |hn|? = (.

implies that all constraint$}8) must be enforced with eifyial we have tha® {{h? > G} =Py > W .
which completes the proof. B Since 3; only affects the outage probability of user 1, we

The intuition behind propositiol 2 is that afl;, i € N it to select3, as small as possible to minimize the total

must be positive for the problem constraints to be satisfielgsed power which implies th&t{|h1|2 _ <1} Assume that
while all R; ; must be equal at the optimal solution. Based o| 2 = Cey[hel? = G we will prove the result for

propositior 2, the optimal solution to LP](6) can be obtained, | From [22) we have that{ |2 > G} =
. m=1,...,k+1 11tm|" Z tm

from Theoreni 1. P {|hk+1]* > Ces1}, as from the above assumption is it true
Theorem 1. The optimal solution td6) is given by: that |hrs11? > Gn = |hm|?, m = 1,..., k. BecauseByi1
. N does not affect the outage probability of usérs 2 to V it
B = -1 P|hy)? Z Bi+o2|,i=N,...,1. (12) can be selected to minimize the total consumed power which
Plh;[? I—it1 is true when|hy1]?> = (1. This completes the proof. m
Proof: The proof is a direct consequence of the active '€ intuition behind propositidd 3 is that the target spmctr
inequality constraints{4) from PropositiGh 2. The anaiti efﬂmenpy neeo_ls tq be satisfied Wlth equallty_for all users.
solution emanates from the fact that normalized power PrOPOSitiorLB, implies that at the optimal solution DFI(1#),
only depends on the power allocated to the stronger chanri§i¥ue that(; = ¢;. Next, we show that despite df (14) being
i+1,...,N. Hence, the optimal objective function value cafo"-CONVex, its globally optimal solution can be obtained i

be computed by allocating power from the strongest to ti§gMmi-closed form. _ o

weakest channel in succession. m Theorem 2. The optimal solution ofI4) is given by:
Notice that due to the special structure of the problem, the 94 N

optimal solution can be obtained in closed form (ded (12)), B = U”Tf + 7 Z Br,i=N,..., 1, (15)

with all users having data rate equalttdn addition, it can be Pe k=it1

easily observed that the computational complexity of swjvi

() is O(N), i.e., linear to the number of users.

where(’, i € N denotes the solution of the 1-D equation

1—1

B. Min-Max fairness with average CSI Z% L <1 _ eXp(—&-.kCi)) =t, (16)

Optimizing the performance of communication systems k=0
under average CSl information is an important and challengi Proof: To prove the above theorem, variable transforma-
problem with practical interest. Towards this directione Wion ¢ — o2 7o is made on probleni{14) yieldin
propose to optimize the outage probability of all users unde G P(Bi—70 3141 A1) P )Y g
knowledge of the distribution and order of channels in NOMA . 2. W oNi1 _
systems. The considered optimization problem is defined as — %\:[U"TO(I +70)"/(PG), (17)

minmax PrO(B), (13a)

i—1
Vi | 1 — exp(—d;, Ci)St, (>0,ieN.
subject to constraint§ (Bb) and{3c)  (13b) kZ:O k( (=0ucs)
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Fig. 1. Optimal NOMA fairness rate for differerftig. 2. Comparative NOMA and TDMA fairnesSig. 3.  Comparative outage probability per-
number of users and total power under instarigte performance under instantaneous CSI ffemance between NOMA, TDMA and fixed
neous CSl. different number of users and total power. ~ NOMA under average CSI.

Interestingly, the constraints in problem117) are uncedpl performance gain fromiV = 10 to N = 5 is significantly
and the objective is additive; hence, the problem can béher than fromN = 20 to N = 10. Notice also that ag’
decomposed int&V one-dimensional problems, where theéh  increases the rate of improvement reduces because thedsirn
subproblem is of the form data rate is a logarithmic function of power.

. o il Fig. 2 provides a comparison between NOMA and TDMA
min énro(l + 7o)/ (PG), (182) by gepicting the achievable fairess rate for differénfor

=1 varying number of users. Clearly, NOMA is significantly eett
Z%»k (1 - eXp(_‘sikai)) <t (18b)  than TDMA. In fact, as the number of users increases, the
k=0 advantage of NOMA over TDMA increases almost linearly.
G =0 (18¢) NOMA is also substantially better than TDMA in terms of

Although, subproblem${18) are non-convex (dumlgb))lqomputational complexity, as TDMA requires the solution of
can easily be observed thBE{18a) is monotonically deargasf Sequence of convex programs. -
in ¢;, while constraint[[T8b) is monotonically increasing in Figs. 3 compares the outage probability between NOMA
¢;. Hence, the optimal solution t6{/L8) is the largest value §nhd TDMA qnder average CSl information as gfunctlon of the
(; that satisfies[(I8b), which is obtained when the constrafial transmitted power for target spectral efficiemgy= 0.05
is active. Having obtained the optimal solution of each sulPCU andry = 0.50 BPCU, for N = 5. In TDMA the
problem ¢*, the optimal solution tg3* can be obtained by optimal outage probability is obtained for equal time-sgliio .
back-substitution yieldingd {15), completing the proof. m and power among users. Resu_lts are glso shown for a fixed
The solution of each[{16) can easily be performed usiftyOMA PA scheme proposed inl[4], witly,, — At
Newton’s or bisection method i®(Nlog(c)), wheree is the ™ € N, wherey is selected such that’, .\ fm = 1. It
required accuracy. Ong& has been obtaine@* is computed €an be easily observed that in all cases_con5|dered, NOMA
from (@8) in O(N), yielding a total computational complexity©utperforms TDMA by an order of magnitude. NOMA also
of O(N2log(e)) or O(Nlog(e)) if solved in parallel. Note has at least five times better performan_ce compared to the
that the methodology proposed to optimally solie] (14), cdixed NOMA PA scheme. As expected, higher target spectral

be applied to any underlying outage probability distribati ~ €fficiency results in worse outage probability because it is
more difficult to be satisfied. For validation purposes, gata

probabilities were obtained numerically far0® problems

IV. NUMERICAL RESULTS ; . . : .
_instances illustrating maximum absolute relative erraf%®.
We evaluate the performance of the developed algorithig 51 cases considered.

by solving 1000 randomly generated problems for different
parameter configurations. All problem instances follow the V. CONCLUSIONS
system model introduced in Sectigd Il with? = 1 and In this paper, the problem of optimal PA to maximize fair-
o2 = 1. The fairness performance of the conventional TDMAess among users of a NOMA downlink system is investigated
scheme is used as a benchmark since it refers to the orthbgamaerms of data-rate under full CSI and outage probability
allocation of the available degrees of freedom and is etpriva under average CSlI. Although the resulting problems are non-
to any orthogonal multiple access schemé]( [6], Sec. 6.1.8pnvex, simple low-complexity algorithms are developeat th
for the instantaneous CSI case, the optimal TDMA allocatigirovide the optimal solution. Simulation results demaatstr
can be solved by using a methodology similar to Algorithrthe efficiency of NOMA, achieving fairness performance that
[, while the optimal outage probability is obtained for equds approximately an order of magnitude better than TDMA
time-sharing and power-split. in the considered configurations. The main results of this
Fig. 1 demonstrates the achievable maximum fairness ragerk show that NOMA can ensure high fairness requirements
for different P and N. As expected, increasing or reducing through appropriate PA and is a promising MA scheme for
N improves the achievable fairness rate. Interestingly, tfigure 5G communication systems.
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