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Abstract

In this letter, we address the fundamental question of howyn@amforming vectors exist which
generate the same beampattern? The question is relevardrty fields such as, for example, array
processing, radar, wireless communications, data cosipregdimensionality reduction, and biomedical
engineering. The desired property of having the same beenpdor different columns of a beamspace
transformation matrix (beamforming vectors) often playeg importance in practical applications. The
result is that at mos2™~! — 1 beamforming vectors with the same beampattern can be geddram
any given beamforming vector. Herd is the dimension of the beamforming vector. At the consivect
side, the answer to this question allows for computatignefficient techniques for the beamspace
transformation design. Indeed, one can start with a singlforming vector, which gives a desired
beampattern, and generate a number of other beamformirtgrseevhich give absolutely the same
beampattern, in a computationally efficient way. We call itiidal beamforming vector as the mother
beamforming vector. One possible procedure for generatingossible new beamforming vectors with
the same beampattern from the mother beamforming vectoooped. The application of the proposed

analysis to the transmit beamspace design in multipletimpultiple-output radar is also given.

Index Terms

Array processing, beamforming, beampattern design, difoaality reduction, multiple-input multiple-
output (MIMO) radar.
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I. INTRODUCTION

Beamspace transformationl [1[,/ [2] and beamforming [3] téghes are the key approaches,
among others, in array signal processing [4]-[6], radarfjltiple-input multiple-output (MIMO)
radar [8]-[21], wireless communicatioris [22]-[24], datantpression and dimensionality reduc-
tion [25]-[27], biomedical engineering [28], etc.

In the traditional applications in array processing and ehsionality reduction, it is often
desirable to reduce the high dimensional space into a lowerlly means of the beamspace
transformations. In more recent applications to MIMO radaihas been required not only
to design a lower dimensional transmit beamspace but als@temit a number of orthogonal
waveforms from a larger number of transmit antenna elemehile achieving transmit coherent
processing gain. While designing such a transmit beamspaéain properties have to be
satisfied such as a uniform power distribution for differgminsmit waveforms in the desired
sector where the targets are likely to be located [19]. Therl@nables, for example, to enforce
at the transmitter the very useful rotational invarianagperty [29], [30] which can significantly
simplify and improve, for example, the direction-of-aaifDOA) estimation techniques used at
the receive antenna array.

From a practical point of view, generating a transmit beaanspthat satisfies a number of
properties is very desirable. Thus, it is of interest to lémksimple design technigues allowing to
start with a single beamforming vector, which we call the meotbeamforming vector by analogy
with mother wavelet[[31] in wavelet analysis, and generateumber of other beamforming
vectors that all have the same beampattern as the motherfdreang vector. Beamforming
vectors that possibly satisfy some additional practicafportant properties can then be selected
from a set of so generated beamforming vectors. In wavedet$;similarity is an important
property where basis functions are all obtained from a siqgbtotype mother wavelet using
scaling and translation. It is interesting that a similaygarty exists also in the beamspace design
problem. To the best of the authors knowledge, this propleaty not been known or exploited
before.

The contributions of this letter are as following.

« We first address the fundamental question of how many beamrigrvectors which generate

the same beampattern as the mother beamforming vector exist
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« At the constructive side, we develop a computationally ieffit technique for generating
all such beamforming vectors.
« The application of the proposed analysis to the transmitispace design in MIMO radar

is also given.

The rest of the letter is organized as follows. The main tesat the number of beamforming
vectors, which have the same beampattern as the mother @waim§ vector, and on the
procedure of constructing such beamforming vectors arengiv Section Il. Section Il is devoted
to the application of the proposed analysis to the transegintspace design in MIMO radar,
which aims at demonstrating the practical usefulness oftekalts obtained in Section Il. The

letter is completed with conclusion.

[I. MAIN RESULTS

Let us consider a uniform linear array (ULA) withl antenna elements. The steering vector
of the array towards directiofl is denoted as(¢). The transmit array beampattern can be
expressed as

p(0) = lw"d(0)| 1)

where w is a beamforming vectorl(#) = a*(¢), and || - | and (-)* stand for the Euclidian
norm of a vector and conjugation, respectively. Let the hmsttern corresponding to a given
beamforming vectow, referred to as the mother beamforming vector, satisfieioceshape
design requirements, but it does not satisfy other prdbtigaportant requirements. Such a
requirement is, for example, a uniform power distributiasross the antenna elements. The
guestion then arises about existence of other distinct tmarng vectors which generate the
same exact beampattern as the mother beamforming vectand which in addition satisfy
other possible design requirements. The following theostates the total number of distinct
beamforming vectors with the same exact beampattern as dtieembeamforming vectow .
Theorem 1 : For an arbitrary transmit beamforming vecterthat corresponds to a ULA of
size M, there are at most”~! — 1 other different beamforming vectors which have the same
exact beampattern ag. A constructive solution for obtaining all possible beamiong vectors
is given in the proof.
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Proof : Let w andv be two beamforming vectors with the exact same transmit pagern.

The latter implies that
wiD(0)w = v'D(0)v, Vo € [—7/2,7/2] 2)

where the matriXD(6) is defined add () £ d(#)d (). It can be easily verified that the matrix
D(0) has Toeplitz structure.

In the rest of this proof, we will refer to the descending diagls of a matrix from left to right
as the first, second, and up M + 1)th off-diagonal, respectively. For the notation simplicit

let us define the following vector
T
Z(e)é <6j27r(M—1)dsin(9)7 . ’6j27r(2)dsin(6)’ 6j27rdsin(6)’ 1’ 6—j27rdsin(6)’ e 6—j27rd(M—1) sin(@)) (3)
whoseith element is equal tith off-diagonal elements dD(#). Moreover, we will express the
Toeplitz matrixD(#) with the diagonal and off-diagonal elements defined:(6) as T (z(0))
whereT'(-) is an operator which generates a Toeplitz matrix.

Since equation{2) holds valid in all directions, the follog set of equations can be resulted

by fixing ¢ to an arbitrary set of angles dentedtas k. =1,--- ,2M + 1
wiD(0,)w = viD(6,)v, k=1,---,2M + 1. (4)

By linearly combining the set of equations [ (4) using aniteaby set of coefficients denoted

asc,, k=1,---,2M + 1, the following equality can be concluded
2M+1 2M+1
WH< Z ckD(Qk))w = VH< Z ckD(Hk))v (5)
k=1 k=1

In what follows, we will show that by the proper selection bétcoefficients:;, and angles

0y, it is possible to make all the off-diagonal and diagonathedats of the new Toeplitz matrix

M+ . D(0;) equal to zero except for a desired one.

First, note that the new Toeplitz matiX; "' ¢, D(6;) can be expressed 8> >V ! ¢,z(6;)).

Based on the latter observation, we conclude that all thaliafjonal elements of the matrix

M+ e, D(6,) are equal to zero except fgith off-diagonal element if and only if all the

elements of the vectop ;""" c,z(6) are equal to zero except for theh one. Therefore, let

us consider the following set of linear equations

z(61) z(0) -+ z(Oaps1) |C = ey (6)
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wherec £ [c;,- -+, capre1] @nde; is the unit vector whosgth element is equal to one. Since

the newly defined matrisZ = [z(0,) z(6,) --- z(fanr41)] has the Vandermonde structure, it is

invertible under the condition that the angles k£ =1,--- ,2M + 1 are chosen to be distinct.
In what follows, it is assumed that

™

2M +1°

and, thusZ is invertible. Therefore, by selecting the coefficient weetin (@) asc = Z'e;,j =

0, = (k—1) k=1, ,2M+1 )

1,---,2M + 1, the vectorY_"  ¢,z(6,) can be set equal te;. It implies that in terms of
the aforementioned selection of the coefficient veectaand angles),, £ = 1,--- ,2M + 1,
it is possible to make all the off-diagonal and diagonal eleta of the new Toeplitz matrix
Zle cD(0x) equal to zero except for thgh one. Using[(b) and selecting= Z 'e;,j =
1,---,2M 41, it can be resulted that ;™" ¢,D(6)) = T(e;) which, in turn, implies that

wiT(e;)w = v T(ej)v, j=1,---,2M+ 1. (8)

The set of equations i](8) can equivalently be expressedlmsvé

|wr]? + |wa* + -+ Jwa* = or|* + [val” + -+ 4 Joar[? 9)
'LU11U§ + UJQ’LU; + - F wM_l’LU}k\/[ = 1)1'1132k + 'UQUE): + -+ 'UM—l'UX/[ (10)
Wiw; + Wawy + - -+ Wp_oWiy = V105 + VaU; + -+ Upp_oUy (11)
W1Why_q + Wowy, = V1V_q + VU, (12)
wiWy; = VU (13)

Since any arbitrary Toeplitz matrix can be constructed Ingdrly combining the matrices
T(e;),j = 1,---,2M + 1, equivalently, it can be concluded that by linearly comiinithe
equations[(9)£(13), the equatidd (2) can be resulted. Timesbeamforming vectorsr and v
have the same transmit beampattern if and only if the equa{{®){(18) are satisfied.

For a mother beamforming vectev, we can construct the set of all possible beamforming

vectors that have the same beampattermwathrough solving the equationgl (9)=(13). For this
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goal, let us define the following two functions of a singleighte x

First Multiplicative Term Second Multiplicative Term
f(@)2(wy + wor + wsa? + - -+ wprr™ ) (wh +wizT Fwir T4+ whe M) (14)
g(@)2(v1 +vox +v3r? + - - F oy ) (W FvirT ke 4 o M), (15)

By expanding the multiplicative terms in the definitions fifr) and g(x), it can be verified
that the equation$ (9)=(113) hold true if and onlyfifx) is equal tog(z). Let xy be a non-zero
root of the first multiplicative term in the definition of(z), i.e., wy + wox + w3a? + -+ +
wyrr™ 1. Then it is simple to verify that /2 is also a root of the second multiplicative term
wi+wir Tt wiz~? 4+ +wia M of f(2). One implication of this observation is that the

inverse conjugate of every root gf(x) is also a root off(z) and, therefore, the roots g¢f(x)

can be denoted as and1/zf, i =1,--- ,M — 1 and f(z) can be decomposed as
w w w wi w3 ws
f@)=|wy|? <—1 b —2r :cM‘l) (—1 + 2 2 :c‘M+1>
Wy W W Wy Wy Wiy
M—-1 M-1
=lwy® [] (@ =) x [J (=" = 27). (16)
i=1 i=1

Furthermore, it is easy to verify that the prodiet-z;)(z~! —z}) can be equivalently expressed

—al) =lof (2= 5 ) (a7 - ) 17)
T T

Note that the product termig’ ;" (z — a;) and [, ' (z~! — af) that appear in[(16) preserve

as

(x —x;) (™

the structure of the first and second multiplicative termghia definition of f(x) ( see [(14))
for any arbitrarya,;,i = 1,--- ;M — 1. Based on these observatiorf§;:) can be decomposed
as the multiplication of two terms in the form of + vox + v32? + -+ - + vy 2™t and v} +
vir +uia? + - 4 oM in 2M71 different ways depending on whether (or 1/z},)
1=1,---, M — 1 is the root of the first polynomial. The corresponding coédfits of the first
multiplicative term in each decomposition correspond toew theamforming vector dented as

v which has the same exact beampatterrwad his completes the proof. [ |

[1I. APPLICATION TO TRANSMIT BEAMSPACE DESIGN IN MIMO RADAR

Consider a MIMO radar with transmit ULA of/ = 10 antennas spaced half a wavelength

apart. The total transmit power is normalized Bp= M. Two mother transmit beamforming
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= = = Spheroidal sequences based design
Covex optimization based design

Transmit beampattern (dB)

-80 -60 -40 -20 0 20 40 60 80
Angle (Degrees)

Fig. 1. Transmit beampattern using spheroidal sequenats@mvex optimization based designs.

weight vectors are designed to focus the transmit energhirwithe sector® = [—10°, 10°].
The first mother beamforming weight vector is designed usipigeroidal sequences| [2], [19].
Specifically, it is computed a&spy = / P;/2(u; + uz), whereu; andu, are the two principle
eigenvectors of the matriA = [ a(6)a’ (6)d6. The second mother beamforming weight vector
is designed using convex optimization to control the sideltevels. In particular, it is obtained

by solving the following convex optimization probleimn [19]

min max ||[wa(8;) — e 7%,
W 2

;€0 i=1,....1 (18)
subject to ||[wa(0,)|| <6, 6, €O, k=1,....K (19)

where® combines a continuum of all out-of-sector directions, idgections lying outside the
sector-of-interes®; ¢;,7 = 1,...,1 is the desired transmit phase profile of user choice; and
0 > 0 is the parameter of the user choice that characterizes th& acceptable level of transmit
power radiation in the out-of-sector regi@. The phasep; = 27 sin(6;) and the parameter

0 = 0.1 are chosen, i.e, the sidelobe levels are kept belowwg§ = —20 dB. The mother
beamforming weight vector obtained by solving the probl&88){(19) is referred to hereafter
aswcyyx. The transmit beampatterns associated with mother bearirfgrweight vectorsvspy

andwcyx are shown as the dotted and solid curves in Eig. 1, respéctive

March 2, 2018 DRAFT



10

= # = SIMO radar using mother weight vector
5l =—©— MIMO radar using four weight vectors
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Fig. 2. Transmit power distribution across the transmiayrelements for spheroidal sequences based transmit beaimdo

design.

The mother weight vectowspy is used to generate a population f~! = 512 weight
vectors (includingwspy) of dimensionM x 1. To implement a MIMO radar system with four
orthogonal transmit waveforms, the four beamforming weigdttors among the population that
achieve the best transmit power distribution across thestnit array elements are chosen. The
mother weight vectowspy and the four chosen weight vectors denotedﬁfé’gH, j=1,...,4
are given in Table 1. Since the sectdris symmetric around 0, the mother beamforming vectors
are real-valied. The four chosen vectors are scaled su¢h§ﬂjl$rwggHH2 = P,

It is worth noting that each of the four chosen vectors haséme beampattern as the mother
beamforming vector except for the magnitude scaling faofor/4. Note that the beampattern
magnitude in the mainlobe as well as in the sidelobe reg®ssaled by the same scaling factor,
i.e., the relative attenuation of the sidelobes with respedhe mainlobe remains unchanged.
The transmit power distribution across the transmit arrigments for the mother transmit
beamforming weight vector operated in the SIMO radar modkthe four chosen weight vectors

operated in the MIMO radar mode are shown in Fig. 2. It can lem $om the figure that the
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Table 1: Spheroidal sequences based mother transmit beamfpvector and a subset of four

vectors chosen from th2"/~! population.

WSPH

(1)
WsprH

(2)
WsprH

(3)
WspH

(4)
WspH

0.5178
0.3408
0.0472
-0.3263
-0.7253
-1.0873
-1.3540
-1.4830
-1.4562
-1.2828

0.2589
0.1704
0.0236
-0.1632
-0.3627
-0.5437
-0.6770
-0.7415
-0.7281
-0.6414

0.2740-0.0000i
0.1980 + 0.0255i
0.0251 +0.0475i
-0.2122+0.0311
-0.4458-0.0317i
-0.6098-0.1087i
-0.6797-0.1491i
-0.6791-0.1247i
-0.6490-0.0563i

-0.6061 - 0.0000i

0.6061 - 0.0000i
0.6490- 0.0563i
0.6791-0.1247i
0.6797-0.1491i
0.6098-0.1087i
0.4458-0.0317i
0.2122+0.0311i
-0.0251+0.0475
-0.1980 +0.0255

-0.2740+0.0000

0.6414
0.7281
0.7415
0.6770
0.5437
0.3627
0.1632
-0.0234
-0.1704

l

-0.2584

)

mother beamforming weight vector has very poor transmitgroslistribution. For example,

the power radiated by the third transmit array element isr @& dB less than the average

transmit power per transmit array element. On the other htrel four chosen beamforming

vectors exhibit transmit power distribution that is almostform, which is desirable in practice.

Similarly, the mother weight vectowyx is used to generate a population 23f ! = 512

beamforming vectors (including «yx) which have the exact same beampattern. The four beam-

forming weight vectors among the population that achiewelist transmit power distribution

across the transmit array elements are chosen. The mothghtwector wspy and the four

chosen weight vectors denoted\ag&x, j=1,...,4 are given in Table 2. The transmit power

distributions across the transmit array elements for théheraveight vector and the four chosen

weight vectors are shown in Figl 3. It can be seen from the dighiat the four chosen vectors

yield much better transmit power distribution as comparethe mother weight vector.
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= # = SIMO radar using mother weight vector
10T —©— MIMO radar using four weight vectors
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Fig. 3.

design.

Transmit power distribution across the transmigyrelements for convex optimization based transmit beamifgy

Table 2: Convex optimization based mother transmit beamifty vector and a subset of four

vectors chosen from th2"/~! population.

Wcevx

1
WEJ\)/X

2
WEJ\)/X

3
WEJ\)/X

4
WEJ\)/X

-0.1702
0.8093
1.4003
1.8485
1.6711
0.9506
0.1437
-0.3186
-0.3459
0.0063

0.0011
-0.0661
0.2481
0.6505
0.8511
0.8910
0.6407
0.1178
-0.0930
-0.2438

0.0005
-0.0303
0.1432
0.1931
0.0333
-0.3386
-0.7435
-0.9311
-0.7829
-0.5412

0.5412
0.7829
0.9311
0.7435
0.3386
-0.0333
-0.1931
-0.1432
0.0303
-0.0005

0.2438
0.0930
-0.1178
-0.6407
-0.8910
-0.8511
-0.6505
-0.2481
0.0661
-0.0011
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IV. CONCLUSION

The important question regarding the existence of othemb@aning vectors whose transmit
beampatterns are the exact same as the transmit beampaittargiven beamforming vector
has been addressed. It has been proven that at ?ost— 1 other beamforming vectors with
the same beampattern can be generated from any given beaimjovector. The method for
constructing the set of all possible beamforming vectomnfra given mother beamforming
vector has been also developed. Moreover, it has been showrihis result can be utilized in
the actively developing field of transmit beamspace desigViMO radar systems, where it is

desirable to have different transmit waveforms to be radiatith the same transmit beampattern.
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