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On Procrustes Analysis in Hyperbolic Space
Puoya Tabaghi and Ivan Dokmanić , Member, IEEE

Abstract—Congruent Procrustes analysis aims to find the best
matching between two point sets through rotation, reflection and
translation. We formulate the Procrustes problem for hyperbolic
spaces, review the canonical definition of the center mass for a
point set, and give a closed-form solution for the optimal isometry
between noise-free point sets. Our algorithm is analogous to the Eu-
clidean Procrustes analysis, with centering and rotation replaced
by their hyperbolic counterparts. When the data is corrupted
with noise, our algorithm computes a sub-optimal alignment. We
thus propose a gradient-based fine-tuning method to improve the
matching accuracy.

Index Terms—Hyperbolic geometry, procrustes analysis.

I. INTRODUCTION

IN GREEK mythology, Procrustes was a robber who lived
in Attica and deformed his victims to match the size of his

bed. In 1962, Hurley and Catell used the story of Procrustes to
describe a point set matching problem in Euclidean spaces [1],
stated below.

Problem 1: Let {zn}Nn=1 and {z′n}Nn=1 be two point sets in
Rd. The Procrustes problem asks to find a map T̂ that minimizes
the sum of the mismatch norms, i.e.,

T̂ = arg min
T∈T

N∑
n=1

‖zn − T (z′n)‖22

whereT is the set of rotation, reflection, translation, and uniform
scaling maps and their compositions [2].

In computer vision, Procrustes analysis is of relevance in
point cloud registration problems. The task of rigid registration
is to find an isometry between two (or more) sets of points
sampled from a 2 or 3 dimensional object. Point registration
has applications in object recognition [3], medical imaging [4]
and localization of mobile robotics [5]. Procrustes problems
also naturally arise in distance geometry problems [6], [7] where
one wants to find the location of a point set that best represents
a given set of incomplete point distances, i.e.,

z1, . . . , zN ∈ Rd : ‖zn − zm‖ = dmn, ∀(m,n) ∈M

whereM⊂ {1, . . . , N}2 and {dm,n : (m,n) ∈M} is the set
of measured distances [8]. If a distance geometry problem has a
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Fig. 1. Tree alignment in the Poincaré disk [24]. Hyperbolic Procrustes
analysis aims to align the far left and far right trees. In steps (a) and (b) we
center vertices in both trees, while in (c) we estimate the unknown rotation.

solution, it is an orbit of the form

OZ = {{T (zn)}Nn=1 s.t. T : Rd → Rd is an isometry},

whereZ = {zn}Nn=1 is a particular solution. In order to uniquely
identify the correct solution in the orbit OZ , we may be given
the exact position of a subset of points, called anchors. We use
Procrustes analysis to pick the correct solution by finding the
best match between the anchors with their corresponding points
in the orbit.

Procrustes analysis can be performed in any metric space. In
particular, hyperbolic Procrustes analysis is of great relevance
due to the recent surge of interest in hyperbolic embeddings
and machine learning [9]–[16]. Furthermore, hyperbolic em-
beddings are closely connected to the study of hierarchical
or tree-like data structures and hyperbolic Procrustes problem
solutions may be used to align hierarchical data, e.g., ontologies
and phylogenies [17]–[19]. The goal of ontological studies is
to find a map between a fixed number of entities in two hetero-
geneous tree-like structures that are best semantically aligned
to each other [17] (see Fig. 1 for an illustration). In natural
language processing, this alignment objective can be used for
cross-lingual information retrieval [20]. Lastly, recent efforts to
embed and analyze phylogenetic trees in hyperbolic spaces [10],
[21] motivate the need to generalize phylogenetic tree matching
methods [22], [23] to hyperbolic spaces.

In unsupervised matching problems, the first step in
Procrustes-type analyses is to find the correspondence between
two point clouds by using the iterative closest point algo-
rithm [25]. The recent optimal-transport based methods [26],
[27] tackle the unsupervised hierarchy matching problem in
hyperbolic spaces. These methods aim to jointly learn the “soft”
correspondence and the alignment map characterized by a hy-
perbolic neural network. In this paper, we propose an algebraic
solution for the hyperbolic alignment map.

Specifically, we find an isometry that best aligns two noise-
free hyperbolic point sets, i.e., a supervised matching problem.
We can decompose a hyperbolic isometry into elementary maps
of translation and rotation (and reflection). Then, we aim to
jointly estimating each map. We proceed by reviewing the
definition of the centroid for a point set in hyperbolic spaces.
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This enables us to decouple the joint estimation problem into two
steps: (1) “center” each point set, and (2) estimate the unknown
rotation factor.

While hyperbolic centering has been studied in the litera-
ture [28], our Procrustes analysis framework is different from
prior work in so far that it is similar to its Euclidean counterpart,
and provides the optimal estimate for the unknown rotation
factor. Moreover, we prove that our proposed method returns the
optimal isometry if the point sets perfectly match. We conclude
the paper by giving numerical performance bounds for the task
of matching noisy point sets.
Summary: Let {xn}n∈[N ], and {x′n}n∈[N ] be two sets of points
in a hyperbolic space, related through an isometric map, i.e.,
x′n = T (xn), ∀n ∈ [N ]. Then,

T = Tmx′ ◦ TU ◦ T−mx

where mx,my ∈ Rd are each sets’ centroids, Tb is the trans-
lation map by vector b ∈ Rd, and TU is a rotation map by a
unitary matrix U ∈ O(d); see Section III. For noisy points, this
isometry is suboptimal (in �2 sense) and can be fine-tuned via a
gradient-based algorithm.

Notation: For N ∈ N, we let [N ] = {1, . . . , N}. Depending
on the context, x1 can either be the first element of x ∈ Rd,
or an indexed vector. We denote the set of orthogonal matrices
as O(d) = {R ∈ Rd×d : R	R = I}. For a function f and its
inputs x1, . . . , xN , we write f(xn) =

1
N

∑
n∈[N ] f(xn). For a

vector b ∈ Rd, we denote its �2 norm as ‖b‖2.

II. ’LOID MODEL OF HYPERBOLIC SPACE

Let x, x′ ∈ Rd+1 with d ≥ 1. The Lorentzian inner product
between x and x′ is defined as

[x, x′] = x	Hx′ : H =

(
−1 0	

0 Id

)
, (1)

where Id ∈ Rd×d is the identity matrix, and 0 ∈ Rd is a zero
vector. This is an indefinite inner product on Rd+1. The vector
space Rd+1 equipped with the Lorentzian inner product is called
a Lorentzian (d+ 1)-space. In a Lorentzian space, we can define
notions similar to adjoint and unitary matrices in Euclidean
spaces. The H-adjoint of the matrix R, denoted by R[∗], is
defined via

[Rx, x′] = [x,R[∗]x′], ∀x, x′ ∈ Rd+1,

or simply as R[∗] = H−1R	H . An invertible matrix R is called
H-unitary if R[∗] = R−1 [29].

The ’Loid model of d-dimensional hyperbolic space is a
Riemannian manifold Ld = (Ld, (gx)x), where

Ld = {x ∈ Rd+1 : [x, x] = −1, x1 > 0}

and the Riemannian metric gx : TxLd × TxLd → R is defined
as gx(u, v) = [u, v]. The distance function in the ’Loid model
is characterized by Lorentzian inner products as

d(x, x′) = acosh(−[x, x′]), ∀x, x′ ∈ Ld.

A. Isometries

A map T : Ld → Ld is an isometry if it is bijective and
preserves distances, i.e. if

d(x, x′) = d (T (x), T (x′)) , ∀x, x′ ∈ Ld.

Fig. 2. Geometric illustration of P , Q, and stereographic projection h.

We can represent any hyperbolic isometry as a composition of
two elementary maps that are parameterized by a d-dimensional
vector and a d× d unitary matrix, as described in Fact 1.

Fact 1: [30] The function T : Ld → Ld is an isometry if and
only if it can be written as T (x) = RURbx, where

RU =

[
1 0	

0 U

]
, Rb =

[√
1 + ‖b‖22 b	

b (I + bb	)
1
2

]

for a unitary matrix U ∈ O(d) and a vector b ∈ Rd.
Fact 1 can be directly verified by finding the condi-

tions for a real matrix R such that R	HR = H , or simply
R = H−

1
2CH

1
2 ∈ R(d+1)×(d+1) where C	C = Id+1 and C ∈

C(d+1)×(d+1). We use this parametric decomposition of rigid
transformations to solve the Procrustes problem in Ld.

The hyperbolic translation mapTb : Ld → Ld and hyperbolic
rotation map TU : Ld → Ld are defined as

Tb(x) = Rbx, TU (x) = RUx, (2)

where b ∈ Rd andU ∈ O(d). It can be easily shown that T−1b =

T−b and T−1U = TU	 .

III. PROCRUSTES ANALYSIS

Euclidean (orthogonal) Procrustes analysis proceeds through
two steps:
� Centering: moving the center of mass of both points set to

the origin of Cartesian coordinates, and
� Finding the optimal rotation/reflection.
We proceed to review (and visualize) the definition of the

center of mass of a point set in hyperbolic space [28, Chapter 13].
We start by projecting each point x ∈ Ld onto the following

d-dimensional subspace

Hd = {x ∈ Rd+1 : x1 = 0}.
Then, we can simply neglect the first element of the projected
point (which is always zero), and define a one-to-one map P
between Ld and Rd; see Fig. 2. In Definition 1, we formalize
this projection and its inverse.

Definition 1: The projection operator P : Ld → Rd and its
inverse Q are defined as

P
([√

1 + ‖z‖2
z

])
= z, Q(z) =

[√
1 + ‖z‖2

z

]
.

For brevity, we define P(X) def
=
[P(x1), . . . ,P(xN )] where

X = [x1, . . . , xN ] ∈ (Ld)N . Similarly, we consider this exten-
sion for Q as well.
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In Section III-A, we review the hyperbolic centering pro-
cess [28]. In other words, we find a map Tb to move the center
of mass of projected point sets to 0 ∈ Rd, i.e., P(Tb(xn)) = 0.
Then, we show how this centering method helps simplify the
hyperbolic Procrustes problem to a sub-problem similar to the
famous (Euclidean) orthogonal Procrustes problem.

A. Hyperbolic Centering

In Euclidean Procrustes analysis, we have two point sets
z1, . . . , zN and z′1, . . . z

′
N that are related via a composition of

rotation, reflection, and translation maps, i.e.,

zn = Uz′n + b

where U ∈ O(d) and b ∈ Rd. We extract translation invariant
features by moving their center to 0 ∈ Rd, i.e., zn − zn =
U(z′n − z′n). The main purpose of centering is to map each point
set to new locations, zn − zn and z′n − z′n that are invariant
with respect to the unknown translation b. Subsequently, we can
estimate the unknown unitary matrix Û , and then the translation
according to b̂ = zn − Ûz′n.

In hyperbolic Procrustes analysis, we have

xn = RbRUx
′
n, ∀n ∈ [N ] (3)

where U ∈ O(d) and b ∈ Rd. In a similar way, we pre-process
a point set to extract (hyperbolic) translation invariant locations,
i.e., centered point sets. Lemma 1 gives a simple method to
center a projected point set.

Lemma 1: [28] Let x1, x2, . . . , xN ∈ Ld. Then, we have
P(R−mx

xn) = 0, where mx def
=

1√
−[xn,xn]

P(xn).

In Proposition 1, we show that T−mx
is the canonical transla-

tion map for centering the point set X ∈ (Ld)N .
Proposition 1: Let x1, . . . , xN and x′1, . . . x

′
N in Ld such that

xn = RbRUx
′
n, ∀n ∈ [N ].

for b ∈ Rd and U ∈ O(d). Then, R−mx
xn = RV R−mx′x

′
n

where RV is a hyperbolic rotation matrix.
Proof: From Lemma 1, we have

R−mx
xn =

[
a
0

]
, R−mx′x

′
n =

[
a′

0

]
for a, a′ ∈ R. We can rewrite (3) in the following form

R−mx
xn = R′R−mx′x

′
n, ∀n ∈ [N ].

whereR′ = R−mx
RbRURmx′ . SinceR′ is anH-unitary matrix,

we can decompose it as R′ = RcRV for some c ∈ Rd and V ∈
O(d). Therefore, we have[

a
0

]
= RcRV

[
a′

0

]
⇒ c = 0.

�
The map T−mx

not only centers a set of points, but also
rotates them. This phenomenon is rooted in the noncommutative
property of hyperbolic translation or gyration. More clearly, for
any two vectors b1, b2 ∈ Rd, we have

Rb1Rb2 = RV Rb2Rb1

for a specific unitary matrix V ∈ O(d) that accounts for the
gyration factor; see the example in Fig. 3 and the follow-up

Fig. 3. (a): Red and blue are projected points related by a translation, i.e.,
X = RbX

′. (b, c): Centering each point set. (d): Centered points are related
via a rotation, i.e., RmxRbR−mx′ �= Id.

discussion in Section III-C. This does not interfere with our
analysis since any such rotation is absorbed in U and we can
estimate the effective unitary transformation.

Now, let us consider the following noisy case,

xn = RbRURεnx
′
n, ∀n ∈ [N ]

where εn ∈ Rd is a translation noise for the point x′n. Let zn =
Rεnx

′
n. Then we have R−mx

xn = RV R−mz
zn. The centroid

mz is related to mx′ and {εn}n∈[N ]. Therefore, we can write
mz = mx′ + ε for a ε ∈ Rd. This leads to

R−mx
xn = RV Rε′nR−mx′x

′
n, ∀n ∈ [N ],

whereRε′n = R−mx′−εRεnRmx′ . If the translation noise of each
point is sufficiently small, thenRV Rε′n ≈ RV ′ for a V ′ ∈ O(d).

B. Hyperbolic Rotation & Reflection

To estimate the unknown hyperbolic rotation, we consider
minimizing a weighted discrepancy between the centered point
sets. More precisely,

Û = arg min
V ∈O(d)

∑
n∈[N ]

wnf
(
d
(
R−mx

xn, RV R−mx′x
′
n

))
(4)

where d(x, x′) = acosh(−x	Hx′), {wn}n∈[N ] are positive
weights, and f(·) = cosh(·) is a monotonic function.

Proposition 2: The optimal unitary matrix that solves (4)
equals Û = UlU

	
r , where UlΣU

	
r is the singular value

decomposition of P(R−mx
X)WP(R−mx′X

′)	, and W =
diag(w1, . . . , wN ).

Proof: We can simplify (4) as follows:

Û = arg max
V ∈O(d)

∑
n∈[N ]

TrR−mx′x
′
nwn(R−mx

xn)
	HRV .

From Fact 1, we know that RV is only parameterized on its
lower right block. The proof then follows from representing
the sum in matrix form and invoking von Neumann’s trace
inequality [31]. �

C. Möbius Addition

In the Poincaré model (Id), the points reside in the unit
d-dimensional Euclidean ball. The isometry between the ’Loid
and the Poincaré model h : Ld → Id is called the stereographic
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projection [24]. The distance between y, y′ ∈ Id is given by
d(y, y′) = 2tanh−1(‖−y ⊕ y′‖)where⊕ is Möbius addition —
a noncommutative and nonassociative operator. Gyration mea-
sures the “deviation” of Möbius addition from commutativity,
i.e., gyr[y, y′](y′ ⊕ y) = y ⊕ y′ [32].

Fact 2: The maps h ◦RU ◦ h−1 and h ◦ TU ◦ h−1 are isome-
tries in the Poincaré model, and they can be written as

h ◦ TU ◦ h−1(y) = Uy, h ◦ Tb ◦ h−1(y) = b′ ⊕ y

where b′ = h ◦ Q(b), Tb and TU are defined in (2).
The translation isometry is a direct result of the Gyrotransla-

tion theorem equality,

−(c⊕ y)⊕ c⊕ y′ = gyr[c, y](−y ⊕ y′),

where c ∈ Id [32]. Therefore, left Möbius addition preserves
the distances of point sets in the Poincaré model. We can
hence perform a Procrustes analysis in the Poincaré model
by (1) centering each point set, i.e., subtracting their center
of mass from the left hand side of the Möbius addition, and
(2) estimating the remaining rotation factor — a composition
of gyrations and the unknown rotation between the two point
sets.

IV. NUMERICAL ANALYSIS

Let xn = R∗Rεnx
′
n, ∀n ∈ [N ] where R∗ is an H-unitary

matrix and ε1, . . . , εN is the set of translation noise samples. We
consider the following three methods to compute an isometry
that best matches the point sets X,X ′:

1) Hyperbolic Procrustes (P): The proposed method, forW =
11	, which returns the H-unitary matrix RP .

2) Gradient descent (GD): Let us define the
normalized discrepancy between X and X as
e(X,X) def

=

1
Nd

∑
n∈[N ] d(xn, xn). The matrix RGD is

computed by an iterative gradient descent method: We
initialize RGD = Id+1, and iterate the following steps:
(1) b̂ = −α ∂

∂be(X,RbRGDX
′)|b=0 for a small α > 0; (2)

Û = arg maxU∈O(d)

∑
n∈[N ][xn, RUR̂bRGDx

′
n]; (3) Update

RGD ← R
̂UR̂bRGD.

3) GD+P: The combination of previous methods by first solv-
ing the problem with our method, then fine-tuning the estimated
isometry by the gradient method; This method returns RGD+P.

For a random H-unitary R∗ and all n ∈ [N ], we sample
d-dimensional zn ∼ N (0, I) and εn ∼ 10−2N (0, I); Then, we
let x′n = Q(zn) and xn = R∗Rεnx

′
n. For 103 randomly gen-

erated pairs (X,X ′), we compute their normalized discrep-
ancy e(X,RX ′), where R ∈ {RP , RGD},RGD+P

. All meth-
ods successfully denoise the measurements, i.e., e(X,RX ′) <
e(X,R∗X ′); see Fig. 4(a). However, the gradient descent
method does not always converge to an acceptable solution. We
define an outlier trial as follows

(X,X ′) : |e(X,RX ′)−Q2| > k
1

2
|Q3 −Q1| (5)

where Q1, Q2 and Q3 are first, second and third quartiles of
the total reported discrepancies, and k = 5 for a conservative
criterion to pick outliers (see Fig. 4(b)). The gradient descent
method has the most number of outliers (unstable solutions).
On the opposite end, our proposed method has the minimum
number of outliers — comparable to the number of outliers in the

Fig. 4. (a) Normalized discrepancy for random hyperbolic point sets of size
N ∈ {5, . . . , 10} and dimensions d ∈ {2, 4}. For 103 trials, we report the
quartiles Q1,Q2 and Q3 since they are robust to outliers. (b) The probability
of an outlier event P◦ = 10−3 × total number of outliers, e.g., the fraction of
examples that failed to converge or outlier defined in the sense of (4). (c)Colored
points shows the distribution of X̄ compared to the true point set X (black),
derived from RP (green), RGD (red), and RGD+P (blue) isometries.

measurement noise. Therefore, the proposed close-form algo-
rithm provides stable solutions for the hyperbolic Procrustes
problem. And for noisy point sets — after removing the outlier
trials — its accuracy is comparable to that of the gradient-based
method and can be moderately improved with the post fine-
tuning method.

Next, we devise an experiment to analyze the distribution
of the erroneous matchings. For a fixed point set X , the six
black points in Fig. 4(c), we generate 104 random noisy points
X ′ which are related to X via random hyperbolic isometries
and translation noises. In Fig. 4(c), we show the distribu-
tion of R̂X ′ where R̂ is the H-unitary matrix computed by
matching methods (1) to (3), as discussed earlier. Our pro-
posed solution exhibits an larger angular and smaller radial
variances in the matching errors X − R̂X ′. However, this
does not heavily impact the resulting discrepancy e(X,X);
see Fig. 4(a).

V. CONCLUSION

Inspired by its Euclidean counterpart, we introduced the
Procrustes problem in hyperbolic spaces. Using the param-
eterized decomposition of hyperbolic isometries in terms of
hyperbolic rotation and translation, we showed that how cen-
tering a point set makes them invariant to hyperbolic trans-
lation (for the case of no measurement noise). We then used
the centered point sets to estimate the unknown rotation
factor.
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