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Direct Construction of Optimal Z-Complementary
Code Sets for all Possible Even Length by Using
Pseudo-Boolean Functions
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Abstract—Z-complementary code set (ZCCS) are well known
to be used in multicarrier code-division multiple access (MC-
CDMA) system to provide a interference free environment. Based
on the existing literature, the direct construction of optimal
Z.CCSs are limited to its length. In this paper, we are interested
in constructing optimal ZCCSs of all possible even lengths using
Pseudo-Boolean functions. The maximum column sequence peak-
to-man envelop power ratio (PMEPR) of the proposed ZCCSs
is upper-bounded by two, which may give an extra benefit in
managing PMEPR in an ZCCS based MC-CDMA system, as
well as the ability to handle a large number of users.

Index Terms—Multicarrier code-division multiple access (MC-
CDMA), generalized Boolean function (GBF), pseudo-Boolean
function (PBF), Z-complementary code set (ZCCS), zero corre-
lation zone (ZCZ),pick to mean everage power ratio (PMPER).

I. INTRODUCTION

ULTICARRIER code-division multiple access (MC-

CDMA) is a multiple access scheme used in orthogonal
frequency division multiplexing (OFDM)-based telecommuni-
cation systems, allowing the system to support multiple users
at the same time over the same frequency band. When the
number of users in a channel increases, it is found that the
performance of MC-CDMA degrades as a result of multi-
user interference (MUI) and multipath interference (MPI). The
Complete-complementary code (CCC) has perfect cross-
and auto-correlation characteristics, which allows for simulta-
neous interference-free transmission in the multi-carrier-digital
mobile (MC-CDMA) system. A major disadvantage of CCC
is that the number of supported users is limited by the number
of row sequences in each complementary matrix. The set size
of the ZCCS system is much bigger than that of the CCC
system [2]], which enables for a considerably greater number of
users to be supported by a ZCCS-based MC-CDMA system,
as opposed to a CCC-based MC-CDMA system, where the
number of subcarriers is equal to the number of users.
In recent literature, research on generalized Boolean functions
(GBFs) based constructions of complementary sequences has
received great attention from the sequence design community,
31, [40, 15, (6], [Z], [8]. The GBFs based construction
of CCCs were extended to optimal ZCCSs in and [3].
However, GBFs based construction of optimal ZCCSs has a
limitation on the sequence lengths which is in the form of
power-of-two [2]], [3l, and [9]. By extending the idea of
GBFs to PBFs, recenly, a direct construction of optimal ZCCSs
has been introduced in [10] which is able to provide non-
power-of-two length sequences but limited to the form p2™,

where p is a prime number and m is a positive integer. Another
direct construction like GBFs based constructions, PBFs based
constructions are also known as direct constructions in the
literature. Direct constructions are feasible for rapid hardware
generation [2] of sequences. Besides direct constructions,
many indirect constructions can be found in [111], [12]], [13I,
and [T5] which are dependent on some kernel at its initial
stages. The limitation on the lengths of optimal ZCCS through
direct constructions in the existing literature motivates us in
searching of PBFs to provide more flexiblity on the lengths.
In search of new ZCCS, in this paper, we have proposed
a direct construction of optimal ZCCS for all possible even
length using PBFs. We also have showed that, the proposed
construction is able to maintain a minimum coloumn sequence
PMPER 2, unlike the existing direct construction of optimal
ZCCSs of non-power-of-two lengths. The PBF reported in
appears as a special case of proposed construction.

The rest of this work is organised in the following way. In
Section II, we will go over a few definitions. Section III of-
fers a comprehensive description of the ZCCS’s construction.
Section IV of this article ends the study by comparing our
findings to those of previous researchers.

II. PRELIMINARY
This section presents a few basic definitions and lem-
mas for use in the proposed construction. Let x; =
[,Tl,o, L1190+, $1,N_1] and X9 = [,TQ,Q,SCQJ, e ,1‘271\[_1] be
a pair of sequences whose components are complex numbers.
Let 7 be an integer, we define

N-1—

Yoimo | Triters; 0<T <N,
N+r—1

Yico T3 ., —N<7<0, (D)

0, otherwise,

O(x1,X2)(7) =

and when x; = X2, O(x1,X2)(7) = Ay, (7). This functions
O and A are known as aperiodic cross-correlation function
(ACCF) of x; and x5 and aperiodic auto-correlation function
(AACF) of x; respectively and * denotes the complex conju-
gate.

Let B = {B°B'....BM~!'} be a collection of
M matrices each of dimensions K x N, ie, B =
[bj, b, ... 7b§<71]:§<xN’ where the notation T is used to de-
note the transpose of a matrix and each bf is a complex-valued
sequences of length N ie, b} = (by, bl ,....b\ ).
Suppose B%,B% ¢ B, where 0 < 81,0, < M —’1, we
define the ACCF between B% and B% as, ©(B%, B%)(7) =
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Z O(b%*, bl2)(
refer to the set B as ZCCS.
Definition 1: ( [2]]) Code set B is called a ZCCS if

KN, 720,51:52,
OB, B*)(1) =10, 0<l|7|<Z6 =06, (2
07 |T| <Z7617é527

where Z denotes ZCZ width. With the parameter K, N, M and
Z, we denote the set of matrices B as a (M, Z) — ZCCS¥,
which is called optimal if M = K L | and non-optimal if
M < K[Z] [16]. When K = MandZ:N,wedenoteB
by (K, K, N)-CCC.
Lemma 1: (Constrction of CCC [4])

Let g : Zy* — Z, be a second-order GBF and g be the reversal
of gie, §(yo,y1,- - Ym—1)=9(1—=vo, 1=y1,. .., 1=Ym—1).
Assume that the graph G(g) contains vertices denoted as
YBorYB1s- - > YB,_, such that, after executing a deletion op-
eration on those vertices, the resultant graph is reduced to
a path. We define the weight of each edge by 2. Let the
binary representation of the integer r isr = (7o, 71, ..., 7n—1).
Define the G, and G, to be

{g—l—%((v +r) -y+vny,y) :ve{0,1}", v, € {0, 1}},

{g—i—g((v—i-r) -y+5ny7) cv € {0,1}", v, € {0, 1}},
(3)

respectivly. Denote (-) - (-) as the dot product of two real-
valued vectors (-) and (-), v specifies the label for either of
the path’s end vertices. y = (ya,,Yg,s---,Ypn_ 1), ¥ = (1 —
YBo, 1 — ygl, ooy 1=yg, ,),and v = (vo,v1,...,vn—1). Then
{¥(G,), ¥*(G, ) 10 < r < 27} forms (271 2l 2m).
CCC, where U*(-) denotes the complex conjugate of ¥(-).

7). When the following equation holds, we

A. Pseudo-Boolean Functions (PBFs)

A degree ¢ monomial is a product of ¢ distinct
varibles among yo,¥y1,...,Ym—1. PBFs are functions
F : {0,1} — R, that are represented as a linear
combination of monomials among {yo, y1,- - ., Ym—1} Where,
y;’s are Boolean variable and coeffecients are drawn from R.
The highest degree of the monomials are called the degree
of F. As an example %ygyl + 9o is a 2nd order PBF of
three variables yo,y1 and yo. It is clear that, when this
coeffecients are drawn from Z, and the range of the fuction
F changed to Z; the function F becomes a generalized
Boolean function (GBF) [10]. Let [ be a positive integer and
P1,P2,...,p; be prime numbers and ¢ = (c1,¢,...,¢),
where ¢; € {0,1,...,p;—1}. Let g be a 2nd order boolean
function of m variables and let Y = (Yo, .-, Y5t 5,—1)-
We define the following PBFs with the help of g as

1 s;i—1

ciq

Me(Y)=g(yo, - Ym-1) + Y — ZQkmerzj Lsithk
1=1 i
1 Cqs%—l

NC(Y) g(yov"'vym 1 +Z - Z2kym+zj OsJJrk
1=1 i

“)

where s; € Z* which denotes the set of all positive integer,
so = 0 and each y;’s are Boolean variable. From (4), it is clear
that both M © and N°¢ are PBFs of variables m + Zé:l 5;. We
chose s; in such a way that p; < 2% Vi € {1,2,...,1}. Let
h:{0,1}"*! — Z, be a function and r = (ro,71,...,7pn—1)
be the binary representation of the integer r where, 0 < 7 <
2", and ¢ = (c1,co,...,c;). We define the sets as,

Qe={ M(Y) + h(v)+ 5

5 ((V +r)- y+vnyy)

:ve{0,1}",v, € {0, 1}},
q — =
(w05 0)

:vef{0,1}" v, €

As={ Ne(Y) + h(v))+

{0.1}}.
5)

where, v/ = (v,v,) = (vo,v1,...,v,). Letus assume that g
be the GBF as defined in Lemma 1. Let ¥ "'=g + h(v') +
$(vr)yoay,) and sV =g+ h(V) +4((V4T) §+Tny,)
. We also assume MY ™¢ = MS(Y)+Z((v+r)-y)+
Uy, and NV'Pe = N¢(Y) + 2((v + 1) - ¥+ Unyy). As
per our assumption, for any choice of v/ € {0,1}"*!
and r € {0,1}", the functions ¢¥'™" and s¥ ™" are
Zg-valued GBFs of m variables and MY re and NVre
are PBFs of m + ZZ o 8i Vvariables. Let M" Teh(Y) =
MV rc+h( ) and NV rCh(Y) — NV rc+h( )
We define \II(M" e the complex-valued sequence as

]\4‘, ,r,c,h
oM+l si_y

\I/(MV/’r’c’h/) = , Wq yee W )s
where, MY, """ = MY (r 1y Tty si—1) 0 <
P < 2m+Zi0% and the binary representation of the inte-
ger v’ is (ro, 71, .. Tyl s _1). The 7’-th component of
W (MY reh) is given by

A{(Y/,r,c,h Mizl,r,c,h
(wq

’
v',r,c,h
M, g

v/,r,h(
Wq = wy

s1—1 5i )
0, 150 Tm—1) €1 Xizo 2'rm+i
Wpy

Cc2 Zz 0 2 Tm+sq+1i
Wpa

o Lo,
Xm0 2 st (6)

C Wy

=l "’”wE(il)wg(iz) s,

where, (19,71, ...,Tm—1)is the blnary representation of the in-
teger j. Since M virejsa m—i-z ,—1 Si variable PBF therefore
the length of W(MY *-eh) is 2%12°2 ... 292" Any element of

gv ,r,h . .
\IJ(MV TS s of the form wg’ wci(“) ;2(12) . ..wf,ﬁ(”),

where 0 <, <2%—-1,0<7<2m —1land 0 < k <[
Lemma 2: ( ) Let t and ¢’ be two non-negative integers,
where 0 < ¢ # ¢/ < p;, p; is a prime number as defined in
pi—1
section-II. Then Z wz()i’t,)j =0.
§=0
Let S = {MVimoh Nvareh - fVaet1Shl where,
v € {0,1}" ! and k € {1,2,...,2" T}, We define
U(S) = W (MVansrme) T,
(7

Now we truncate the sequence W (M ",*rvcﬁh) by reomoving all

vlrh

the elements of the form wq

[\IJ(szv/l,r,c,h)7 \I/(Mvé’r’c’h), o

ci (i) e2(iz) (i)
Wy, Wpy ... .Wp, ~ from



v,r,d,h

) ) gy )

T’I’"u.’n,(MV ,r.C, h) ( ;i(n)wgg(zz) Cwd (u)) .. (w;i(n)w;z(zz) ) w;é(“)) G}
(3)

. . v r,d,h X 3 svnxl‘ d,h

Trun(NV r,C, h) ( ;i(n)wgg(zz) e (u)) e (wgi(“)w;z(l” ) cz(lz)) am 1

(MY rehy if atleast one of i, > pp where, 0 < i <
2% — 1,1 < k <land 0 < j < 2™ — 1. Therefore,
after the trancation we left with a squence W, (M "/"rvc"h)
where, each elements of WTTUH(MV,7”=C7h) is of the form

Rt i), calia) (i)
T C K2 C: K2 Cci\ .
wq'  wpy wpy .o, where, 0 < i < pp—1,

0 <7 < 2"—-1ad 1 < k < [. Clearly we can

make pipsz...pp2™ number of the elements of the form
. v/ ,r,h
wet M qeziz) e, if we vary all the ix’s from

0 to pr—1 and j from 0 to 2™ — 1. Hence the length of
\I/Tmm(M"/*r’C*h) is p1pa ... p12™. We partition the length of
Uy (M "/’rvc’h) by Hli:1 p; parenthesis where, each paren-
thesis has sequence of length 2’” Equation (8) represents the
i-th parenthesis of \I!Tmm(M" ey and Wy, (NVY00)

l J—1
where,i:i1+ZzJHpb,0§ijSpj—landlﬁjél-
=2 b=1

III. PROPOSED CONSTRUCTION OF ZCCs

Theorem 1: Let g : Z3* — Z, be a GBF as defined in
Lemma 1. Let 2 < p; < 2% and ¢ = (¢1,¢9,...,¢;) Where
1<i<land0 < ¢ <p;. Then the set of codes

{wTTun(Qg)vw}run(Ag) : 0 S r < 271’0 S Ci S Pi — 1}9

forms a ([]'_, p:i2"t1,2m) — ZCC’S;:H—E:lm if h(v') €
{A 2+ A} v € {0,1}""!, where \ € Z,.

Proof: From (8) it can be observed that the -
th parenthesis of \IITTun(MV/7”’°7h) can be expressed

as wgl(“)wgg(”) wgﬁ(il)\ll(g"l'fr’h) where, i = i +

1 7j—1
Si;[Ip0<ij <pj—1and1 < j < L From (5),
j=2  b=1
(8), Lemma 1 and Lemma 2 the ACCF between Wy, (QF)
and Wy, (QS ) for 7 = 0 can be derived as

G(WTrun(Q:)a Urrun (Qﬁ:))(())

= 3 O(Wrrun (M) Wy (M) (0)

l Pd— 1 (
_Z@ vrh vrh HZ cd cha
d=1 a=0
I pa—l1 )
=0(¥(G,), OT] > ws (ca—cq)a
d=1 a=0
plpg...pl2m+"+l, T:’I’/,C:C/7
_ )0, r=r,c#c,
B 07 T#TI,C:CI,
0, r#7r c#c.

Now, Using (5), (8), Lemma 1 and the ACCF between
U (Q26) and Wiy (28 ) for 0 < |7] < 2™ can be derived
as,

e(qurun(Q ) \IJTTun(Q /))(T)

I pa—1

— @(\IJ(GT H Z (Cd cd)(a
d=1 a=0
p1—2 ,
+O(W(G,), U(G,))(r —2™) 3 wpy T
a=0
I pa—1 ,
[T 3 w4 4 0@(Gy), (G, ) (r —2™)
d=2 a=0
-2 f , Pf41—2 . , l
Z ng(t))—cd(pd—l) Z ;iji(w )=¢p1(@) H
f=1d=1 a=0 k=f+2
iy c (a)fc/ ()
S T Lo, w(@)) (- 2m)
a=0
-1 ’ p172
cq(0)—c —1 ci(a+l)—ca
prj( )—cq4(pa—1) prﬁ( +1)—¢
d=1 a=0
(10)
From Lemma 1, we have, O(V(G,),¥(G,))(T) = 0, VT,
0 < |7| < 2™. Therefore, from the above we can say,
O(W T (Q22), Wy (25)) (1) = 0,0 < |7] < 2. (11)
From (9) and (11) We have,
H(WTrun (Q(r:)v \IJTrun(Q:j))(T)
pipe...p 2"t =" c=c/,7 =0,
o, r=rc#£c,0<|1| <2m,
o, r£r,c=c,0<|r] <2™,
0, r£r,c#c,0< || <2™
(12)
Similarly, it can be shown that
H(W}run (A?), \I/;‘run (A%)(T)
pipa ... .p2mt L =0 c=¢c, 7 =0,
o, r=r,c#c,0<|r| <2™,
o, r£r,c=c,0<|r| <2™,
0, r#£r,c#£c,0< || <2m.
(13)

From Lemma 1, we have ©(V(G,.), ¥*(G,))(T) =0, || <
2™ . Therefore, from Lemma 1, (5), (8) the ACCF between
Urrun(€27) and W7, (AS ) for 7 = 0 can be derived as,

Trun



G(WTTUH(Qg)v ql;“run (A:’ )(O)
=) O(Wrpun (MY ") By (NVFS0))(0)
d=1 a=0

_E (__) vrh vrh

I pa—1
IS
d=1 a=0

lpdl

H Z (Cd+cd)a

= w?O(¥(G,), ¥ (G,))(0

=0.
(14)
By the similar calculation as in (10), we have
O(Wrn(Q), W0 (AS)(7) = 0,V 0 < |7 < 2. (15)

Hence by (12), (13), (14) and (15) we conclude the set

{wTrun(Q(r:)aw}run(Ag) : 0 S r < 2n,0 S Ci S Pi — 1
(16)

forms a (Hizl p;2ntl 2m) — ZC’CS;:JHZI pi [}

Corollary 1: Our construction gives optimal ZCCS of length
of this form (pips...,p;)2", where p;’s are any prime
number. From the fundamental theorem of arithmetic [18]]
any number can be expressed as product of prime numbers
therefore the optimal ZCCS obtained by using our suggested
construction gives all possible length of this form n2™, where
n is any positive integer greater than or equal 1. If m =1 we
get all possible even length optimal ZCCS.

Remark 1: For | = 1, the pro osed result in Theorem 1
reduces to (p2"t1,27)-ZCCSP? yn+1 as in [10]. Therefore, the
proposed construction is a generahzatlon of [10]

Corollary 2: ([[1] ) Let us assume that G(h) is a path where,
the edges have the identical weight of Z. Then h(v’) can be
expressed as

q
h(UO; V1y...,0 5 Z 77 a)vﬂ'(a-i—l) + Z UqVo + U,
a=0 a=0
where wu,ug,u1,...u, € Zg. From (5), it is clear that

the i-th column of (Q2€) is obtained by fixing Y at
i=(io,41,..., .,im+2§:1 s,_1)» in the expression of
MV Tl where (10,01, .- - Vimayl s _,) is the bi-
nary representation of ¢. Because the ¢-th column sequence of
U(QF) is derived from a GBF whose graph is a path over
n+1 vertices, hence from [6] the i-th column sequence of
P(Qe) is a g-ary Golay sequence. Thus each coloumn of
Urpun (Q6) is Golay sequence. Thus the PMPER of each
coloumn Wy, (Q2S) is bounded by 2. Similarly the PMPER
of each coloumn of W, (AS) is bounded by 2.

I

ytmy -

v/ ,r,h
Remark 2: From (6), it can be observed that wg, ™’ is a
root of the polynomial: 27 —1, where o, denotes a positive inte-
ger given by the least common multiple (Ilcm) of p1, pa, ..., p;
and ¢. Therefore, the components of W(MY <) are given
by the roots of the polynomial: 27 — 1.

TABLE 1
COMPARISON OF THE PROPOSED CONSTRUCTION WITH [2]], [7],

(90—,

Source Based On | Parameters Coditions Optimal
] Direct (2“’ P+ omp) ZC‘C\SZH k+p<m yes
1) Indirect (K,M)—ZCCSE K,M >2 yes
[7) Direct (2"“ 2m-P) — 7CCOS3, p<m yes
[i&] Direct (2"*‘ 2mV) — 7ZCCSZ, v<m,k<m-—uv yes
[Ty Direct (pZH‘ 2"’) ZCCS.I’,%“ m > 2, k< m, pprime | yes
(1] Direct (¢"',qm ") — ZCCS;II' v<m yes
[N Indirect | (K, A1) ZCOS‘{‘}‘”‘“P K, M >2 yes
Theorem 1 | Direct (k271 2’") ZCCSEZE k,m,n € Z+ yes

Example 1: Let us assume that ¢=2, p1 =3, pa=2, p3=2
m=3,n=1and sy =2, so =1 and s3 = 1. Let us take
the GBF f : {0,1}2 — Zy as follows: f = y1y2 + yo, where
G(flyo=0) and G(f|y,=1) give a path with y; as one of the end
vertices. Let h : {0,1}? — Z, defined by h(vg,v1) = vovq
From (4) we have,

2c
M® = y1y2 + yo + 71(3/3 + 2y4) + c2ys + 3y,
. ) %1 (17)
N® =192 + o + T(ys + 2y4) + c2ys + 396,

where ¢c; = 0,1,2, co = 0,1 and c3 = 0,1 From (5), we have

QF = {M° + vov1 + voyo + royo + viy1 : vo,v1 € {0,1}},

AT = {N° +wvov1 +vo¥o + roYo + V1y1 : vo,v1 € {0,1}},
(18)

where (ro) is the binary representation of the integer r and
0 < r < 2. Therefore,

{90run(08), Wi, (A9) 0 <7 1,01 <2,

0<e<1,0<e;<1}),

forms an optimal (48, 8)-ZCCS?°
sequence PMPER is at most 2.
Remark 3: Our proposed construction also have some ad-

vantages over [19].

1) In [19] multivariable functions is used which is less
feasible for hardware generation of sequences as their
domains contain the domains of PBF as subset.

2) Our construction has more flexibility on the phases of
sequences.

3) Also in [19] the length of ZCCs is of the form ¢ where
m > 2, q € Z* which, may not produce all even lengths,
for example 6.

and the maximum coloumn

IV. CONCLUSION

In this work, we have proposed a direct construction of
optimal ZCCSs for all possible even lengths using PBFs. The
maximum column sequence PMEPR of the proposed ZCCSs
is upper-bounded by 2 which can be useful in MC-CDMA
system to control high PMPER problem. The proposed con-
struction also provides more flexible parameter as compared
to the existing PBFs based constructions of optimal ZCCS.
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