
IEEE WIRELESS COMMUNICATIONS LETTERS, VOL. 9, NO. 3, MARCH 2020 311

Real-Valued Sparse Bayesian Learning Approach
for Massive MIMO Channel Estimation
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Abstract—This letter describes a real-valued sparse Bayesian
learning (SBL) approach for massive multiple-input multipleout-
put (MIMO) downlink channel estimation. The main idea of the
approach is to introduce a certain unitary transformation into
pilots, so as to convert complex-valued channel recovery problems
into real ones. Due to exploiting the real-valued structure of the
data matrices, the new approach brings a significant decrease
in computational complexity, as well as a good noise suppres-
sion. Simulation results demonstrate that the new method can
reduce the computation load and improve the channel estimation
performance simultaneously.

Index Terms—Channel estimation, multiple-input multiple-
output (MIMO), real-valued transformation, sparse Bayesian
learning (SBL), off-grid refinement.

I. INTRODUCTION

MASSIVE multiple-input multiple-output (MIMO) has
become a key enabling technology for next genera-

tion wireless communication systems. To reap the benefit
of excessive base station (BS) antennas, it is essential to
acquire channel state information at the transmitter (CSIT).
The CSIT in time division duplex (TDD) systems can be
obtained by leveraging the channel reciprocity, but the reci-
procity does not hold in frequency division duplex (FDD)
systems. Therefore, the FDD downlink channel estimation
seems to be an extremely challenging task, as the training and
feedback overhead is proportional to the number of antennas
that can be quite large in massive MIMO systems [1].

Many works have shown that the effective dimension of a
massive MIMO channel is actually much smaller than the orig-
inal dimension due to the limited local scattering effect in the
propagation environment [2], [3]. Particularly, when a uniform
linear array (ULA) is located at the BS, the massive MIMO
channel can be sparsely represented under the discrete Fourier
transform (DFT) basis [3]. In recent years, many downlink
channel estimation methods have been proposed by exploit-
ing such hidden sparsity [2], [3]. But, the DFT-based channel
estimation methods often have a performance loss owing to
the leakage of energy caused by direction mismatch. In order
to solve this problem, Dai et al. provided an off-grid sparse
Bayesian learning (SBL) method for the downlink channel
estimation [4]. Since the off-grid SBL method requires to cal-
culate inverse of a large complex matrix in each iteration,
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its computational complexity can be very high in practical
implementations. The additional grid refining procedure in [4]
will further increase the computation load. Hence, it motivates
us to look for an efficient way to reduce the computational
complexity.

We notice that a considerable amount of computations can
be saved if we transform the complex-valued problem into a
real one [5], [6]. Therefore, we try to propose an efficient
real-valued off-grid SBL approach for the massive MIMO
downlink channel estimation in this letter. The main novelty
of our approach is to introduce a certain unitary transfor-
mation into pilots, so as to convert complex-valued channel
recovery problems into real ones. Note that performing the
real-valued transformation with a certain unitary transforma-
tion is not new, which has been widely used for real-valued
DOA estimation problems [5], [6]. However, to the best of
our knowledge, no real-valved transformation method has been
reported (or even noticed) for the massive MIMO channel esti-
mation in the literature, because it could be impossible to apply
the real-valued transformation to the massive MIMO chan-
nel estimation directly in the absence of the aforementioned
design for pilots. Due to exploiting the real-valued structure
of the data matrices, our new method can bring a significant
computational load reduction, as well as a good noise suppres-
sion. Simulation results reveal that the proposed method can
simultaneously achieve lower complexity and better channel
estimation performance than the state-of-the-art methods.

II. DATA MODEL

Consider a massive MIMO system supporting several
mobile users (MUs) with Nr antennas, and there is only one
BS with Nt (� Nr ) antennas. The downlink channel matrix
from the BS to a MU can be represented as [7], [8]:

H =
Nc∑

c=1

Ns∑

s=1

ξc,sa(θc,s)bH (ϑc,s), (1)

where Nc denotes the number of scattering clusters, Ns
denotes the number of sub-paths per scattering cluster, ξc,s ,
θc,s and ϑc,s denote the path gain, angles-of-departure (AoDs)
and angles-of-arrival (AoAs), respectively. Note that a(θc,s)
and b(ϑc,s) are the array response vectors of the BS and MU,
respectively, whose expressions will be given later. For ease
of notation, we define {θl}Ll=1 with θ(c−1)Ns+s = θc,s and
L = NcNs , so are {ϑl}Ll=1 and {ξl}Ll=1. Then, H can be
represented as:

H = AΛBH , (2)

where A = [a(θ1), a(θ2), . . . , a(θL)] ∈ C
Nt×L, B =

[b(ϑ1),b(ϑ2), . . . ,b(ϑL)] ∈ C
Nr×L, and Λ = diag(ξ) with

diag(·) denoting diagonal operator. Let the BS broadcast a
sequence of T training pilot symbols, denoted by X ∈ C

T×Nt ,
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for each MU to estimate the downlink channel. For each MU,
the downlink received signal Y ∈ C

T×Nr can be written as

Y = XH + E, (3)

where E ∈ C
T×Nr stands for the additive complex Gaussian

noise with each element being zero mean and variance σ2.
Due to the limited local scattering effect at the BS

side [2], [3], the number of Nc is usually small and the sub-
paths associated with each scattering cluster are likely to
concentrate in a small range. Hence, only a few angles are
occupied in the angular domain, which brings a sparse rep-
resentation. Define θ̂ = {θ̂l}L̂l=1 as a fixed sampling grid
that uniformly covers the angular domain [−π

2 , π
2 ], where L̂

denotes the number of grid points. If the grid is fine enough,
we can rewrite (3) as:

Y = XÂS + E, (4)

where Â = [a(θ̂1), a(θ̂2), . . . , a(θ̂L̂
)] ∈ C

Nt×L̂ and S ∈
C

L̂×Nr is a row sparse matrix whose non-zero rows corre-
spond to the true directions. For example, if the m-th row of
S (denoted by Sm,:) is nonzero and the corresponding true
AoD is θn , n ∈ {1, 2, . . . ,L}, then we have θ̂m = θn and
Sm,: = ξnbH (ϑn).

As mentioned in [4], it is usually invalid to assume that
the real direction is on a predefined spatial grid in practical
applications. In order to handle the direction mismatch, we
adopt the off-grid model proposed in [4]. Specifically, if θl /∈
{θ̂i}L̂i=1 and θ̂nl ,nl ∈ {1, 2, . . . , L̂}, is the nearest grid point
to θl , where θl = θ̂nl +ϕnl , ϕnl stands for the off-grid gap, and

ϕnl =
{

θl − θ̂nl , l = 1, 2, . . . ,L,
0, otherwise.

As a consequence, we have

Y = XÂ(ϕ)S + E, (5)

where ϕ = [ϕ1, ϕ2, . . . , ϕL̂
]T , Â(ϕ) = [a(θ̂1 + ϕ1), a(θ̂2 +

ϕ2), . . . , a(θ̂L̂
+ϕ

L̂
)]. With (5), an off-grid SBL-based method

proposed in [4] can be applied to recover the sparse representa-
tion matrix S. Note that the off-grid SBL method [4] requires
to calculate inverse of a large complex matrix per iteration,
which will result in a high computational load. Moreover,
additional grid refining procedure in [4] will further increase
the computational load. From [5], we know that a complex
multiplication costs four times as much as that of a real mul-
tiplication, therefore a considerable amount of computations
can be saved if we transform the complex-valued problem (5)
into a real-valued one.

III. THE PROPOSED REAL-VALUED METHOD

A. Real-Valued Transformation

Without loss of generality, let Nt be even. If the geometrical
center of the ULA is chosen as the reference point of steering
vectors, a(θ) is in the form of [5], [6]

a(θ) =
[
e−j

(Nt−1)φ(θ)
2 , e−j

(Nt−3)φ(θ)
2 , . . . ,

e−j
φ(θ)

2 , ej
φ(θ)

2 , . . . , ej
(Nt−1)φ(θ)

2

]T

, (6)

where φ(θ) = (−2πd/λ) sin(θ), λ is the wavelength of the
downlink propagation, and d stands for the distance between
adjacent sensors. To convert the complex-valued manifold a(θ)
into a real one, we define the transformation matrix QNt

as:

QNt
=

1√
2

[
INt

2

JNt
2

jJNt
2

−j INt
2

]
, (7)

where INt
2

denotes Nt
2 × Nt

2 identity matrix and JNt
2

denotes

an Nt
2 × Nt

2 exchange matrix with all ones on its anti-diagonal

positions and zeros elsewhere. It is easy to check that a(θ) Δ=
QNt

a(θ) is real-valued, which can be rewritten as [5], [6]:

a(θ) =
√

2
[
cos(

Nt − 1
2

φ(θ)), cos(
Nt − 3

2
φ(θ)), . . . ,

cos(
1
2
φ(θ)), sin(

1
2
φ(θ)), . . . , sin(

Nt − 1
2

φ(θ))
]T

. (8)

Note that this real-valued transformation applies ULAs only.
To formulate (5) as a real-valued sparse representation

problem, we introduce QNt
into the pilot matrix, i.e., X =

GQNt
, where the elements of G ∈ R

T×Nt can be randomly
chosen with an i.i.d. real Gaussian distribution. Substituting
X = GQNt

into (5) leads to

Y = Φ(ϕ)S + E, (9)

where Φ(ϕ) = GA(ϕ) ∈ R
T×L̂ and A(ϕ) = QNt

Â(ϕ) =
[a(θ̂1 + ϕ1), a(θ̂2 + ϕ2), . . . , a(θ̂L̂

+ ϕ
L̂
)] ∈ R

Nt×L̂. If we
define Ŷ = [Re(Y), Im(Y)] with Re(·) and Im(·) standing for
the real part and imaginary part, respectively, we can obtain a
real-valued sparse representation problem:

Ŷ = Φ(ϕ)Ŝ + Ê, (10)

where Ŝ = [Re(S), Im(S)] and Ê = [Re(E), Im(E)]. Let the
SVD of Ŷ be

Ŷ = UsΣsV
T
s + UnΣnVT

n , (11)

where Σs and Σn contain M significant and min{T , 2Nr} −
M non-significant singular values, respectively. Here we use
η% (e.g., η = 80) of the max singular value as the threshold to
determine whether the singular value is significant or not. In
order to retain useful information while reduce computational
load, we define a reduced dimensional matrix Y of size T × M:

Y = ŶVs = Φ(ϕ)S + E, (12)

where S = ŜVs and E = ÊVs . Recall that the element of the
matrix Ê in (10) is i.i.d. real Gaussian with a common vari-
ance σ2/2. According to the orthogonal invariance property of
Gaussian random matrix and the definition of E, each element
of E is approximately i.i.d real Gaussian with a common vari-
ance σ2/2. The reason why this holds only approximately is
that Vs may depend on Ê. However, for moderate to high
signal-to-noise ratio (SNR), the term Φ(ϕ)Ŝ will dominate
Vs and

span(Vs) = span
(
ŜTΦT (ϕ)

)
, (13)

where span(·) denotes the subspace spanned by columns of a
matrix. Then, we have the following claim.
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Claim 1: The real-valued formulation (12) can bring a noise
suppression effect.

Proof: According to (13), we have

Φ(ϕ)ŜVsV
T
s = Φ(ϕ)Ŝ. (14)

Then, the SNR in (12) can be calculated as

tr(Φ(ϕ)SSH Φ(ϕ)H )
tr(EEH )

=
tr(Φ(ϕ)ŜŜH Φ(ϕ)H )

tr(EEH )
(15)

=
tr(Φ(ϕ)ŜŜH Φ(ϕ)H )

TMσ2/2
, (16)

where (15) follows (14) directly. The SNR in (5) is equal to
the one in (10), which can be calculated as

tr(Φ(ϕ)ŜŜH Φ(ϕ)H )
tr(ÊÊH )

=
tr(Φ(ϕ)ŜŜH Φ(ϕ)H )

TNrσ2
. (17)

Since M ≤ min{T , 2Nr}, (16) will give a larger value
than (17). Therefore, (12) can bring a better noise suppres-
sion. Note that (16) could give the maximum value if M = 1.
However, this case would not happen in practice unless for a
degenerated channel.

B. Sparse Bayesian Learning Formulation and Inference

Following the commonly used SBL model [9], we assign
a non-stationary Gaussian prior distribution with a dis-
tinct precision (e.g., δl ) for each row of S. Let δ =
[δ1, δ2, . . . , δL̂]T , and then we have

p(S|δ) =
M∏

m=1

N
(
sm |0, (diag(δ))−1

)
, (18)

where N (·|μ,Σ) denotes Gaussian distribution with mean μ
and variance Σ, and sm denotes the m-th column of S. The
hypoerparameter δ is further assigned as independent Gamma
distribution

p(δ) =
L̂∏

l=1

Γ(δl ; 1 + a, b), (19)

where a, b → 0 [9].
Under the assumption of Gaussian noise, we have

p(Y|S, α,ϕ) =
M∏

m=1

N (y
m
|Φ(ϕ)sm , α−1I), (20)

where y
m

denotes the m-th column of Y and α = σ−2 cor-
responds to the noise precision. Similarly, α is assigned as a
Gamma distribution with p(α) = Γ(α; 1 + a, b). We model ϕ

as a noninformative uniform prior: ϕ ∼ U ([−π
2 , π

2 ]L̂) [4].
To find the optimal α, δ and ϕ, an EM algorithm will

be utilized to perform the Bayesian inference, which will
repeatedly construct a lower-bound on the evidence func-
tion ln p(Y, α, δ,ϕ), and then optimize the lower-bound w.r.t.
α, δ,ϕ. The lower-bound on ln p(Y, α, δ,ϕ) is given by [9]

〈ln(p(Y|S, α,ϕ)p(S|δ)p(α)p(δ))〉p(S|Y,α,δ,ϕ), (21)

where 〈·〉p(x) denotes the expectation operator w.r.t. p(x ), and

p(S|Y, α, δ,ϕ) =
M∏

m=1

N (sm |μm ,Σ), (22)

with

μm = αΣΦH (ϕ)y
m

, (23)

Σ = (αΦH (ϕ)Φ(ϕ) + diag(δ))−1. (24)

Note that the following updates of α and δ can be obtained
easily as in [4], [9]:

αnew =
TM + 2a

2b +
∑M

m=1 ‖ym
− Φ(ϕ)μm‖2

2 + M tr(Θ)
, (25)

δ
new

l =
2a + M

2b +
∑M

m=1 [Ξm ]ll
, ∀l , (26)

where ‖ · ‖p denotes p-norm, tr(·) denotes trace operator,
[ · ]ll denotes the (l , l)-th element, Θ = Φ(ϕ)ΣΦH (ϕ) and
Ξm = μmμm

H + Σ. The update of ϕ is slightly differ-
ent from [4], because all the matrices in our method are
real-valued. Ignoring the independent terms, (21) becomes:

〈ln p(Y|S, α,ϕ)〉p(S|Y,α,δ,ϕ)

= −α

2
(

M∑

m=1

‖y
m

− Φ(ϕ)μm‖2
2

+ M tr(Φ(ϕ)ΣΦH (ϕ))).

(27)

The derivative of (27) can be calculated by

ζϕ = [ζ(ϕ1), ζ(ϕ2), . . . , ζ(ϕ
L̂
)]T , (28)

with

ζ (ϕl ) = a′(θ̂l + ϕl )
TGTGa(θ̂l + ϕl )c1 + a′(θ̂l + ϕl )

TGT c2,

where a′(θ̂l + ϕl ) = da(θ̂l + ϕl )/dϕl , c1 = −α(Mχll

+
∑M

m=1(μml )2), c2 = −α(MG
∑

j �=l χjla(θ̂j + ϕj ) −∑M
m=1 μmly

−l
m

), y−l
m

= y
m

− G
∑

j �=l μmj a(θ̂j + ϕj ), μml
and χjl denote the l-th element and the (j , l)-th element of μm
and Σ, respectively. Here, a fixed stepsize is used to update ϕ
as in [4] to reduce the computational complexity:

ϕnew = ϕ +
π

100L̂
· sign(ζϕ), (29)

where sign(·) denotes the signum function. Actually, we do
not need to refine every ϕl in each iteration, because any ϕl s
corresponding to the rows of S that have non-significant ele-
ments can be safely removed. Therefore, we can similarly set
a threshold to choose some proper active points as in [10].

The main computational complexity of our method is given
as follows.

• The complexities in calculating μ and Σ are O(ML̂
2
)

and O(TL̂2) per iteration, respectively.
• The complexities in calculating α, δ and ϕ are O(TL̂2),

O(ML̂) and O(TN L̂) per iteration, respectively.
Therefore, the total computational complexity of our method is
O(TL̂2) per iteration, which is the same as that for the original
complex-valued SBL method. However, it is worth noting that
all the matrices in our method are real-valued and solving
such problem involves real computations only. As a result, our
method can save a considerable amount of computations (by
a factor of four) compared with the original complex-valued
SBL method, because complex multiplication costs four times
as much as that of real multiplication [5].
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Finally, we discuss the difference between our method and
the traditional real-valued method (TRM) in the literature [11].
According to the commonly used real-valued transformation,
TRM rewrites (9) as
[
Re(Y)
Im(Y)

]
=

[
Re(Φ(ϕ)) −Im(Φ(ϕ))
Im(Φ(ϕ)) Re(Φ(ϕ))

][
Re(S)
Im(S)

]
+

[
Re(E)
Im(E)

]
,

(30)

and then recover the sparse matrix [Re(S)T , Im(S)T ]T
directly from (30). Such transformation is applicable to any
measurement matrix Φ(ϕ), but it can neither reduce the com-
putational burden [because the size of (30) is twice that of (9)],
nor achieve a better noise suppression [because the SVD tech-
nique may not be applied to (30) due to the small number of
measurement in (30)]. Actually, the advantages of our method
come from exploiting the real-valued structure of Φ(ϕ). When
the imaginary part of Φ(ϕ) is zero, (30) becomes:

[
Re(Y)
Im(Y)

]
=

[
Φ(ϕ)

Φ(ϕ)

][
Re(S)
Im(S)

]
+

[
Re(E)
Im(E)

]
, (31)

which can be further rewritten as (10). It should be noted that
the real-valued structure of Φ(ϕ) is guaranteed by introducing
the unitary transformation QNt

into the pilot matrix [see (9)].
To the best of our knowledge, such idea for the real-valued
channel estimation has not been reported in the literature.

IV. SIMULATION RESULTS

In this section, we will present several simulation results
to illustrate the performance of our proposed method. We
will compare our method with SBL [9], off-grid SBL [4],
DFT, overcomplete DFT and TRM [11]. Both DFT and over-
complete DFT recover H using the l1-norm minimization
algorithm [12]. To verify that directly applying the SVD
technique to the complex-valued problem cannot bring a
significant performance improvement, we also include an
SVD-based extension of off-grid SBL (named off-grid SVD)
in simulations, where the measurement matrix is reduced to
T × min(Nr ,M ) by adopting the SVD technique. For fair-
ness, TRM includes the same off-grid refining as ours. We
use the 3GPP spatial channel model (SCM) [8] to generate
the channel coefficients for an urban microcell. The downlink
frequency is 2170 MHz, and the normalized mean square error
(NMSE) is defined as

1
Mct

Mct∑

m=1

‖Hest
m − Hm‖2

2

‖Hm‖2
2

, (32)

where Hest
m is the estimation of Hm at the m-th Monte Carlo

trial and Mct is the number of Monte Carlo trials. The exper-
iments are carried out in MATLAB 8.4.0 on a PC with an
AMD Ryzen 2700X CPU and 16 GB of RAM.

Simulation 1 shows the channel estimation performance
with the number of training pilot symbols. Assume that the
BS is composed of a ULA with 100 antennas and MU is
equipped with 4 antennas. All the results are obtained based
on 200 Monte Carlo trials. Every trial consists of Nc = 2
random scattering clusters ranging from −90◦ to 90◦, and
each cluster contains Ns = 10 sub-paths concentrated in a
20◦ angular spread. The SNR is fixed to 0 dB and the num-
ber of grid points is chosen as 200 except for DFT. From
Fig. 1-a, it is shown that: 1) the off-grid methods (our method,
off-grid SBL, off-grid SVD and TRM) always outperform

Fig. 1. NMSE of channel estimates versus the number of training pilot
symbols and grid points, respectively. a) NMSE versus T; b) NMSE versus L̂.

Fig. 2. Computational time versus the number of training pilot symbols and
grid points, respectively. a) CPU Time versus T; b) CPU Time versus L̂.

others, because the grid refining procedure can fix the direc-
tion mismatch gap; 2) off-grid SVD almost achieves the same
performance as off-grid SBL, which means that directly apply-
ing the SVD technique to the complex-valued problem could
not reveal substantial performance gains; 3) compared with
off-grid SBL, TRM has a little performance loss, because it
expends the problem into real and imaginary parts, and con-
siders the two parts are independent to each other; and 4) our
method can improve the performance because of the noise
suppression mentioned in Claim 1.

In Simulation 2, we study the impact of the number of grid
points on the channel estimation performance. We consider
the same scenario as in Simulation 1, except that the number
of training pilot symbols is fixed to 50. Fig. 1-b shows the
NMSE performance of the downlink channel estimate versus
the number of grid points. It reconfirms that our method can
achieve the best NMSE performance, no matter how many
grid points are used.

Simulation 3 shows the runtime versus the number of train-
ing pilot symbols and grid points, respectively. As shown in
Fig. 2, we observe that 1) the runtime required by all the meth-
ods increases as the number of training pilot symbols and grid
points increase, respectively; 2) the runtime required by TRM
is much more than others because it expends the recovery
problem size twice; 3) off-grid SBL is slower than SBL since
the additional grid refining increases the computation load;
and 4) our method is much faster than others.

V. CONCLUSION

We have proposed an efficient real-valued SBL method that
approaches the problem of downlink channel estimation. By
introducing the real-valued transformation, our method con-
verts the complex-valued problem into real-valued one, which
brings a significant decrease in computational complexity, as
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well as a better performance. The numerical results presented
verify the effectiveness of our method.
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