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Abstract

We consider a two–tile reconfigurable intelligent surface (RIS) assisted wireless network with a

two-antenna transmitter and receiver over Rayleigh fading. We show that the average received signal-

to-noise-ratio (SNR) optimal transmission and combining vectors are given by the left and right singular

spaces of the RIS-receiver and transmit-RIS channel matrices, respectively. Moreover, the optimal

phases at the two tiles of the RIS are determined by the phases of the elements of the latter spaces.

To further study the effect of phase compensation, we statistically characterize the average SNR of

all possible combinations of transmission and combining directions pertaining to the latter singular

spaces by deriving novel expressions for the outage probability and throughput of each of those modes.

Furthermore, for comparison, we derive the corresponding expressions in the absence of RIS. Our results

show an approximate SNR improvement of 2 dB due to the phase compensation at the RIS.
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I. INTRODUCTION

Reconfigurable intelligent surfaces (RISs) have been identified as one of the possible physical-

layer technologies for beyond-5G networks. RIS can passively beamform the received signal from

a wireless transmitter towards its receiver by using large arrays of antenna elements which are

usually spaced half of the wavelength apart [1]. Since the benefit of RISs can only be achieved

by properly configured phase shifts of passive reflective elements in real time, most existing

work on RISs focus on phase optimization, see e.g., [2]–[4] and references therein. In contrast,

communication-theoretic performance limits of RIS assisted single-antenna systems have been

analyzed in [5]–[10]. However, few research efforts explored the performance of multi-antenna

systems [11].

For a large number of elements at the RIS, the authors of [12] investigate an RIS-assisted

multiple-input and multiple-output (MIMO) network. Exact analytical characterization of finite

dimensional RIS-assisted systems, on the other hand, is not available in the current literature.

Therefore, different from previous works, this paper analytically characterizes the exact per-

formance, in terms of outage probability and throughput, of a fundamental finite dimensional

RIS-assisted MIMO system. In particular, we focus our attention on a 2 × 2 MIMO system

model assisted by an RIS made of two tiles that can be configured to operate as anomalous or

conventional reflectors by adjusting independently their surface phase shifts [13].

We propose an analytical framework based on the representation of the 2×2 unitary group of

matrices to represent the average signal-to-noise-ratio (SNR) optimal transmission and receive

strategies along with the optimal phase adjustments at the RIS over Rayleigh fading. We prove

that the left and right singular spaces of the RIS-receiver and transmit-RIS channel matrices are

optimal in the above sense. Capitalizing on this, we exploit results from finite dimensional random

matrix theory (see e.g., [14]) to characterize the outage and throughput with and without the phase

adjustment of the tiles of the RIS for each of the latter strategies. Moreover, numerical results

show that the proposed (suboptimal) strategy achieves comparable performance as the alternating

optimal strategy based on jointly optimized instantaneous SNR. In particular, the throughput of

the proposed scheme provides a tight lower bound for the throughput corresponding to the latter

strategy.

Notations: E{·}, (·)†, (·)T , ||·||, Tr(·), diag(. . .), |·|, (·)∗, arg(·), and U2 denote the mathematical
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expectation, the Hermitian transpose operator, the conjugate operator, the transpose operator, the

ℓ2 norm of a vector, the trace of a matrix, a diagonal matrix, the modulus of a complex number,

the complex conjugation operation, the argument of a complex number, and the group of 2× 2

unitary matrices, respectively.

II. SYSTEM MODEL AND OPTIMUM TRANSMISSION STRATEGY

We consider a wireless network in which a two-antenna transmitter and a two-antenna receiver

communicate with the aid of an RIS. Based on [13], we assume that the RIS is made of two

continuous tiles whose surface phase shift can be appropriately optimized. The phase shift of

each tile is the sum of a constant phase shift (denoted by φ1 and φ2) and a surface-dependent

phase shift that depends on the point (x, y) of the tile. The location-dependent phase-shifts are

optimized in order to realize anomalous reflection based on the directions of the incident and

reflected radio waves. The constant phase shifts, φ1 and φ2, are, on the other hand, optimized in

order to maximize the combined SNR at the receiver. We focus our attention on the optimization

of only φ1 and φ2, since the location-dependent phase-shifts are determined by the network

geometry. Further information on the optimization of the equivalent surface reflection coefficient

of anomalous reflectors can be found in [15].

The signal model can thus be written as

y = GΦHx+ n (1)

where G ∈ C2×1 is the RIS-to-receiver channel matrix, Φ = diag (exp(jφ1), exp(jφ2)) ∈ C2×2

with φi ∈ [−π, π) is the RIS reflection matrix which is diagonal by construction, H ∈ C2×2

is the transmitter-to-RIS channel matrix, x ∈ C
2×1 is the transmit information vector and n ∈

C2×2 ∼ CN 2 (0, σ
2I2) denotes the additive white Gaussian noise. Each element of G and H is

distributed as CN (0, 1) and E (x) = 0 and E
(

x†x
)

= ρs. The channel matrices are referred to

the equivalent channel from the transmitter to the tiles of the RIS and to the tiles of the RIS

to the receiver. Rayleigh fading is assumed for analytical tractability and under the assumption

that the location of the RIS cannot be optimized in order to ensure line-of-sight propagation

[12]. Moreover, we make the common assumption that perfect channel state information (CSI)

is available at the transmitter, RIS, and receiver.

By using the singular value decomposition, we rewrite (1) as

y = U
√
ΛV†ΦW

√
ΩQ†x+ n
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where G = U
√
ΛV†, H = W

√
ΩQ†,U,V,W,Q ∈ U2,

√
Λ = diag

(√
λ1,

√
λ2
)

,
√
Ω =

diag
(√

ω1,
√
ω2

)

with λ1 > λ2 > 0 and ω1 > ω2 > 0. In particular, λ1, λ2 and ω1, ω2 are the

squares of the ordered singular values of G and H (i.e., ordered eigenvalues of G†G and H†H),

respectively. Let a,b be the transmitting weight vector and receiver combining vector chosen

such that x = as with E(s) = 0, E(|s|2) = ρs, and ||b||2 = 1. This in turn gives

b†y =
2
∑

k=1

2
∑

ℓ=1

√

λkωℓb
†ukv

†
kΦwℓq

†
ℓas + b†n,

where we have used the column decompositions U = (u1 u2), V = (v1 v2), W = (w1 w2),

and Q = (q1 q2). Therefore, the instantaneous SNR at the receiver can be formulated as

γ = γ̄

∣

∣

∣

∣

∣

2
∑

k=1

2
∑

ℓ=1

√

λkωℓb
†ukv

†
kΦwℓq

†
ℓa

∣

∣

∣

∣

∣

2

(2)

where γ̄ = ρs/σ
2. The following theorem gives the optimum transmission direction and com-

bining vectors that maximize the average SNR in (2), for arbitrary phase shifts at the RIS.

Theorem 1. The transmission direction a = q1 (i.e., leading right singular vector of H) and

the combining vector b = u1 (i.e., leading left singular vector of G) maximize the average

SNR, whereas a = q2 and b = u2 minimize the average SNR. In particular, if we denote the

SNR corresponding to the transmission direction a = qi and the combining vector b = uj by

γ
(i)
j = γ̄λjωiZ

(i)
j , where Z

(i)
j =

∣

∣

∣
v
†
jΦwi

∣

∣

∣

2

, then

E

{

γ
(1)
1

}

> E

{

γ
(1)
2

}

= E

{

γ
(2)
1

}

> E

{

γ
(2)
2

}

. (3)

Proof: See Appendix A-A.

Remark 1. . The optimal transmission directions and combining vectors in Theorem 1 are

independent of the phase shifts of the RIS, since the average SNR is optimized. This follows

because, as stated in Appendix A-A, the distributions of wi and Φwi are the same, under the

assumption that Φ is a constant matrix independent of the channels H and G.

Remark 2. It is noteworthy that the average SNR optimality of the right singular basis of H

and the left singular basis of G in (3) remains true for an n-tile RIS assisted n × n MIMO

system as well.
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Theorem 1 does not specify the exact choice of Φ for each realization of the SNR, i.e., in the

sense of maximizing the instantaneous SNR. To this end, using the notation vj = (vj1 vj2)
T and

wi = (wi1 wi2)
T , with the aid of the triangular inequality for the sum of two complex numbers,

we obtain

γ
(i)
j = γ̄λjωi

∣

∣

∣
v
†
jΦwi

∣

∣

∣

2

≤ γ̄λjωi (|vj1||wi1|+ |vj2||wi2|)2

where the equality is achieved for

Φ
(i)
j,cmp = diag

(

exp
{

−j arg(v∗j1wi1)
}

, exp
{

−j arg(v∗j2wi2)
})

.

Therefore, since perfect CSI is available at the RIS, we can design the phases φ1 and φ2 as

φ1 = − arg(v∗j1wi1) and φ2 = − arg(v∗j2wi2). (4)

Accordingly, the phase-compensated SNR can be written as

γ
(i)
j,cmp = γ̄λjωiZ

(i)
j,cmp

(5)

where

Z
(i)
j,cmp

= (|vj1||wi1|+ |vj2||wi2|)2 .

Consequently, for i, j = 1, 2, we can obtain the stochastic ordering relationship between the

SNR before (i.e.,γ
(i)
j ) and after the compensation (i.e.,γ

(i)
j,cmp

) as

γ
(i)
j < γ

(i)
j,cmp

.

Moreover, as shown in Corollary 2, the average values of γ
(i)
j,cmp

follow the same ordering as in

(3).

Corollary 2. The average values of the instantaneous SNR after the phase-compensation, γ
(i)
j,cmp

,

satisfy the inequalities

E

{

γ
(1)
1,cmp

}

> E

{

γ
(1)
2,cmp

}

= E

{

γ
(2)
1,cmp

}

> E

{

γ
(2)
2,cmp

}

. (6)

Proof: See Appendix A-B.

Remark 3. It is worth pointing out that the compensated SNR in (5) assumes that the trans-

mission directions and the combining vectors are first optimized as stated in Theorem 1, and
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then the phase shifts of the RIS are optimized as in (4). In other words, these quantities are not

jointly optimized. This results, in general, is a sub-optimal design, which has the advantage of

providing analytical expressions for the transmission directions, the combining vectors, and the

RIS phase shifts that are useful for analytical performance evaluations [3].

Having established the optimal properties of the proposed singular vector based transmission

scheme, we are ready to analyze its performance in the following section.

III. PERFORMANCE ANALYSIS

We study the effect of phase adjustments at the RIS by deriving novel expressions for outage

probability and throughput with and without the phase compensation at the RIS.

By definition, the outage probability can be written as

P out(γth) = Pr {γ ≤ γth}

where γ ∈
{

γ
(i)
j,cmp, γ

(i)
j

}

and γth is an SNR threshold that is chosen according to the desired

quality of service. Since we have already established the stochastic order γ
(i)
j,cmp > γ

(i)
j , it is not

difficult to infer that, for i, j = 1, 2, P
(i)
j,cmp(γth) < P

(i)
j (γth). This in turn verifies our intuition that

the phase compensation improves the system outage performance. In order to compute outage

probability, we first statistically characterize the random quantities Z
(i)
j,cmp and Z

(i)
j by deriving

closed-form expressions for their cumulative distribution functions (c.d.f.s), which are given by

the following theorem.

Theorem 3. The c.d.f.s corresponding to Z
(i)
j,cmp

and Z
(i)
j are given, for i, j = 1, 2, and z ∈ (0, 1),

by

F
Z

(i)
j,cmp

(z) = z −
√

z(1− z) arcsin
(√

z
)

, (7)

F
Z

(i)
j

(z) = z. (8)

Proof: See Appendix A-C.

Remark 4. It can be proved that, for an n × n RIS assisted MIMO system, F
Z

(i)
j

(z) takes the

form 1− (1− z)n−1.
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Consequently, we can evaluate the average SNR gain achieved by introducing the phase

compensation at the RIS. To this end, we define the SNR gain as

ηGain =
E

{

γ
(i)
j,cmp

}

E

{

γ
(i)
j

} =
E

{

Z
(i)
j,cmp

}

E

{

Z
(i)
j

} = 1 +
π2

16
≈ 2 dB.

This observation further strengthen the utility of phase compensation at the RIS. On the other

hand, with or without phase compensation at the RIS, the average SNR gap (in dB) between

any two consecutive transmission strategies is

10 log
(

E

{

γ
(1)
j − γ

(j)
2

})

= 10 log
(

E

{

γ
(1)
j,cmp − γ

(j)
2,cmp

})

= 10 log

(

E {ω1}
E {λ2}

)

= 10 log 6 ≈ 7.8 dB

where j = 1, 2. Therefore, we conclude that the phase compensation does not improve the

average SNR gain between any two consecutive transmission strategies.

Armed with the above result, we are in a position to derive new expressions of the outage

probability. First, we focus on the outage corresponding to γ
(i)
j,cmp given by

P
(i)
j,cmp (γth/γ̄) = Pr

{

λjωiZ
(i)
j,cmp < γth/γ̄

}

.

Capitalizing on the independence between the singular values and singular vectors [16] along

with the independence of G and H, we can rewrite the outage probability as

P
(i)
j,cmp (γth/γ̄) = E

{

Pr

(

λj ≤
γth/γ̄

ωiZ
(i)
j,cmp

∣

∣

∣

∣

∣

ωi, Z
(i)
j,cmp

)}

where [17]

Fλ1(y) = 1− 2 exp(−y)− y2 exp(−y) + exp(−2y),

Fλ2(y) = 1− exp(−2y),

and the expected value is taken with respect to fωi
(x) =

dFλi(x)

dx
and f

Z
(i)
j,cmp

(y) =
dF

Z
(i)
j,cmp

(y)

dy
.

Since the eigenvalues ωi and λi, for i = 1, 2, have identical distributions (i.e., because G and H

have identical distributions), we can readily obtain the relation, P
(2)
1,cmp (γth/γ̄) = P

(1)
2,cmp (γth/γ̄).

Moreover, a similar approach with f
Z

(i)
j

(y) = 1, for y ∈ (0, 1), can be used to derive the outage

probability corresponding to γ
(i)
j given by

P
(i)
j (γth/γ̄) = E

{

Pr

(

λj ≤
γth/γ̄

ωiZ
(i)
j

∣

∣

∣

∣

∣

ωi, Z
(i)
j

)}

.

October 12, 2020 DRAFT



8

Finally, some algebraic manipulations give the corresponding outage expressions as shown in

the following corollary.

Corollary 4. The outage probabilities P
(i)
j,cmp (γth/γ̄) and P

(i)
j (γth/γ̄) can be formulated as

P
(1)
1,cmp(z) = 1− 4I0(1, 1, z) + 4I0(2, 1, z)− 2I0(3, 1, z) + 4I0(1, 2, z)− 2z2I2(−1, 1, z)

+ 2z2I2(0, 1, z)− z2I2(1, 1, z) + 2z2I2(−1, 2, z) + 2I0(1, 1, 2z)

− 2I0(2, 1, 2z) + I0(3, 1, 2z)− 2I0(1, 2, 2z) (9)

P
(1)
2,cmp(z) = P

(2)
1,cmp(z) = 1− 4I0(1, 2, z)− 2z2I2(−1, 2, z) + 2I0(1, 2, 2z) (10)

P
(2)
2,cmp(z) = 1− 2I0(1, 2, 2z) (11)

P
(1)
1 (z) = 1− 4z2G(z, 1) + 8

√
zK1(2

√
z)− 2z2G(z,−1) + 8z2G(2z, 1)− 4zK0(2

√
z)

+ 4z
√
zK1(2

√
z)− 2z2K2(2

√
z) + 4zK0(2

√
2z) + 8z2G(2z, 1)

− 4
√
2zK1(2

√
2z) + 4z2G(2z,−1)− 16z2G(4z, 1) (12)

P
(1)
2 (z) = P

(2)
1 (z) = 1− 8z2G(2z, 1)− 4zK0(

√
8z) + 16z2G(4z, 1) (13)

P
(2)
2 (z) = 1− 16z2G(4z, 1) (14)

where G(z, a) = G3,0
1,3



z

∣

∣

∣

∣

0

−1,−a,−2



 denotes the Meijer G-function,

Ia(α, γ, βz) =
(βz)2−a

2γα+a−2
G3,0

1,3



βγz

∣

∣

∣

∣

0

−1, α+ a− 2, a− 2





+

(

βz

γ

)
α
2
∫ ∞

1

ta+
α
2
−2 (2− t)√

t− 1
Kα

(

2
√

βγzt
)

arcsin

(

1√
t

)

dt

and Kα(z) is the modified Bessel function of the second kind and order α.

To demonstrate the utility of the newly derived expressions, we can write the average through-

put (in nats/sec/Hz) of each of the phase compensated transmission strategies, for i, j = 1, 2,

as

R
(i)
j,cmp =

∫ ∞

0

1− P
(i)
j,cmp(z/γ̄)

1 + z
dz,

whereas the results corresponding to the uncompensated phases are given by

R
(i)
j =

∫ ∞

0

1− P
(i)
j (z/γ̄)

1 + z
dz.

October 12, 2020 DRAFT
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To compute the average throughput, we encounter integrals of the form
∫∞

0
zmIa(α, γ, βz/γ̄)/(1+

z)dz, which can be solved using [18, Eq. 7.811.5] to obtain an expression involving a single

integral. For instance, the above procedure gives

R
(2)
2,cmp=

1

2

∫ ∞

1

(2− t)

t2
√
t− 1

arcsin

(

1√
t

)

G3,1
1,3





4t

γ̄

∣

∣

∣

∣

0

0, 1, 0



 dt+
1

2
R

(2)
2

where

R
(2)
2 =

16

γ̄2
G4,1

2,4





4

γ̄

∣

∣

∣

∣

−2, 0

−2,−1,−1,−2



 .

IV. NUMERICAL RESULTS

In this section, we present some numerical results to illustrate the accuracy of our analysis

and to establish the optimality of the proposed transmission scheme. To this end, let us first

establish the accuracy of the outage expressions given in (9)-(14). Fig. 1 compares the outage

probability as a function of γ̄ (in dB) for a fixed threshold γth = 0 dB in the presence and in the

absence of an RIS. The analytical curves generated based on Corollary 4 match precisely with

the simulations. Moreover, as expected, the phase compensation at the RIS leads to an outage

improvement for all γ̄. On the other hand, to establish the optimality of the compensated SNR in

(5), we maximize γ = γ̄
∣

∣b†GΦHa
∣

∣

2
subject to ||a|| = 1, ||b|| = 1, and ΦΦ∗ = I2 and compare

the resultant outage expression with P
(1)
1,cmp(γth/γ̄). Since this problem is non-convex, we exploit

the alternating optimization procedure detailed in [19] to obtain the optimal γ. Having noted

that this procedure is sensitive to the initial condition, we initialize with Φ = Φ
(1)
1,cmp and solve

the sub problem max γ̄
∣

∣b†GΦ0Ha
∣

∣

2
subject to ||a|| = 1 and ||b|| = 1 to obtain the optimal a0

and b0. Subsequently we solve the sub problem max γ̄
∣

∣

∣
b
†
0GΦHa0

∣

∣

∣

2

subject to ΦΦ∗ = I2 to

determine the optimal Φ1. We continue these iterations till convergence to obtain the numerically

optimal a,b, and Φ. If we denote the corresponding optimal instantaneous SNR as γAlt, then

we have the stochastic ordering γAlt ≥ γ
(1)
1,cmp ≥ γ

(1)
1 from which we obtain

PAlt(γth/γ̄) ≤ P
(1)
1,cmp

(γth/γ̄) ≤ P
(1)
1 (γth/γ̄).

For comparison, in Fig. 1, the outage corresponding to the above optimal scheme PAlt(γth/γ̄) is

also plotted for γth = 0 dB. As can be seen from the figure, although sub-optimal, the proposed

scheme (i.e., P
(1)
1,com(γth/γ̄)) provides a good approximation to the optimal outage, particularly in

the low SNR regime.
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Fig. 1: Outage probability vs average SNR for γth = 0 dB.

Figure 2 compares the throughput in nats/sec/Hz as a function of γ̄ (in dB) in the presence

and absence of the RIS. A good agreement between the analytical and simulation results can

be observed, and the improvement of the throughput due to the phase compensation at the RIS

is clearly visible in the figure. Again, for comparison, the throughput RAlt corresponding to

the above numerically optimized scheme is also plotted. As depicted in the figure, the proposed

scheme provides a very tight lower bound to the optimal throughput. This claim further highlights

the utility of the proposed scheme.

V. CONCLUSION

We have analytically characterized the exact outage and throughput of a two-tile RIS-assisted

2 × 2 wireless network in the presence of Rayleigh fading. In particular, we have considered

transmission strategies corresponding to all combinations of left and right singular spaces of

the RIS-receiver and transmit-RIS channels that are optimal in terms of the average SNR. It

turns out that, although sub-optimal, the proposed strategy has outage and throughput perfor-

mances comparable with the numerically jointly optimized scheme. In particular, with respect

to throughput, the proposed scheme provides a tight lower bound to the numerically optimal

scheme. Moreover, we have proved that the average SNR improves of about 2 dB thanks to the

phase compensation introduced by the RIS.
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Fig. 2: Average throughput vs average SNR.

APPENDIX A

To facilitate our main derivations, we will require the following preliminary result.

Lemma 5. Let S ∈ U2. Then S can be parameterized as [20]

S =





ejθ11 cos θ12 −ej(θ11+θ21) sin θ12
ejθ22 sin θ12 ej(θ22+θ21) cos θ12





where θij ∈ [0, 2π) for i ≥ j and θ12 ∈ [0, π/2]. Moreover, if S is uniformly distributed over

U2, then all the entries of S are identically distributed and the normalized invariant measure dS

(i.e, Haar measure) defined on U2 such that
∫

U2
dS = 1 is given by [20]

dS =
1

8π3
sin 2θ12dθ12dθ21dθ11dθ22.

Therefore, the random variables θij are independent for i, j = 1, 2 with their densities given by

fθ12(θ) = sin 2θ, 0 ≤ θ ≤ π/2, and θij ∼ Uniform(0, 2π), j ≤ i.

A. Proof of Theorem 1

Since the column spaces of U and Q form orthonormal bases, we can find α,β ∈ C2×1

such that b = Uα and a = Qβ with ||α||2 = ||β||2 = 1. If we denote α = (α1 α2)
T

and
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β = (β1 β2)
T

, then (2) can be written as

γ = γ̄
2
∑

k,ℓ,i,j=1

√

λkωℓλiωjα
∗
kαiβlβ

∗
jTr
(

viv
†
kΦwℓw

†
jΦ

†
)

.

Capitalizing on the independence between the singular values and singular vectors [16] and noting

that, under the assumption that Φ is a constant matrix that is not optimized and is independent

of the wireless channels, the distributions of Φwℓ and w
†
jΦ

† are the same as wℓ and wj , we

obtain

E {γ} = γ̄

2
∑

k,ℓ,i,j=1

α∗
kαiβℓβ

∗
jE

{

√

λkωℓλiωj

}

Tr
(

E

{

viv
†
k

}

E

{

wℓw
†
j

})

. (A.1)

In order to evaluate the expected values inside the trace operator, following Lemma 5, we

parameterize the matrices V and W to yield

V =





ejξ11 cos ξ12 −ej(ξ11+ξ21) sin ξ12
ejξ22 sin ξ12 ej(ξ22+ξ21) cos ξ12



 ,

and

W =





ejψ11 cosψ12 −ej(ψ11+ψ21) sinψ12

ejψ22 sinψ12 ej(ψ22+ψ21) cosψ12



 ,

where ξij, ψij ∈ [0, 2π) for i ≥ j and ξ12, ψ12 ∈ [0, π/2]. Moreover, since V and W are uniformly

and independently distributed over U2 [16], ξij and ψij are independent and identically distributed

(i.i.d.) [20]. Therefore, we obtain

E

{

viv
†
k

}

=







1
2
I2 if i = k

0 if i 6= k

and

E

{

wℓw
†
j

}

=







1
2
I2 if j = ℓ

0 if j 6= ℓ
.

Then, (A.1) gives

E {γ} =
γ̄

2
α†





E{λ1} 0

0 E{λ2}



αβ†





E{ω1} 0

0 E{ω2}



β

where E{λ1} > E{λ2} and E{ω1} > E{ω2}. Clearly, α = ejχ1 (1 0)T and β = ejχ2 (1 0)T ,

with χ1, χ2 ∈ [0, 2π) denoting arbitrary phases, simultaneously maximize E{γ} subject to the

constraints ||α||2 = ||β||2 = 1. Therefore, we conclude that the pair (a,b) ≡ (q1,u1) is optimal
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in the sense of maximizing the average SNR. Similar arguments can be used to establish that

(a,b) ≡ (q2,u2) corresponds to the minimum average SNR.

Having noted that γ
(i)
j = γ̄λjωiTr

(

vjv
†
jΦwiw

†
iΦ

†
)

and E

{

Tr
(

vjv
†
jΦwiw

†
iΦ

†
)}

= 1
2
, we

obtain E

{

γ
(i)
j

}

= γ̄

2
E{λj}E{ωi}. Finally, we use the inequalities

λ1ω1 > λ1ω2 > λ2ω2 and λ1ω1 > λ2ω1 > λ2ω2, (A.2)

along with the fact that E{λ1}E{ω2} = E{λ2}E{ω1} to obtain (3) which concludes the proof.

B. Proof of Corollary 2

Following the above parametatrizations of unitary matrices, we can rewrite (5) as γ
(i)
i,comp =

γ̄λiωi cos
2 (ξ12 − ψ12) , i = 1, 2 and γ

(i)
j,comp = γ̄λjωi sin

2 (ξ12 + ψ12) , i 6= j.

Since E {cos2 (ξ12 − ψ12)} = E
{

sin2 (ξ12 + ψ12)
}

, we use the inequalities (A.2) and the

relation E{λ1}E{ω2} = E{λ2}E{ω1} to obtain (6). This concludes the proof.

C. Proof of Theorem 3

The unitary matrix parameterizations given in (A-A) yields

Z
(i)
j,cmp =







cos2 (ξ12 − ψ12) for i = j

sin2 (ξ12 + ψ12) for i 6= j
(A.3)

where the distributions of ξ12 and ψ12 are i.i.d. with the common density f(θ) = sin 2θ, θ ∈
[0, π/2] [20]. Therefore, simple variable transformations yield

f(ξ12−ψ12)(x) =
1

2

(

π

2
cos 2x− |x| cos 2x+ 1

2
sin 2|x|

)

, x ∈ [−π/2, π/2]

and

fξ12+ψ12(x) =







1
4
sin 2x− x

2
cos 2x for x ∈

[

0, π
2

)

−1
4
sin 2x− (π−x)

2
cos 2x for x ∈

[

π
2
, π
]

.

Since we are interested in the c.d.f.s, we can use integration by parts followed by algebraic

manipulations to obtain (7).

Let us now focus on proving (8). To this end, noting that the distribution of |v†
jΦwi|2 is

independent of the indices i, j [20], we focus on the case i = j = 1. We compute the Laplace

transform to obtain the moment generating function (m.g.f.) as

M(s) = E

{

exp
(

−Tr
[

ΘV†Φw1w
†
1Φ

†V
])}
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where Θ = diag (s, 0), and the expected value is taken with respect to the product measure

dVdW where dV and dW are independent and Haar distributed. Therefore, by exploiting the

independence between V and W, we rewrite the m.g.f. as

M(s) = EW

{
∫

U(2)

exp
(

−Tr
[

ΘV†Φw1w
†
1Φ

†V
])

dV

}

,

where EW(·) stands for the expected value with respect to the Haar measure dW. Then, we use

[17, Eq. 89] to simplify the inner matrix integral to obtain

M(s) = EW

{

0F0

(

−Θ,Φw1w
†
1Φ

†
)}

where 0F0(·, ·) is the hypergeometric function of two matrix arguments. We expand the hyper-

geometric function as an infinite series to yield [17]

M(s) = EW

{

∞
∑

k=0

(−1)k

k!

∑

κ

Cκ(Θ)Cκ(Φw1w
†
1Φ

†)

Cκ(I2)

}

where Cκ(·) denotes the zonal polynomial corresponding to the partition κ = (κ1, κ2) with

κ1 ≥ κ2 ≥ 0 and κ1 + κ2 = k. Since the matrices Θ and Φw1w
†
1Φ

† have rank one, ap-

plying the complex analogue of [21, Corollary 7.2.4], we obtain Cκ(Θ) = Trk(Θ) = s and

Cκ

(

Φw1w
†
1Φ

†
)

= Trk
(

Φw1w
†
1Φ

†
)

= 1. Therefore, we obtain

M(s) = EW

{

∞
∑

k=0

(−s)k(1)k
k!(2)k

}

= 1F1(1; 2;−s)

where 1F1(·; ·; ·) denotes the confluent hypergeometric function of the first kind [18] and we

have used the fact that Ck (I2) = (2)k/(1)k with (a)k = a(a + 1) · · · (a + k − 1) denoting the

Pochhammer symbol. Finally, using [18, Eq. 9.211.2], we obtain

M(s) =

∫ 1

0

exp(−st)dt (A.4)

from which it can be concluded that the random variable |v†
1Φw1|2 is uniformly distributed over

[0, 1].
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