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Secure Degrees-of-Freedom of the MIMO X
Channel with Delayed CSIT

Tong Zhang, and Rui Wang

Abstract—In this paper, we study the secure degrees-of-
freedom (SDoF) characterization for the multiple-input multiple-
output (MIMO) X channel with confidential messages and
delayed channel state information at the transmitter (CSIT). In
particular, we propose a transmission scheme, which can be re-
garded as a generalization of the state-of-the-art scheme without
security and with delayed CSIT. The key of this generalization is
performing the security analysis, by which we derive the optimal
duration of the artificial noise transmission phase. As a result, we
derive the sum-SDoF lower bound. Furthermore, we reveal that
if the number of receive antennas, denoted by NN, is fixed, the
minimum number of transmit antennas achieving the maximum
of the lower bound is ”TMN .

Index Terms—Delayed CSIT, information-theoretic security,
lower bound, MIMO X channel, secure degrees-of-freedom.

I. INTRODUCTION

HE degrees-of-freedom (DoF) characterization for the

multiple-input multiple-output (MIMO) X channel with
delayed channel state information at the transmitter (CSIT) has
attracted lots of interests [[1]—[4]]. In [1]], a non-trivial sum-DoF
lower bound was achieved by a novel transmission scheme for
the single-input single-output (SISO) X channel with delayed
CSIT. Since each transmitter has messages for all receivers,
the scheme in [1]] for X channel is different from the schemes
for broadcast channel [5]] and interference channel [[6]. This
transmission scheme was shown to be linear sum-DoF optimal
in [2]. Thereafter, in [3]], the transmission scheme in [1]]
was generalized to the MIMO X channel with delayed CSIT.
However, the study of [4]] showed that the general transmission
scheme in [3] was linear sum-DoF optimal, except one antenna
configuration case. For this case, a linear sum-DoF optimal
transmission scheme was proposed in [4] to fill the gap. Unlike
the no delayed CSIT utilization for data transmission phase
in [3], for this antenna configuration case, the scheme in [4]
exploits the delayed CSIT in one transmitter when the other
transmitter is sending data symbols.

The secure degrees-of-freedom (SDoF) region of MIMO
interference channel with confidential messages (ICCM) was
characterized in [7]. The sum-SDoF of SISO X channel with
confidential messages (XCCM) was studied in [8]], [9]. The
research of SDoF with delayed CSIT was stemmed from [[10],
where the SDoF region for two-user MIMO broadcast channel
with confidential messages (BCCM) was characterized. In
[10], the key idea of the transmission scheme is to add
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an artificial noise (AN) transmission phase before the data
transmission phase. For MIMO ICCM with delayed CSIT, a
sum-SDoF lower bound was proposed in [11]. For MIMO
XCCM with delayed CSIT and output feedback, the SDoF
region was derived in [12]]. With alternating no, delayed, and
current CSIT, the SDoF region of two-user multiple-input
multiple-output (MISO) BCCM was characterized in [13].
Under no eavesdropper’s CSIT, the sum-SDoF of one-hop
wireless networks were obtained in [[14]. However, there is no
research explore the SDoF of the MIMO XCCM with delayed
CSIT, which is the focus of this paper.

The main contribution of this paper is that we obtain a non-
trivial sum-SDoF lower bound by designing a transmission
scheme. Our transmission scheme cannot be covered by those
schemes in [10]—[12]] and their extensions. Instead, the pro-
posed transmission scheme can be regraded as a generalization
of the scheme in [4] for symmetric antenna configurations,
since the security issue is considered by us. To generalize the
scheme in [4], we first add an AN transmission phase before
data transmission phase. Next, the transmitted data symbols
are masked with feedback received AN signals, where the ar-
rangement of data transmission mimicks that in [4]. However,
this raises a problem: What’s the optimal duration of the AN
transmission phase? We answer this question by performing
the security analysis. Similar to the security analysis in [10]-
[12], we apply data processing inequality and Lemma 2 in [10]
to transform the mutual information expression for information
leakage into matrix rank expressions. Whereas, since the
delayed CSIT setting for XCCM is not considered in [10]-
[12], the deduced matrix expressions and their rank analysis
are different from that in [[1O]—[12]. Thus, the derived optimal
duration of AN transmission phase is new. Interestingly, our
lower bound indicates that if the number of receive antennas
is fixed, there is a minimum number of transmit antennas
achieving the maximum of the lower bound.

Notations: The identity matrix of dimensions m is denoted
by I,,,. The determinant of matrix A is denoted by det(A).
The block-diagonal matrix with blocks P and Q is denoted by
bd{P, Q} = [P,0;0,Q]. The log function is referred to log,.

II. SYSTEM MODEL AND MAIN RESULTS
A. (M, M,N,N) MIMO XCCM with Delayed CSIT

We consider a (M, M, N, N) MIMO XCCM has two trans-
mitters with M antennas and two receivers with /N antennas,
i.e., transmitters 1, 2, and receivers 1, 2. The transmitter
1 = 1,2 has a confidential message W; ; for receiver j = 1, 2.
The complex input signal at transmitter ¢ = 1,2 and time
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slot (TS) ¢ is denoted by x;[t] € CM. The complex received
signal at receiver j = 1,2 and TS ¢ is denoted by y,[t] € CV.
Mathematically, the input-output relationship is written as

y;[t] = Huy j[t]xa [t] + Ho j[tx2[t] + 25t], 7=1,2, (1)

where the CSI matrix from the transmitter ¢ = 1,2 to the
receiver j = 1,2 at TS ¢ is denoted by H; ;[t] € CN*M,
and the additive white Gaussian noise (AWGN) vector at the
receiver j and TS ¢ is denoted by z;[t]. We assume that
H, ;[t],Vt is non-static (time-varying) and linearly indepen-
dent. We denote the collection of CSI matrices for TS 1 to TS
t—1as H'™' = [H [1],--- ,H; [t —1]],4,5 = 1,2. At TS
t, due to feedback delay, H!~! available at two transmitters.

B. Sum-SDoF

A (2nR1,1(SNR)7 2nR1,2(SNR)’2nR2,1(SNR)’2nR2,2(SNR)’n) code
with secure achievable rates R; ;(SNR), i, j = 1,2 is defined
as follows: The communication process takes n channel uses
with confidential messages W; ; = [1,--- , 2" (SNR)] 1 —
1,2. A stochastic encoder f;(-) at the transmitter ¢ = 1,2,
encodes confidential message W1, W; 2, and Htfl7 to a
codeword x?' = [x;[1], - ,x;[n]]. At the TS ¢, the input
signal is encoded by x;[t] = fi(WiJ,WLQ,Ht_l),’L' =1,2.
A decoder g; ;(-) at the receiver j = 1,2 decodes the output
signal y7 £ {y;[1],---,y,[n]} to an estimated message /V[Z»J,
which is given by W” = gi;(H",y}),j = 1,2, where
two receivers are assumed to have perfect CSI. In addition,
the secure code should satisfy the reliability criterion, i.e.,
Pr[W; ; # Wi ;] < €n,%,j = 1,2, and the secrecy criterion,

1
EI(Wl,la Wa1;¥5) < €n, (2a)

1
EI(WLQ’ Wa2;¥7) < €n, (2b)

where €, — 0 as n — oco. The secure sum-capacity is defined
as the maximal achievable sum-rate, which is written as C =
max Z?:l Z?:l R; ;(SNR). The sum-SDoF is a first-order
approximation of the secure sum-capacity in the high SNR
regime and defined as follows:

2 2 C
DD = Jim log SNR’ 3

i=1 j=1

C. Main Results

Theorem 1: Consider the (M, M, N, N) MIMO XCCM
with delayed CSIT. The sum-SDoF lower bound is given by

0, M < N,

2 2 3N(M—N) N<M< 7+\/§N
szij =9 oun 7+\/§N_ ]\/[8< 2];[ @)
i=1 =1 SM-N° 8 <M < 2N,

4N/5, 2N < M.
Proof: Please refer to Section-III. [ |

Remark: Fig. [l shows: 1) The derived sum-SDoF lower
bound has a gain over the sum-SDoF lower bound of MIMO
ICCM with delayed CSI [L1], where the gain comes from the
joint data transmission from two transmitters; 2) The derived

MIMO XCCM with Delayed CSIT and Output Feedback [12] |
- = =MIMO ICCM with Delayed CSIT [11]

1.6 [l MIMO ICCM with Perfect CSIT [7]
A SISO XCCM with Perfect CSIT [9]

1.4 {——Proposed: MIMO XCCM with Delayed CSIT
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Fig. 1. The derived sum-SDoF lower bound is compared with related results.

sum-SDoF lower bound is less than that of the scenarios
with better CSIT conditions, i.e., the sum-SDoF of MIMO
ICCM with perfect CSIT [7], the sum-SDoF of SISO XCCM
with perfect CSIT [9]], and the sum-SDoF of MIMO XCCM
with delayed CSIT and output feedback [12]; 3) By applying
the proposed scheme, the derived lower bound decreases in
(74 +/33)/8 < M/N < 2. This implies that we can switch
off M — (7 + +/33)N/8 antennas for (7 ++/33)/8 < M/N,
to make the sum-SDoF lower bound non-decreasing.

III. PROOF OF THEOREM 1
A. M < N: Keep Two Transmitters Silent

Intuitively, the transmitted AN symbols from one transmitter
will be immediately decoded by the eavesdropper, which
disables the security of data transmission superposed feedback
received AN signals. Hence, the sum-SDoF lower bound is 0.

B. N < M < 2N: The Proposed Transmission Scheme

The following pre-assigned matrices: ¢[k] € CM*T1N | =

L ,m, wkl € CM*NE = 1,... 1, k] €
CMXT2N,I€ = 1,---,73, e[k] S (CNXTaN,k = 1,---,74,
are linearly independent and full rank. Holistically, we de-
note & = [p[1];---;[nll, @ = W[ swnl, T =
Y[ -+ 5 y(7s]l, and © = [0[1]; - -- 5 O[ra]].

Phase-I (AN Symbol Transmission for Receiver 1). This
phase spans 7, TSs. At TS ¢t = 1,---,71, M AN symbols
are sent from transmitter 1, i.e., X} [t] = w1 [t]. Meanwhile, the
transmitter 2 keeps silent. The holistic transmitted signal for
Phase-I is written as

X =uy. (5)
The holistic received signals for Phase-I are written as
vy =H ju +2, j=12, (6)

where the AWGN signal at receiver j is denoted by
2, wo= [ ;wn]] € C"M and Hy; =
bd{H, ;[1],--- ,Hy  j[n]} € CTN*x1M 5 — 1 2,

Phase-1I (AN Symbol Transmission for Receiver 2): This

phase is same as Phase-I, except the role of the transmitters



1 and 2 is swapped. Hence, this phase spans 7; TSs as
well. At TSt =7 +1,---,27, M AN symbols are sent
from transmitter 2, i.e., x3[t] = uz[t — 71]. Meanwhile, the
transmitter 1 keeps silent. The holistic transmitted signal for
Phase-II is written as

Xy = Us. (7
The holistic received signals for Phase-II are written as

=Hyu +2, j=1,2, ®)

where the AWGN signal at receiver j is denoted by szI,
u = [wfl];- - jus[n]] € CM, and HY ; = bd{Hs ;[r +
1], ,Hy j[2m]} € CH VXM 5 — 1 2,

Phase-IIl (Data Symbol Transmission for Receiver 1 from
Two Transmitters): This phase spans 7o TSs. With the CSI
matrices of Phase-I and Phase-II, transmitters 1 and 2 re-
construct y! and y!, respectively, when the AWGN is ignored.
AtTSt =271 +1--- 27 4+ 72, M data symbols (for receiver
1) superposed received AN signals are sent from transmitter
1, ie., x[t] = a4t — 271] + ¢[t — 271y} . Meanwhile, M data
symbols (for receiver 1) superposed received AN signals are
sent from transmitter 2, i.e., X3! [t] = aa[t —271] + o[t — 271yl
The holistic transmitted signals for Phase-III are written as

I I
x; = aj + Py,

1 11
Xy, = ag + Dy;.

(%9a)
(9b)

The holistic received signals for Phase-III are written as

vy =Hx +Hppxo 2y, j=1,2, (10)

where the AWGN signal at receiver j is denoted by z}',
af = [a[1]; - af (] € O™V, ay = [ag[1);- - smnln]) €
C™M and H}'; = bd{H,;[2r + 1],--- ,H; ;211 + 7]} €
CTQNXTQA{’ Z,j — 1’ 2.

Phase-1V (Data Symbol Transmission for Receiver 1 from
Transmitter 1): This phase spans 73 TSs. With the CSI matrices
of Phase-III, the transmitter 2 re-constructs HIHQXIQII AtTS t =
21 + 1o+ 1, -+, 27 + 19+ 73, M data symbols (for receiver
1) superposed received AN signals are sent from transmitter
1,ie., xV[t] = ab[t — 27 — 7o) +w[t — 271 — 2]y} . Meanwhile,
the transmitter 2 sends x'[t] = [t — 271 — To]Hy,x". The
holistic transmitted signals for Phase-IV are written as

v b 1
x1 =a; + Qy,,

I
x2 = l"H2 9Xy

(11a)
(11b)

The holistic received signals for Phase-IV are written as

V=H'x+HYxy +2), j=12 (12

where the AWGN signal at receiver j is denoted by z}¥, a} =

[@b[1]);--- ;ab[rs]] € C™M, and H}Y; = bd{H; ;[2m1 + 72 +
1), Hi j[2m + 72 + 73]} € CTeNXmM 51 9
Phase-V (Data Symbol Transmission for Receiver 2 from
Two Transmitters): This phase is the same as Phase-I1I, except
the role of the transmitters 1 and 2 is swapped. Thus, this
phase spans 7o TSs as well. With the CSI matrices of Phase-
I and Phase-II, transmitters 1 and 2 re-construct y5 and y},
respectively, when the AWGN is ignored. At TS ¢ = 27 +

To+713+1,---,271 + 279+ 73, M data symbols (for receiver
2) superposed received AN signals are sent from transmitter
1, i.e., X\{[t] = bl[t — 27’1 — T2 — 7'3] + (b[t — 27’1 — T2 —
73]y5. Meanwhile, M data symbols (for receiver 2) superposed
received AN signals are sent from transmitter 2 ie., xy[t] =
bQ[t—2T1—TQ—T3]+¢[t—2T1—T2—T3] . The holistic
transmitted signals for Phase-V are written as

XY =b; + <I>yI27
x3 = bj + dyj,

(13a)
(13b)

The holistic received signals for Phase-V are written as

y) =HY ;x{ + Hy xy +z;, j=12 (14

where the AWGN signal at receiver j is denoted by z}’ [t],
by = [by[1];--- ;by[ne]] € C™2M, bY = [b3[1 ] b3 €
C™M and HV - =bd{H; ;211 + T2+ 73 +1],--- ,H, ;[2m1 +
279 + 73]} € (CT?NXT?M i, =1,2.

Phase-VI (Data Symbol Transmlsszon for Receiver 2 from
Transmitter 2): This phase is the same as Phase-IV, except
the role of the transmitters 1 and 2 is swapped. Hence, this
phase spans 73 TSs as well. With the CSI matrices of Phase-V,
the transmitter 1 re-constructs H}ilx}’. At TS t =21 + 21 +
T3+1,--- 21+ 2712+ 273, M data symbols for receiver 2 are
sent from transmitter 2, i.e., x}'[t] = bS[t — 27 — 275 — 73] +

w[t — 27 — 275 — 73]yY. Meanwhile, the transmitter 1 sends
xy[t] = [t — 271 — 272 — 73]HY ;x}. The holistic transmitted
signals for Phase-VI are written as

v
x)! = 'H) 1X1,

xy! = b} + QyY,

(15a)

(15b)
The holistic received signals for Phase-VI are written as
y) =Hx) i=12,

"+ HY xy' 2 (16)

VI bb

J )
where the AWGN signal at receiver j is denoted by z;
(b5[1];-- - ;bS[rs]] € C™M, and H, = bd{H; ;[27, L 275 +
73+ 1], - ,Hl-_,j[zf1 + 2715 + 273]} € CT3NVXTM 5 — 1.2,

Phase-VII (Interference Recurrence): This phase spans 74
TSs, which is used to re-transmit the combination of previous
interference signals. This re-transmission will not incur new
interference, but create useful equations for decoding. With
the CSI matrices of Phase-III to Phase-VI, the transmitter 1
re-constructs Hb 21"H111[2x11II H}Y,xV, and the transmitter 2
re-constructs HY 11"H2 Xy — H;’llx2 At TS t =27 + 27 +
273 + 1,---,211 + 272 + 273 + 74, the transmitter 1 sends
Y[t = e[t — 271 — 215 — 273 (HY,TH,xT — HYoxY),
and the transmitter 2 sends xy![t] = 9[t - 271 — 27y —
273)(HY',THY ;xy — H3',xy"), with N antennas. The holistic
transmitted signals for Phase VII are written as

VII v - IV IV
x; = O(Hy oIH ox3 —Hy 1)

X;/H = @(H¥11FH2 1X2 H\2111 \2”)

(17a)
(17b)

The holistic received signals for Phase-VII are written as

VII HVII VIl

VH VH VII
p 1% T Ha %" +2;

, J=12, (18)

where the AWGN signal at receiver j is denoted by z}", and

HY = bd{H, ;211 + 272 + 273 + 1],--- \H; ;127 + 279 +
213 + 1]} € CNV XN 5 =1,2,



I a
H;

y! H 0 ., a§
v - YIVVI = 0 H11Y1 H12Y1FHI21,12 alf
i —H;0(H;, Iyy —yYh) H\{HGHIQYQFHIf.,Iz _H\{H@HllYQ 0 a2
H;
HY e ]
+ Hll"lQ H),THY', {yﬂ +1z,. (19)
HY' 0(HY,TH", & — H,Q) 0
I(b%,b5,by;y,|a%, ab (2) I(H} HY u,,HY, (b, + PH! HY, (b + ®HY
(b3, by, b1y, af, a7, az) ( 11, Ho U2, 1,1( 1+ 1,2“1)+ 2,1( 2 T+ 2,2“2)a
HVIIFH\II 1(b1 + (I)Hl 2“1) + HVI (bb + QHIQIQUQ); y1 |al117 aliv 32) - I(ll; y1|bgv bgv b1, atll’ 31{7 32)
r Ins, 0 0 0
0 Ins, 0 0
" H, @ HY, @ 0 0
= rank H)Y, 0 lel“HIHQ(I) 0 0 log SNR
SNR— o0 ;
0 0 Iy, 0
0 0 0 Ins,
ey, rHlLe —HY,0) 0 HleH'r -Hlle
A
_ ), o }
0 HY ,
H/', ®H Hgllch
—rank Hll\:leH HY', 1;H12‘}2 cﬁH‘;_,1 log SNR
H; 1‘I)H H; ,¢H; ,
HY,THY, 0 H)' OH]
HYlo (Y, THY,D — HY,OH,, HYe(HY,THY 0 - HY,Q)H!, |
B
© N (211 + 72 + 73) log SNR — min{ N (271 + min{7y, 72} + min{7,73}), 2M 7 } log SNR. (20)

For decoding, due to the symmetry, we only need to perform
analysis at one receiver. The final decoding equation at receiver
1 is given in (I9), where the AWGN signal is denoted by z,.
The decoding of data symbols is only related to Hj, since
the impact of y! and y! can be removed. The rank of H; in
is min{ N (12 + 73 + min{rs, 74}), M (272 + 73) }, whose
reason is given in Appendix A. Since the impact of y! and y!!
is removed for decoding, the optimal 75, 73, 74 can be found
in [4], which is given by (75,75,7f) = (2N — M,2M —
N,2M — N). It can be verified that the rank of H; is equal to
the number of data symbols for receiver 1, i.e., min{N (75 +
73+ min{ri, 7 }), M(275 +73)} = M(275 +73).

For security, due to the symmetry, we only need to per-
form analysis at one receiver. Given the notations y, =

[ylu' -,yYH] and u = [uj;us], the information leakage
I(b%, b5, by;y,|a?, al,as) is calculated in (20), where the

reason of each step is given as follows:

(a) I( g bgabhu;yl'atllaalljaaQ):I( gabgabl;yllatf?ali’aQ)
+ I(u;y,|[b%, b5 by, a%,a% a;), and applying the
data processing inequality for the Markov chain

(b3, b5, b1, u) — (HI1,1u1aH121,1“27H¥,1(b1 + <I>H1172u1) +

H;/l(ba + ©Hj 2U2), HY,IerY,l
H;/,Il(bb + QH2,2U2)) - Y-
When input is circularly symmetric complex Gaussian,
according to [13], rewriting into log det(] + SNRAA) —
log det(I + SNRBB*), and using Lemma 2 in [10].

It can be verified by Gaussian elimination that the rank of
matrix A is N (271 + 72 + 73). The rank of matrix B is
min{ N (27, + min{ry, 72} + min{m, 73}), 2M 7 }, whose
reason is given in Appendix B.

(b1 + ®H,u) +

(b)

()

Therefore, to ensure I(b3, b5, by:y,|a%,a%,a5) = o(log SNR),
according to (20D, 71 should follow that

T2 <7, (21a)
T3 <7, (21b)
N(2T1 +T2+T3)§2MT1, (21¢)

Then, substituting the (75, 73, 7;) = 2N—-M,2M —N,2M —
N) into 21a)-@2Id) and simplifying the expression, we have

- { N(M + N)

2(M — N) 22)

,2M—N}§T1.



To maximize the sum-SDoF lower bound achieved by our
scheme, 7; should be as small as possible. This is because,
Phase-I and Phase-II do not contain any fresh data symbols.
Consequently, the optimal 7;° is given by

N(M+N) 7+v/33
o e N <M< BN, @3)
2M — N, T8N < M <2N.

Our scheme has delivered 2M (275 + 73) data symbols over
27y + 275 + 273 + 74 TSs. With the above (75, 75, 75, 75 ), the
sum-SDoF lower bound in @) for N < M < 2N is achieved.

C. 2N < M: Adopt the Transmission Scheme in [11|]

Intuitively, since the number of useful equations at the two
receivers is at most 2N per TS, the data symbols cannot
be decoded by interference recurrence if we send more than
2N data symbols per TS. This motivates us to send 2N data
symbols from one transmitter for one receiver at one TS, as
the scheme in [L1]] does, where the lower bound is 4N/5.

IV. CONCLUSIONS

We have obtained a sum-SDoF lower bound of the MIMO
XCCM with delayed CSIT by proposing a transmission
scheme. This transmission scheme can be deemed as a gen-
eralized version of the scheme in [4]] for symmetric antenna
configurations. We have derived the optimal phase duration
for AN transmission based on security analysis. In the future,
the research can be devoted to: 1) Finding a linear sum-SDoF
upper bound; 2) Extending the proposed scheme to the one for
arbitrary antenna configurations with the absence of symmetry.

APPENDIX

A. Rank Analysis for Matrix Hq
The rank of Hj is equal to the sum of the rank of

L HIII 0 HIII
0 H11\7/1 HIV1 FHIH )
and the rank of
U = [Hy}eHy,rH", —-HY6H}, 0].

Due to the linear independence, the rank of L is equal to
the sum of the rank of sub-matrix [HI{I17 0, HIII 1] and the rank
of sub-matrix [0, H1 1,HIVlI‘HHI] The rank of sub-matrix
H 111[1,0 HHI] is N72. On the other hand, when N < M,
the rank of HY' I‘HIII is N min{7z,73}. Thus, the rank of
= 1,lele‘HQ_iz] is Nrs. Consequently, the rank of L is
N (TQ + T3) The rank of U is determined by the sub-matrix
HYOHy,TH",, —HY'[OH}",], which can be decomposed
into the multiplication of HVHG and [HY,THY,, —H},].
When N < M, the rank of HVHG) is N mln{7’4,7’3} and the
rank of [HY,THY;, —HY",] is N 73. Since the rank of multi-
plication of two matrices is determined by the minimal rank of
one of them, thus the rank of U is N min{rs, 74 }. Therefore,
we conclude that the rank of Hy is N (72 + 75 + min{73,74}).

B. Rank Analysis for Matrix B

For matrix B, the blocks HIHl(I)H1 1> HIVlQH1 1, and

VH@(H l"HHI o — Q)H 11 are generated from HILl,
the blocks HIHl<I>H 2.1 and HY l"HHI <I>H12171 are generated
from HY,, the block HVH@(H PH271<I> SHOHY , is
generated from HV)1<I>HH)2 and H;’)IlﬂHgQ. Therefore, the
rank of B is equivalent to the rank of the following matrix:

H) 0
0 HY
HY ®H;, H OH),
0 HY' OHI,

The rank of the above matrix is min{ N (27 + min{7, 7} +
min{7,73}),2M71}, since the ranks of H¥71®H1172 and
Hy ,®H}, are Nmin{r, 7}, the rank of Hy QHY, is
N min{ry, 73}, the ranks of H1 1 and H21 are N7j. As
a result, we conclude that the rank of B is min{N 2y +
min{7y, 72} + min{n,73}),2Mm }.
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