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Outage Performance of Cross-Packet HARQ
Jiahui Feng, Zheng Shi, Guanghua Yang, Nikolaos I. Miridakis, Shaodan Ma, and Theodoros A. Tsiftsis

Abstract—As opposed to hybrid automatic repeat request
with incremental redundancy (HARQ-IR) that all the resources
are occupied to resend the redundant information, cross-packet
HARQ (XP-HARQ) allows the introduction of new information
into retransmissions to substantially exploit the remaining re-
sources. This letter provides a profound investigation into the
outage performance of XP-HARQ. In particular, the exact outage
expression of XP-HARQ is derived if the maximum number of
transmissions is two, and tight outage bounds are obtained for
more than two transmissions. Moreover, the asymptotic outage
analysis of XP-HARQ in the high signal-to-noise ratio (SNR)
regime is carried out not only to simplify the outage expression,
but also to show that full time diversity is achievable by XP-
HARQ. The simulation results are eventually presented for
verifications.

Index Terms—Cross-packet hybrid automatic repeat request
(XP-HARQ), diversity order, HARQ-IR, outage probability.

I. INTRODUCTION

A
S a key feature of the fifth generation (5G), ultra-reliable

low-latency communications (URLLC) have widespread

applications in industrial automation, self-driving, augmented

reality, etc. [1], [2]. However, it is somewhat contradictory to

achieve high reliability and low latency simultaneously, which

challenges the realization of URLLC. For instance, in order

to meet the high requirement of reliability, hybrid automatic

repeat request (HARQ) has been widely used in contemporary

communication systems. More specifically, HARQ can be im-

plemented by using different encoding and decoding strategies,

which result in three categories, including Type-I HARQ,

HARQ with chase combining (CC-HARQ) and HARQ with

incremental redundancy (INR-HARQ) [3]. In essence, HARQ

improves the reliability at the expense of large transmission

delay. Therefore, it is imperative to develop evolved HARQ
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mechanisms to satisfy more stringent and flexible requirements

of reliability and latency.

To shorten communication delay, HARQ and multiple ac-

cess technologies are integrated to form multi-packet HARQ

(MP-HARQ), which allows the delivery of multiple packets

in one HARQ round by sharing the same resource block [4].

So far, two main resource sharing modes have been proposed

for MP-HARQ, including superposition coding (SC) and joint

encoding, which are implemented in power domain and code

domain, respectively. In particular, the idea of power-domain

non-orthogonal multiple access (NOMA) was transferred to

realize MP-HARQ in [5], where the SC was applied to

multiplex all users’ data. Furthermore, in [6], the SC was used

to superimpose the redundant information of failed message

and new information, which yields multi-layer HARQ. The

achievable rate region of multi-layer HARQ was then analyzed

in [6] from the information-theoretical perspective. A similar

MP-HARQ to [6] was reported in [7], i.e., non-orthogonal

HARQ (N-HARQ). To guarantee packet-level latency and

in-time delivery, Faisal Nadeem et al. in [7] examined the

block error rate (BLER) and delay of N-HARQ in the finite

block length regime. Moreover, the joint encoding is another

way to implement MP-HARQ from code domain. In [8],

Christoph Hausl et al. proposed a cross-packet HARQ (XP-

HARQ), where the failed packet is concatenated with the new

packet to construct a long packet for a retransmission. In [9],

Mohammed Jabi et al. took a step further to consider a general

XP-HARQ scheme with more than one retransmissions, and

proposed a practical implementation method for XP-HARQ.

Besides, the outdated channel state information was exploited

to maximize throughput of XP-HARQ via rate adaptation in

[10]. In [11], polar codes and backtrack-freezing decoding

were leveraged to realize XP-HARQ, in which the simulation

results indicated that XP-HARQ attains a significant gain over

HARQ-IR with less transmission times. However, the prior

available results with regard to the performance of XP-HARQ

are based on either simulation or approximation, and lack of

meaningful insights. This is due to the significant challenge of

tackling the involved expression of the achievable rate region.

Motivated by the above issue, this letter first derives the

exact expression of the outage probability of XP-HARQ for

a maximum of two transmissions, with which the asymp-

totic outage probability at high signal-to-noise ratio (SNR)

is obtained. Furthermore, since it is virtually impossible to

derive an exact outage expression for XP-HARQ with more

than two transmissions, we resort to upper and lower bounds

of the outage probability for approximation. Similarly, the

asymptotic outage expression is obtained to reveal meaningful

insights, such as diversity order.

The rest of this letter is organized as follows. Section

II presents the system model, based on which Section III

http://arxiv.org/abs/2209.12785v1
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conducts the outage analysis. The theoretical analysis is then

validated in Section IV. Finally, Section V concludes this

letter.

II. SYSTEM MODEL

Before proceeding to the outage analysis, the system model

is presented in this section, including the transmission mecha-

nism of XP-HARQ and the formulation of outage probability.

A. XP-HARQ

In the first HARQ round, the message m1 is first encoded

and then modulated as x1 with a initial transmission rate R1.

Thus, the received signal y1 is written as y1 =
√
P1h1x1+z1,

where P1 is the average transmitted power, z1 is the com-

plex additive Gaussian white noise (AWGN) with zero mean

and variance of σ2. h1 is the Rayleigh channel coefficient

with normalized average power, i.e., E{|h1|2} = 1. If the

receiver succeeds in decoding the message m1, a positive

acknowledgement (ACK) is fed back to the sender and the

delivery of the next message m2 is launched. On the contrary,

the retransmission mechanism is triggered. According to the

principle of XP-HARQ [12], the previously failed messages

are jointly encoded with the subsequent message to avoid the

“waste” of mutual information. More specifically, during the

k-th HARQ round, the messages m1, · · · ,mk are combined

to form a longer message m[k], which is jointly encoded and

modulated as a codeword xk. Thus, the received signal yk in

the k-th HARQ round reads as

yk =
√

Pkhkxk + zk, (1)

where the preceding definitions of P1, h1 and z1 also apply to

Pk, hk and zk. At the receiver, the concatenated message m[k]

is decoded based on all the previous observations y1, · · · ,yk.

The XP-HARQ process will be terminated only if the message

m[k] is reconstructed or the maximum number K of HARQ

rounds is reached.

B. Outage Formulation

The outage probability is recognized as the most pivotal

performance metric of HARQ protocols. More precisely, the

outage probability is defined as the probability of the event

that the transmission rate vector lies outside the achievable

region of XP-HARQ. For notational brevity, let Rk define the

incremental transmission rate introduced by mk. As proved in

[12], the outage occurs if the accumulated mutual informa-

tion is less than the accumulated rate. Precisely, the outage

probability after K HARQ rounds is formulated as

Pout,K = Pr
(
I1 < R1, I

Σ
2 < RΣ

2 , · · · , IΣK < RΣ
K

)
, (2)

where RΣ
k =

∑k

l=1 Rl and IΣk =
∑k

l=1 Il denote the

accumulated rate and the accumulated mutual information

after k HARQ rounds, respectively, Il = log2(1 + γl) rep-

resents the mutual information at the l-th transmission, and

γl = |hl|2Pl/σ
2 is the received signal-to-noise ratio (SNR) in

the l-th HARQ round. It is worth noting that independent block

fading channels and fixed length of sub-codewords across all

HARQ rounds are assumed in the subsequent analysis for the

analytical simplicity. The similar approach developed in this

paper is also applicable to more complex scenarios, e.g., time-

correlated fading channels and variable length XP-HARQ.

III. OUTAGE PROBABILITY ANALYSIS

In what follows, the exact outage probability Pout,K with

K = 2 is first derived in closed-form, which enables the

asymptotic outage analysis with valuable insights. The similar

results are then extended to a general case with K > 2.

A. The Case of K = 2

1) Exact Outage Analysis: According to (2), the outage

probability for K = 2 is rewritten as

Pout,2 = Eγ2

{

Pr
(

|h1|2 < γthσ
2/P1

∣
∣
∣ γ2

)}

= Eγ2

{(

1− e−
γthσ2

P1

)

u
(
2R1+R2 − 1− γ2

)
}

, (3)

where the second equality holds due to the exponential distri-

bution of |h1|2, γth = min
{
2R1 − 1, 2R1+R2/(1 + γ2)− 1

}
,

and u(·) stands for the unit step function. Since hk is Rayleigh

distributed, the probability density function (PDF) of fγ2
(x) =

σ2 exp(−σ2x/P2)/P2. Accordingly, (3) can be expressed as

Pout,2 =

(

1− e−
σ2

P1
(2R1−1)

)(

1− e−
σ2

P2
(2R2−1)

)

+ e
−

σ2

P2
(2R2−1) − e

−
σ2

P2
(2R1+R2−1)

− σ2

P2
e

σ2

P1
+σ2

P2

∫ 2R1+R2

2R2

e
−

2R1+R2σ2

zP1
−

σ2

P2
z
dz

︸ ︷︷ ︸

,ϕ(R1,R2)

. (4)

To derive ϕ (R1, R2) in closed-form, the integral of

Mellin-Branes type of the exponential function e−z =
1

2πi

∫ c+i∞

c−i∞ Γ(s)z−sds is invoked, where c > 0, |arg z| < π/2,

and arg represents the argument of a complex number [13,

eq. 1.37]. After some algebraic manipulations, ϕ (R1, R2) is

expressed as

ϕ(R1, R2) = e
σ2

P1
+σ2

P2

1

2πi

∫ c+i∞

c−i∞

Γ (s)

(
2R1+R2σ4

P1P2

)−s

×
(

Γ

(

s+ 1,
σ2

P2
2R2

)

− Γ

(

s+ 1,
σ2

P2
2R1+R2

))

ds, (5)

where Γ(a), and Γ(a, b) stands for the Gamma function

and the upper incomplete Gamma function [14, eq. 3.381.3],

respectively. By identifying the integral of Mellin-Branes type

in (5) with the generalized upper incomplete Fox’s H function

Hm,n
p,q [·] [15], ϕ(R1, R2) is obtained as

ϕ(R1, R2) = e
σ2

P1
+σ2

P2 H1,1
1,1

[

2R1+R2σ4

P1P2

∣
∣
∣
∣
∣

(

0,−1, σ
2

P2
2R2

)

(0, 1, 0)

]

− e
σ2

P1
+σ2

P2 H1,1
1,1

[

2R1+R2σ4

P1P2

∣
∣
∣
∣
∣

(

0,−1, σ2

P2
2R1+R2

)

(0, 1, 0)

]

. (6)

By substituting (6) into (4), the outage probability Pout,2 can

be gotten in closed-form.
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2) Asymptotic Outage Analysis: Due to the involvement of

Fox’s H function into the outage expression, it is notoriously

difficult to reveal more insights about XP-HARQ. Therefore,

we recourse to the asymptotic analysis of the outage probabil-

ity in the high SNR regime, i.e., P1/σ
2, · · · , PK/σ2 → ∞. To

proceed, it is necessary to determine the asymptotic expression

of ϕ(R1, R2), as given by the following theorem.

Theorem 1. ϕ(R1, R2) is asymptotically equal to

ϕ (R1, R2) ≃ e
σ2

P1

(

e−
σ2

P2
(2R2−1) − e−

σ2

P2
(2R1+R2−1)

)

− e
σ2

P1
+σ2

P2

σ4

P1P2
2R1+R2R1 ln 2 + o

(
σ4

P1P2

)

, (7)

where o(x) denotes the higher-order infinitesimal of x as x →
0.

Proof. Please see Appendix A.

Then, by substituting (7) into (4) and using Taylor series

of the exponential function ex = 1 + x + o(x), keeping the

highest-order terms leads to

Pout,2 ≃
(

1− e−
(2R1−1)σ2

P1

)(

1− e−
σ2

P2
(2R2−1)

)

+

(

e−
σ2

P2
(2R2−1) − e−

σ2

P2
(2R1+R2−1)

)(

1− e
σ2

P1

)

+ e
σ2

P1
+ σ2

P2

2R1+R2σ4

P1P2
R1 ln 2 + o

(
σ4

P1P2

)

≃
(
2R1+R2R1 ln 2−

(
2R1 − 1

))
σ4

P1P2
+ o

(
σ4

P1P2

)

. (8)

From (8), the diversity order of XP-HARQ can be readily

obtained, where the diversity order is used to measure the

degrees of freedom of communication systems. To be specific,

the diversity order is mathematically given by

dK = − lim
γ̄→∞

log(Pout,K)/log(γ̄). (9)

where γ̄ , P1/σ
2 = · · · = PK/σ2. By substituting (8) into

(9), it is thus proved that the diversity order of XP-HARQ

under K = 2 is 2. Accordingly, full time diversity can be

achieved by XP-HARQ.

B. The Case of K > 2

Unfortunately, it is hardly impossible to derive the outage

probability in a compact form for K > 2. Therefore, we firstly

resort to some bounds to approximate the outage probability.

The asymptotic outage analysis is then performed to gain

useful insights of XP-HARQ under general settings of K .

1) Approximate Outage Analysis: It is readily found from

(2) that the outage probability is bounded as

Pr (I1 < R1, · · · , IK < RK)
︸ ︷︷ ︸

Pout,K,low

≤ Pout,K ≤ Pr
(
IΣK < RΣ

K

)

︸ ︷︷ ︸

Pout,K,up

.

(10)

With regard to the lower bound Pout,K,low, the independence

among Rayleigh fading channels yields

Pout,K,low =
∏K

k=1

(

1− e
−

σ2

Pk
(2Rk−1)

)

, (11)

Moreover, it can be seen that the upper bound Pout,K,up is

actually the outage probability of the conventional HARQ-IR,

which is given by (12), as shown at the top of the next page,

where Y m,n
p,q [·] is the generalized Fox’s H function [16].

2) Asymptotic Outage Analysis: To extract more insights,

the asymptotic outage analysis for K > 2 is carried out in the

following. To this end, Pout,K is rewritten by using (2) as

Pout,K = Pr

(

1 + γ1 < 2R1 , · · · ,
∏K

k=1
(1 + γk) < 2R

Σ
K

)

,

(13)

By make change of variable xk =
∏k

l=1 (1 + γl), (13) can be

expressed as

Pout,K = Pr
(

x0 < x1 < 2R1 , · · · , xK−1 < xK < 2R
Σ
K

)

=

∫ 2R1

x0

· · ·
∫ 2R

Σ
K

xK−1

fx1,··· ,xK
(x1, · · · , xK) dx1 · · · dxK ,

(14)

where x0 = 1. Therefore, we have to determine the

joint PDF of x = (x1, · · · , xK). By capitalizing on Ja-

cobian transform, the joint PDF of x can be obtained

as fx(x1, · · · , xK) = fγ(γ1, · · · , γK) det(J), where the

joint PDF of γ = (γ1, · · · , γK) is fγ (γ1, · · · , γK) =
∏K

k=1 σ
2 exp

(
−σ2γk/Pk

)
/Pk due to the independence

among channel coefficients, and the matrix J is given by

J =








1 0 · · · 0
−x2x1

−2 x1
−1 · · · 0

0
...

. . .
...

0 0 · · · xK−1
−1








. (15)

Accordingly, we get fx(x1, · · · , xK) =
∏K−1

i=1
1
xi

∏K
k=1

σ2

Pk
exp

(

− σ2

Pk

(
xk

xk−1
− 1
))

. Putting the

joint PDF of x into (14) gives rise to (16), as shown at

the top of the following page. By using Taylor expansion

of the exponential functions together with some trivial

manipulations, it follows that

Pout,K =

K∏

k=1

σ2

Pk

e
σ2

Pk

∞∑

n1,··· ,nK=0

K∏

k=1

(

−σ2

Pk

)nk 1

nk!

×
∫ 2R1

x0

· · ·
∫ 2

RΣ
K−1

xK−2

K−1∏

k=1

xk
nk−nk+1−1dx1 · · · dxK−1

×
(

2(nK+1)RΣ
K − xK−1

nK+1
)

/(nK + 1). (17)

Based on the representation of the summation of the infinite

terms in (17), the asymptotic outage expression under high

SNR (i.e., P1/σ
2, · · · , PK/σ2 → ∞) can be obtained by

ignoring the higher order terms of
∏K

k=1 exp (−σ2/Pk), that
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Pout,K,up = Y 1,K
K+1,1

[

(0, 1, σ2

P1
, 1), · · · , (0, 1, σ2

PK
, 1), (1, 1, 0, 1)

(0, 1, 0, 1)

∣
∣
∣
∣
∣

∏K
k=1 Pk/σ

2

2R
Σ
K

]

. (12)

Pout,K =

K∏

k=1

σ2

Pk

e
σ2

Pk

∫ 2R1

1

· · ·
∫ 2

RΣ
K−1

xK−2

∫ 2R
Σ
K

xK−1

e
−

σ2

Pk

xK
xK−1

K−1∏

k=1

1

xk

e
−

σ2

Pk

xk
xk−1 dx1 · · · dxK−1dxK , (16)

is, the dominant term is the one with n1, · · · , nK = 0. Thus,

it gives

Pout,K ≃

K∏

k=1

σ2

Pk

2R1
∫

x0

· · ·
2
RΣ

K−1
∫

xK−2

K−1∏

k=1

xk
−1
(

2R
Σ
K − xK−1

)

dx1 · · · dxK−1

︸ ︷︷ ︸

~K,1(x0)

,

(18)

where ~K,1 (x0) can be recursively computed with the follow-

ing theorem.

Theorem 2. ~K,k (xk−1) satisfies the following recursive

relationship as

~K,k (xk−1) =

∫ 2R
Σ
k

xk−1

xk
−1

~K,k+1 (xk) dxk

= (−1)K−k+1xk−1 +
∑K−k

i=0
ck,i(ln (xk−1))

i, (19)

where ck,i = −ck+1,i−1/i, i ∈ [1,K − k],

ck,0 =
∑K−k−1

i=0 ck+1,i(ln(2
RΣ

k ))
i+1
/

(i+ 1)+(−1)K−k2R
Σ
k ,

cK,0 = 2R
Σ
K , and ~K,K (xK−1) = 2R

Σ
K − xK−1.

Proof. Please see Appendix B.

Besides, by substituting (18) into (9), the diversity order of

XP-HARQ under K > 2 is dK = K . This indicates that the

full time diversity can be attained by XP-HARQ.

IV. NUMERICAL RESULTS

In this section, numerical results are provided for verifi-

cations. Unless otherwise indicated, we assume equal power

allocation for XP-HARQ (i.e., P1 = · · · = PK = P ),

which results in the same average received SNR (i.e.,

P1/σ
2, · · · , PK/σ2 , γ̄). For notional convenience, the

transmission rates are defined by a vector R = (R1, · · · , RK).
Fig. 1(a) depicts the relationship between the outage prob-

ability Pout,2 and the average SNR for different R, where

the labels “SIM”, “ANA” and “ASY” represent the simulated,

the exact and the asymptotic results, respectively, and “INR”

refers to INR-HARQ. It can be seen that the exact and

simulated results are in perfect agreement. Besides, the exact

results approach to the asymptotic ones under high SNR.

The observations confirm the correctness of our analysis.

Furthermore, the outage probability declines with the average

SNR. In fact, the declining rate of the outage curves in the log-

log scale is equal to the diversity order. With this relationship,

the analysis of the diversity order can be proved. In addition,

it can be observed that the outage curves under high SNR are

parallel to each other even if the values of R are different.

Furthermore, Fig. 1(b) presents the outage probability versus

the average SNR for K = 3, where the labels “Upper” and

“Lower” represent the upper and the lower bounds of outage

probability, respectively. Besides, it is easily found that the

simulated results lies in between the lower and upper bounds

of the outage probability, and the simulated results tend to

the asymptotic ones under high SNR. These observations

corroborate our analytical results. Similarly to Fig. 1(a), it

can be found that the decreasing rate of the outage curves

is dK = 3 regardless of the values of R. Moreover, it can

be observed from Fig. 1(b) that the gap between the upper

bounds and the simulated results is negligible for small R2

and R3.
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Fig. 1: The outage probability versus the average received SNR
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Fig. 2: The throughput versus

the average SNR γ̄ for K =
2.
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Fig. 3: The throughput versus

the initial transmission rate

R1 for R2 = · · · = RK =
2 bps/Hz and γ̄ = 20 dB.

Fig. 2 investigates the throughout of XP-HARQ and INR-

HARQ against the average SNR, where the explicit expres-

sions of the throughput of HARQ schemes are given by [12].

The analytical results coincide with the simulated results. It
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is also observed that XP-HARQ is superior to INR-HARQ in

terms of the throughput.

In Fig. 3, the throughput and the ergodic capacity of

XP-HARQ and INR-HARQ are plotted against the initial

transmission rate. As K and R increase, both the maximum

throughputs of XP-HARQ and INR-HARQ tend to the ergodic

capacity. This is consistent with the results in [17]. Besides,

XP-HARQ outperforms INR-HARQ in terms of the maximum

throughput.

V. CONCLUSIONS

To theoretically evaluate the outage performance of XP-

HARQ, we have first derived the exact outage probability in

the case of K = 2. Unfortunately, due to difficulty of dealing

with the multi-fold integral, the similar approach has not been

applied to get a general expression for the outage probability

of XP-HARQ with K > 2. Besides, the asymptotic outage

analysis has revealed that the full time diversity is attainable

by XP-HARQ. Moreover, the simple form of the asymptotic

outage expression facilitates the optimal design of XP-HARQ

system, which will be discussed in our future works. Finally,

the numerical results have demonstrated the correctness of our

analysis.

APPENDIX A

PROOF OF THEOREM 1

By using the residue theorem, (6) can be expanded as

ϕ (R1, R2) = e
σ2

P1
+σ2

P2

∑0

j=−∞







Res

{

Γ(s)Γ
(

s+ 1, σ2

P2
2R2

)(
2R1+R2σ4

P1P2

)
−s

, j

}

−

Res

{

Γ(s)Γ
(

s+ 1, σ2

P2
2R1+R2

)(
2R1+R2σ4

P1P2

)
−s

, j

}







,

(20)

where Res(f(s), s = sj) denotes the residue of f(s) at

pole sj . By applying dominant term approximation (i.e.,

P1/σ
2, P2/σ

2 → ∞), we only need to consider the poles

at s = 0 and s = −1 in (20). Moreover, by considering

that Γ(s) is not well defined at s = 0 and −1, the identities

sΓ(s) = Γ(s+ 1) and (s + 1)Γ(s) = Γ(s+ 2)/s are applied

to simplify (20). Accordingly, one has

ϕ(R1, R2) ≃ e
σ2

P1
+ σ2

P2 ×



Γ
(

1, σ2

P2
2R2

)

− Γ
(

0, σ2

P2
2R2

)
2R1+R2σ4

P1P2
−

Γ
(

1, σ2

P2
2R1+R2

)

+ Γ
(

0, σ2

P2
2R1+R2

)
2R1+R2σ4

P1P2



 .

(21)

It is noticed from [14, eq. 8.352.7] that Γ (1, x) is an

exponential function e−x. Moreover, it is found from [14,

eq. 8.359.1] that Γ (0, x) reduces to an exponential integral

function −Ei(−x). Then using the asymptotic expansion [14,

eq. 8.214.1] as x → 0 leads to Γ (0, x) ≃ − ln(x). Hereby,

(21) can be derived as (7).

APPENDIX B

PROOF OF THEOREM 2

Theorem 2 can be proved by induction. Clearly, (19) holds

for k = K , because ~K,K (xK−1) = 2R
Σ
K − xK−1. To prove

(19), we assume that the following identity holds

~K,k+1 (xk) = (−1)
K−k

xk +
∑K−k−1

i=0
ck+1,i(lnxk)

i
(22)

Substituting (22) into the definition of ~K,k (xk−1) in (19)

yields

~K,k (xk−1) =

∫ 2R
Σ
k

xk−1

xk
−1

~K,k+1 (xk) dxk

= (−1)K−k+1xk−1 +
∑K−k−1

i=0
ck+1,i

(

ln 2R
Σ
k

)i+1

i+ 1

+ (−1)
K−k

2R
Σ
k −

∑K−k

i=1

ck+1,i−1

i+ 1
(lnxk−1)

i
. (23)

By comparing (23) with (19), the recursive relationship be-

tween the coefficients ck,i can be obtained.
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