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Abstract—In this letter, we consider transceivers with spatially-
constrained antenna apertures of rectangular symmetry, and aim
to improve of spatial degrees of freedom (DoF) and channel ca-
pacity leveraging evanescent waves for information transmission
in near-field scenarios based on the Fourier plane-wave series
expansion. The treatment is limited to an isotropic scattering
environment but can be extended to the non-isotropic case
through the linear-system theoretic interpretation of plane-wave
propagation. Numerical results show that evanescent waves have
the significant potential to provide additional DoF and capacity
in the near-field region.

Index Terms—Spatial degrees of freedom, Channel capacity,
Evanescent wave, Physics-based channel modeling

I. INTRODUCTION

In MIMO (multiple-input multiple-output) systems, channel
capacity grows linearly with the number of spatial degrees
of freedom (DoF), which is relative to both the scattering
environment and antenna array geometries. Recently, the con-
cept of holographic MIMO has drawn increasing attention and
is regarded as one of the possible technologies used in 6G
communications [1]. A holographic MIMO array consists of
a massive (possible infinite) number of antennas integrating
into a compact space, which can be seen as a ultimate form
of spatially-constrained MIMO system and be modeled as
a spatially-continuous electromagnetic (EM) apertures with
asymptotically infinite antennas. Thus, a fundamental question
of holographic communications is to obtain the number of
spatial DoF and capacity of a holographic MIMO system.
To answer this question, many previous works have investi-
gated the continuous-space channel modelling under differ-
ent propagation conditions and array geometries, e.g., [2]-
[4]. However, these models are all based on the far-field
communication assumption, which might be not applicable
with the dramatic increase of antenna aperture and higher
operation frequencies that makes near-field communications
be the practical scenario. Thus, near-field modeling, the spatial
DoF and its capacity boundary are needed. There have been
some works trying to fill the gap from the Green’s function
and electromagnetic theory, such as [5], [6] and [7]. In these
works, the authors derive channel models and estimate near-
field communication performances from Green’s function,
corresponding to a relatively simple communication scenario.
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However, to the best of the authors’ knowledge, near-field
analysis based on channel model corresponding to complex
scattering environment have not been investigated.

In this letter, we consider transceivers with spatially-
constrained antenna apertures of rectangular symmetry based
on spatially-stationary random monochromatic scattering
propagation environment. Unlike work [8] that a Fourier
orthonormal expansion was derived to compute the DoF limit
in the far-field region, we focus on the near-field communi-
cation scenario and compute the DoF and capacity gain by
considering evanescent waves. To the best of our knowledge,
this is the initial work to analyze the DoF and capacity limit
of the near-field communications under a generalized stochas-
tic spatially-stationary monochromatic channel. Moreover, we
also demonstrate our proposition through numerical simula-
tions and verify its coherence with traditional results, i.e., the
maximum DoF and capacity of the far-field region that are
provided in [8] and [9]. Specifically, we take full potential of
evanescent waves in near-field holographic communications,
and drive its extra DoF and capacity based on Fourier plane-
wave series expansion. Numerical results show that the DoF
and capacity of near-field communications can be improved
by 30% respectively comparing with the traditional far-field
scenario.

II. SYSTEM MODEL

We study a holographic communication system where
the transmitter and the receiver are equipped with planar
holographic MIMO surface. Considering the electromagnetic
waves propagation in every direction (i.e., isotropic propaga-
tion) through a homogeneous, isotropic, and infinite random
scattered medium, the 3D small-scale fading channel can be
modeled as a space-frequency scalar random field [9], [10],
which is given as follows:

hω(x, y, z) : (x, y, z) ∈ R3, ω ∈ (−∞,∞) (1)

which is a function of frequency and spatial position (x, y, z).
Since we only consider monochromatic waves in this letter, the
variant ω can thus be omitted. According to [10], h(x, y, z)
can be modeled as a zero-mean, spatially-stationary and Gaus-
sian random field. This channel can be completely described
according to [10]:

ch(x, y, z) = E{h∗(x′, y′, z′)h(x+ x′, y + y′, z + z′)} (2)
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Sh(kx, ky, kz) =

∫∫∫
ch(x, y, z)e−j(kxx+kyy+kzz)dxdy

(3)
where ch(x, y, z) is the spatial auto-correlation function in
spatial domain and Sh(kx, ky, kz) is the power spectral density
in the wave-number domain.

A. Fourier Plane-Wave Spectral Representation

In a source-free environment, the EM nature of the small-
scale fading requires realizations of h(x, y, z) to satisfy the
scalar Helmholtz equation in the frequency domain, which can
be seen as a constraint of h(x, y, z):(∇2 + κ2)h(x, y, z) = 0
where κ = 2π

λ is the module of the vector wave-number and
λ is the wavelength. Following the derivation in [10] [11],
we can find out that the channel’s power spectral density in
the wave-number domain has the following form under the
Helmholtz equation constraint:

Sh(kx, ky, kz) =
4π2

κ
δ(k2x + k2y + k2z − κ2) (4)

which is an impulsive function with wave-number support on
the surface of a sphere of radius κ. h(x, y, z) is decomposed
into the sum of two random fields:

h(x, y, z) = h+(x, y, z) + h−(x, y, z) (5)

which is further defined as the Fourier plane-wave spectral
representation:

h±(x, y, z) =
1

4π
√
π

∫∫ √
Sh(kx, ky)W±(kx, ky)

× ej(kxx+kyy±γ(κx,κy)z)
(6)

where W+(kx, ky) and W−(kx, ky) are two 2D indepen-
dent, zero-mean, complex-valued, white-noise Gaussian ran-
dom fields and Sh(kx, ky) is the 2D power spectral density
of h ± (x, y, z = 0). Conventionally, Sh(kx, ky) is defined
over a compact support k2x + k2y ≤ κ2 given by a disk of
radius κ centered on the origin (excluding a purely imaginary
γ(kx, ky) =

√
κ2 − k2x − k2y that is called as the evanescent

waves because they do not contribute to far-field propagation).
This limits the bandwidth of conventional h(x, y, z) (in the
wave-number domain) to πκ2. However, as we will demon-
strate in Section IV, the far-field communication assumption
might be not applicable in some short range communications
scenarios because of the increase of antenna aperture and
operating frequencies in the next generation communications.
As a consequence, it is possible to leverage evanescent EM
waves to transmit information in near-field communications.

B. 4D Fourier Plane-Wave Series Expansion

In [9], authors propose 4D Fourier plane-wave representa-
tion and 4D Fourier plane-wave series expansion of EM chan-
nels. Compared with the 2D representation, the 4D version
is derived from Helmholtz equation and Green’s function as

well. Specifically, 4D Fourier plane-wave representation can
be written as

h(r, s) =
1

(2π)2

∫∫∫∫
ar(k, r)Ha(kx, ky, κx, κy)as(κ, s)

× dkxdkydκxdκy
(7)

where ar(k, r)Ha(kx, ky, κx, κy) = ejkT r, as(κ, s) = e−jκ
T s

respectively. (7) can be approximated by 4D Fourier plane-
wave series expansion:

h(r, s) ≈
∑∑

ar(lx, ly, r)Ha(lx, ly,mx,my)as(lx, ly, s)

(8)
where ar(lx, ly, r) = e

j( 2π
LR,x

lxrx+
2π
LR,y

lyry+γr(lx,ly)rz) and
as(mx,my, s) = e

−j( 2π
LS,x

mxsx+
2π
LS,y

mysy+γr(mx,my)sz).
The channel matrix of Holographic MIMO communications

can be written as

H = ΦrH̃ΦH
s = Φre

jΓrHae
−jΓsΦH

s (9)

where Γr = diag(γr)rz and Γs = diag(γs)sz . Φr and Φs

are 2D spatial-frequency Fourier harmonics matrix. In the
far-field communication scenario, the angular matrix Ha is
semi-unitarily equivalent to H and statistically equivalent to
H̃.

III. DOF AND CAPACITY OF NEAR-FIELD
HOLOGRAPHIC MIMO COMMUNICATIONS

In electromagnetics, an evanescent field, or evanescent
wave, is an oscillating electric and/or magnetic field that
does not propagate as an EM wave but whose energy is
spatially concentrated in the vicinity of the source. As we
can see that the DoF of holographic MIMO channels in
far-field communication scenarios has been computed in [8],
but evanescent waves are not considered since they attenuate
exponentially with the distance. When we go to beyond 5G or
6G communications with holographic MIMO surfaces under
higher operating frequencies i.e., millimeter wave or terahertz,
the original far-field communication range will become in the
near-field range according to the Raleigh distance 2D2

λ , where
D is the maximum linear dimension of the antenna, and λ is
the wavelength of the EM waves. One typical scenario is that
the whole wall of an indoor room is equipped with holographic
MIMO surfaces as the transmitter using sufficiently high
carrier frequencies for communications, which might make
the whole indoor environment fall in transmitter’s near-field
region. For example, using a carrier frequency f = 5 GHz
(i.e., λ = 6cm) and holographic MIMO surface aperture length
Lx = Ly = 1m, this roughly provide a near-field range of
2D2/λ ≈ 33.3m.

Using the holographic MIMO surfaces to control the EM
wave, it usually makes the reflected wave off the surface
at an angle greater than the critical angle where evanescent
waves are formed. This only happens in the near field since
the intensity of evanescent waves decays exponentially with
the distance from the interface at which they are formed.
Therefore, it is natural to consider of using evanescent wave



to carry information besides the normal plane waves that can
be applied for information transmission in the original far-
field range. In this paper, we compute the limit of the average
number of spatial DoF and capacity with evanescent waves.
Furthermore, we will show that evanescent waves can bring
the considerable DoF and capacity gain in reactive near field
region from both theoretical and numerical perspectives.

A. DEGREES OF FREEDOM

1) Far-field Communications: It is well known that a band
limited orthonormal series expansion has a countably-finite
number of coefficients, whose cardinality determines the space
dimension [8], i.e., the available DoF. In the following, we take
planar arrays and volumetric arrays as examples to derive their
DoFs.
• Planar arrays
Assuming h(x, y, z) is observed over a 2D rectangle, V2 of

side lengths L1 > L2. According to 2D Fourier Plane-Wave
Series Expansion, h(x, y) = h(x, y, 0) is given

h(x, y) ≈
∑∑
(l,m)∈E

cl,mϕl,m(x, y) (x, y) ∈ V2 (10)

where ϕl,m(x, y) = ϕl(x)ϕm(y) is the 2D Fourier basis, and
cl,m =

√
LxLyHlm(0). The average number of DoF is limited

by the cardinality of {Hlm}, which is the number of lattice
points falling into the 2D inner lattice ellipse shown in Fig. 1,
that is its Lebesgue measure of E . This yields

η2 =
π

λ2
LxLy (11)

• Volumetric arrays
Assuming h(x, y, z) is observed over a 3D parallelepiped,

V3 of side lengths Lx, Ly and Lz < min(Lx, Ly). The 2D
Fourier plane-wave series expansion of h(x, y, z) for a fixed
z is

h(x, y) ≈
∑∑
(l,m)∈E

cl,m(z)ϕl,m(x, y) (x, y),∈ V2 (12)

where cl,m =
√
LxLyHlm(z) with Hlm(z) = H+

lme
jγlmz

+H−lme
−jγlmz . Giving the pair (l,m) and fixed z, these

two functions are completely known and do not carry any
information. Hence, we expect that the number of DoF over a
3D volume does not scale proportionally to Lz , as it happens
for Lx and Ly . By working with a single random vector, the
2D random vector field h(x, y) = h(x, y, z) is given by

h(x, y) ≈
∑∑
(l,m)∈E

cl,mϕl,m(x, y) (13)

where clm = Γlmalm ∈ CNz×2 is a random vector of
statistically-independent elements with

Γlm = [ejγlmz, e−jγlmz] ∈ CNz×2 (14)

and alm =
√
LxLy[H+

lm, H
−
lm]T ∈ CNz×2. The number of

DoF are obtained by the product between (11) and the rank of
Γlm. The latter is 2 since the two columns of Γlm are linearly
independent regardless of the choice of z. Thus, the DoF is

η3 =
2π

λ2
LxLy (15)

𝐿𝐿𝑥𝑥
2𝜋𝜋

𝑘𝑘𝑥𝑥

𝐿𝐿𝑦𝑦
2𝜋𝜋

𝑘𝑘𝑦𝑦 𝜀𝜀

Fig. 1. The 2D lattice ellipse E wavenumber spectral support of h(x, y, z)

2) Near-field Communications: We now consider evanes-
cent waves for near-field communications and compute the
number of DoF over volumetric(V3) aperture spaces.

Definition 1. The amplitude of evanescent wave attenuates
exponentially with propagation distance and its power can be
written as

Preceive
Psend

= e−2kzz (16)

where kz is the modulus of imaginary wavenumber on z axis.

Theorem 1. The additional DoF can be obtained in the near-
field communications that is generally given as follow, which
vanishes as the distance between the transmitter and receiver
planes increases.

DoFevanescent=DoFfar−field∗
1

(4zπ)2
∗λ2∗ln2 Psend

Pnoise
(17)

Proof. We assume that the impact of evanescent waves is only
considered when the received signal power is larger than that
of the channel noise. From (16), we can obtain that the largest
kz satisfies the following equation:

Pnoise
Psend

= e−2kzz

then we can calculate kz as

2kzz = ln(
Psend
Pnoise

)

kz =
1

2z
∗ ln(

Psend
Pnoise

) (18)

When the EM wave is evanescent, its wavenumbers on three
axes satisfy the following equation:

κ2 = κ2x + κ2y − κ2z
Assuming the outer ellipse in Fig. 1 is defined by

t2 = κ2x + κ2y

Then the additional DoF can be calculated by

DoFevanescent = DoFfar−field ∗ (
t2

κ2
− 1)



DoFevanescent = DoFfar−field ∗ (
κ2 + κ2z
κ2

− 1)

= DoFfar−field ∗
kz

2

κ2

(19)

Substituting the corresponding kz in (18) into equation (19)
with κ = 2π/λ, it gives us the result (17).

B. CHANNEL CAPACITY EVALUATION

In this section, we analyze channel capacity by considering
evanescent waves. Channel capacity in far-field communica-
tion scenarios can be given by [9]:

C = max
Qa:tr(Qa)<=1

E{log2det(Inr
+ snrHaQaHH

a )} (20)

where Qa = E{xHa xa}, and Inr is an identity matrix of
dimension nr. Ha ∈ Cnr×ns is the angular response matrix
describing the channel coupling between source and receive
propagation directions, assuming that there are ns and nr
sampling points on the transmitting and receiving side, re-
spectively. However, Eq. (20) is based on the assumption
that H̃ is statistically equivalent with Ha, which does not
hold when considering evanescent waves. Therefore, we will
replace Ha with H̃ to derive the channel capacity in near-field
communications.

As shown in Fig. 1, when considering evanescent waves, the
angular response matrix can be expanded to include wave-
numbers out of 2D lattice ellipse. In other words, sampling
points ns and nr are much larger. We assume that the channels
are independent identically distributed (i.i.d), which means the
variances of matrix Ha’s elements naturally decouple:

σ2(lx, ly,mx,my) = σ2
s(mx,my)σ2

r(lx, ly) (21)

where σ2
s(mx,my) and σ2

r(lx, ly) account for the power
transfer at source and receiver, respectively.

Therefore, the matrix consisting of nrns variances can be
denoted by:

Σ = vec{Σr}vec{Σs}H (22)

where Σr and Σs are variance matrices at source and receiver
respectively.

To clarify the impact of evanescent waves, we assume Σr

= Σrin + Σrout, where Σrin and Σrout represent variance
matrices of sampling points in and out of the traditional
support ellipse respectively. As shown in Lemma 1 of work
[9], angular random matrix can be obtained as

Ha = Σ�W (23)

where W is the matrix with i.i.d. circularly-symmetric,
complex-Gaussian random entries.

Thus, the capacity of near-field communications with
evanescent waves can be calculated by:

C = max
Qa:tr(Qa)<=1

E{log2det(Inr + snrH̃QaH̃
H

)} (24)

where H̃ = ejΓrHae−jΓs .
If the sampling points are in the traditional 2D ellipse

region, γr and γs are real and H̃ is statistically equivalent to

Ha. However, when the sampling points are outside the 2D
ellipse region (i.e., evanescent waves are used for transmis-
sions), γr and γs are imaginary and the signal power decays
exponentially with the transmission distance (i.e., H̃ is not
statistically equivalent to Ha).

For simplicity, we assume: (1) instantaneous channel state
information is only available at the receiver; (2) communica-
tions happen only in interior 2D ellipse region or exterior 2D
ellipse region (i.e., there is no cross region communications).
Under assumption 1, the ergodic capacity in (24) is achieved
by an i.i.d input vector xa with Qa = 1

ns
Ins and channel

capacity is given by

C =

rank(H̃)∑
i=1

E{log2(1 +
snr

ns
λi(H̃H̃

H
))} (25)

where {λi(A)} are the eigenvalues of an arbitrary A. Assum-
ing the transmitting array is on the x− y plane (i.e., sz = 0),
then (25) can be decomposed into:

C =

rank(H̃)∑
i=1

E{log2[1+
snr

ns
λi(e

jΓrΣ�W(ejΓrΣ�W)
H

)]}

(26)
Applying (22) and Σr = Σrin + Σrout, we can obtain:

Σ = [vec(Σrin) + vec(Σrout)][vec(Σsin)
H

+ vec(Σsout)
H

]

Under assumption 2, we can simplify the above equation
into:

Σ = vec(Σrin)vec(Σsin)
H

+ vec(Σrout)vec(Σsout)
H (27)

The capacity simulation results in Section IV are obtained
through plugging (27) into (26).

IV. SIMULATION RESULTS

Numerical results are performed to validate our theoretical
results for a rectangular space V3. Initially, we set simulation
parameters as Table. I, then the DoF improvement percentage
of near-field communications compared to the conventional
far-field communication is computed through (17) with one
variable varying each time.

TABLE I
SIMULATION PARAMETERS

Simulation Parameters
Antenna linear dimension D Transmission distance

D = 0.5m z = 0.5m ∗

Operation frequency Power ratio
f = 3GHz ∗ Psend/Prece = 125.56dB ∗

The parameters with∗ will be changed in the simulation stage

In Fig. 2, it is shown that as the transmission distance
becomes larger, the additional DoF provided by evanescent
waves decreases rapidly. When the receiver is in the corre-
sponding far-field region of the setting, the DoF improvement
can be neglected, which validates that the extra DoF gain only
be obtained in the near-field region. In Fig. 3, it it shown that as



transmission power increases, extra DoF gain increases rapidly
at first but converges to a constant mainly determined by the
transmission distance, where the extra DoF gain can achieves
more than 30% improvement. This indicates that additional
DoF gain is not mainly driven by transmit power consumption,
but the EM nature of near-field communication.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1.5

2

2.5

3

3.5

Fig. 2. Improved DoF percentage as a function of transmission distance.
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Fig. 3. Improved DoF percentage as a function of the ratio between
transmission power and noise power.

Next, we set simulation parameters as Table. II, then the
channel capacity improvement of near-field communications
is computed through (20) and (26).

TABLE II
CAPACITY SIMULATION PARAMETERS

Simulation Parameters
Antenna linear dimension D Operation frequency

D = 10λ f = 300M/900M/3GHz
Transmission Distance
z = 0.01− 1m ∗

The parameters with∗ will be changed in the simulation stage

In Fig. 4, it is shown that as the transmission distance
becomes larger, the additional channel capacity provided by
evanescent waves decreases rapidly. Moreover, with the in-
crease of the operating frequency, the extra capacity goes down
faster. When the receiver goes to the corresponding far-field
region of the setting, the DoF improvement can be neglected,
which further validates that extra DoF benefit can only be
obtained in the near-field region.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

Fig. 4. Improved capacity percentage is a function of transmission distance.

V. CONCLUSION

Based on the Fourier plane-wave series representation of a
spatially-stationary scattering channel, we derived a theoretical
DoF and capacity gain in the near-field region by considering
evanescent waves. This theoretical result captures the essence
of EM propagation and also illuminates the possible benefits
brought by evanescent waves.The analysis is limited to an
isotropic scattering environment but can be extended to the
non-isotropic case through the linear-system theoretic inter-
pretation of plane-wave propagation. Numerical simulations
demonstrates the validity of the derivations and its coherence
with conventional DoF analysis in the far-field region.
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