
1

MU-Massive MIMO with Multiple RISs: SINR Maximization and Asymptotic Analysis
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Abstract—In this letter, we investigate the signal-to-
interference-plus-noise-ratio (SINR) maximization problem in
a multi-user massive multiple-input-multiple-output (massive
MIMO) system enabled with multiple reconfigurable intelligent
surfaces (RISs). We examine two zero-forcing (ZF) beamforming
approaches for interference management namely BS-UE-ZF and
BS-RIS-ZF that enforce the interference to zero at the users
(UEs) and the RISs, respectively. Then, for each case, we resolve
the SINR maximization problem to find the optimal phase shifts
of the elements of the RISs. Also, we evaluate the asymptotic
expressions for the optimal phase shifts and the maximum SINRs
when the number of the base station (BS) antennas tends to
infinity. We show that if the channels of the RIS elements are
independent and the number of the BS antennas tends to infinity,
random phase shifts achieve the maximum SINR using the BS-
UE-ZF beamforming approach. The simulation results illustrate
that by employing the BS-RIS-ZF beamforming approach, the
asymptotic expressions of the phase shifts and maximum SINRs
achieve the rate obtained by the optimal phase shifts even for a
small number of the BS antennas.

Index Terms—RIS-assisted communication, Multi-RIS,
MIMO, Zero-Forcing.

I. INTRODUCTION

RECONFIGURABLE intelligent surface (RIS) is a new
physical layer technology introduced to overcome the

drawbacks of wireless communications such as fading, block-
age, and interference [1]. An RIS is a planner array of
passive reflecting elements which can change the phase of the
reflected signals of which the phase shifts can be continuously
adjusted [2]. Thus, based on the scenario, the behavior of
the wireless environment can be improved by deploying the
RISs in appropriate places and optimizing the phase shifts
of their elements. For instance, exploiting an RIS in a cell
with one user can solve the blockage problem or increase
the SNR of the user equipment (UE) [3]. However, in multi-
user scenarios with a multiple input multiple output (MIMO)
base station (BS), interference management by joint design of
beamforming vectors of the BS and phase shifts of the RIS
elements is a challenge.

Several studies have been conducted on solving the chal-
lenges of beamforming and phase shift design in an RIS-
aided multi-user MIMO scenario with different objectives [4]–
[14] such as maximization of the sum rate [4], [5], spectral
efficiency [6] and energy efficiency [7], [8] or minimization
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Fig. 1: The system model

of the transmission power [9], max-min SINR problem [10],
[11], and the exposure to electromagnetic fields [12], [13].
However, the proposed solutions involve intricate algorithms
and straightforward designs are not presented in the literature.
Moreover, the analysis of the results for a massive number of
BS antennas is not investigated.

Regarding the above considerations, in this letter, we in-
vestigate the SINR maximization problem in the downlink
transmission of a multi-user massive MIMO system assisted
with multiple RISs. In this scenario, we assume that some of
the UEs are directly served by the BS, while others have no
direct channel to the BS and are served through the RISs. Each
RIS serves several UEs in a specific geographic area, forming
a cluster. We use two zero-forcing (ZF) approaches for the
beamforming of the BS. The advantage of ZF beamforming
is that it completely cancels the interference and this gets us
a degree of freedom for asymptotic analysis and phase shift
design. Moreover, the ZF beamforming in massive MIMO
systems achieves a near-optimal performance [15]. The main
contributions of this letter can be summarized as follows: (i)
We employ a ZF beamforming approach named BS-UE-ZF
that nulls the interference at the UEs, and obtain the optimal
phase shifts of the RISs that maximize the SINR of the UEs.
Then, for the case that one UE is connected to each RIS, we
derive asymptotic expressions for the optimal phase shifts as
the number of the BS antennas tends to infinity. (ii) We prove
that if the RISs experience i.i.d. normal channels, random
phase shifts achieve the maximum SINR when the number of
the BS antennas tends to infinity. (iii) For the case that one UE
is connected to each RIS, we propose another ZF beamforming
approach named BS-RIS-ZF that nulls the interference at the
RISs. This approach leads to closed-form expressions for the
RIS phase shifts that maximize the SINRs at UEs. (iv) We
evaluate asymptotic expressions for the optimal phase shifts
and the maximum SINRs for the BS-RIS-ZF.

II. SYSTEM MODEL

We consider downlink transmission in a multi-RIS multi-
user massive MIMO system. We assume that Ud of the UEs
(named direct UEs) are directly connected to the BS, and Ub
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of them (named blocked UEs) have no direct connection with
the BS and K RISs are deployed to assist the communication
between the BS and these UEs. For k ∈ K , {1, . . . ,K}, Lk
of the blocked UEs are served through the kth RIS which are
selected by algorithm 1. Moreover, the channels between this
RIS and the other UEs are blocked as considered in [16]. Let,
M be the number of the BS antennas and N be the number
of the elements at each of the RISs. Also, Hk ∈ CM×N ,
hk,` ∈ CN×1, and hd,u ∈ CM×1 denote the channel matrix
between the BS and the kth RIS, the channel vector between
the kth RIS and the `th blocked UE connected to this RIS,
and the channel between the BS and the uth direct UE, respec-
tively. We assume that each of the channel coefficients has a
complex normal distribution. The channel between the BS and
each IRS is correlated such that E{HH

k Hk} = Rk, while the
channels between the BS and different RISs are independent,
i.e., E{HH

k Hk′} = 0 for k 6= k′. The diagonal reflected matrix
for the kth RIS is Φk , diag(ejφk,1 , . . . , ejφk,N ), where for
i ∈ N , {1, . . . , N}, φk,i is the phase shift of the ith element
of the RIS. Thus, the received signal at the `th blocked UE
connected to the kth RIS is given by

y
b,k,`

=hHk,`ΦkH
H
kwb,k,`xb,k,`

+

K∑
m=1
m6=k

Lm∑
i=1

hHk,`ΦkH
H
kwb,m,ixb,m,i

+

Lk∑
i=1
i6=`

hHk,`ΦkH
H
k wb,k,ixb,k,i

+

Ud∑
n=1

hHk,`ΦkH
H
k wd,nxd,n

+z
b,k,`

,

(1)

and the received signal at the uth direct UE is

y
d,u

=hHd,uwd,uxd,u
+

Ud∑
n=1
n 6=u

hHd,uwd,nxd,n
+

K∑
m=1

Lm∑
`=1

hHd,uwb,m,`xb,m,`

+ z
d,u
, (2)

where wb,k,` and wd,u are the beamforming vectors, x
b,k,`

and x
d,u

are the transmit signals and z
b,k,`

and z
d,u

are the
AWGN corresponding to the `th blocked UE connected to the
kth RIS and the uth direct UE, respectively. The first terms
in (1) and (2) are the desired signals for the `th blocked and
uth direct UEs, respectively, while the second and third terms
are the interference. Thus, the SINR of the `th blocked UE
connected to the kth RIS can be written as

SINRb,k,` =
|hHk,`ΦkH

H
k wb,k,`|2

Ib,k,` + σ2
k,`

, (3)

where Ib,k,`=
K∑
m=1
m 6=k

Lm∑
i=1

|hHk,`ΦkH
H
k wb,m,i|2+

+

Lk∑
i=1
i 6=`

|hHk,`ΦkH
H
k wb,k,i|2 +

Ud∑
n=1

|hHk,`ΦkH
H
k wd,n|2,

while the SINR of the uthdirect UE is

SINRd,u=
|hHd,uwd,u|2

Ud∑
n=1
n6=u

|hHd,uwd,n|2+
K∑
m=1

Lm∑̀
=1

|hHd,uwb,m,`|2+σ2
u

. (4)

Algorithm 1
1: Input:

The allowed number of UEs to be scheduled, Umax.
The minimum value of required receive power, pmin.

2: Output: Scheduled UEs and assigned RISs.
3: Turn off the RISs and broadcast the signal.
4: Save the receive power of the UEs.
5: for k = 1 to K do
6: Turn on the kth RIS and broadcast the signal.
7: Save the receive power of the UEs.
8: Turn off the kth RIS.
9: end for
10: Schedule up to Umax number of the UEs, whose maximum receive power is more

than pmin and assign the RISs 1.

III. SINR MAXIMIZATION PROBLEM

In this section, first, we employ the BS-UE-ZF beamforming
approach in which we cancel the interference at the UEs. Then,
for the special case when one UE is related to each of the
RISs, we design the BS-RIS-ZF beamforming approach in
which we cancel the interference at the RISs. For each of
the beamforming methods, we design the phase shifts of the
RISs to maximize the SINR of the blocked UEs and obtain
asymptotic results when the number of BS antennas tends to
infinity, i.e., M −→∞.

A. BS-UE-ZF Beamforming

In the BS-UE-ZF beamforming, we design the beam-
forming vectors in such a way that they enforce the inter-
ference at the UEs to zero. Actually, considering g

k,`
=

HkΦ
H
k hk,` as the channel vector between the BS and

the `th blocked UE connected to kth RIS and defining
Q1 =

[
g

1,1
. . .g

1,L1
. . .g

K,1
. . .g

K,LK
hd,1 . . .hd,Ud

]H
, the

ZF beamforming matrix is given as

WZF = QH
1 (Q1Q

H
1 )−1, (5)

which under the condition M ≥ (Ub + Ud), eliminates the
inter-user interference [17]. Therefore, the SINR of the `th

blocked UE connected to the kth RIS becomes

SINRb,k,` =
|gHk,`QH

1 (Q1Q
H
1 )−1ek|2

σ2
k,`

=
|vHk qk,`|2

σ2
k,`

, (6)

where qk,` = diag(hHk,`)H
H
k QH

1 (Q1Q
H
1 )−1ek, ek is the

unit-base vector with non-zero value at the kth component,
vk = Vec(ΦH

k ) and operator Vec(.) returns the vector of the
diagonal components of the diagonal matrix.

In order to jointly maximize the SINR of the blocked UEs,
as a suboptimal solution, for k ∈ K we maximize the sum of
the SINRs of the UEs connected to the kth RIS, i.e.,

max
vk

Lk∑
`=1

|vHk qk,`|2 ≡ max
vk

vHk

(
Lk∑
`=1

qk,`q
H
k,`

)
vk (7)

s.t. |vk|2 ≤ 1 s.t. |vk|2 ≤ 1,

1The UEs with the highest receive powers can be scheduled and each UE can
be assigned to the RIS that maximizes its received power.



The optimum value of vk in (7) is equal to the eigenvector of
matrix

∑Lk

`=1 qk,`q
H
k,` corresponding to its maximum eigen-

value. Thus, for Lk = 1, the optimum value of φk,i is

φk,i=−^(h∗k,1,i[HH
k QH

1 (Q1Q
H
1 )−1ek]i), k ∈ K, i ∈ N . (8)

In the following proposition, we obtain the asymptotic form
of (8) as M −→∞.

Proposition 1. Considering the BS-UE-ZF beamforming in
(5) and the asymptotic regime where M −→ ∞, when one
UE is connected to the kth RIS the phase shifts of the RIS
elements that maximize the SINR of the UEs can be found by
solving the following equation system:

φk,i = −^(h∗k,1,i
N∑
`=1

Ri,`e
−jφk,`hk,1,`) i ∈ N , (9)

where Rk,i,` is the element (i, `) of the correlation matrix
Rk = E{HH

k Hk}.

Proof. Considering Q1 =
[
g1,1 . . .gK,1

hd,1 . . .hd,Ud

]H
, for

k ∈ K we have

HH
k QH

1 (Q1Q
H
1 )−1ek =

HH
k

[
H1Φ

H
1 h1,1 . . .HKΦH

KhK,1 hd,1 . . .hd,Ud

]
(10)

×



gH

1,1
g1,1 . . . gH

1,1
g
K,1

gH

1,1
hd,1 . . . gH

1,1
hd,Ud

...
...

...
...

gH

K,1
g1,1 . . . gH

K,1
g
K,1

gH

K,1
hd,1 . . . gH

K,1
hd,Ud

hH
d,1g1,1

. . . hH
d,1gK,1

hH
d,1hd,1 . . . hH

d,1hd,Ud

...
...

...
...

hH
d,Ud

g1,1 . . . hH
d,Ud

g
K,1

hH
d,Ud

hd,1 . . . hH
d,Ud

hd,Ud



−1

ek.

Also, if Hk =
[
h′k,1 . . . h′k,N

]
, as M −→ ∞, we get

h′Hk,`h
′
n,m −→ E{h′Hk,`h′n,m} [18], and thus

HH
k Hn −→

{
Rk n = k

0N×N n 6= k
. (11)

where Rk = E{HH
k Hk} and 0N×N is an N×N zero matrix.

Therefore, as M −→∞ we have

HH
k QH

1 (Q1Q
H
1 )−1ek =

[
0 . . .RkΦ

H
k hk,1 . . .0

]
× diag

(
1

hH
1,1Φ1R1Φ

H
1 h1,1

, . . . ,
1

hH
K,1ΦKRKΦH

KhK,1

,

1

hHd,1hd,1
, . . . ,

1

hHd,Ud
hd,Ud

)
ek =

RkΦ
H
k hk,1

hHk,1ΦkRkΦ
H
k hk

(12)

and thus (8) would be equal to

φk,i = −^(
1

hHk,1ΦkRkΦ
H
k hk,1

h∗k,1,i

N∑
`=1

Ri,`e
−jφk,`hk,1,`)

= −^(h∗k,1,i
N∑
`=1

Ri,`e
−jφk,`hk,1,`), k ∈ K, i ∈ N ,

(13)

where (13) is resulted from the fact that hHk,1ΦkRkΦ
H
k hk,1

is a real and positive number.

Corollary 1. For the special case that the channel vectors
between the BS and each of the elements of the kth RIS
are independent, i.e., Rk = I, employing the BS-UE-ZF
approach, the SINR of the blocked UE connected to the kth

RIS is maximized by considering random phase shifts for the
RIS elements, as M −→∞.

Proof. By substituting Rk with I in (9), we get φk,i =
φk,i ∀k, i, meaning that φk,i can be randomly chosen.

B. BS-RIS-ZF Beamforming
In this section, we consider the case that one UE is related

to each RIS. We design a novel approach, i.e., BS-RIS-ZF,
in which the beamforming vectors are derived to enforce the
interference at the RISs and direct UEs to zero2. Thus, the
beamforming vectors should satisfy the following conditions
for k ∈ K and u ∈ {1, . . . , Ud}:

HH
k wb,k,1 = 1, HH

mwb,k,1 = 0 ∀m 6= k, hHd,uwb,k,1 = 0,

hHd,uwd,u = 1, HH
k wd,u = 0, hHd,nwd,u = 0 ∀n 6= u. (14)

By defining Q2 ,
[
H1 . . .HK hd,1 . . .hd,Ud

]H
, the BS-

RIS-ZF beamforming matrix can be written as

W′
ZF = QH

2 (Q2Q
H
2 )−1Γ, (15)

where Γ =
1 . . . 1 0 . . . 0
0 . . . 0 1 . . . 1 0 . . . 0

...
. . .

. . .
. . .

. . .
. . .

. . .
. . .

... 0K×Ud
0 . . . 0 1 . . . 1

0Ud×NK IUd


T

.

Thus, the SINR of the blocked UE connected to kth RIS is

SINRb,k,1=

|
N∑
i=1

ejφi,kh∗k,1,i[H
H
k QH

2 (Q2Q
H
2 )−1Γek]i |2

σ2
k

.(16)

Similar to the previous subsection, the optimal phase shifts
of the RIS elements make the phases of the summation terms
in the numerator of the SINR ratio equal to zero; thus,

φk,i=−^(h∗k,1,i[HH
k QH

2 (Q2Q
H
2 )−1Γek]i) k ∈ K, i ∈ N(17)

The major benefit of the BS-RIS-ZF beamforming is the
availability of the closed-form equations for the RIS phase
shifts. However, we must note that in the BS-RIS-ZF approach
we need to satisfy M > NK + Ud to completely remove
the interference, while increasing the number of the BS
antennas increases the complexity of the channel estimation
[19]. Therefore, there exists a trade-off between the complexity
of the phase shift design and channel estimation.

Now, in the following, we evaluate the asymptotic expres-
sions for the optimal phase shifts and maximum SINRb,k,1 as
M −→∞.

Proposition 2. Considering the proposed BS-RIS-ZF beam-
forming, as M −→∞, the RIS phase shifts that maximize the
SINR of the blocked UE connected to the kth RIS are

φk,i = −^(h∗k,ifk,i), i ∈ N (18)

2Note that the BS-RIS-ZF beamforming approach can also be implemented
for the general scenario; But, in this case, it needs to design the phase shifts
of the RISs to cancel the interference which is out of scope of this letter.



and the maximum value of SINRb,k,1 is

SINR∗b,k,1 =
1

σ2
k

(

N∑
i=1

|fk,i||hk,i|)2, (19)

where fk,i is the ith element of the vector

fk=
[
0N×(k−1)N Rk 0N×((K−k)N+Ud)

]
×blkdiag(R−11 , . . . ,R−1K , IUd

)Γ ek,

and blkdiag(.) returns a block diagonal matrix constructed
by the arguments.

Proof. As M −→∞, employing (11), we have

(Q2Q
H
2 )−1 = blkdiag(R−11 , . . . ,R−1K , IUd

), (20)

and

HH
k QH

2 =
[
0N×(k−1)N Rk 0N×((K−k)N+Ud)

]
. (21)

Thus, substituting (20) and (21) in (17), the asymptotic ex-
pressions for the optimal phase shifts are as in (18). Then,
substituting the phase shifts obtained by (18), (20), and (21)
in (16), the asymptotic value of maximum SINRk would be
obtained as in (19).

Analysis of the rank of matrix Q2: Regarding that the
performance of the BS-RIS-ZF approach can be affected by
the rank of matrix Q2, we analyze the rank of this matrix
in this section. Assuming that Hk = FkDk, where Fk
is an M × N matrix with i.i.d. normal random variable
elements and Dk = R

1/2
k , the matrix Q2 can be rewritten

as
[
F1D1 . . .FKDK Hd

]H
, where Hd = [hd,1 . . .hd,Ud

].
Considering the fact that the elements of the random ma-
trices Fk, k ∈ K, and Hd are independent of each
other, we conclude that the rank of matrix Q2 is equal to∑K
k=1 rank(D

H
k FHk ) + rank(Hd). Also, from [20], we have

rank(DH
k FHk ) 6 min{rank(DH

k ), rank(FHk )},

and rank(FHk ) 6 min{M,N}. Hence, assuming that N 6M ,
we get rank(DH

k FHk ) 6 rank(DH
k ) and thus, rank(Q2) 6∑K

k=1 rank(D
H
k ) + rank(Hd). Moreover, the elements of

Hd are independently distributed and thus, rank(Hd) =
min{M,Ud}. Therefore, assuming that Ud < M we have
rank(Q2) 6

∑K
k=1 rank(D

H
k ) + Ud. Consequently, we can

conclude that the correlation of the BS to RIS channels can
restrict the rank of matrix Q2.

C. Computational Complexity.

The number of multiplications required to compute the
beamforming vectors and the RIS phase shifts in the BS-UE-
ZF approach is equal to Ub((Ub + Ud)

3 + 2M(Ub + Ud)
2 +

MN(Ub+Ud)+MN2+MN +1), while for the BS-RIS-ZF
method, it is equal to Ub((NUb + Ud)

3 + (2M + Ub +K +
d)(NUb+Ud)

2 +MN(NUb+Ud)+ 1). We observe that the
complexity of both of the approaches with respect to M is of
the order of O(M). Also, their complexities with respect to N
are of the order of O(N) and O(N3), respectively. Therefore,
the complexity of the BS-RIS-ZF approach is more sensitive
to N .
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Fig. 2: Average sum rate exploiting the BS-UE-ZF approach vs. the number
of the BS antennas (M ), K = 4, Ud = 2 (a): i.i.d. (b): Correlated channels.

IV. SIMULATION RESULTS

In this section, we conduct simulations to verify the perfor-
mance of the proposed beamforming and phase shift design
approaches. In this regard, we use the channel estimation
approach proposed in [19] and compare the results with
the case of perfect channel estimation. The RIS elements
correlation model is adopted from [21]. The minimum distance
between the elements of each of the RISs is equal to d = λ
and d = λ/4 for the cases of the i.i.d. and correlated channels,
respectively, where λ is the wavelength. Also, the area of each
RIS element is equal to A = d2 and µλ2 = −75dB where µ
is the average intensity attenuation [21]. Moreover, the carrier
frequency is f = 1800 MHz and the power spectral density
of the AWGN at the UEs is equal to −174 dBm/Hz.

In Fig. 2, we illustrate the average sum rate versus the
number of the BS antennas, for various phase shift design
approaches and the number of RIS elements in the BS-UE-
ZF beamforming scenario, considering both the i.i.d. and
correlated channels. It can be noticed that in both cases
increasing the number of the elements in the RISs improves
the average sum rate, and N = 1 leads to the lowest average
sum rate. In Fig.2a, we observe that for the i.i.d. channels,
by increasing the number of the BS antennas the average sum
rate of random phase shifts tends to the average sum rate of
the optimal ones (see Corollary 1). In Fig. 2b, we observe
that in the case of the correlated channels, by increasing the
number of the BS antennas, the average sum rate of the
asymptotic phase shifts converges to the average sum rate
of the optimal phase shifts. Moreover, both of these phase
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Fig. 3: Average sum rate exploiting the BS-RIS-ZF approach vs. the number
of the BS antennas (M ), K = 4, Ud = 2 (a): i.i.d. (b): Correlated channels.

shift design approaches achieve a much more average sum
rate compared to random phase shifts.

In Fig. 3, we plot the average sum rate versus the number of
the BS antennas for the various phase shift design approaches
in the BS-RIS-ZF beamforming scenario, and also depict
the asymptotic average sum rate obtained by the asymptotic
SINRs. We observe that for both the i.i.d. and correlated
channels, the rates of the asymptotic phase shifts and the
asymptotic SINRs accurately track the optimal phase shifts
rate. Moreover, it can be observed that in the case of the i.i.d.
channels when the condition M > KN + Ud is satisfied,
the average sum rates start to increase, and the correlated
channels do not have a restrictive impact on the start point
of rate arising.

Furthermore, in Fig. 2 and Fig. 3, we illustrate the curves
corresponding to the case that we have channel estimation
error (the channel estimation approach in [19] is used). We
observe that in both of the i.i.d. and correlated channels there
is not a significant reduction in the sum rate of the BS-UE-ZF
and BS-RIS-ZF approaches when we have some error in the
channel estimation.

V. CONCLUSION

In this letter, we considered a multi-RIS, multi-user massive
MIMO system and investigated the SINR maximization prob-
lem for the asymptotic scenario where the number of the BS
antennas tends to infinity. We examined two ZF beamforming
approaches, i.e., BS-UE-ZF and BS-RIS-ZF which null the
interference at the UEs and the RISs, respectively. For each
of the proposed methods, we obtained the optimal phase shifts
of the elements of the RISs that maximize the SINR of

the UEs. Considering the BS-UE-ZF beamforming approach,
we showed that when the channels of the RIS elements are
independent, random phase shifts can achieve the maximum
SINR for an asymptotic large number of BS antennas. For
the BS-UE-ZF beamforming method, the simulation results
showed that the asymptotic expressions of the RIS phase shifts
achieve the rate of the optimal phase shifts, even for a small
number of the BS antennas.
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