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Abstract: The paper describes the robust algorithm for linear time-invariant plants under parametric
uncertainties, external disturbances and high-frequency noises in measurements. The proposed algorithm
allows one to reduce the noise impact on the output variable of the plant and to compensate parametric
uncertainties and external disturbances independently. The modeling results illustrate the effectiveness of

the algorithm.
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1. INTRODUCTION

Design of simple control systems under parametric
uncertainties and external disturbances when only plant
output is available for measurement is important problem of
control theory and practice. To construct such control
schemes many solutions have been proposed in this regard.

One of the most effective tools is to synthesize control
structure using high-gain observer. At first high-gain
observer was proposed in (Esfandiary and Khalil, 1992;
Gauthier et al., 1992) for minimum phase plants. Later other
kind of high-gain observer were considered in (Gauthier et
al., 1992; Teel and Praly, 1994; Bobtsov, 2002; Tsykunov,
2008; Furtat, 2015). In (Esfandiary and Kbhalil, 1992;
Gauthier et al., 1992; Teel and Praly, 1994; Bobtsov, 2002;
Furtat, 2015) the dimension of the high-gain observer is equal
to y— 1, where yis the relative degree of plant model.

However, using high-gain observer can be unsatisfactory in
case high frequency noise measurement application. The
investigations of the high-gain observers under noises were
considered in (Vasiljevic and Khalil, 2008; Boizot et al.,
2010; Sanfelice and Praly, 2011). The problem is that the
value of estimate derivative could be sufficiently greater than
the real one. Moreover, the error accumulates in further
estimation.

In (Ahrens and Khalil, 2009; Sanfelice and Praly, 2011,
Prasov and Khalil, 2013) adaptive high-gain observer was
proposed to partially overcome this problem. Thus, initially

high-gain parameter of the observer has a large value, while
in steady state mode high-gain parameter is decreased.

In (Astolfi and Marconi, 2015; Wang et al., 2015) an
extended high-gain observer was considered. The dimension
of the modified observer is 2y—2. Doubling dimension is
caused by the introduction of additional differential equations
reducing the impact of high frequency measurement noises.
The simulation results showed the effectiveness of the
modified algorithm as compared with the standard high-gain
observer. However, in (Astolfi and Marconi, 2015; Wang et
al., 2015) quality of estimate derivatives and quality of
filtering simultaneously depend on the solution of the
observer equation.

In the present paper we consider two independent algorithms:
filtering and control ones. Differently from (Astolfi and
Marconi, 2015; Wang et al., 2015), the proposed algorithm
allows one

1) to improve the quality of the estimation derivatives;

2) to calculate independently the filter parameters and the
parameters of the observer.

The paper is organized as follows. The problem statement is
presented in Section 2. In Section 3 we design the high-
frequency filtering algorithm. In Section 4 we propose the
control algorithm for linear plants. In Section 5 we consider
simulation results and discuss an efficiency of the proposed
control structure. Concluding remarks are given in Section 6.
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2. PROBLEM STATEMENT

Consider a plant model in the form

Q(p)z(t) =kR(p)u(t) + f(t), y(t) = 1z(t)+w(t), D)
where y(t) € R is an output, u(t) € R is an input, f(t) e Ris a

unmeasured bounded disturbance, w(t) e R is a high
frequency bounded noise, Q(p), R(p) are linear differential
operators  with unknown coefficients, deg Q(p) =n,

degR(p) =m,k>0,p=d/dt.

Assume that the coefficients of operators Q(p), R(p) and
coefficient k>0 belong to a known compact set =. The
polynomial R(X) is Hurwitz, where X is a complex variable.

The problem is to design the control system such that the
following condition holds

tlij;\|2(t)| <3, )

where 8, >0 is a required accuracy, hereinafter || is an
Euclidean norm.

3. HIGH FREQUENCY FILTERING ALGORITHM

Reject signal w from
following algorithm

signal y. To this end, introduce the

uE(t) = GE(t) +By(t), J(t) = L&), &(0)=0, (3)
where £=[&, & . &
—s* 0 0 .. 0 0 |
o} -0} 0 0 0
G=| 0 o -o5 o 0 |, i >0,
0 0 0 o' - G;l_

B:[c{l,o,...,O]T, p>0 is a sufficient small coefficient,
L=]Jo,..,0,1]

Theorem 1. Let signal z be bounded and the following
condition holds

t 1,
[e* CIBw(s)ds

utim
t—oo 0

<3,, 4)

where 8, >0 is a sufficiently small coefficient. Then there
exists a coefficient pp>0 such that for any p<yp, the
following condition holds

lim|9(t) - 2(t)| < .. (5)
Here 83 > 0 is a sufficiently small coefficient.

Proof of Theorem 1. Consider plant (3) with input signal
z

ME() = GE(D) + Bz(t), ¥(t)=LE®), E(0)=0. (6)

For analysis of plant (6) let us use Lemma (Furtat, 2014;
Furtat et al., 2014; Furtat et al., 2015).

Lemma. Consider a plant model

hi(t) = f (x(t), u(t)), (7)

where x € R®, f(x, u, h) is Lipschitz function in x and u, u is a
bounded function, h > 0 is a small coefficient. Let system (7)
be asymptotically stable when u=0. Consider the set
Q= {x: f(x,u)= 0}. Then there exists hy >0 for any ¢ >0

such that for any h < h, the following condition holds
!i_m dist(x(t), Q)<e.

Let us verify conditions of Lemma for system (6). System (6)
is asymptotically stable for z =0, because the matrix G is
Hurwitz. Substituting p=0 into (6), we get GE =-Bz or

E1=zand §=¢&.q, i=2,r=1. Thus, y =z. According to

Lemma, there exists p>0 such that for any p<p, the
following condition holds

lim[J(®) ~ 2(t)| <3,

where 84 > 0 is a sufficiently small coefficient.

®)

Consider the signal y consisting of the signal z and the noise
w. Find a condition such that (5) will be hold.

Taking into account (3) and (6), rewrite the error £ = &—E in
the following form

0 =ﬁeca)+ﬁsw(t), §(O) - (1) = L. 9)

The solution of the first equation of (9) is
t
L) =" L +n et S IBu(s)ds
t ° (10)
_ f et (-5 Byy(s)ds.
0
If condition (4) holds, then we have from (10) that

t|L—r2|g(t)| <3,. (11)
Consider the following relations

[9() - 2(0)[ < |90 - O] +[¥ (1) - 2(V)| )
<[e®]+ |y ® - z(v)}

Obviously, the upper bounds of (12) will be satisfied

lim|9(0) — 2(0)] < lim|c )]+ lim[y ) - 2(0)|. (13)

Let 8, + 8, < 83. Taking into account (8) and (11), we get
estimate (5) from (13). Theorem 1 is proved.

Let noise w be sinusoidal signals

w(t) = Y A, sin(o,t+9, ), (14)

where A;, @; and ¢; are the amplitude, the frequency and the
phase accordingly.



Theorem 2. Let z be bounded function and noise w be
signal (14). Then there exists pg > 0 such that for any p < g
the following condition holds

1

im0 -2()| <3 A| []-——
) 11’1+m222

Proof of Theorem 2. It follows from the proof of Theorem 1,
that there exists u > 0 for system (6) such that for any u < pg
the condition (8) holds. Taking into account (3) and (6), write

the error C = g—é in the form (9). Rewrite system (9) as

+9,. (15)

CAD——WlfQGH¢t012A5m®t+¢)

(16)
C (t) - G]C (t)"'l'l - 71C.>J—l(t)l J: ,r
The solution of the first equation in (16) is
v t
&)= pflcsl*lZA,J’e” o1’ (s sin(w;s + @; )ds
i=1 0
+e g (0) = 5'“(03it+(Pi +94;), (A7)
Zwl1+ ofp’ 01
9 = arccos—
1+ m,zuch
Substituting (17) into the second equation of (16), we get
cz(t)==e*“*“f‘q ©
oyl (s-t)
+H 02 Z eh ©2
T L+ w.zuch l.
xsin(m;s +@; +9;;)ds
\
1
- zAi 2.2 2 2.2 2
i=1 \/(1+00i pneoq X1+(x)I n 02)
><sin(mit+(pi +981; +9,; ),92’i = arccos;
N1+ co,zuzcg
Therefore, the solution of the rth equation of (16) is
1 . r
&)= ZAI H— sin(ot+¢; +29,), (18)
i1+ cozuzcz =t
where 9§ —arccos;
g J1+ (Dizuzcs?
Upper bound of (18) is
1
(19)

[[———|

Takin into account (8), (13) and (19), we get estimate (15).
Theorem 2 is proved.

4. SYNTHESIS OF CONTROL SYSTEM

Let us use the algorithm (Furtat, 2015) to synthesize the
control system. According to Problem Statement, only the
output signal y(t) is available for measurement. Therefore,
introduce the control law as follows

y-1 .

u(t) = -y diy (), (20)
i=0

where a>0 and dg, d, ...

D) =d, A" +d A2+ +dr+d, s

, d,_, are chosen such that the
polynomial

Hurwitz, y=n-m is a relative degree of (1), y"(t) is an

estimate of the ith derivative signal y(t),i=0,1,..,y-1.
Substituting (20) into (1), we get
F(p)z(t) = akR(p)g(t) + akR(p)D(p)w(t) + f (t) (21)

where F(p) = Q(p) + okR(p)D(p),

g(t)=D(p)y(t) —_yfdiy“)(t) . y(t) =z(t) - Y(t) . The value of

g(t) depends on estimation quality of the signal y(t) and its

derivatives, the value of y(t) depends on quality of (3). Since
the set = is known, then there exist the number o and the
polynomial D()) such that the polynomial F(}) is Hurwitz.

To implement the control law (20) we use the following
observer

y(t) =y,

i Uy~ Ut
O (1) =Y ®) r)]/ (t-h)

Substituting (22) into (20), rewrite the control law (20) in the
form

(22)

L j=ly-1

u(t) ——OLZ|:

i=0

SYEDIC- |
i!
= D!

Theorem 3. Let w be a bounded signal. Additionally let (y —

r —1)th derivatives of w be bounded, if r <y. Then there
exist coefficients o > 0 and h > 0 such that the control system
consisting of filtering algorithm (3) and control law (23)
ensures goal (2).

(23)

where CJ =

Proof of Theorem 3. Transform system (21) to the form
&(t) = Ae(t) + akB,g(t) + asz\y(t) +B,f(t), z(t)=Je(t), (24)

where € = [eq, €, ..., €], 2" = €41, 1=0,n—1, matrixes A,
By, B, Bgand J=[1,0, ..., 0] are obtained at the transition
from (21) to (24). Rewrite system (3) as the following
differential equation

[T(ko, p+ 190 = (0. (25)

i=1

Transform (25) to the state space form



0(t) = MO(t) + Ny(t), y(t)=J0(),

where 0 =[04, 0, ..,6]", y¥=6,,, i=0,r-1, matrix M
and vector N are obtained at the transition from (25) to (26).

(26)

Consider two cases.

1) Let r <y. Rewrite the operator D(p) in the following form

D(p)=p![p", P2 ... p']
+p£[p“1, [ 1],

where p; and p, are vectors with corresponding coefficients

(27)

of the operator D(p). Taking into account (27), rewrite
function g(t) in the form
g() = Zpl,Je“’+pze(t) Z —30(t)
j=r
(28)

Y=
l [
where p,; is the jth element of the vector p;. Taking into

account (26), we find the jth derivative (j>1) of 0 in the
following form

le -niciae- jh)],

j=1

i1 i1
00 =M o+ MITINYD = Mg+ > MmN

i=0 i=0
i1 | o (29)
+ Y MITEINWD =M I0+G e+ Y MITINW,
i=0 i=0
where G, =[N, MN,..,MI"N,0,..,0], O is the zero
matrix.

Substituting (29) into (28), we get

f . = .
9 =Zplyja[|v| le+ng+ZM J_'_lNW(')]+pgﬁ(t)

j=r i=0

Z —LJ0(t) - Z[ Z( 1)’C’JO(t—Jh)}

It follows from (30), that derivatives of the signal w should
be bounded up to the (y — r — 1)th order for r <y . Taking into
account (23) and (30), transform equation (24) to the form

(30)

-1 i
&(t) = Ae(t) — ockBllyz:—:Z(—l) iciaet - jh)]
i=1 j=1

(31)

v=1 ) = )
+akBl{ZpLjJ[M 16+Gja+ZM J—l—1NW(|)]

j=r i=0

-1
+p,0(t) - Yz:—: Je(t)] + akB, Je(t) — akB, JO(t)

i=0
+ B, f ().

Denote

e, =["®. 070
-1 T
A+0kB, Y p, ,JG, + akB,J NJ
A = =
P

v

11 ) r =t
okB, ZplijM’+p2—Zh—:J
j=r

i=0

] —okB,d M

0 0

0 il akp, BIMIIN| o [B
9= |(w+ e w® | 3 f.
P8 ;

Here 3 is a bounded signal. Taking into account the
notations, rewrite systems (26) and (31) in the following form

d,
j+1 j .
F - [o (-1) " okB, CJ} i—1y-1 j=Li

£(0)= A, )+ 3 R L i)+ 50 (32)
Consider Lyapunov—Krasovskli functional
V=¢ (t)Pg (t)+zz js (t+s)N;e, (t+s)ds, (33)

i=1 j=1_jh
where P=P'>0 is the solution of ATP+PA =-Q,

Q=Q">0, N;=Nj>0. Taking the derivative of (33)
along trajectory of system (32), we get

ZFU e, (t-

i=1l j=1

-1
V =—¢;()Qe, (1) + 2¢,, (t)PY

-1 i

Y
=S L ONe, (0 —&h - N e, (- i)

i=1 j=1

(34)

+ 28 () PO(Y).
Consider upper bounds of terms in (34)

-1 i
2¢} (t)PVZZ Fiep(t— jh) <0.5y(y —Lpxe] ()P e, (1)

i=1 j=1
y-1 i

Y ep(t— jh)FS Fye, (t- jh),
i=1 j=1

2] ())PI() < 72l (P26, () +x 0"

where y > 0.

Taking into account upper bounds,
following form

rewrite (34) in the

v's—g;(t)w%(t)—vfis;(t iNRye, (t—jh)+x ',

i=1 j=1

(35)

where

W =Q-0.5y(y —1)P? —xP? —iiilNij,
i=1 j=!
T =sup|9(t)|2.
t

AT
Rij = Nij X Fij Fij'



Obviously, there exist coefficients o and y such that W>0
and R;; > 0. We get upper bound of (35) in the form

V < W)eh (D, () + 77T (36)
Here A.;,,(W) is the smallest eigenvalue of matrix W. It

follows from (36), that|z(t)|s|sp(t)|§,/)(1r/kmin(\N) ,
therefore, &, < /% "t/ A (W) -

2) Let r > y. Rewrite the operator D(p) in the following form

D(p)=p"[p"", p'% ... 1].
Taking into account (33), rewrite the signal g(t) as follows
T cd g di d i ;
g(®) =p 9(0—;)?39(0—% F_Zl(—l) C/J6(t—jh) . (37)
1= 1= J=

Substituting (37) into (24), transform equation (24) to the
form

&(t) = Ae(t) + onkBl(pT o(t)— Yz_lﬁ—: JO(t)J

v-1d. i . .
- osz{/Z:—: > (~1)ic e - jh)} + kB, Je(t) (38)
i=1 j=1
—B,J0(t) + B, f ().
Rewrite systems (26) and (38):
v-1 i A
£,(t) = A, () + 2> Fe, (t— jh) +8(1), (39)
i=1 j=1
T &4
where A = A+B,J (kal(p - ESFJJ_ okB,J .
NJ M

B
8:{03}1‘ is a bounded function, matrix Fj structure

corresponds to matrix Fj; one in (32).

Since system (39) structure is similar to system (32) one, than
further proof of the second case is similar to the first one.
Theorem 3 is proved.

5. EXAMPLE
Consider the plant in the following form
(P + GsP™ +0,p% + QP+ J2(®) = u(t) + T 1),
y(t) = z(t) + w(t).

The set = of parameters possible values in (40) is given by
inequalities:

(40)

-1<@3<0.1,-2<0,<2,-3<0;£3,-1<qo< 1.
Additionally, [f(t)| < 1.

We choose ;=1 and p =0.01 in (3). The parameter r in (3)
will be determined in Table 1.

Let a=7,dy=0.9,d, =1.5,d, =2 and d; = 0.5. Then control
law (23) could be rewritten in the following form

u(t) =—70.95() + 15y 1) + 252 () + 0570 (1)) (41)

We use observer (22) for estimation of derivatives in (41).
Let h = 1/20. Then the observer (22) is rewritten in the form

y(©) =y,
ye ) = 20[(t) - y(t -0.05)]
y2(t) =20[7°(t) - 7 (¢ - 0.05)}
790 =207 () - 7t - 0.05)]
In addition, compare algorithm (3), (41), (42) with the
classical high-gain observer (Esfandiary and Khalil, 1992)
and modified high-gain observer (Astolfi and Marconi, 2015;

Wang et al., 2015). The control laws (41) are the same in all
algorithms.

(42)

1) Introduce high-gain observer (Esfandiary and Khalil,
1992):

0100 110
. 0010 110%.0.35
t) = t) +
=0 000 1§() 110%.0.05
0000 110*-0.0024 (43)

x(y(t)- 0 0 o))
yty= 0 o ok, vy =[ 1 0 0k,
y2wm=[0 0o 1 okwm, yPwm=[0 0 0 1f);

2) Consider modified high-gain observer (Astolfi and
Marconi, 2015; Wang et al., 2015):

01 0 0
ﬁl(t):|:0 O}ll(t)"{o an(t)
o o To
{” }{ 5}(y(t)—[1 O, (1))

0 110 0.16

01 00
ﬁz(t){o o}“(t){o 1}h(t)

Féo 11%2}{0.8:25}([0 @ -1 o, (®)

01
N3(t) :{ }ns(t)

+

(44)

00

{1;0 11%2}{0.8'1571}([0 -1 0Jns(),

yo =0 o, yOM®=L o, ),
VOM) =L 0lst), YO =[0 ;).
Let gz=0,0,=1, g1 =1, go =0, f(t) = 0, w(t) = sin(0.5-10%)
and z(0)=1, 2z(0)=%(0)=0, 7(0)=-1 in (40). Table 1
shows the maximum errors of estimation of the signal z(t)
derivatives at steady-state mode using control system (3),

(41), (42), control system (41), (43) and control system (41),
(44).



Table 1. The value of e(‘)(t):sup|z(i)(t) - V(i)(t)|, i=03 at
t

steady-state mode (after 8 s) for the proposed algorithm,
algorithms (43) and algorithm (44)

Control system | e(t) et) | e@@) | e®)

Control system
(41), (43)
(high-gain
observer)

0.22 8.41 132.3 698

Control system
(41), (44)
(modified high-
gain observer)

0.26 4.9 31.1 266.1

Proposed

control system
@3). (41), (42
when r=2 in

3)

0.04 0.2 2 57

Proposed

control system
@3). (41), (42
when r=5 in

3)

310° | 7510" | 210° |510°

Table 1 shows that the proposed control algorithm can
significantly reduce the estimate error of derivatives of signal
z. However, the dynamical order of the proposed algorithm
for r = 2 is one less than the dynamical order of the algorithm
(44). Furthermore, it follows from Table 1 that increasing the
parameter r can improve the quality of derivative estimates.

Let q3 = 01! q2 = 21 ql = 31 qO = 1, f(t) = S|n t,
w(t) = sin(0.5-10°t) + sin(10°t) + sin(10%), 2(0) =1,
2(00=2(0)=0, 7(0)=-1 in (40). Fig. 1 shows the

simulation result of z(t), z(t), Z(t) u Z(t) using the
proposed control algorithm (3), (41), (42) for r =5 in (3). The
simulation results of z(t) and Z(t) are represented by
continuous curves and the simulation results of z(t) and
7(t) are represented by dashed ones.

The simulation results show (Fig. 1) that after 10 (s) the
absolute values of the signals z(t), z(t), Z(t) and Z(t) do

not exceed 0.014. However, the absolute values of estimate
errors of z(t), z(t), Z(t) and 7(t) do not exceed 2-107°.

6. CONCLUSION

In this paper the robust control algorithm under parametric
uncertainties, external bounded disturbances and high-
frequency noises in measurement signal was proposed. For
synthesis of control algorithm we used the approach that
allows one to control independently the quality of noise
filtering and the quality of the error of stabilization of the

Fig. 1. The simulation results z(t), z(t) (Fig. 1, a) and Z(t),
Z(t) (Fig. 1, b).

output variable. The simulation results show the effectiveness
of the proposed algorithm as compared as standard high-gain
observer (Esfandiary and Khalil, 1992) and modified high-
gain observer (Astolfi and Marconi, 2015; Wang et al., 2015).
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