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Abstract—In this study, we propose using an over-the-air
computation (OAC) scheme for the federated k-means clustering
algorithm to reduce the per-round communication latency when
it is implemented over a wireless network. The OAC scheme
relies on an encoder exploiting the representation of a number in
a balanced number system and computes the sum of the updates
for the federated k-means via signal superposition property of
wireless multiple-access channels non-coherently to eliminate the
need for precise phase and time synchronization. Also, a re-
initialization method for ineffectively used centroids is proposed
to improve the performance of the proposed method for hetero-
geneous data distribution. For a customer-location clustering
scenario, we demonstrate the performance of the proposed
algorithm and compare it with the standard k-means clustering.
Our results show that the proposed approach performs similarly
to the standard k-means while reducing communication latency.

Index Terms—Federated k-means, over-the-air computation,
unsupervised federated learning.

I. INTRODUCTION

Over-the-air computation (OAC) is a physical layer concept
that can benefit a wide variety of applications for function
computation over a bandwidth-limited wireless channel by
reducing resource utilization to a one-time cost that does not
scale with the number of edge devices (EDs) [1]. It exploits
the signal superposition property of wireless multiple-access
channels to compute a set of special mathematical functions
such as arithmetic mean and sum [2]-[4]. With the increased
attention to computation-oriented applications over wireless
networks, OAC has been utilized as a fundamental tool to
improve communication latency. For example, in [5]-[7],
OAC is used for aggregating gradients or model parameters
of neural networks for supervised distributed training, such
as federated learning (FL) [8f], over a wireless network to
improve per-round communication latency. With the same
motivation, in this work, we investigate OAC for obtaining an
unsupervised federated learning algorithm, i.e., the federated
k-means algorithm, over wireless networks.

The k-means algorithm is a well-known algorithm that
successively partitions a dataset to improve a metric that
measures cluster formation. In the literature, it has been
analyzed for various distributed settings. For instance, in [9],
the authors introduce a privacy-preserving protocol, which
relies on exchanging the centroids between two parties with
vertically- or horizontally-partitioned data. The federated k-
means algorithm is first explicitly mentioned in [[10], where
the authors apply it to a clustering task based on MNIST

and EMNIST datasets. In [11]], a one-shot federated clustering
scheme is proposed. In this method, the EDs run the k-means
locally and send the clustering results to the edge server
(ES) for aggregation. In [12], one-shot federated clustering
is extended to an iterative federated clustering algorithm.
For guaranteeing the privacy of federated k-means, in [13],
it is proposed to use Lagrange encoding on local data and
share the coded data samples across the EDs along with
noise injection. In [14], a federated clustering framework that
determines the number of global clusters and validates the
clustering via Davies—Bouldin index. In [15], the memory
and communication efficiency of the federated k-means is
proposed to be reduced by using the low-dimensional features
of the local data samples. In [[16], it is proposed to initialize
the centroids at the EDs for better centroid initialization. To
the best of our knowledge, the federated k-means algorithm
over a wireless network with OAC is not investigated in the
literature.

In this study, we propose to implement the federated k-
means algorithm over wireless networks with a non-coherent
OAC based on balanced number systems [17]. The pro-
posed approach reduces per-round communication latency
by computing the sum of the local updates for clustering
over the air while promoting data privacy via federation. To
improve the performance of clustering while taking the data
heterogeneity into account, we use a maximum adaptation
approach for the OAC scheme and employ a simple-but-
effective re-initialization method for the centroids that have
small number of data samples. We compare the proposed
algorithm with the case when the global dataset is available
at a central server for various OAC configurations under
different channel conditions.

II. SYSTEM MODEL
A. Problem Statement

Consider a scenario where K EDs are connected to an ES
over a wireless network. Let Dy, denote the dataset available at
the kth ED, where a data sample d in Dy, is an L-dimensional
real vector, Vk. Suppose that the EDs are not willing to
share their datasets with the ES due to privacy considerations.
Under this constraint, the objective of each ED is to learn
where data samples are clustered in the global dataset, i.e.,
D =D,UDyU---UDg, for further inference. For instance,
consider the rectangular tessellation given in Fig. [I] with 100
tiles, where each tile corresponds to a retail store in a mall.
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Fig. 1. A clustering scenario. Each tile corresponds to a retail store in a mall,
where each store has a local dataset containing their customers’ locations
(black and gray points). The stores are interested in where the customers are
clustered in the mall without uploading their datasets to a central server.

Each retail store has a dataset that contains the precise x- and
y-coordinates of their customers’ locations, i.e., the points
that reside within the corresponding tile. For this scenario, to
assess the customers’ preferences, each store is interested in
where the points (e.g., customers’ locations) are clustered in
the entire mall without uploading their datasets to a central
server. For this example, the EDs may be local radios at the
retail stores, connected to a base station, i.e., an ES, located
at the center of the mall. As can be seen from Fig. [I] the data
distributions and the cardinalities of datasets at the EDs can
widely vary since each dataset contains only the customers’
positions within the store.

The aforementioned scenario can be expressed as an op-
timization problem seeking for the centroids of C' disjoint
clusters Sy, ..., Sc that partition the set D to minimize a loss
function given by

C
=3 > d = pell; ()

c=1desS.

f(S1,.., 8¢

where pe = 5 Sc Zd s, d is the centroid of cth cluster. The
minimization of (1)) is NP-hard [18]]. Hence, we consider an

approximate solut10n via the k-means clustering algorithm.
The standard k-means algorithm aims to solve (I)) it-
eratively. For a given a set of centroids c§”>7...,c(}l ), it
calculates the cth cluster based on Euclidean distance as
= {d|||d — ||2 <|d —c ||2,Vc’} Subsequently,

the cth centroid is updated as

>d, @

desi™

) = (1= el +

5]

for |S(")| > 0, where p is the learning rate and equal to 1
for the standard k-means algorlthm

For our scenario, the partition S m) , Ve, cannot be formed
since the global dataset is not avallable at the ES. With

federated k-means, clustering can be achieved without the
global dataset as follows: The ES distributes cgn), e c(cn ) to
the EDs for the nth iteration. Given the centroids, each ED
computes the local clusters based on its local dataset as

Sp = {d|jd -

™2 < |ld — |3, V¢, d € Dy}

The update step in can then be re-expressed as

" = (1= p)el + 4 Z Ya o @
‘ k=lgest™
K
=c™ 4+ pu Z Acgfc) , (5)
c k=1

for |SIM| =K | \S )| >0 and Ac,(fz is defined by

Ac) e 3" d - 6)

Thus, with the federated k-means algorithm, the kth ED
shares either the sum of data samples within the cluster or
the total change with the ES, as can be seen in @I) and
(@), respectively. Since the data samples are not shared with
the federated k-means algorithm, the privacy is improved at
the expense of per-round communication latency (or resource
utilization) that grows linearly with the number of EDs due
to the communication between the EDs and the ES. In this
work, we address the latency issue of the federated k-means
over wireless networks with OAC.

B. Signal model and wireless channel

We assume that each ED and the ES are equipped with
a single antenna and the large-scale impact of the wireless
channel is compensated with a state-of-the-art power control
mechanism [|19]]. For the signal model, we assume that the
EDs access the wireless channel on the same time-frequency
resources simultaneously with orthogonal frequency division
multiplexing (OFDM) symbols. Assuming that the cyclic
prefix (CP) duration is larger than the sum of the maximum
time-synchronization error and the maximum-excess delay of
the channel, the received symbol on the [th resource (e.g., an
OFDM subcarrier) can be expressed as

Y™ = Z B +w™ 7

where hgcnl) ~ CN(0,1) is the channel coefficient between the
ES and the kth ED, x,(:l) € C is the transmitted symbol from

the kth ED, and wl(") ~ CN(0,02) is zero-mean symmetric
additive white Gaussian noise (AWGN) with the variance o2.
SNR = 1/02 denotes the signal-to-noise ratio (SNR) of an ED

at the ES receiver.



III. FEDERATED k-MEANS WITH NON-COHERENT OAC

In this section, we discuss how we address the communica-
tion bottleneck of wireless federated k-means by computing
the sum in (3)) with a non-coherent OAC scheme without using
the channel state information (CSI), i.e., h,(cnl), Vk, VI, at the
EDs and ES. To this end, we consider the OAC scheme that
exploits balanced number systems [|17]].

A. Edge Device - Transmitter

Let v,gn; be the (¢ + 1)th element of
vec([Ac,(jl),...,Ac,(f)c]) € REC for q € {0,1,...,LC — 1},
where vec(:) is the vectorization operation. The kth ED

encodes 11,(:; into a sequence of length D as

(10 5o s s ) = eneip(B)) 5 (8)

forny") € Sg 2 {s;ls; = j—(6-1)/2,j € {0,1,..., -1},
vd, where B is an odd positive integer (i.e., base) and fenc g
is a function that maps v,(C " o a sequence of D numerals
in a balanced number system with base 8. The numerals are
obtained via fenc,g(’l}](c, q) ) as follows [[17]:

1) vk q is clamped as v = max(—vmax, min(v,(:q)7 Vmax))
to ensure v’ € [—Umax, vmax] for a given vyay > 0.

2) v’ is re-scaled as Ug v —t—f—i—f

3) The scaled value is mapped to an integer between 0 and

2¢ with a floor operation and the corresponding integer
is expanded as fv v+ €+ 7J = 5:_01 baB?, for
bk7d€Z/3 and§—( — )/2

4) 77;5:2,[1 is calculated as 77;(;2@ =bys— (B—1)/2, Vd.

It is worth noting that the quantized v,in; can be obtained as

—(n n n ’Umax
01(67(1) = fdec,B (77](67;7D_17 . 777]E q) 0) £ Z nk .q, dﬁ

)
We refer the reader to [17] for several numerical examples
with fenc,,B and fdec,ﬁ~
Without loss of generality, in this study, we use a resource
mapping rule given by [ = SDq + 8d + j for a given triplet
(¢,d, 7). Based on the numerals obtained in (8), we compute
the transmitted symbol m,(:l) in (7) as

x,g"l) = \ﬁr x 1 [nk gd = sj} , (10)
for s; € Sg, where Ej £ /B is the symbol energy, r,(c"l)
is a random quadrature phase-shift keying (QPSK) symbbl
to improve the peak-to-mean envelope power ratio (PMEPR)
of the corresponding OFDM waveform, and the function I []
results in 1 if its argument holds, otherwise, it is 0. Thus,
with (T0), S complex-valued resources are dedicated to each
numeral, and one of them is activated based on its value.
Since all EDs access the spectrum simultaneously for OAC,
the number of complex-valued resources consumed for each
communication round can be calculated as LC'SD and not

Algorithm 1: Wireless federated k-means with OAC
Input: C(O), C(C(’)> Ux(x?zztxvsminvﬂyavagvﬂvDaN
N N
Output: c( ),...,c(c)
forn=1: N do
/* Processing @ EDs

for k=1: K do
Compute S Ignc) with (@), Ve
Compute Acgfc) with (@), Ve

Compute :ci"l) with (0), Vi

/* Superposition in the uplink
The EDs transmit the OFDM symbols simultaneously for OAC
The EDs transmit |$( )| m<”) Ve
/ * ProceSSLHg @ ES
Compute v ) with 1@, v
Update v,(fai with (12)
Update c("+1) with @), V¢’ € E°
Update ¢, "D with (I=C), v¢"” € E
/* Broadcast in the downlink
The ES broadcasts v,(fail) s c£n+1)7‘v’c

scaled with the number of EDs. Also, as the EDs do not
use CSI, not only the channel estimation overhead but also
the need for phase and precise time synchronizations are
eliminated with the aforementioned OAC scheme. Note that,
without OAC, the number of resources required may be
roughly calculated as LC K TpisTcompressionVbits; Where 7 is
the spectral efficiency in bits/s/Hz, rcompression 18 the compres-

sion ratio, NVyys 1s the number of bits for representing v( )

B. Edge Server - Receiver
At the ES, we exp101t the fact that the (¢ + 1)th element
of vec(3F Act™ D Ac” )) denoted by v\™
k=12Ck, 100 2uk=1 2 C y vg *, can
be obtained approx1mately by using (@) as
D-1 K

(n) ~ (n) _ vmaX (n) pd
Z” Z” > D Mgl
d=0 k=1
(n) (n
= fdec,ﬂ (Gq D—13"" O'q7)) 5
for J(”) £ Zk o (qu, ZJ 053 0.d.j» Where K g

denotes the number of EDs given that the dth numeral in (8)
is s;. Hence, we need to estimate K, q ;, Vd, Vj, to obtain
an estimate of vq " In [[17], it is shown that the norm of y( ")
can be used as K, 4; = (||, n)HQ 02)/Es, where ¢, d, and
Jj can be obtained as ¢ = |I/(Dg)], d = [l/8] mod D, and

j =1 mod B, respectively, base(:d) on the(: gesource mapping

rule at the transmitters Finally, Oo.d and vy ' can be estimated
as [7((]”3 = Z; o SjKq.4,; and
00 = faees (5010 oiiel)) o an

respectively. Subsequently, cﬁn) is updated via (3).

In this study, we assume that each ED reports the cardinal-
ity of the local partitions, i.c., {|S,i”c) |,Vel, to the ES for |S{™|
calculation. It is worth noting that the sum for computing
|Sc(n) | can be evaluated with OAC for further resource saving.
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Fig. 2. The loss over the communication rounds for the wireless federated k-means with OAC (Syin = 0).

C. Enhancements IV. NUMERICAL RESULTS

The performance of the wireless federated k-means with
the proposed OAC scheme can be improved further with
several methods. To reduce the quantization error, we adopt a
similar protocol discussed in [17] to set vyax adaptively. With
this strategy, vmax 1S updated throughout the communication
rounds as

In this section, we analyze the performance of the wire-
less federated k-mean with the proposed OAC scheme for
the scenario illustrated in Fig[ll We consider a 100 m X
100 m rectangular area for K = 100 EDs. We express
the user’s locations in a 2-D Cartesian coordinate system
(i.e., L = 2) based on a mixture of Gaussian distributions

(n+1) _ (n) (10000 points) and a uniform distribution (100 points). We

Umax © = @ X maximy =, (12) choose the mixture weights, the mean values on the z-

and y-axes, and the standard deviations on the z- and y-

where m;n) = max, Ul(:q) is a single parameter transmitted to axes for the Gaussian mixture model as (0.6, 20, 20,5, 1),

the ES over an orthogonal channel from the kth ED. (0.1,75,25,7,7), (0.1,50, 50, 10, 1), (0.1,75,75,0.5,4), and
Since the ES does not know the global dataset, the cardi- (0.1,20,60, 1,10). For the uniform distribution, we set the
nality of some of the partitions can be 0. Hence, the corre-  distribution boundaries 0 and 100 meters for both z- and

sponding centroids cannot be updated with (3). To address = Y-aXes. For the algorithm, we consider C' = 100 clusters,

this issue, we introduce a generalized re-initialization step as ~ Where the initial values of the centroids are set o the center
c(fﬂ) _ c(fL) +n(n) for ! € E 2 {c|8£")| < Sonins Sonin > of the tiles, as shown in Fig We choose vmax = 300,

c c c’ = _ - 2

0}, where ¢’ is chosen randomly from E¢ £ {1,...,C}/E and Smin € {0,5}, p = 0.1, a = 1.2, I¢ = L, B € {3,5}

ngf) is a zero-mean random Gaussian vector with the variance and D - _{1’3}' We run the algorithm for N = 1000

of 62. With (ITI-C), the ES re-initializes a centroid where the communication rounds. We generate the results for AWGN

g ’ : e channel (i.e Y = 1, Vk Vl), flat fading channel (i.e
cardinality of the corresponding partition is less than Sy, by ) (' )" k.l > VR, V), g €
n n n

assigning it to a point nearby a centroid with |SUV| > Spin. ) = Py ~ CN(0,1), Vk, VI, U',1 # 1), and frequency-

The corresponding algorithm with the aforementioned en- selective fading channel (i.e., h,(fl) ~ CN(0,1), Yk, V1) for

hancements is given in Algorithm [T SNR € {10,20} dB. We regenerate the channel coefficients
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Fig. 3. The loss over the communication rounds for the wireless federated k-means with OAC (Syin = 5).

to model the time variation. We compare our results with the
standard k-means algorithm, denoted as the baseline, i.e., the
scenario when D is available at the ES for clustering.

In Fig.[2] we provide the loss in (I)) over the communication
rounds for Sy, = 0 and SNR = {10,20} dB for different
channel conditions. In this case, the re-initialization step
discussed in Section [[II=C] is disabled. For D = 1, the
OAC scheme introduces high quantization errors for both
S = 3 and B = 5. Hence, for all channel conditions and
SNR levels, their performances are worse than the cases for
D = 2. The proposed scheme performs similarly to the
baseline for D = 2 and § = 5. The performance of the
proposed scheme is slightly better than that of the baseline
due to the random noise in the communication channel, which
allows the algorithm to find a better local optimum point.
We observe a similar improvement when SNR is reduced to
20 dB from 10 dB. In Fig. 3] we analyze the same scenario
in Fig. |Z| for Spmin = 5. In this case, the partitions have at
least 5 data samples. Since the centroids are utilized more
effectively, the loss is reduced further as compared to the ones
in Fig. [2] The simulation results vary marginally for different
channel conditions, indicating that the wireless federated k-
means with the OAC and the standard k-means can perform
similarly when the quantization error is reduced by increasing
D or (. Also, with the proposed scheme, LC3D = 2000

complex-valued resources need to be utilized for computing
the centroid updates. On the other hand, the same computation
without OAC requires LC K TitsTcompressionVbits = 32000 for
Tbits Dits/S/HZ, Tcompression = 1/5, and Npigs = 8.

In Fig. @] and Fig. 5| we provide the locations of the
centroids after N = 1000 communication rounds for Sp;, = 0
and Sp;, = 5. As can be seen, the centroid locations are
similar to each other in different channel conditions. We
observe that some of the centroids do not change their
locations as the local datasets are empty for the baseline. It
is also worth noting that some of the centroids are aligned
with the data samples for Sy, = 0. This is because the
corresponding partitions have only one data sample. This
implies that the federated k-means algorithm requires any
extra precautions such as noise injection for enhancing privacy
[13]. These issues are addressed for Sy, = 5. In this case,
the centroids are more localized in densely populated areas,
resulting in a better representation of the users’ locations.
The centroids are likely not to be aligned with a specific user
location as a partition has at least 5 data samples in this case.

V. CONCLUDING REMARKS

In this study, we propose a wireless federated k-means
clustering algorithm along with an OAC scheme that does
not require CSI at the ES and EDs to address per-round
communication latency. By considering data heterogeneity,
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Fig. 4. The final centroids for the wireless federated k-means with OAC
(SNR = 10 dB, Spin = 0).

we utilize a maximum-value adaptation method to reduce
quantization error and a re-initialization strategy for a centroid
that has a small cardinality in the corresponding partition to
improve the performance of the algorithm. For a customer-
location clustering scenario, we assess the proposed algorithm
under different channel conditions and OAC configurations.
Our results indicate that the proposed approach can perform
similarly to the standard k-means while reducing the per-
round communication latency notably. Future work will ana-
lyze the convergence of the proposed approach.

REFERENCES

[1] A. Sahin and R. Yang, “A survey on over-the-air computation,” IEEE
Communications Surveys & Tutorials, pp. 1-32, 2023.

[2] B. Nazer and M. Gastpar, “Computation over multiple-access channels,”
IEEE Trans. Inf. Theory, vol. 53, no. 10, pp. 3498-3516, Oct. 2007.

[3] M. Goldenbaum, H. Boche, and S. Staniiczak, “Harnessing interference
for analog function computation in wireless sensor networks,” IEEE
Trans. Signal Process., vol. 61, no. 20, pp. 4893-4906, 2013.

[4] ——, “Nomographic functions: Efficient computation in clustered
Gaussian sensor networks,” IEEE Trans. Wireless Commun., vol. 14,
no. 4, pp. 2093-2105, 2015.

[5] A. Sahin, “Distributed learning over a wireless network with non-
coherent majority vote computation,” IEEE Trans. Wireless Commun.,
pp. 1-16, 2023.

[6] G. Zhu, Y. Wang, and K. Huang, “Broadband analog aggregation for
low-latency federated edge learning,” IEEE Trans. Wireless Commun.,
vol. 19, no. 1, pp. 491-506, Jan. 2020.

[71 G. Zhu, Y. Du, D. Giindiiz, and K. Huang, “One-bit over-the-air aggre-
gation for communication-efficient federated edge learning: Design and
convergence analysis,” IEEE Trans. Wireless Commun., vol. 20, no. 3,
pp. 2120-2135, Nov. 2021.

(d) Freq.-sel. channel, 8 =5, D = 3.

100 100
o o)
§ i :
80 80
, 3 : ] ‘ g
— ¥ — L
E 40 - ~ E e —
Q y Q
o - o
c oo c .
8 § g
T 40— T 40 :
(=] b (=] >
20 ﬁ%" - 20 [l
A = .
0 20 40 60 80 100 0 20 40 60 80 100

Distance [m] Distance [m]

(a) Baseline. (b) AWGN, 8 =5, D = 3.

100 100
o . _
80 - : 80 e é
5 ’ i ‘ = k]
£ 60 : : — £ 60 - 5
Q 3 Q
o [$]
j = c
i) 8
B 40— ® 40
[} ¢ =}
20 ﬁw - 20
LT ], , e
0 20 40 60 80 100 0 20 40 60 80 100

Distance [m]

(c) Flat fading, 8 =5, D = 3.

Distance [m]
(d) Freq.-sel. channel, 8 =5, D = 3.

Fig. 5. The final centroids for the wireless federated k-means with OAC
(SNR = 10 dB, Spin = 5).

[8] B. McMahan, E. Moore, D. Ramage, S. Hampson, and B. A. y.
Arcas, “Communication-Efficient Learning of Deep Networks from
Decentralized Data,” in Proc. International Conference on Artificial
Intelligence and Statistics (AISTATS), A. Singh and J. Zhu, Eds., vol. 54.
PMLR, Apr 2017, pp. 1273-1282.

[9] G. Jagannathan and R. N. Wright, “Privacy-preserving distributed
k-means clustering over arbitrarily partitioned data,” in Proc. ACM
International Conference on Knowledge Discovery in Data Mining,
New York, NY, USA, 2005, pp. 593-599.

[10] H. H. Kumar, K. V R, and M. K. Nair, “Federated k-means clustering: A
novel edge Al based approach for privacy preservation,” in Proc. IEEE
International Conference on Cloud Computing in Emerging Markets
(CCEM), 2020, pp. 52-56.

[11] D. K. Dennis, T. Li, and V. Smith, “Heterogeneity for the win: One-shot
federated clustering,” ser. Proceedings of Machine Learning Research,
M. Meila and T. Zhang, Eds., vol. 139, Jul. 2021, pp. 2611-2620.

[12] A. Ghosh, J. Chung, D. Yin, and K. Ramchandran, “An efficient
framework for clustered federated learning,” IEEE Transactions on
Information Theory, vol. 68, no. 12, pp. 8076-8091, 2022.

[13] S. Li, S. Hou, B. Buyukates, and S. Avestimehr, “Secure federated
clustering,” 2022.

[14] M. Stallmann and A. Wilbik, “On a framework for federated cluster
analysis,” Applied Sciences, vol. 12, no. 20, 2022.

[15] X.Zhou and X. Wang, “Memory and communication efficient federated
kernel k-means,” IEEE Trans. Neural Net. Learn. Syst., pp. 1-12, 2022.

[16] K. Yang, M. M. Amiri, and S. R. Kulkarni, “Greedy centroid initial-
ization for federated k-means,” in Proc. IEEE Annual Conference on
Information Sciences and Systems (CISS), 2023, pp. 1-6.

[17] A. Sahin, “Over-the-air computation based on balanced number
systems for federated edge learning,” 2023. [Online]. Available:
https://arxiv.org/abs/2210.07012

[18] M. Garey, D. Johnson, and H. Witsenhausen, “The complexity of the
generalized lloyd - max problem (corresp.),” IEEE Transactions on
Information Theory, vol. 28, no. 2, pp. 255-256, 1982.

[19] E. Dahlman, S. Parkvall, and J. Skold, 5G NR: The Next Generation
Wireless Access Technology, 1st ed. USA: Academic Press, Inc., 2018.


https://arxiv.org/abs/2210.07012

	Introduction
	System Model
	Problem Statement
	Signal model and wireless channel

	Federated k-Means with Non-coherent OAC
	Edge Device - Transmitter
	Edge Server - Receiver
	Enhancements

	Numerical Results
	Concluding Remarks
	References

