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Abstract

The computational model of population protocols is a formalism that allows the
analysis of properties emerging from simple and pairwise interactions among a very
large number of anonymous finite-state agents. Significant work has been done so far
to determine which problems are solvable in this model and at which cost in terms of
states used by the agents and time needed to converge. The problem tackled in this
paper is the population proportion problem: each agent starts independently from each
other in one of two states, say A or B, and the objective is for each agent to determine
the proportion of agents that initially started in state A, assuming that each agent
only uses a finite set of states, and does not know the number n of agents. We propose
a solution which guarantees that in presence of a uniform probabilistic scheduler every
agent outputs the population proportion with any precision ¢ € (0,1) with any high
probability after having interacted O(logn) times. The number of states maintained
by every agent is optimal and is equal to 2[3/(4¢)] + 1. Finally, we show that our
solution is optimal in time and space to solve the counting problem, a generalization of
the proportion problem. Finally, simulation results illustrate our theoretical analysis.

Keywords Population protocols; Proportion; Majority; Counting; Performance evalua-
tion.
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1 Introduction

In 2004, Angluin et al. [4] have proposed a model that allows the analysis of emergent global
properties based on pairwise interactions. This model, named the population protocol,
provides minimalist assumptions on the computational power of the agents: agents are
finite-state automata, identically programmed, with no identity, unaware of the population
size n, and they progress in their computation through random pairwise interactions. The
objective of this model is to ultimately converge to a state from which the sought property
can be derived from any agent [8]. Examples of systems whose behavior can be modeled
by population protocols range from molecule interactions of a chemical process to sensor
networks in which agents, which are small devices embedded on animals, interact each
time two animals are in the same radio range. A considerable amount of work has been
done so far to determine which properties can emerge from pairwise interactions between
finite-state agents, together with the derivation of lower bounds on the time and space
needed to reach such properties (e.g., [2,6,12,14,17]). Among them, is majority. Briefly,
each agent starts independently from each other in one of two input states, say A and B,
and the objective for each agent is to eventually output yes if a majority of agents started
their execution in input state A and no otherwise. Section 4 provides an overview of the
results recently obtained for the majority task.

In this paper, we focus on a related but more general question. Namely, instead of
having each agent answer yes if a majority of agents initially started their execution in
input state A, one may ask the following question:

”Is it feasible for each agent to compute quickly and with any high precision the pro-
portion of agents that started in the input state A?”.

Answering such a question is very important in the context of, for example, infectious-
disease surveillance of large-scale animal populations. In this context, different kinds of
alerts could be triggered according to the infected population proportion (e.g., Alert 1
is triggered if less than 0.05% of the population is infected, Alert 2 if this proportion
lies in [0.05%,3.0%), Alert 3 if it lies in [3.0%,10.0%), and so on ...). Input state A
would manifest an excessive temperature of an animal while input state B would indicate
a safe temperature. By relying on the properties exhibited by our population protocol
(convergence time logarithmic in the population size and memory space proportional to
the sought precision), one can easily implement a regular and self-autonomous monitoring
of large-scale populations.

We answer affirmatively to this question, and we propose a population protocol that
allows each agent to converge to a state which, when queried, provides the proportion of
agents that started in a given input state. Specifically, each agent is a (2m + 1)-finite state
machine, m > 1, where m is the value associated to input state A and —m is the one
associated to input state B. Each agent starts its execution with m or —m, and each pair
of agents that meet, adopt the average of their values (or as close as they can get when
values are restricted to integers, as will be clarified in Section 5). The rationale of this
method [1,3,16] is to preserve the sum of the initial values, and after a small number of
pairwise interactions, to ensure that every agent converges with high probability to a state
from which it derives the proportion of agents that started in a given state. Technically, our
protocol guarantees that each agent is capable of computing with any precision ¢ € (0, 1)
the proportion of agents that initially started in a specific input state by using 2[3/(4¢)]+1
states. This is achieved in no more than (—2Ine + 8.47Ilnn — 13.291n§ — 2.88) interactions
with probability at least 1 — 4§, for any § € (0, 1).

Our second contribution relates to the counting problem. The counting problem gener-
alizes the majority problem by requiring, for each agent, to converge to a state in which each



agent is capable of, assuming the knowledge of n, computing n4 or ng, where ny and np
represent respectively the number of agents that started in state A and B. In the present
paper, we prove that the counting problem can be solved using O(n) states per agent. This
significantly improves upon a previous analysis [16] that shows that O(n%/2/§'/?) states
allow each agent to converge to the exact solution in no more than a logarithmic number
in n of interactions, with 6 € (0,1). What is very important to notice is that this drastic
improvement is due to an original convergence analysis that allows us to refine previous
results. Indeed, both [16] and the present paper rely on the same interaction rules, however
by precisely characterizing the evolution of the interacting agents, our present analysis is
highly tighter. We also demonstrate that any protocol that solves the counting problem re-
quires (log n) parallel interactions to converge and 2(n) local states. As will be detailed,
this shows that our algorithm is an optimal solution both in space and time to solve the
counting problem and optimal in space to solve the proportion one.

The remainder of this paper is organized as follows. Section 2 presents the popula-
tion protocol model. Section 3 specifies the problem addressed in this work. Section 4
provides an overview of the most recent population protocols. The protocol to compute
the population proportion is presented in Section 5. Analysis of the protocol is detailed
in Section 6. We show in Section 7, that our protocol is optimal both in space and time.
We have simulated our protocol to illustrate our theoretical analysis. Section 8 presents a
summary of these simulation results. Finally, Section 9 concludes.

2 Population protocols model

The population protocol model has been introduced by Angluin et al. [4]. This model
describes the behavior of a collection of agents that interact pairwise. The following def-
inition is from Angluin et al [7]. A population protocol is characterized by a 6-tuple
(Q,%,Y,1,w, f), over a complete interaction graph linking the set of n agents, where @ is
a finite set of states, ¥ is a finite set of input symbols, Y is a finite set of output symbols,
L2 — Q is the input function that determines the initial state of an agent, w: @Q — Y is
the output function that determines the output symbol of an agent, and f: @ xXQ — Q@ xXQ
is the transition function that describes how any two distinct agents interact and locally
update their states. Initially all the agents start with a initial symbol from ¥, and upon
interactions update their state according to the transition function f. Interactions between
agents are orchestrated by a random scheduler: at each discrete time, any two agents are
randomly chosen to interact with a given distribution. Note that the random scheduler is
fair, meaning that any possible interaction cannot be avoided forever. The notion of time
in population protocols refers to as the successive steps at which interactions occur, while
the parallel time is equal to the total number of interactions averaged by n [8]. Agents
do not maintain nor use identifiers (agents are anonymous and cannot determine whether
any two interactions have occurred with the same agents or not). However, for ease of

presentation, the agents are numbered 1,2,...,n. We denote by C’t(i) the state of agent 4

at time ¢. The stochastic process C' = {Cy, t > 0}, where C; = (C’t(l), .. ,Ct(n)), represents
the evolution of the population protocol. The state space of C' is thus Q" and a state of
this process is also called a protocol configuration.

3 The Proportion Problem

We consider a set of n agents, interconnected by a complete graph, that start their execution
in one of two states of ¥ = {A, B}. Let n4 be the number of agents whose initial state is



A and np be the number of agents that start in state B. The quantity v4 = na/n (resp.
vp = np/n) is the proportion of the agents that initially started in state A (resp. in state
B). The output set Y is the set of all possible values of v4, that is a subset of [0,1]. In

the following we introduce the notation v = v4 — yg. Let w A(Ct(l)) be the approximation
of v4 by agent i at time t.

A population protocol solves the proportion problem within 7 steps (with preferably
in O(logn)) if for all § € (0,1), for all € € (0,1) and for all ¢t > 7, we have

lP{|wA(C't(i)) —ya|<eforalli=1,...,n} >1—0.

4 Related Work

In 2004, Angluin et al. [4] have formalized the population protocol model, and have shown
how to express and compute predicates in this model. Then in [5] the authors have com-
pletely characterized the computational power of the model by establishing the equivalence
between predicates computable in the population model and those that can be defined in
the Presburger arithmetic. Since then, there has been a lot of work on population proto-
cols including the majority problem [2,6,12,14,17], the leader election problem [9,15], in
presence of faults [11], and on variants of the model [10,13].

The closest problem to the one we address is the computation of the majority. In
this problem, all the agents start in one of two distinguished states and they eventually
converge to 1 if v > 0 (i.e. nga > np), and to 0 if 7 < 0 (i.e. na < np). In [12,14] the
authors propose a four-state protocol that solves the majority problem with a convergence
parallel time logarithmic in n but only in expectation. Moreover, the expected convergence
time is infinite when ny and np are close to each other (that is v approaches 0). The
authors in [6,17] propose a three-state protocol that converges with high probability after
a convergence parallel time logarithmic in n but only if v is large enough, i.e when |n4 —
np| > v/nlogn. Alistarh et al. [2] propose a population protocol based on an average-and-
conquer method to exactly solve the majority problem. Their algorithm uses two types of
interactions, namely, averaging interactions and conquer ones. The first type of interaction
is close to the one used in our protocol while the second one is used to diffuse the result
of the computation to the zero state agents. Actually, to show their convergence time,
they need to assume a rather large number of intermediate states (i.e. 2d states, with
d = 1,000). This is essentially due to the fact that they need to prove that all the agents
with maximum positive values and minimal negative values will have sufficiently enough
time to halve their values. Note that in practice, their algorithm does not require more than
n state to converge to the majority, however their proof necessitates m -+ 1,000 log m logn
with lognlogm < m < n states, and at least 432logmlogn interactions per agent to
converge to the majority, where m is the initial value associated to state A.

In [16], the authors have presented a solution to the counting problem. As previously
said, the counting problem generalizes the majority problem by requiring, for each agent,
to converge to a state in which each agent is capable of, assuming the knowledge of n,
computing n4 or np, where ns and np represent respectively the number of agents that
started in state A and B. Both [16] and the present paper use the same interaction rules,
but of course the output functions in both papers are different. The originality of [16],
beyond tackling a new problem, was a proof of convergence based on tracking the euclidean
distance between the random vector of all agents’ values and the limiting distribution. In
the present paper, we provide a highly tighter analysis which shows that the interaction
rules together with the ”counting” and ”proportion” output functions are optimal solutions



to solve both problems.

5 Computing the Proportion

Our protocol uses the average technique to compute the proportion of agents that started
their execution in a given state A. The set of input of the protocol is ¥ = {A, B}, and
the input function ¢ is defined by ¢(4) = m and «(B) = —m, with m a positive integer.

This means that, for every ¢ = 1,...,n, we have C(()i) € {—m,m}. At each discrete
instant ¢, two distinct indices i and j are chosen among 1,...,n with probability p; ;(t).
Once chosen, the couple (i,7) interacts, and both agents update their respective local

state C’t(i) and C't(j ) by applying the transition function f, leading to state Cy41, given by
F(ef,.cf) = (€, O, with

(cfheth) - (|50

The set @ of states is {—m, —m + 1,...,m — 1,m}. The output function is given, for all
z € Q by,

2

@ L A6
,[Cﬁ + G D and O = C™ for m #4,5. (1)

wa(z) = (m+x)/2m.

Finally, the set of output Y is the set of all possible values of wy, i.e.

1 2 9m —2 2m — 1
Y:{O e e ,1}.

“om’ 2m’ 2m 2m

6 Analysis of the Proportion Protocol

We denote by X; the random variable representing the choice at time ¢ of two distinct in-
dices ¢ and j among 1,...,n with probability p; ;(t), that is P{X; = (¢,4)} = pi;(t).
We suppose that the sequence {X;, ¢ > 0} is a sequence of independent and iden-
tically distributed random variables. Since C} is entirely determined by the values of
Co, Xo, X1,...,X;_1, this means in particular that the random variables X; and C; are
independent and that the stochastic process C is a discrete-time homogeneous Markov
chain. As usual in population protocols, we suppose that X; is uniformly distributed, i.e.

that is
1

pii(t) = nn—1)

We will use in the sequel the Euclidean norm denoted simply by ||.|| and the infinite norm
denoted by ||.||o defined for all x = (x1,...,z,) € R™ by

n 1/2
||| = (ng) and ||z]joc = max |z;].
=1 =1 n

It is well-known that these norms satisty ||z|lec < ||z] < /7% co-

Lemma 1 For every t > 0, we have

f: ¥ = f: cy.
=1 =1



Proof. The proof is immediate since the transformation from C; to Cyy1 described in
Relation (1) does not change the sum of the entries of Cyt1. Indeed, from Relation (1), we

have Ct(j-)l + C’t(i)l = C’t(i) + lej ) and the other entries do not change their values. |

We denote by £ the mean value of the sum of the entries of C; and by L the row vector
of R™ with all its entries equal to ¢, that is

= lZot(i) and L = (¢,...,0).
n

=1

Our analysis is orchestrated as follows. By relying on the mathematical tool derived
in Theorem 2, we show in Theorem 5 that the stochastic process C; belongs to the ball
of radius y/n/2 and center L in the 2-norm, with any high probability, after no more
than O(logn) parallel time. Then, assuming that the stochastic process C; belongs to the
ball of radius \/n/2 and that ¢ — [¢] # 1/2, we demonstrate that the stochastic process
Cy belongs to the open ball of radius 3/2 and center L in the infinite norm, with any
high probability after no more than O(logn) parallel time (Theorem 6). In practice this
means that all the entries of the subsequent configurations will be among the three closest
integer values of ¢. Then by applying Theorem 5 and Theorem 6 (if ¢ — [¢]| # 1/2) or
Theorem 4 (otherwise), we derive our main theorem (see Theorem 7) which shows that in
both cases the stochastic process C; belongs to an open ball of radius 3/2 and center L in
the infinite norm, with any high probability in O(logn) parallel time. Finally, we have all
the necessary tools to construct an output function which solves the proportion problem
in O (logn —loge — logd) parallel time, and with O(1/¢) states, for any €, € (0,1) (see
Theorem 8). In order to simplify the writing we will use the notation Y; = ||C; — L||? when
needed and we denote by 1y 4, the indicator function which is equal to 1 if condition A is
satisfied and 0 otherwise.

The following Theorem is a conditional version of Theorem 6 of [16].

Theorem 2 For every 0 < s <t and y > 0, we have

B Yz s (1o 1) BOLYze+ ] @)

Proof. From Relations (1) we have, for every ¢ > 0,
LSS [0 — o)?
_ i J
Yim=Yi—3 Z Z [(Ct -G ) ~Lowiew odd}} Lixi=(ig}-
i=1 j=1

Multiplying on both sides by liy,>,) gives

_ @ _ o
Yiriliyooyy = Yilyiy) — ZZ[(C -C ]) ~ Lo iew odd}:| Lzl ixe=(i))-

=1 j=1
(3)
Taking the expectations and using the fact that X; and C; are independent, we get

E (Yis1liy,>yy) = E (Yilgyisy)

L[~ [0 A00)2
~ ok ZZ[@ =) =100 gy vz | Pi(h)

i=1 j=1



Since

1
pij(t) = nn—1)’
we obtain
B (Yo lyizy) = E (Vilgy,2y)
1 N[ (0 o0)?
EETCEn R PP Kct =0} = U aay| Tz
i=1 j=1

It has been shown in [16], that

n n ) 2

S (e =) =2y

i=1 j=1

If ¢; denotes the number of odd entries of C}, we have

n n
>0 Lt e oaay = 2t — a1).

i=1 j=1

The function g defined, for z € [0, n], by g(z) = x(n—=) has its maximum at point x = n/2,
so we have 0 < g(z) < n?/4. This gives

n o n 2
1 oo o <
ZZ (P40 oddy = 9

i=1 j=1
It follows that
1

n —

n
1) E (Kfl{YSZy}) + 74(72 — 1)113{Ys >y},

B (Yit1lpy,zy) < <1 -

n—1 P n—1
Since
t—1 1 7 [e’e] 1 )
> (e R
n—1 ¢ n —
=0 =0
we get

1

n —

t—s
B (Yilgy,zy) < (1 - 1) B (Yolyizy) + %P{Ys >y},

and thus we have

1 t—s n
E(YtIYSZy)g<1—n_1> ]E(YSWSZZ,HZ,

which completes the proof. |

Lemma 3 The sequence Y; = ||Cy — L||? is decreasing with t.



Proof. See [16]. [ |

Theorem 4 For all § € (0,1), if ¢ — |¢| = 1/2 and if there exists a constant K such that
ICo — L||ooc < K, then, for everyt > (n—1)(2In K +Inn —Ind), we have

P{||C; — Llloo # 1/2} < 0.

Proof. If ¢ — [¢] = 1/2 then, since all the C’t(i) are integers, we have |C't(i) — | > 1/2, for
every i = 1,...,n. It follows that
n
IC = L] > 1
If there exists ¢ such that |C’t(i) — ¢ > 1/2 then we have ||C; — L||*> > n/4. Conversely, if

|C’t(i) —{| = 1/2, for every i then we have ||C; — L||> = n/4. We thus have shown that
1

n
IC— LI =% = G, Ll = 5. @

Thus, if ||C; — L||*> > n/4 then there exists i such that |C’t(i) — /| > 1/2. In this case and
for this value of 7, since the C’t(J ) are integers and since ¢ — |£] = 1/2, we necessarily have
|C’t(l) — {| > 3/2. This means, in this case, that

e (DY L (3
1Cs — L||? > (n 1)(2 +l3) =7+2

We then have

n n
ICo— L > 2 = - LI 2 5 +2,
and n n n
|Cy — L||* < 1+1:> ICy — L||* < Z+2:> |Cy — L||> = 1
Thus
2 _ 1 2 _ 1
[Cy — L] <1+1<:*||Ct—LH =T (5)
From Theorem 2 in which we set s = 0 and y = 0, we obtain
1 ¢
B(IC: - LI~ n/4) < (1= 15 ) B(ICo - LIP).

Let T=(n—1)(2InK +1Inn —Ind). For t > 7, we have

t
(1 1 > < et/=1) < o=/ 0

n—1 nk?

Moreover, since ||Co — L||> < n||Co — L||% < nK?, we get E(||Co — L||?) < nK? and thus
E(||C; — L||* — n/4) < §. Using the Markov inequality, for t > 7, we obtain

P{||C; — L||> —n/4 > 1} < 6.
Putting together equivalences (4) and (5) leads to

n 1
- <1< ||C;—L = —
1 IC: = Llloo = 5

IC: — L||* —
and then, for t > 7,
P{IC; — Lllos # 1/2} = P{IC; = LI* =n/4 21} <§

which completes the proof. |



Theorem 5 For all § € (0,4/5), if there exists a constant K such that K > \/n/2 and
ICo — L|| < K then, for allt > nf, we have

P{||C; — LI = n/2} <36,

2In2
wher@ QZQIHK—IHH+3IH2— mlﬂ(S

Proof. Let (Ty)r>0 be the sequence of instants defined by T = 0 and

SE ¥ 2 /2]

n

Ty =T + [(n —1)In <
From Theorem 2, we have, for every k > 0, by taking y = n/2, t = Tp4q and s = Ty,

1

n—1

Ti41—Tx n
E(YTk+1 | YTk 277‘/2) < <1_ > ]E(YTk | YTk 2”/2)4‘1

Using the fact that for all z € [0,1), 1 — 2 < e~* and by definition of the sequence (T),
we have

1 Tpy1—Ty n
1— < e~ Tey1=Ti)/(n=1) < )
n—1 - _SE(YTk|YTk2n/2)
This leads to 3
n

Using the conditional Markov inequality, we get

2 (Y5 Yr, >n/2
P{Yz,,, > n/2| Y1, > n/2} < (s ‘n nznl? < %
For every k > 0, we introduce the sequence (o )x>1 defined by
3n 3n
ap = K2 and oy = max < P{Yp, >n/2|Yr, , >n/2}, S5z Jfor k> 1.

For k > 1, using the fact that the sequence Y; is decreasing (see Lemma 3), we have

E(Yz, | Y, 2 n/2) 2 B(Ys vy, >n/2y | Y, 2 0/2)
= E(YTk ‘ YTk- > n/27 YTkz—l = n/Q)HD{YTk > n/2 | YTk:—l 2 n/2}
= E(YTk ‘ YTk > n/z)]P{YTk = n/2 | YTk—1 > n/2}7

which can be written as

E(Yr, | Yr, > n/2) <
Yz, | Tk—n/)_IP{YT,CZ”/2|YT1@712”/2}

and, using (7), as

3n
E(Yr, | Y, > n/2) < '
(Y, | Tk_n/)_81P{YTk >n/2| Yy, >n/2}

On another hand, using again the fact that the sequence Y; is decreasing (see Lemma 3)
and since Y7, = Yy = ||Co — L||?> < K2, we have, for k > 0,

E(Yr, | Y, > n/2) <E(Yr, | Y, > n/2) < K2



Putting together these two inequalities gives, for k > 1,

3n
E(Yr, | Y7, > n/2) < mi o
(Tk’ Tk_n/ )—mln{gﬂD{YTkzn/2|YTk12”/2}, }

< 3nmin{ 1 8K2}
- 8 P{Yr, >n/2|Yr_, >n/2} 3n
3n

8ak

By definition of «g, we have for every k > 0,

3n
E(Yr, | Yr, > n/2) < %

Using this inequality in the definition of the sequence (7}) given by (6), we obtain, for
k>0,
Tir1 <Tp+[(n—1)In(3/ag)] < T+ (n—1)In(3/ax) + 1.

Summing the differences T;11 — T; for i = 0 to k — 1, we obtain, for £ > 1,

Ti < (n—1) (k In(3) — In <H a)) (8)

For k > 1, since Y7, is decreasing (see Lemma 3), we have P{Yp, >n/2 | Yy, _, <n/2} =0,
and so

P{Yr, 2n/2) = P{Yr, >n/2| Y5, 2 n/2P{Yr,_, = n/2} < aP{¥p_, > n/2},
which leads to

k
P{Yz, > n/2} <[] o (9)
=1

Since P{Y7, > n/2| Yy, , >n/2} <3/4and K > \/n/2, we obtain by definition o, < 3/4
for every k > 0. Now, for all § € (0, 1) there exists £ > 1 such that

k k—1
Hai << H ;.
i=1 i=1

We then have, since ag = 3n/(8K?),

k—1 k—1
—In (H 041) —In ( a1> In(ayp)
=0 i=1
—In(d) — In(n) — In(3) + 31n(2) + 21In(K).

Moreover, since ap < 3/4, we have § < (3/4)*~! which gives

—In(9)
k-ls 2In(2) — In(3)’

Putting these results into (8) and using the definition of 6, gives

In(6) < nb.

s (0= D0 H1 = 1) ) =



Note that this last inequality is valid because we have supposed ¢ < 4/5. This is the case
in practice, nevertheless to deal with the case where § € (4/5,1) it suffices to replace 6 by
0+ 1.

We finally obtain, for ¢ > n#, from (9) and using the fact that Y; is decreasing

k
P{Y; > n/2} < P{Ypp > n/2} <P{Vp, >n/2} <[ <3,

i=1
which completes the proof. |
Theorem 6 For all § € (0,1), if ||[Co — L|| < \/n/2 and ¢ — [£| # 1/2 then we have, for
every t > 1600(n — 1) (Inn —Ind —41n2 +1n 3) /189,

P{IC: — Ll > 3/2} <.
Proof. Let X be defined by
C— e if L1l <1/2

A\ =
1[0 i —[0] >1/2

Note that A is positive in the first case and negative in the second one. In both cases we
have |[A| < 1/2 and ¢ — X is the closest integer to /.

If ||Co — L|| < v/n/2 then, since ||C; — L|| is decreasing, we also have ||C; — L|| < \/n/2,
for every t > 0. It follows that

1Ct = Llloo < [|C; = L]l < v/n/2.

Since |A| < 1/2, this means that, for every i = 1,...,n, we have

1 n n (i) n 1 n
2 A= /=< - < — < —.
5 \/>_/\ \/Q_Ct E—l—)\_)\—i-\/g_Q-i-\/g

Let B = [1/2+ y/n/2]. For k € {—B,—B +1,..., B}, we denote by ay; the number of
agents with the value ¢ — X\ + k at time ¢, that is

s = Hie{L...,n}|C§“:£—A+k}

)

where the absolute value of a set is its cardinality. It is easily checked that

B
Z Qg = n. (10)
k=—B
Moreover we have, by definition of ay 4,
B n )
ST - At ko =Y 0 =nt,
k=—B i=1
which gives using (10)
B
Z k'OékJ =nA. (11)
k=—B

10



In the same way, again by definition of oy, ;, we have

B n

S - A+ ke =Y () = e,

k=—B i=1

Observing that |C; — L||* = ||C¢||> — n¢? and using (10) and (11), we obtain

B
Z k)QOék’t = HCt — LH2 + n)\2.
k=—B

(12)

Since ||C; — L||? is decreasing, using the hypothesis ||Co — L||?> < n/2, we obtain ||C; — L||> <

n/2 and thus
B

Z k:2ozk7t < g + nA%.
k=—B

Let x be defined by
B
T = Z O t-
k=0
We then have

-1
E Q¢ =n—1x
k=—B

and

Using (11), we get

B -1
Zkak,t =n\— Z kam >nA+n—zx.
k=1 k=—B

We also have using the two previous inequalities

k=—B k=—B

Combining this inequality with (13) we obtain

B
n
2(n—z)+nA < Z kag, < 5 + nA%,
k=—B
These two bounds lead to
3n  nA(l—X)

> 27
Tt

Since |A| < 1/2 we have A\(1 — \) > —3/4, which gives

B
3n
T = Qpt > 5 -

k=0 8

11

B B -1 B -1
Z k‘Qak,t = Z k2ak7t + Z k‘zam > Z koy + — Z kag > 2(n —x) + nA.
k=1 k=—B k=1

(13)



Using the same reasoning to the sum 22:7 B Q¢ leads to

B 3n 0 3n

Zam > = and Qg > e (14)
k=0 k=—B

Let us now introduce the sequences (N¢)i>0 and (P¢):>0 defined by

B -2 B -2
Nt = QL t + Q¢ and (I>t = k QL t + k QL t-
k=2 k=—B k=2 k=—B

Since oy, ¢ are non negative integers, we have, for every ¢ > 0,
Ny =0« &; =0.
We also introduce the sets H;” and H, defined by
Hf ={ie{l,....n}|CY —t4+1>2}
H ={ie{l,...n}|C"Y —t+r< -2

and we define H; = H;” U H, . Tt is easily checked that

N, = |Hy and @t:2(0§i)—e+A)2.

1€EHy
Since |A| < 1/2 we have, using (13)
& n 3n
2 2
4N, < &, < Zkak,t§§+n>\ < (15)
k=—B
which gives
3n
Ny < —.
"= 16
Let I,V and I; be the sets defined by
IF={ie{l,....n}|CY —r4+A>0}
I ={ie{l,...n}|C” —t+ <0}
Relations (14) can be rewritten as
3 3
] > 5 and |17] > (16)

Recall that the random variable Xy, which is the pair of agents interacting at time ¢, is
uniformly distributed, i.e., for every i,j € {1,...,n} with i # j, we have

1

P{X; = (i,5)} = nln —1)"

The main way to decrease ®; is that an agent of H," interacts with an agent of I, or that
an agent of H, interacts with an agent of ItJr , at time t. So, we consider the probability

12



that an agent of H,  interacts with an agent of I,” or that an agent of H, interacts with
an agent of I,7, at time t. If E is the set defined by

E=AUBUCUD,

with A= H," x I, , B=1; x H;", C = H; x I}, D = I;" x H; then it is easy to check
that (AUD)N(BUC) = ). Moreover we have AND = H;" x H; and BNC = H; x H;'.
Since the distribution of X is uniform, we have P{X; € AUD} = P{X; € BUC?} and so

P{X, € B} = 2P{X, € AUD}
= 2(P{X, € A} + P{X, € D} —P{X, € AN D})
_ 2 HS |+ L H | - [ HHD)

B n(n—1) ' (17)

Using (16) and the fact that |H,"||H, | < (|H, | + ]Ht_\)2/2 = (Ny)?/2 and N; < 3n/16,
we obtain

3nN; NP 1
P{X;e E} >2
(X, e B} > ( - -

4 n—1)
o ()1
8 64) n(n—1)
21Ny
= 1
32(n—1) (18)

We consider now the difference ®; — ®; 11 in function of the various interactions occurring
at time ¢t. We introduce the notation

GF=IF\H ={ie{l,....n} | CY —t+xe{0,1}},

Gr=I;\H ={ie{l,....n}|C" —t+xe{-1,0}}

and Gy = G UG .
Suppose that X; = (i, 7) with i # j. We have the two following different cases.

Case 1) If (i,j) € (H; x Gy) U (Gy x H") U (H; x Gf) U (Gf x H;), and if we set, to

simplify the writing,

a= (Ct(i) — 4+ /\> Liien,y + (Ct(j) — L+ /\) Lijemy,

b= (Cf = £+ 2) Lieay + (CF = €4 M) 1gean,
we have
a+b— 1{a+b odd} 2
Oy — Dyyy = a* — ( 9 > 1{i€Ht+1}
a+b+ 1{a+b odd} 2
B ( 92 ) 1{j€Ht+1}’ (19)

which gives

a+b— 1{a+bodd}>2 _ <a+b+1{a+bodd}>2

(I)t_q)t+1202_( 5 5

13



Distinguishing successively the cases where a 4 b is odd and even, we obtain

a? b Lia+b odd}
— > — — + -] - — .
@t q)t—f—l 9 b <a 2) 9 (20)

We consider the cases b= —1, b =1 and b = 0 separately.

If b= —1 then we necessarily have (i,7) € (H;” x Gy )U(G; x H;"), which means
that a > 2. We thus have —b(a + b/2) =a —1/2 > 3/2 and so

Dy — Dy >

If b=1 then we necessarily have (¢,5) € (H; x G{) U (Gf x H;), which means
that a < —2. We thus have —b(a + b/2) = —a — 1/2 > 3/2 and so

Dy — Pyyq >
If b= 0 then we distinguish the cases : a is even, |a| = 3 and |a|] > 5.
If a is even then, since b = 0, we have, from Relation (20),

aj 1242
2 — 25 °

Dy —Pyyq >

If a = 3 then we have, since b =0, i ¢ Hy1 (i € GJ) and j € Hyyq, which
gives using Relation (19)

3+1>?_5> 2 124°

a
B Py =9 (21— @ :
¢ t+1 =9 ( 5 = o

2

If a = —3 then we have, since b = 0, i € Hyy1 and j ¢ Hyy (i € G,), which
gives using Relation (19)

-3—-1 2 a? 12¢2
¢ = P =9 ( 2 > P25 2 e

If a is odd and |a| > 5 then, since b = 0, we have,

a?—1 _ 12a2
2 — 9257

a? > 5 <=
which gives, from Relation (20),

a2—1 _ 12a?
>

Py — Dyyq > .
t H1Z T 2 o

Thus we have shown that if (i,j) € (H, xG;) U (Gy x H) U (H; xG{) U
(G} x H;) then

124

25

Oy —Dyyq >

14



Case 2) If (i,5) € (HtJr X Ht_) U (Ht_ X H;r), and if we set, to simplify the writing,

a_(c(” €+)\) and b:(C’t(j)—M—)\),

we have
a+b—1ia4podd
D — Oy = a® + % — ( 2{ b 0dd) Liien, 1}
a+b+ 1{a+b odd} 2
— < 2 1{]‘th+1}’ (21)

which gives

— Lgatp odd}>2 B (a +b+ 1o odd})2
2 2

a+b
@t¢t+12a2+b2(

Distinguishing successively the cases where a 4 b is odd and even, we obtain

2 2
a b Liatb oda}
B, — Dy > — + — — aqb — —etboddd
t t+1 = 2+2 a 5

By definition of H;” and H;, we have —ab > 4, so we obtain

b @ >a2+g>12a2+12b2
PRl =T Ty = Ty 25

Putting together the cases 1) and 2), we get

E=(H'xGy)U(Gy xH)U (H xG{)U
U (H x H ) U (H x H;").

(Gf x Hy)

All these six sets are disjoints so we have, using the results obtained in cases 1) and 2) and
, 2
defining B,; = (Ct(” _ A) :

D E(® - @ | Xo = (i,))
(i,))eE
= 25 Z Z Bt’L Z Z ﬁt,]
zth jeG, zEGt ]EH
Z > E(Bui) + Z > E(By)
zth jGG 1€Gt jEH
Z > B(Bes) + B(Bey)] + o5 2N Y BB + E(By)]
zEHt ]eH zEHt jEH

12

=5 [21G71 D B(Bi) +2IG7| Y B(Brs)

z€H+

ieH,

2|H+’ Z ﬂtz +2|H | Z ﬁtz

1€H,

zEHJr

15



Observing that |Gy | + |H, | = |I; |, |G{| + |H; | = |I}| and that |I;"| > 3n/8 and |I,"| >
3n/8, we obtain

. 12
Z E(®: = e | Xe = (1,7)) = o | 2117 ] > EBu) +2057 Y E(By)
(’L,])EE ZEI"I+ 'LGH7

> SE(®). (23)

Note that we have used the fact that, for every ¢ = 1,...,n, 8;; and X; are independent.

Indeed, for every t, Ct(i) is entirely determined by the values of Xo,..., X;—1 and (Xs)s>0
is a sequence of independent random variables.
This leads to

Z E(®; — o1 | Xo = (4,5))P{Xe = (i,5)}

E(®, — by | X, € E) = S

P{X,c E}
Since P{X; = (i,7)} = 1/(n(n — 1)) and using (17), we get
Y E(® - @ | Xo = (6,)}

(i,9)EE

E((I)t—(l)t+1’Xt€E): — — —.
2(1H |+ 1L H | = | HT | HD)

Since |I; | < n and |I;7| < n, we have
\HS I |+ (L H | = [HS|[H | < n(H |+ |Hy |) = nlH| = nN;.
Using this inequality together with (23), we obtain

I (P;)
50N

]E((I)t — P4 | X; € E) >

Now, we have, using (18)

E(Pir1) = E(Pr) — E(®r — Pey1)
(q) ) ((q)t q)t—i—l) | X; € E)IP{X,: € E}

@) (se=)

E
E
< 1600(n — 1)) E(®0)-

189 t
E(®;) < (1 - 1600(n_1)> E(®)

IN

IN

We easily get

Let 7 be defined by

1 -1
- 6001(59) (lnn —Ind —4In2 +ln3) :
We then have
- & t < o~ 189t/(1600(n—1))  ,—1897/(1600(n—1)) _ @
1600(n — 1)) ~— - ¥
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Using the Markov inequality and Relation (15), which gives E(®g) < 3n/4, we obtain

By definition of ®;, we have ®; # 0 <= ®; > 4. Using moreover the fact that |A\| < 1/2,
we have

O =0= a;; =0, for every k € H;
:>—1§Ct(i)—£—|—)\§1, foreveryi=1,...,n
:>—1—/\§Ct(i)—€§1—)\, foreveryi=1,...,n
— —3/2<CY —1<3/2, foreveryi=1,...,n
— |CY — f]|» < 3/2.

This leads to
1O = Ljloo > 3/2 = @ £ 0 = &, > 4,

that is '
P{ICY — fl|oo > 3/2} < P{®; # 0} = P{®, > 4} <0,

which completes the proof. [ ]

Theorem 7 For all § € (0,1), if there exists a constant K such that ||Co — L|| < K then,
for everyt >n(2In K + 7.47Ilnn — 13.291n 6 — 2.88), we have

P{|C: - Lllw > 3/2} < 6.

Proof. We consider first the case where ¢ — |¢| = 1/2. Since ||Co — L||oo < |[|[Co— L|| < K
and since

m—1)2InK +Inn—Ind) <n(2nK +747Inn — 13.291nd — 2.88),

Theorem 4 gives
P{[|C; = Ll # 1/2} <6,
fort >n(2In K +7.47Inn —13.291n§ — 2.88).
Now since the C’t(i) are integers and since ¢ — [£] = 1/2, we have

P{|[Ct = Llloc = 3/2} = P{[|C; — Lloc # 1/2} < 6.

Consider now the case where £ — || # 1/2. We apply successively Theorem 5 and Theorem
6 replacing § by /2. We introduce the notation

2In2

If ||Co — L|| < v/n/2 then we have ||Co — L||* < n/2 and since ||C; — L||? is decreasing (see
Lemma 3), we get, for all ¢ > 0,

P{||IC; — L||*> < n/2} > P{||Co — L|> <n/2} =1>1-§/2.

If |Co — L|| > y/n/2 then from Theorem 5 we get, for all ¢ > nfy, P{||C; — L||*> > n/2} <
0/2, or equivalently
P{||C; — L||* < n/2} >1-6/2.
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Let us introduce the instant 7 defined by

1600(n — 1)

=nb
T =nb] + 189

(Inn —1In(6/2) —4In2+1n3).
We have, for all £ > 7,
P{|ICt — Ll < 3/2} 2 P{||Ct — Ll < 3/2,|Cpg, — L||* < n/2}
= P{||C; — Llloo < 3/2 | |Co, — LII* < 1/2}P{||Cpp, — LI < n/2}.

We have seen that P{||Cyg, — L||?> < n/2} > 1—§/2. Using the fact that the Markov chain
{C}} is homogeneous and applying Theorem 6, we obtain

P{IIC: = Lliso < 3/2 | Cro, — LI* < 1/2} = P{||Conp, — Llloo < 3/2 | [[Co — L|I* < n/2}

= P{||Cs_no, — Llloo < 3/2| |Co — L|| < \/n/2}
>1-4/2.

Putting together these two results gives, for all t > 7,
P{|Ci — Llloo < 3/2} > (1-8/2)2 > 15

or equivalently
P{|C: — Lilo > 3/2} <.

The rest of the proof consists in simplifying the expression of 7. We have

2In2
91—2an—lnn+31n2—mln(5/2)
In3 2In2
=2k —Inn+ <4+ 21n2ln3> B2 e g O
and
1 -1
T:né?l—l—%(lnn—ln(5/2)—4ln2+ln3)
1 -1
:n91+6001(gg)(1nnln531n2+ln3)
1411 1789 In3
< - _
_n[anK—i— 139 Inn <189 +21n2—ln3>1n5
1348 In3 1600
_< 63 21n2—1n3>1n2+ 189 ln?’}
<n(2lnK +747Inn —13.291n6 — 2.88),
which completes the proof. |

We now apply these results to compute the proportion v4 of agents whose initial input
was A, with y4 =na/(na +np) = na/n. Recall that the output function w4 is given, for
all z € Q, by

wg(x) = (m+x)/(2m).

Theorem 8 For all 6 € (0,1) and for all € € (0,1), by setting m = [3/(4e)], we have, for
allt>n(847lnn —2Ine — 13.291n 6 — 2.88),

lP{|wA(C't(i)) —ya|l<eforalli=1,....,n} >1-4.

18



Proof. We have ||Cyo—L|| < m+/n. Applying Theorem 7, with K = \/n/e > [3/(4e)|\/n =
m+/n, we obtain for all 6 € (0,1) and ¢ > n (8.47Inn — 2Ine — 13.291nd — 2.88),

P{[|Ct = Llloc 2 3/2} <6
or equivalently
]P{|Ct(i) —(ya—7vB)m| <3/2, foralli=1,...,n} >1—0.
Since v4 + vp = 1 we have

1C — (ya —vp)m| = [C) = (2v4 — V)m| = |m + C — 2mya| = 2m|wa(C) — 7al.

Then '
P{lwa(C) — 44| < 3/(4m), foralli =1,...,n} >1— 4.
So '
P{lwa(CP) — 4| <&, foralli=1,...,n} >1-3
which completes the proof. ]

From Theorem 8, the convergence time to get the proportion v4 of agents that were
in the initial state A, with any precision ¢ given in advance and with any high probability
1—201is O (n(logn —loge —logd)) and thus the corresponding parallel convergence time
is O (logn — loge —logd). Still from Theorem 8, the size of the set of states to compute
v4 is equal to 2[3/(4e)] + 1. It is important to note that the number of states does not
depend, even logarithmically, in n.

7 Lower Bounds

The second contribution of our paper is the derivation of lower bounds on a more general
problem, namely the counting problem, introduced in [16]. This problem aims, for each
agent, at computing the exact number of agents that started in the initial state A. Using
the interaction rules given in Relation (1) and the output function

wy (@) = [n(m+2)/(2m) +1/2],

we can exploit the results derived in the present paper to show that the counting problem
can be solved with O(n) states, improving upon [16] in which the number of states is in
O(n®/?). We show that O(n) states and O(logn) parallel time are lower bounds to solve
the counting problem.

Finally, we prove that any algorithm solving the proportion problem with a precision
e € (0,1), requires 2(1/¢) states. This demonstrates that our proportion protocol is
optimal in the number of states.

Theorem 9 For all § € (0,1) and for all t > n(10.47Inn —13.291nd — 1.49), we have,
by setting m = [3n/2],

IP{w’A(Ct(“) =mny, foralli=1,...,n} >1-4.
Proof. Observe that we have

(@) = [nwa(@) +1/2).
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Applying Theorem 8 with ¢ = 1/(2n) and for ¢ > n(10.47lnn — 13.291n6 — 1.49), we
obtain '
P{nwa(C?) —nyal < 1/2foralli=1,...,n} >1—4.

Since nyqa = n4 is an integer, we get
IP{w'A(C’t(i)) =ngu, foralli=1,...,n} >1-4,

which completes the proof. |

Thus each agent can solve the counting problem in O(logn) parallel time and with
O(n) states.

Theorem 10 Any algorithm solving the counting problem takes an expected Q(logn) par-
allel time to convergence.

Proof. Solving the counting problem bounds to solving the exact majority problem. By
applying Theorem C.1 of [2], this algorithm takes an expected 2(logn) parallel time to
convergence under a worst-case input. ]

Theorem 11 Any algorithm solving the counting problem requires 2(n) states.

Proof. To solve the counting problem, the size of the output set Y must be n + 1. So,
the number of states (i.e. |@|) is at least n + 1. The lower bound of the number of states
is thus Q(n). [ ]

Theorem 12 Any algorithm solving the proportion problem with a precision € € (0,1),
requires Q2(1/¢) states.

Proof. The value of v4 could be any rational value between 0 and 1, the difference between
two output values cannot exceed 2¢, thus the lower bound for the size of the output Y is
[1/(2¢)] + 1. Hence, the number of states (i.e., |Q|) is at least [1/(2¢)] + 1. Thus the lower
bound of the number of states is €(1/¢). [ ]

8 Simulation results

T T T T T T T T 40 T T T T T T T T
1 g=10"! (17 states) 1 g=10" (17 states)
35 [ 4 €210 (1,501 states) 1 351 =107 (1,501 sutes) 1
° £=107 (150,001 states) ° £=107 (150,001 states)
E 30F B E 30
o] o]
% 25 - % % } 1/ ? 25 |
g g
o IEESS o
o 2 L Lk o 2
£l WWH/L il
5 1 5r
0 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1
24 26 28 210 212 214 216 218 220 222 24 26 28 210 212 214 216 218 220 222
Number of agents n Number of agents n
(a) v=0 (i.e ya = v=1/2) (b) y=1/2 (i.e ya = 3/4 and vy = 1/4)

Figure 1: Number of interactions per agent as a function of the size of the system.
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We have conducted simulations to illustrate our theoretical analysis. Figure 1 provides
a summary of these simulations. In this figure, each point of the curves represents the
mean of 100 simulations (with the maximum and the minimum of the 100 simulations), a
simulation consisting in computing the total number of interactions, divided by n, needed
for all the agents to converge to v4 with precision €. The number n of agents varies from
2% to 222, and the precision € of the result is set to 107, 1073, and 10~°. Note that as
shown theoretically, Figure 1(a) and Figure 1(b) illustrate the fact that the number of
interactions per agent to converge is independent of the value of =, that is independent
from the difference between both proportions. From the generated data, for instance when
0 = 1/2, one can deduce for each curve an empirical approximation of the convergence
parallel time given by —21lne + 0.62Inn — 0.6.

9 Conclusion

This paper has shown that in a large-scale system, any agent can compute quickly and
with a high precision specified in advance the proportion of agents that initially started
in some given input state. This problem is a generalization of the majority problem.
Specifically, our protocol guarantees that by using 2[3/(4e)] + 1 states, any agent is ca-
pable of computing the population proportion with precision ¢ € (0,1), in no more than
(—2lne+8.47Inn — 13.291n 6 — 2.88) interactions with probability at least 1 — 4, for any
0 € (0,1). We have also shown that our solution is optimal both in time and space. As
future work, we aim at using the same detailed analysis to obtain new results for the
majority problem.
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