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On Kalman filtering for 2-D Fornasini-Marchesini models

Ran Yang and Lorenzo Ntogramatzidis and Michael Cantoni

Abstract— This paper deals with the problem of signal esti-
mation for two-dimensional systems. More specifically, we pro-
pose a Kalman filter for 2-D systems in Fornasini-Marchesini
model, without pre-imposing its structure. It will be shown that
the filter thus obtained is not in a Fornasini-Marchesini form,
but it still has a recursive structure.

I. INTRODUCTION

The estimation of the state of a dynamic system from
available noisy measurements is a fundamental problem in
signal processing, imaging processing and control. The cele-
brated Kalman filtering approach is by far the most popular
estimation approach, as it provides an efficient recursive
solution to achieve the minimisation of the covariance of
the estimation error [6], [7].

From 1970s, there have been many attempts to extend the
Kalman filtering theory to two-dimensional (2-D) systems,
see e.g. [5], [8], [11], [15], [16], [19] and the references
therein. However, so far the attempts to achieve a truly
recursive 2-D Kalman filter were of limited success.

The early works were limited by the difficulty in estab-
lishing an effective 2-D recursive latent variable model [5],
[8], [15]. In [13], a polynomial solution of 2-D Kalman-Bucy
filtering problem was provided. However, the problem thus
formulated is less general than the Kalman filter problem,
because of its restriction to shift-invariant systems over an
infinite horizon.

After the introduction of the Roesser model [12] and
Fornasini-Marchesini model [3], in [11], a strip of the semi-
states of the Roesser model was augmented into a state of
1-D state space model such that 1-D Kalman filter could
be applied in 2-D cases. However, it is inherently not 2-D
Kalman filter and is hardly applied in practice because of
huge dimension of the state variable.

Recently, a recursive Kalman filter for 2-D systems in
Fornasini-Marchesini model was developed in [19]. Although
the authors claimed that the proposed 2-D Kalman filter
minimised the covariance of the estimation error of the
state vectors, a Fornasini-Marchersini structure was assumed
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on the filter. This implies that the filter thus obtained is
not optimal, but optimal among the filters in Fornasini-
Marchesini form.

In this paper, starting from the formulation of the tra-
ditional Kalman filtering problem, a geometric approach is
used to derive an estimator without any structure constraint
on the filter, so that a truly optimal solution to the minimi-
sation of the variance of estimation error can be achieved.
Similarly to the existing 1-D Kalman filter, the proposed 2-D
Kalman filter in this paper is also recursive.

Notation. The symbols C, Z and N denote, respectively,
the sets of complex, integer and natural numbers (including
zero). The symbol C™ denotes the set of complex column
vectors with n entries, and C™*™ represents the set of
matrices with complex entries of dimension n x m. The
complex conjugate of a matrix M is denoted by M*, and
M >0 (M > 0) means that M is positive definite (positive
semi-definite). The inequality (k,!) < (i,7) is equivalent
to k < iand ! < j, while (k,l) < (i,7) is equivalent to
(k,1) < (i,7) but (k,l) # (4,7). The symbol E{z} denotes
the expected value of a random variable z. And (z,y)
denotes E{z y*} for column random vectors x and y. The
symbol x Ly implies that the zero-mean random variables x
and y are uncorrelated. Finally, span{wj,ws,---} denotes
the linear span of the variables wq,ws, - - -.

II. PROBLEM FORMULATION
Consider a linear 2-D system in Fornasini-Marchesini
form [3]

_ A (2)
Tit1,541 = Ay Titr,j + A1 Tig+t

1 2
+B{ wisty + Bl wige (D)
Yij = CijTij+vij

where, forall,j € N, z; ; € C" and y; ; € CP represent the
local state and the measurement vector, respectively, while
w;; € C™ and v;; € CP are the plant (or process) and
measurement noises, respectively. Moreover, AE}},AE?} €
cn, B{Y) B e c™™, C;; € CP*" are known shift-
varying matrices. Let N1, N2 € N/{0}. Consider the horizon
§:={(i,j)) EZxZ|0<i<N;, 0<j<No}

The boundary conditions z;, To,; and the noises w; j,
v;,; are assumed to be zero mean random variables with

wig| (W Qij Sij |5 5 0
. S* R, . k051
Vig| |Vki| \ _ i, L4ij
ziol| |Tk,0 0 ;00 O
zo,;] |Zoy 0 Io;6
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where §;;, is the 2-D Kronecker delta function
1 ifi=k
(sik = { 0 ’

if i#k

The covariance matrices Q;; € C™*™, §;; € C™m*P,
R;; € CP*P and Il;o,IIp; € C™*™ are known. It is
assumed that R; ; = R, > 0 for all i and j. Similarly to
the traditional 1-D Kalman filtering, the 2-D Kalman filtering
problem for system (1) can be expressed as follows.

Problem 1: Given the measurements {y;; € CP|0 <
(k,1) < (4,7)}, find an estimation of z; j, denoted by ; ;,
with £x0 =0and £9; =0for 0 <k <iand 0 <[ < 5,
such that the mean square value E{:i:,-,j:i;“j is minimised,
where Z; ; := x; ; — ; ; represents the estimation error.

III. MAIN RESULTS

In this section, the Kalman filtering problem for 2-D
systems in the form of (1) is investigated. The next lemma
gives the expression of the least-mean-square estimator Z; ;
in geometric terms.

Lemma 1: Let Z; ; be the estimated local state given the
measurements {yx; € CP|0 < (k,l) < (4,5)}, and let
Z;; = x;,; — Z;, 5. The local state of the least-mean-square
estimator which minimises (Z; ;, Z; ;), is

Tij = >

(0,0)<(k,1)<(3,9)

. -1
’J? 3 y y »
(5,5, ena){ers ent) ey (3)

where
ekl =Ykl — Cr 1Tk, 3]

is the estimation error.
Proof: The local state &; ; of the least-mean-square estima-
tor which minimises (Z; ;,; ;) is given by the projection
of z; ; on the subspace L;; := span{yx; € C?|(0,0) <
(k,1) < (i, )}

We want to show that projecting y; ; onto L; ; leads to
the recursive formula

€i; = Yi,j — Ui, begin with (5)

€0 = Yo and eo; = Yo, ©

where §); ; is the projection of y;; on the subspace L; j,
i.e., it is the part of the random variable y; ; that is de-
termined by the knowledge of the “past” random variables
{y0,0a Yo,1,Y1,05 " » Yi—1,5, yi,j—l}' Hence, (6) is true since

€0 = Yi,0 — ¥i,0 = ¥i,0 — Cio Li,0 = Yiy0
€o,; = Yo,; — Jo,; = Yo, — Co,j Lo, = Yo,j

The remainder is the random variable e;; which
can be regarded as the “innovation” in y;; given
{0,0,¥0,1,Y1,0, " * »Yi-1,5,Yi,j—1}. Thus e;; is uncorre-
lated with {Y0,0,%0,1,¥1,0,*** ,¥i—1,j> ¥i,j—1}, and then un-
correlated with all the other vectors {ex;}, (k,1) # (4, ).
Therefore, vectors {yx; € CP|(0,0) < (k,1) < (4,4)},
which in general are not orthogonal, can be replaced by an
equivalent orthogonal set of vectors {ex; € CP|(0,0) <

(k,1) < (i,7)}, in the sense that these two sets of vectors
span the same subspace of CP?:

span {y,; € C”[(0,0) < (k,1) < (1,5)}
= span{ex,; € C7[(0,0) < (k,1) < (i,5)}-

This procedure is the well known Gram-Schmidt orthogo-
nalisation procedure, [6)].

The orthogonality property of {ex; € CP|(0,0) <
(k,1) < (i,7)} leads to (3), i.e., the projection of z; ; onto
L; ; is equal to the sum of the separate projection of z; ; onto
each of the “previous” orthogonal vectors ey i, (k,1) < (3, j).

Moreover, from (2) we find that v;; is uncorrelated
with the boundary conditions ;¢ and xo;, and is also
uncorrelated with wy; with (k,l) # (,7). It follows that
v;,; is uncorrelated with the local state and with the output
in the region {(k,!) € N x N| (0,0) < (k,1) < (i,7)}. As
such, the projection 9; ; of v; j on L; ; is zero, as it represents
the estimate of a white noise. This implies that
0,%i5 + Vi =

Yij = 1,5%4,5-

Hence (4) holds. |
Some orthogonality properties are derived in the following
lemma.
Lemma 2: Given a 2-D system in the form of (1) and an
estimator of the form (3), for all 7,5 > 0

i) (%i,%:5) =0;

i) (25, €i5) = (Tij,Zig) OF; = (i, Ti ) Cijs

iii) ('wi+1,j,ek71) =0, for (k‘, l) < (Z +1,7+ 1);

iv) <w¢,j+1,ek,l> =0, for (k,l) < (’L +1,7+ 1)
Proof: i) follows from the fact that Z; ; is the projection of
Ti,j5 onto Li,]’.

ii) First, notice that e;; = y;; — 955 = Cijzij +
Vi — Ci,j :ii,j = Ci,jii,j + Vi, 5- As SllCh, from i) we get
(Tiyg>€ij) = (Bij + Tijy CijTig +vij) = (Figr Tig) CF 5.
iii) By (1) and (4), both y;; and ey ; are the linear combi-
nations of the boundary conditions {z,0 € C*, s < k},
{zo,s € C*, s < I} and the process noise {ws; €
C™, (s,t) < (k,1)}. Thus, (2) yields (w;j,ex:) = 0 if
i>korj>1l From (k1) < (i+1,5+1), we get k < i+1.
Then <’wi+1,]’, 6]9’1) = 0 holds.
iv) can be proved in a similar way to i#ii), since from
(k,1) < (i4+1,5+1) we get I < j+1. Then (w; j4+1,ex,) =0
holds. |

Note that the least-mean-square estimator (3) provided in
Lemma 1 is far from being computable and applicable. Our
aim is now to find the structure of a 2-D filter that achieves
the least-mean-square estimation introduced in Lemma 1.
The following theorem introduces the 2-D filter that can
achieve this goal.

Theorem 1: The 2-D filter with the following form

- _ A A 2 A
Tit15+1 = A i1, + A4
2 (1) : (2)
1 2
+§ :Ki+1,j+1;lei+1yl + E :Ki+1,j+1;kek»j+1

=0 k=0
€j = Yij — Ci;jTi; )
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with boundary conditions Z;0 =0 and Zo, =0for 0 <! <
J» 0 < k <4, minimises

Pij = (Tig,Tig) = (Tij — Ligr Tig — £i5)  (8)
where
(1)
K J+15
<Az i+1(Ti 41, Tivrt) Clyyy
+Ai+1,j Py Ci+1‘j) i+1,0 l=j
2 ~ X - .
Ag,j)+1<$i,j+1, x’i+l,l> Ci+1,l Z+11,l | = 0’ g -1
K(2)
i+1,j+ 1k
(Az+l ]<m2+1 NE xk,]+1> Cl)ck,j-i—l
i,j+1 P41 ]+1 k, ]+1 =%
1 ~ X - :
A, @10 Frga1) Oy Tiber k=0, i1,
€))
and
=C;; PijC;; + Rij. (10)

Proof: In view of Lemma 1, we have

. -1
Tit1j41 = E (Tig1,j41s €k,1) (€k,lr€R1) T €kl
(k,l)<(i+(1,{+1) @
1 2
= E (Ai+1,j93i+1,j + Ai,j+1$i,j+1
(k,1)<(i+1,5+1)
1
+Biy1,jWiv1,; + Bz(_7+1wly]+17ek 1) (e, er,t) ek,

1
—Af+)1,]( Yo (@i enilent ent)  ery

‘ (k1)< (i+1,5)
1

+ Z (Tig1,5>€h,j+1)(€k j1> €k 1) €k jt1)

A(J+1( Z

(k1)< (4,5+1)

(Tij1, k1) (€k 0s €kt) " ek,

J
+Z (g1, €irri) (€10, €ir1)  eit,l)

+Az+1](zl‘l'l,]’el+1y]><el+1,1?el+1,]> 1ei+1,j
"‘AzJ)+1<73z,1+1’el,J+1><ez,J+1>ez,J+l> 16i>j+1

1) -1
+B;11 (Wit1,5, €k,1) €k, k1) €kl
(k)< (i+1,5+1)

2
+BZ, Y
(k,l)<(i+1,j+1)

(Wi j+1y €k1)(€k 1y k1) e

an
From (3), it is found that

> (@errgeeni)lentent)”
(k1)< (i+1,5)

-1 o
Z (Tij41reri)(erirert)” ert = Zijs1-
(k,1)<(3,5+1)

1 A
ekl = Tit1,j

In addition, since e; ; = C; ;&; ; + v; j, we find

(€i,g»€ig) = Cij(Fij, %i,5)Chj + (Vigy viyj)

which leads to (10). Furthermore,

(Tij+1s€i410) = (Tijj+1, Tirr,1) Cfyy g + (Tij41, Vigr,1)
(ZTij+1, Tiv1,0) Ciyry
(Tit1,5r€k,5+1) = (Tit1,55 Th,j+1) Ck 11
H(Tit1,5, Vk,j+1)
= (Tit1,j, Tk,j+1) C;,j+1

By applying the orthogonality properties in Lemma 2, (11)
becomes

“ Y C) N (2) A
Tiv1,541 = A Tivr,i + A1 Big
1 * -1
+Ai3—1,j Piy1,; Cfpq; Tigh j€i+1,5
* -1
+A: 1 Pi,j+1 Crini T jh i

(1)
+4; +1,5 Z Tiy1,> Th,j+1) Cx ]+1T ,g+16k,y+1
k =0

(2 } :
A 1,5+1 .’II,,]+1,.’L‘,+1 l) C’L+1 lT+1 1 €i+1,l
=0

The statement follows. ]

Theorem 1 provides a 2-D Kalman filter with a recursive
structure. However the expressions of the gain matrices
K f_,l_)l j+1, and K& +1 _j+1% Of the filter still involve the terms
(Tijs Tij)s (Tiji1>Zit1s) and <$z+1,y>$k j+1)- Our effort
is now devoted to finding expressions for the gains that are
suitable for computations.

The next two lemmas are important for solving this prob-
lem. In particular, in the next lemma it is shown how the local
state vector z; ; can be expressed as a linear combination of
the boundary conditions and the process noise.

Lemma 3: For a 2-D system in the form of (1), the state
x;; can be represented by

T = Z‘P .75k 0Tk o-l-2:<I> i3 ozxoz-l-ZZ‘I’ ik, WL

k=0 1=0
(12)
where the matrices ®; j.x.0, ®ij;00 € C**™ and ¥; i €
C™*" describe the linear dependence relationships between
z;; and boundary condition zj 0, To; and the plant noise
w1, respectively. The matrices ®; j.x.0, P; 50,0 and U 5k
can be computed recursively by

i
inj;k»o = : :F‘iyj;saj_l : QS,]'—].;IC,O

=1
2 2 2 .

§ :Fi,j;s,j—l @
s=1

(13)
D; .00 =

g-L100 <]
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W, ikl
( 0, k= 1, | = J’
B,-(z)lyj, k=i—1, l=j;
2 2 2 2 . )
AE—)l,jAE—)Zj : "Afcll,] 1(”)» k<i-1,1=y;
Iy k=i l=j—1;
5 2 2 pa
- A§ DA, AD B,
k2
+Z-Fi,j;s,j—1 W itkj-1, k<il=7-1;
s=k
k2
> Fijisjo1 Ve 1kt l<j-1
\ s=1
(14)
where F; ;s ;1 € C**™ is given by
AP AP AN s=1, i
Fjis-1 = { i 71 .
A i,j—1° S =1.
with the boundary condition
Qs,O;k,O =1I,- 6slc§
@050k = In - dok;
”’ 15
s 0k,0 = 05 (15
Yo,s.0,k = 0.

Proof: We proceed by induction. The statement is clearly
true when j = 1 in view of the boundary conditions (15).
Suppose that for each =, ;_1, s =1,2,--- 4, there holds

s j-1
D ®ajo1koTho+ D Psjo1,04%0,
k=1 =1
s j—1
AN ok awk.

k=0 [=0

Ts,j—1

(16)

It takes only persistence to see that the system model (1)
indicates that z; ; is a linear combination of x; ;_1, T2 ;_1,

*y T, j—1, L0,j5 and W1,5-1, W2,5—-1, ***» Wi,j—1, Wo,5, W1,j,

, Wi—1,j. Indeed,
— A (2)
= Ajj_ %1+ AT T

(1) (2)
+B; j_1wij—1 + B;Z jwi-1,j

=AY 2o+ AP (Aﬁl)lj Tim1,jm1

Ti,j

i—1,j
+A%, 2 5 +BY, . w
i—2,jV1—2,5 1,j—1%Wi-1,j-1
+B?, w, ) +BY +B®
i—2,jWi—2,j —1Wi,j-1 i—1,jWi—1,j

= Az] 1T4,5— 1+A(2) A(I)IJ 1Ti-1,j-1

i—1,5

+B( ) Wi 51 +Bf 1,;Wi—1,j

2 1 2 2
+A£ )1]Bz( )1] 1Wi—1,5— 1+A£ )1] z()ZJw‘t -2,5

2 2
+A£ )1 ]Ag )2 jTi—2,5

2 2 2
(AE )1 jA'E )2] A((),;):Z:O,J A(] 1%i,5-1

2 2 2 1

+ZAE )IJA'E )2] Ai )sg)A( )s_7 1Ti-s,5-1

+B§13')—1wi»j—1 + BEE)I jWi-1,5

- 2 2 2 2
+Z AE )1 ]AE )23 AE )s+1 ])Bz( )s jWi=s,j a7
i_
2 2 2 1
+Z AE )1 ]Ag )2] AE )s ])Bf )5_7 1Wi—s,j—1-

Replacing all z,;_, in (17) by (16) leads to (12). This
completes the proof. |

Lemma 3 provides a recursive scheme for the computation
of matrices ®; j.x0, ®; ;00 and ¥; ‘,kl, given ®; ;_1.x0,
q),] 10land\Il,] 1“,3—12 ’L.

Lemma 4: For a 2-D system in the form of (1) and
the Kalman filter (7), the estimation error ; ; is a linear
combination of boundary condition x0, xo; and noises
wg, and v for k € {0,...,i} and [ € {0,...,5}. More
precisely,

J i
Fij = Y 0ij04T0q+ Y Oijip0Tpo

i g i g
+ E : E :Bi,j;p,qu,q + E : E :Hi,j;p,q”p,q

p=0 ¢=0 p=0 ¢=0

(18)
where
@i,j;ﬂyq A(lg 1@ 4,j—1;,0,¢ T Az 1 g@z 1,5;0,9
Z i3 lCz l@z 1;0,g — Z i,j; ka,]@k,] ;0,9
k=0
Oi5ip0 = Azj 1@ i,j—1;p,0 T A 91 1,5;p,0
j—1
- Z 1,55 lcz 194,1p,0 — Z 1,53 ka,Jek,J ip,0
=0 k=0
(19)
Eijipa
(0 q=17
1 . .
Bzg,j)—l p=tq9=j5-1,
2 . .
Bz'(—)l,j p=i—1,q9=7,
= )

(1
A - 1Hm Lipg T Az 1 ]'_'z 1,5;pq

Cz 1=i,lp,q Z Kz( ])ka»J—‘k,J P
1=0 k=0 )
otherwise.

(20
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i jipq
( 07 p= i’ q= j,

2 2
AE )1 ] l lijpv.j Z ] kck’]nk’.]vpﬂ K(,]),p
q=17,p<i,
j—1
_ AZ ] 1 »j—lﬂﬂ - Z Kil Clyll—'[zil 2,9 Ki(j]),q
- 1=0
p=1,9<7,
1
Az(',])—ln ij-1p,g T Az 1]Hz 1,5;p,9
i—1
- Z Kz(j 1Ciillip g z Ki,j);kck»jnkyjm,m
=0 k=0 ) )
L p<1,q9<y,
(21)
with the following boundary conditions
ez',O;p,O =1, 6ip§
eoyj;O,q =1In- 5]'0; (22)

Ei,0;0,0 = Z0,550,¢ = 0;

lOyPO_HO»JOQ 0.

Proof: By (1) and (7), we can write

Tij = Tij — Tijj

= AEIJ) 124,51 +Az 13% 1»J+Bz(j) 1Wi,j—1

+B’L( )1 le 1“] Z
=0

_szjk(CkakJ +vk,])

;l (CiaZig +viy)

(23)
Suppose for some [ and k, there exist matrices ©; 0,4,
Oip,0, Eilip,gr litipg ad Ok 0,95 Ok,jip,0s Ek,jipas

Iy, j.p,q Such that

l i
L= Oit0gTogt+ Y OilpoTpo
g=1 p=1

Tip =
i i 1
+ Z Z Eilip,qWp,g T z Z ILi,1;p,qVp,q
p=09=0 p=049=0
J k
Trj = Z Ok,j;0,4T0,g + Z Ok, jip,0Lp,0
q=1 p=1
k J k J
+ Z z Zk,jip,aWp,g t Z Z Ik 5ip.qUp,q
p=04¢=0 p=0¢=0
It can be easily proved that for [ = 0 or kK = 0,

the boundary condition (22) satisfies the above equations.
Replacing Z;,; and % ; in (23), equation (18) follows. This

completes the proof. |
Remark 1: Note that in (19), (20) and (21),
©i104=0, forl<g;
@k,] 0,0 = 0, for k< p;
Eilpg =0, forl<g;
Ek,jipg =0, fork < p;
I ;pg =0, forl<g;
y,jipq =0, fork<p.

Based on Lemma 3 and 4, an algorithm can be easily
developed to compute the two terms (z; j+1,%i+1,) and
(%it1,j, Tk, j+1) that are required for the computation of the
gain matrices of the 2-D Kalman filter.

Theorem 2: For a 2-D system in the form of (1), there
hold

i
~ *
(@i g4 Bigrt) = D Pijs10.0Wp007 41,10

p=1
l

*
+D 0 51100W0.40%1 10,0
q 1

+ Z Z Wi j+1p,¢@p,gE q~z+1 i,

p—Oq 0

+ Z Z Vi j+1,05p,ai1,5p,00

p=0 ¢=0
(24)
and

k

*
) =D ®it1,p.0Wp00% j 110
p=1

J
*
+ Z Pi+1,5;0,4W0,66% 4150,
q=1

j
—*
0N Wit1i0.0QaCh 1

p=0q¢=0
kK J

+ Z Z Yit1,5i0,050.01 1k j+13p,0-
(25)

(Tig1,j, Thj+1

Proof: From (12) and (18), it follows that the term
(@i 41, Ti4+1,) can be represented by

(Ti 41, Titr, 1)
j+1

Z®,3+1k0$k0+z®,1+101$01

k=1 =1
i j+1

+D D Vijrrik Wi, Z ©i+1,50,4%0,

k=0 1=0
i+1 z+1

+ Z 0, i+1,0:p,0Zp,0 + Z Z Si41,0;p,qWp,g

p=0 ¢=0
z+1

+ Z E ILit10p,qVp,q)

p=0g=0
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Then (24) follows. Similarly, (x;y1 ;, %k j+1) can be com-
puted as follows

(Tig1,5> Th,jt+1)

i+1
Z Dit1,5p,0%p0 + Z Dit1,5;0,4%0,g
p=1 g=1
i+l g j+1
+ Z Z Wit1,5p,qWp,gs Z Ok,j+1;0,¢T0,q
p—O gq=0
k ]+1
+ z Ok,j+1;p,0Zp,0 + z z Sk,j+1;p,¢Wp,q
p=0q¢=0
k Jj+1
+ Z Z k,j+1;p,4Vp,q)-
p=0g=0
Then (25) follows. ]

Remark 2: Considering the boundary condition (22), it is
easy to see that

(Ti 41, Tir1,0) = (Tit1,5,Toj41) =0 (26)
Theorem 2 solves the problem of computing matrices

K (,1]) , and K k of the Kalman filter (7). The next theorem
will give an algorlthm for the computation of matrices P; ;.
Theorem 3: Matrix P; ; of the Kalman filter (7) can be

computed as follows

j—1
= (D ©i5:0aW0,a®} 10,4
q=1
. Z ] 1
+Z@ )vavOW voé 5,j— 1P0+ZZ :2“7’p QQPQ 1,j-1;p,q
p—l p=0¢=0
(1) =
+ZZH 1.02.09pa Vi j—1p,9) (Ai j_1)
p—Oq 0
i—1
Z@ i,73 O,QWO,Q(Dz 1,5;0,9 + Z@ »JvaOW »Oq)l 1,5;p,0
q=1 p=1
i—1 7
+ Z Z Eiiip,a@pa¥i-1,jip,q
p—Oq 0
(2 *
+ZZH JipaSpa vi L.3:p, q)(Ai—)lyj)
1 1 2 )
z(J) 1Qm 1(Bz(j) 1) +Bz( )13Qi—1,j(Bi(—)1,j) :

27
Proof: From (8) and the structure of the 2-D system (1), it
is found that

P ;= <iz‘,j»55z‘(,j)> = (Zi,5, Ti,j)
~ 1 2
= <xi»]é?1)Ai‘j—1x'i»]'—1t;)‘li—l‘jxi—l,j
+B; j_1Wij-1+ Bi_l,j’wz'—u)
where
(Zij, Tij-1) =
j-1
= E :@ 1,550 ,QWO qq)zj 1;0,9 + E :@ ,],p,OW ,0® i,j—1;p,0
q=1 p=1
i -1
=. . .. *
+ § E :(Hz,y;p,qu,q + 1L jip,aSp,0) Vi j-1ip,q
p=04¢=0

Authorized licensed use limited to: CURTIN UNIVERSITY OF TECHNOLOGY. Downloaded on March 09,2010 at 21:52:19 EST from IEEE Xplore.

<~'i'ij»='15i 1,5) =
i—1
Z@ 4,35 O»QWO Q(I)z 1,5;0,9 + Z@ ,Jyp,OW ,O(I)z 1,5;p,0

q=1 p=1
i—-1 j

+ Z Z(Ei,j;p,qQP,q +1Ls5ip.aSp.a) ¥i-1,5ip.g

p=049=0

Now we need to compute the term (:cm,Bl(l]) 1Wi,j—1 +

Bf 1,;Wi-1,3)- By (1) and (7), we have

Tij = Tij — Tij

.

= AEIJ) 1Zi,5-1 +A1 13551 1,j +Bz(J) 1Wi,j—1

(1) )
Bz 13w2 157 (ZKz] 1l6”+ZKz ljkek,J)
1=0 k=0
Since for 0 < I < jand 0 < k < ¢ we have
Wi 11T 51, Wij—11Ti-1,5, wij—1lesr, wij_1lek;,
and w1 1T55-1,  wim1;1T15 0 wi—ijlesy,
w;—1,5 ek, s w; j—1lw;—1 5, then we find

<x1J’Bz(]) 1wm 1 +Bz 1ng 1)
* 2 *
= 1_7 1Qm 1( ] 1) +Bz 13Qz l,J(Bz( 15"
This completes the proof. |
Based on Theorem 1 together with Theorem 2 and Theo-

rem 3, an algorithm for the Kalman filtering of 2-D systems
can be obtained.

Algorithm

For (p,q),(k,l) € E let £pp =0, £oq =0, €po = Ypo,
€0,qg = Y0,9) Pp,o = Wp,o, P(),q = Wqu. Matrices q)p,O;k,O»
D0.0:0,0 ¥p,0:k,00 Yo,g;0,0 are given by (15), and O o.k.0,
©0,4;0,l: Ep,0;k,0 Z0,¢;0,1> Ip 05,0, Io,q;0,1 are given by (22).

For j=1: Ny
fori=1:N;

Compute ®; j.0,1, i jik,0 and ¥, jp for L € {0,..., 5}
and k € {0,...,1}, using (13);

Compute ©; .01, ©i,j;k,0, Eijikt and I1; j. 1
for1€{0,...,5} and k € {0,...,i}, using (19), (20)
and (21);

Compute Kz(lj)l and Kz(i)k or 1 € {0,...
and k € {0,...,i}, by (24) and (25);

Compute £; ; by (7) and then compute

= Cijtij;

23}

€i,j = Yi,j
Compute P; ; using (27);
end
end

Restrictions apply.



In the next section, a simplified version of 2-D Kalman
filter is provided which cannot achieve an optimal estimation
but is easier to apply. The performance analysis of such
simplified Kalman filter is also given.

IV. A SIMPLIFIED VERSION OF 2-D KALMAN FILTER

Given (4, j) € Q, for the 2-D system in the form of (1), we
consider a simplified 2-D Kalman filter having the following
structure

. L . @ -
Tit1,54+1 Aty ity + Az',j+1$i,2j)+1
+K; 10 4156+, + KT i85+t
eij = Yij—Cijdij

(28)
with boundary conditions ;0 = 0 and £o; = 0 for k < ¢
and [ < j, respectively, where

(1)
Kz+1,]+1,]
(2) I~ * (1) * -1
A (@i, Tar1,5)Cy 5 + Ay j POy | Tiga
(2) _
K‘L+1,J+1 A

* (2) * -1
A% 3 Tit1,55 Zij41)CF i + Ai,j+1Pi,J'+lci,j+l> ij+1

and

1
~ *
(@i g4t Tirr) = D Pija1p0Wp0Oft1 im0

p=1
*
+ 0 ®i541:00W0,00%1 1,50,
q—l
+ Z Z Vs j+1:9,4Qp.aZit1,5;p,
p=04¢=0
i 7
*
+ Z § Vi 119,050,0 41, jipgo
p=04=0
7
~ _ . ) *
(Tit1,55 Tijj+1) = E Pit1,5:.0W, ,09i,j+1;p,0
p=1
J
*
+ Z Pi+1,5:04W0,495 511504
q—l
+ Z Z Vit1,5:9.4Qp.aZi i +15p,0
p=0¢=0
i J
*
+ Z Z Vit1,50.0%.a10 j+1p,0°
p=0q=0

where matrices ®; ;. 0 and ®; j;0,4, ¥;,j;p,q are given in (13)
and (14), and matrices ©; j;0,4, ©
are given as follows

i,jip,05 Sijisp,g A0 I jip g

Oiji0, = Az(‘,lj)—lei»]'—hqu + Aﬁ)l,j@)i—l,j;o,q
—Kz-(,lj);j-1Ci,j—19z‘,j—1;0,q — K2, 1Cim1,0i-150.4;

Qgm0 = ALY _10i 150 + AP 0150
_Ki(,;);j—ICi»j—lei,j—l;P,O - Kz'(,zj);i_1ci—1,j@i—1,j;p,o

=4,55p,q

(0 p=1,q=7j,
BY) | p=iq=j-1,
. . 29
= B‘L(z)l,j pzl_la q9=17 ( )
1 1 -
(AE,J)@; K -1Ci,j—1) Eij-1ipq
+(Az 1,5 — Kz] 1_101'—1,]') Ei—l,j;p,q
L otherwise.
Hi,j;p,q
(0, pP=149=7
2 2 2
(AE )1 g Ki(,j);z‘—1Ci—1,j)ni—1,j;p»j Ki(,j);p
(1) (1) =B
— (A i,j—1 " i,j;j—lci,j—l)ni,j—l;i,q Ki,j;q
pP=149<y,
An_ kW )L
,J 1 ,Jé ,] 1) 1,5—1;p,q
+(Az 1,5 = Mg 10-1 J)Hl 1,5:p,q-
\ p<t,q<j,
(30)

The estimation error P; ; := (&; ;,Z; ;) is expressed by
(®) and T; ; := C; ; P, ;C7 ; + Ry

This computation scheme is sumlar to the algorithm shown
in Section III. The difference lies in the structure of the filter
and the computation of matrices ©; j;0,4, ©i,j;p,0» Zi,j;p,¢ and
IL; j;p,q- Compared with the Kalman filter given in Section
I11, the advantage of this simplified filter is that the estimation
Z;,; only depends on Z; j_1, £5—1,5, €;,j—1 and e;_; ; rather
than e;; and ey ; with [ € {0,...,5}, £k € {0,...,i}.
Therefore, less memory is needed for the computation of
the simplified Kalman filter.
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