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Purity filtration of multidimensional linear systems

Alban Quadrat

Abstract— In this paper, we show how the purity filtration of
a finitely presented module, associated with a multidimensional
linear system, can be explicitly characterized by means of
classical concepts of module theory and homological algebra.
Our approach avoids the use of sophisticated homological
algebra methods such as spectral sequences used in [3], [4], [5],
associated cohomology used in [9], and Spencer cohomology
used in [12], [13]. It allows us to develop efficient imple-
mentations in the PURITYFILTRATION and AbelianSystems
packages. The purity filtration gives an intrinsic classification
of the torsion elements of the module by means of their grades,
and thus a classification of the autonomous elements of the
multidimensional linear system by means of their codimensions.
The results developed here are used in [16] to determine an
equivalent block-triangular linear system of the multidimen-
sional linear system formed by equidimensional diagonal blocks.
This equivalent linear system highly simplifies the computation
of a Monge parametrization of the original linear system.

I. ALGEBRAIC ANALYSIS APPROACH TO LINEAR
SYSTEMS THEORY

In what follows, D will denote a noetherian domain,
namely a ring without zero divisors (namely, d; do = 0 yields
dy = 0 or d2 = 0) such that every left (resp., right) ideal
of D is finitely generated as a left (resp., right) D-module
[19]. Moreover, D?*P will denote the set of ¢ X p matrices
with entries in D and I, the unit of DP*P.

Example 1.1: If k is a field of characteristic 0 (e.g.,
k=Q R, C) and ¥ = R or C, then A,(k) (resp.,
By, (k), Dy (k), D, (k') is the ring of partial differential (PD)
operators in 9; = 8?“, 1 = 1,...,n, with coefficients in
the polynomial ring k[x1, ..., x,] (resp., the ring of rational
functions k(x1,...,x,), the ring of formal power series
k[z1,...,z,], the ring of locally convergent power series

k'{x1,...,2,}). These rings are noetherian domains [4].

If R € D?P and F is a left D-module, then we can
define the linear system or behaviour:

)={neF?| Rn=0}.

kerz(R

The algebraic analysis approach to linear systems theory
(see [6], [11], [14], [20], [21] and the references therein) is
based on the following result due to Malgrange.

Theorem 1.1 ([10]): Let M = D'*?/(D'*9 R) be the
left D-module finitely presented by the matrix R € D9*P,
7 : DYXP — M the canonical projection onto M sending
A € DY 1o its residue class m(\) in M, {f;};=1,..p the

.....

standard basis of D*? (i.e., f; is the row vector of length
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p with 1 in j™ position and O elsewhere), y; = w(f;) for
j = 1,...,p, F a left D-module, and homp (M, F) the
abelian group defined by the left D-homomorphisms (i.e.,
left D-linear maps) from M to F. Then, the abelian group
homomorphism x (i.e., Z-linear map) defined by

X : homp (M, F) kerr(R.)
¢ — n=(d) ...

1

¢(yp))"

is an isomorphism and its inverse x - of x is defined by

X tikerg(R) — homp(M,F)
no— on,
where ¢, is defined by ¢, (7()\)) = An for all A € D'*P.

Theorem 1.1 proves that kerz(R.) = homp(M,F),
where = denotes an isomorphism [19]. Hence, the linear
system kerz(R.) can be intrinsically studied by means
of the two left D-modules M and F. If f; is the 4
vector of the standard basis of D!*P, then the left D-
module M = DP/(D'*9R) is finitely generated by
{yj = n(fj)}j=1,...p» namely M = 37", Dy;, where
7 D2 _ M s the left D- -homomorphism which sends
A € DY*P to its residue class 7()\) in M. The generators
y;’s of M satisfy the following relations

ZRij Yj = ZRij 7(f;) = 7((Rix
j=1 j=1

fori=1,...,q. Let us now give the main idea of the proof
of Theorem 1.1. If ¢ € homp(M,F) and n; = ¢(y;) for
j=1,...,p, then, fori =1,..., q, we get:

p
> Rim = Z Rij 6(y;)
j=1

II. MODULE THEORY AND HOMOLOGICAL ALGEBRA

Since kerz(R.) = homp(M,F), the linear system
kerz(R.) can be studied by means of the properties of the
left D-modules M and F. Let us recall a few definitions.

Definition 2.1 ([19]): Let D be a left noetherian domain

and M a finitely generated left D-module.

1) M is free if there exists r € N = {0,1,2,...} such
that M = DX7. Then, r is called the rank of M.

2) M is projective if there exist r € N and a left D-
module N such that M &N = DX where @ denotes
the direct sum of left D-modules.

3) M is reflexive if the left D-homomorphism

e: M — homp(homp(M, D), D),
m — &(m),

(D

- Rip)) =0,

ZRu yj | = #(0) =0.



is an isomorphism, where:
Vme M,V fe€homp(M,D), e(m)(f) = f(m).

4) M is torsion-free if the torsion left D-submodule of M,
namely t(M) ={m e M |3d e D\{0}: dm =0},
is reduced to 0, i.e., t(M) = 0.

5) M is torsion if t(M) = M, i.e., if every element of
M 1is a torsion element.

Theorem 2.1 ([19]): A free module is projective, a pro-
jective is reflexive, and a reflexive is torsion-free.

Definition 2.2: 1) A complex of left D-modules

i+l LN VAN VA
2)
is a sequence of left D-modules M; and of left D-
homomorphisms d; : M; — M;_; which satisfies:

diyo
—

M, ...

Vie 7, d; o di—i—l =0 (<:> ide_l - kerdi).

Similarly for a complex of right D-modules.
2) The defect of exactness of (2) at M; is the left (resp.,
right) D-module defined by:

Hl(M.) £ ker dl/lde,l

3) The complex (2) is exact at M; if H;(M,) =0, i.e., if
ker d; = imd,; 1, and exact if ker d; = im d;; for all
i € Z. An exact complex is called an exact sequence.
4) An exact sequence of the form

0— M - M2 m” — 0, 3)

i.e., f is injective, ker g = im f and g is surjective, is
called a short exact sequence.

5) A finite free resolution of the left D-module M is an
exact sequence of the form

R, R R
. 2 pixee 2B, plxpr 23, plxpe T, Ap ),

(4)
where, for ¢ > 1, R; € DPi*Pi-1 and:
R, : DY*Pi _— DlXpim
A — AR,

6) A finite free resolution of a right D-module N is an
exact sequence of the form

Ss.

0 N & pwo B po B2 pe S

)]
where, for ¢ > 1, S; € D%-1*% and:

S;.: D% — D%
n —  S;n.
Example 2.1: If D is a left noetherian domain and M a

finitely generated left D-module, then we have the following
short exact sequence of left D-modules:

0 — t(M) == M -2 M/t(M) — 0. (6)

Let F be a left D-module. Using (4), we can define the
extension abelian groups ext’, (M, F)’s for i > 0 as follows.

Up to abelian group isomorphism, they are defined by the
defects of exactness of the following complex

S e B oppy B
HSsppe By B e g
(7

where R;. : FPi-t — FPi is defined by (R;.)(n) = R;n
for all n € FPi~1 and for all + > 1, namely:

ext®, (M, F) = homp (M, F) = kerr(R;.),
extiD(M, f) = ker}-(Ri+1.)/im}-(Ri.), > 1.
The complex (7) is said to be obtained by application of the
contravariant left exact functor homp( -, F) to the reduced

(truncated) free resolution of M, namely to the complex
obtained by removing M from the finite free resolution (4):

R ‘R R R
. 4 Dlng 3 Dlsz 2 DlXpl 1 DlXpo 0'

A classical theorem of homological algebra proves that the
ext’; (M, F)’s depend only on the left D-modules M and F
(up to abelian group isomorphism), i.e., they do not depend
on the choice of the finite free resolution (4) of M [19].

Similarly, if D is a right noetherian ring, N a finitely
generated right D-module, and G a right D-module, then,
using the finite free resolution (5) of N, we can define:

ext? (N, G) = homp (N, G) = kerg(.51),
ext%(N,g) %kerg(.Si_‘_l)/img(.Si), ) 2 1.
Theorem 2.2 ([19]): Let (3) be a short exact sequence of
left (resp., right) D-modules and F a left (resp., right) D-
module. Then, the following long exact sequence

*

0 — extQ(M",F) L extQ(M,F) L extd (M, F)
1
L exth (M, F) —  exth(M,F) — exth(M',F)
2
s exth (M7, F) —  exth(M,F) — ...,

holds, where f* (resp., g*) is defined by f*(¢) = ¢ o f
(resp., g*(v) =1 o g) for all ¢ € homp (M, F) (resp., for
all ¥ € homp(M", F)).

Proposition 2.1 ([19]): Let (3) be a short exact sequence
of left (resp., right) D-modules and M a projective left (resp.,
right) D-module. Then, for every left (resp., right) D-module
F, we have ext' T (M", F) = extl,(M', F) for all i > 1.

If D is aring, then we can define the concept of left global
dimension 1gd (D) (resp., right global dimension rgd (D)) as
the supremum of the minimal length of projective resolutions
of left (resp., right) D-modules [19]. In what follows, we
only need to know that they are two invariants of the ring D
which coincide when D is a noetherian ring [19], and which
is then simply denoted by gld(D).

Example 2.2: If k is a field, then we have
gld(k[z1,...,2z,]) = n [19]. If k is a field of characteristic

0, ¥ =RorC, and D = A, (k), B,(k), Dn(k) or D,(k'),
then gld(D) = n [4], [5], [9].



Theorem 2.3 ([1], [6], [9], [12], [14]): Let D be a
noetherian domain having a finite global dimension
gld(D) = n, M = DY?/(D'*4R) the left D-module
finitely presented by R € D?*P, and the so-called Auslander
transpose of M, namely the following right D-module:

N =D%/(RDP).
1) We have the following left D-isomorphism:
t(M) = ext} (N, D). ®)

2) M is torsion-free iff ext}, (N, D) = 0.
3) The following long exact sequence of left D-modules

0 — exth(N, D) — M — homp(homp (M, D), D)
— ext?, (N, D) — 0
)
holds, where ¢ is defined in 3 of Definition 2.1.
4) M is reflexive iff ext’, (N, D) =0 for i = 1, 2.
5) M is projective iff ext’s(N,D) =0 fori=1,...,n.

Theorem 2.3 was implemented in the OREMODULES
package [7] for some classes of noncommutative polynomial
rings of functional operators (e.g., PD, shift, difference, time-
delay operators) for which Buchberger’s algorithm termi-
nates for any admissible term order, and which computes a
Grobner basis [6]. Hence, using the OREMODULES package,
we can effectively check whether or not a finitely presented
left D-module M = D'*P/(D1*% R) admits torsion ele-
ments or is torsion-free, reflexive or projective.

Definition 2.3 ([19]): A left D-module F is injective if
ext’, (M, F) = 0 for all left D-modules M and for all i > 1.

Example 2.3: 1f Q) is an open convex subset of R”, then
the space C*°(Q) (resp., D'(2), S'(R2), A(92), O(Q)) of
smooth functions (resp., distributions/temperate distributions,
real analytic/holomorphic functions) on €2 is an injective
D = k[d,...,0n]-module (k=R or C) [10], [11], [20].

If M is a left D-module admitting the finite free resolution
) ﬁ)Dlng ﬁ)Dlxpl iDlxpo i>]\4_)07

then, applying the contravariant left exact functor
homp(-,F) to the previous exact sequence, and using the
fact that ext’,(-,F) = 0 for all i > 1, and Theorem 1.1,
we obtain the following exact sequence of abelian groups:

M g B g B mm  homp(M, F) <0

Hence, we get kerx(R;y1.) = R; FPi-* for all ¢ > 1. We
then say that homp(-,F) is an exact contravariant functor,
i.e., transforms exact sequences of left D-modules into exact
sequences of abelian groups.

Corollary 2.1 ([6], [14], [21]): Let D be a noetherian
domain having a finite global dimension gld(D) = n, F
an injective left D-module, and M = D*P/(D*9R) a
left D-module finitely presented by R € D?*P. If we set
Q1 = R, p1 = p and pg = ¢, then we have:

1) If M is a torsion-free left D-module, then there exists
a matrix Q2 € DP'*P2 guch that the following exact
sequence of abelian groups

JFPpo Q@1- FP1 Q2- P2

holds, i.e., kerz(Q1.) = Q2 FP2. Then, Q- is called a
parametrization of the linear system kerz(R.).

2) If M is a reflexive left D-module, then there exist
Q2 € DPr*Pz and Q3 € DP2*P3 guch that the
following exact sequence of abelian groups

JFPo Q1. FpP1 Q2. P2 Qs- FPps
holds, i.e.:

ker]:(Ql.) :ngp2, ker}-(QQ.) =Q3.7:p3.

3) If M is a projective left D-module, then there exist n
matrices Q; € DPi-1*Pi forall i = 2,...,n+ 1 such
that the following exact sequence

& FPn (Q"i FPn+1

(10
holds, i.e., kerz(Q;.) = Q41 FPi+t fori=1,...,n.

Fro G g Q2

The matrices ();’s defined in Theorem 2.1 can be com-
puted by checking when the ext’;(N,D)’s vanish [6].
For instance, applying the contravariant left exact functor
homp(-, D) to the beginning of a finite free resolution
0 — N & pt fpr & pmoof the Auslander
transpose N = D9/(RDP) of M = DY?/(D'*9R),
we then get the complex D'*¢ -, plxp -9, pixm
and exth (N, D) = t(M) = kerp(.Q)/imp(.R). Hence,
if t(M) = 0, then the above complex is exact at D1*?
and defines the beginning of a free resolution of the finitely
presented left D-module L = D' ™/(D'*P Q). Then,

applying the exact functor homp(-,F) to L, we obtain

the exact sequence F9 JRLE 2% 2 F™, which yields

kerz(R.) = QJF™ and shows that the linear system
kerz(R.) is parametrized by Q. Using the OREMODULES
package [7], the matrices @;’s of Corollary 2.1 can be
effectively computed, which constructively solves the so-
called image representation problem of behaviours (see
[6], [14], [12], [20], [21] and the references therein). If
t(M) # 0, then the autonomous elements of the linear
system kerz(R.) correspond to the torsion elements of M,
ie., t(M) = kerp(.Q)/imp(.R) [6], [14], [12], [20], L21].
If R € D?*P is a matrix such that kerp(.Q) = D**9 R/,
then t(M) = (D'*¢ R')/(D'*? R), which shows that the
residue class of the rows of R’ in M defines a set of
generators of the torsion left D-module ¢(M) [6], [14].

Let us now introduce a useful lemma which gives a finite
presentation of a quotient left D-module.

Proposition 2.2 ([8]): Let R € DY and R’ € D4 <P
be two matrices satisfying D'*¢ R C D'*¢ R’ ie., such
that R = R"” R’ for a certain R"” € D%%% . Moreover, let



R, € D" %4 be a matrix such that kerp(.R') = D**" R},
and let 7 and 7" be respectively the canonical projections:
T D1><q/ R — (Dlxq/ R/)/(Dlxq R),
Tl'/ . D1><q' SN Dlxq’/(Dlxq R/l +D1><r' R/2)
Then, the left D-homomorphism ¢ defined by
D1><q’/(D1><q R +D1><7" R/z) L (D1><q/ RI)/(DIXq R)
m(A) — 7w(AR)
(1)
is an isomorphism and its inverse :~! is defined by:
’ Lfl ’ ’
(Dlxq R/)/(Dlxq R) RN D1><q /(DIXqR//+D1><T R/2)
7(AR) +— 7'(N).
Applying Proposition 2.2 to the quotient left D-module
t(M) = (D'*4 R')/(D'*4 R), we obtain

t(M) o~ Dlxq// (Dlx(q+r/) (R//T R/2T)T) , (12)

where R” € D99 and R}, € D" *9 are defined by:
R=R'R, kerp(.R')=D""R).
The third isomorphism theorem in module theory [19] yields:
M/t(M) = [D**? /(D¢ R)|/[(D"** R')/(D"** R)]
~ Dlxp/(Dlxq’ R/).
(13)
ITT. MONGE PARAMETRIZATIONS

According to 1 of Corollary 2.1, a linear system
kery(R.) = homp(M,F) is parametrizable when the
finitely presented left D-module M = D*P/(D'*4 R) is
torsion-free and F is an injective left D-module. If M has
torsion elements, i.e., t(M) # 0, and F is an injective left
D-module, then applying the exact functor homp(-,F) to
the short exact sequence (6), we get the short exact sequence:

0« homp(t(M),F) <— homp(M,F)
L homp (M/H(M), F) «—— 0.

We can then wonder if we can parametrize the linear system
kerz(R.) by means of a more general parametrization than
the one used in Corollary 2.1, i.e., by a parametrization
obtained by glueing a parametrization of the parametrizable
subsystem kergz(R’.) = Q' F™ = homp(M/t(M),F) of
kerz(R.), where M/t(M) = D'*?/(D'*4 R') (see (13)),
with the integration of the (over)determined linear system
kerz((R"T  RYF)T.)) = homp(t(M),F) formed by the
autonomous elements of kerz(R.) (see (12)). This leads us
to the concept of a Monge parametrization [17], [18].

To recall the main results developed in [17], [18], let us
first introduce a few more definitions [19].

Definition 3.1: 1) Let M and N be two left D-
modules. An extension of M by N is a short exact
sequence e of left D-modules of the form:

c:0—N-E L Mm—0 4

2) Two extensions of M by N

60— NILE S0, i=1,2

) )

are said to be equivalent, denoted by e ~ eo, if there
exists a left D-isomorphism ¢ : £y — FE5 such that
the commutative exact diagram

0— N % B2 M o

I L |
0— N = B = oM —o
holds, i.e., such that fo = ¢ o f; and g; = g2 0 ¢.

3) Let [e] be the equivalence class of the extension e for
the equivalence relation ~. The set of all equivalence
classes of extensions of M by N is denoted by
€ep (M, N)

Theorem 3.1 ([17], [18]): Let M = DY¥P/(D1*4R)
and N = D'*¢/(D1*? S) be two finitely presented left D-
modules, and Ry € D"*? a matrix such that kerp(.R) =
D" Ry. Then, every equivalence class of extensions of M
by N is defined by the following extension of M by N

e 0—N-E L o, (15)
where the left D-module E is defined by the presentation
Dix(a+t) “Q plx(p+s) 2 @ 0, (16)

ie., E = D> ®ts) /(D1*(a+1) ), where

R -A
_ € DlatDx(p+s)
AeQ={XeD¥[3Y D™ : Ry X=Y5}, (17
N = E E L um
op) = o0 L)) o(N) +— a(A(I, 0)T),

where m : D'XP — M (resp., § : D'** — N, and
o : DYW+s) _ E) is the canonical projection onto M
(resp., N, E). Finally, the equivalence class [e] depends only
on the residue class €(A) of the matrix A in:

Q/(R DP** + D%t 8) = ext}, (M, N). (18)

The next corollary of Theorem 3.1 explains how to deter-
mine €(A) for a given extension of M by N.

Corollary 3.1 ([18]): With the notations of Theorem 3.1,
if we consider the following extension

0—N-%F Y M-—0

19)

of M = DY*P/(D'*4 R) by N = D'*s/(D**tS), and if
{fj}j=1...p is the standard basis of D'*P, y, = 7(f;) for
all j = 1,...,p, z; € I' a pre-image of y; under v, then
> 1 Rijz € imu forall i = 1,...,¢, and since u is
injective, there exists a unique n; € IV satisfying:

p
u(n,) = Z Rij Zj.
j=1



If we consider a pre-image a; € D'** of n; under 4, i.e.,
n; = 0(a;) foralli =1,...,q, then the extension (19) of M
by N belongs to the same equivalence class of (15), where
the left D-module FE is defined by (16) with:

A=(ay ... a))" € D%,

Equivalently, the following commutative exact diagram

.R
—

D'xq p>r L M —0
Lo Lw I

o— N Y% F X M —0

holds, where v and ¢ are respectively defined by

Ww:D>XP — F

fi — =z, 3=1,...,p,
¢:D™ — N

e, — n;=90(a;),i=1,...,q,

and {e;};—1,.. 4 is the standard basis of D*4.

Corollary 3.2 ([17], [18]): With the previous notations,
an extension of M/t(M) by t(M), namely

e: 0 — t(M) - B2 M/t (M) —0,  (20)
can be defined by the finitely presented left D-module
E = D w+d) j(pix(d'+atr) p)

where the matrix P is given by

R —A
P=| 0 R' |epW@tarxetd)  (op)
A

and the matrix A belongs to the abelian group 2 defined by:

Q =
R//
Ry
(22)
Moreover, the equivalence classes of the extensions of

M/t(M) by t(M) depend only on the residue classes €(A)
of the matrix A €  in the following abelian group:

1/
Q/ | R Drxd' 4 pa'x(a+r) R
Ry (23)

= exth (M/t(M), H(M))).

More precisely, we have the following important results.
Theorem 3.2 ([17], [18]): Let R € D9*P, R’ € D *P,
R" € D77 and R}, € D" *% be four matrices satisfying
M = DYP/(DYX4R), M/t(M) = DYP/(D*¢ R'),
R = R'R/, and kerp(.R') = D" R). Moreover, let
E = DY@td) /(Dt*(d'+a+1") P) be the left D-module

finitely presented by the matrix P defined by
R —Iy
P= 0 R’
0 R,

{A e D'*d |3 B e D"*t) . RLA=B (

€ DU Hatr)x(e+d) o4y

and o : DY+d) — F (resp., m : DY — M) the
canonical projection onto E (resp., M). Then, we have:
1) M = E for the following left D-isomorphism:

M — FE= DlX(P+q/)/(D1><(q’+q+r/)P)
() — o(AU), U=(I, 0)e Dr<m+d)

2) The following two extensions of M /t(M) by t(M)
0 — (M) — M -5 M/t(M) — 0,
0 — t(M) - B2 M/t(M) — 0,
belong to the same equivalence class in:
ep(M/t(M), t(M)).
3) For every left D-module F, kerz(R.) = kerz(P.),

R'¢—-0=0,
ie, Rn=0 & R"0 =0, (25)
R, 0 =0,
for the following invertible transformations:
v:kerg(P.) — kerr(R.)
¢ ¢
= U =
(5) e ($) -
vy likerg(R) — kerg(P)
> C = Ip
K 0 r )"

IV. PURITY FILTRATION

To integrate the (under)determined linear system
kerz(R.), (25) shows that we first have to integrate the
following (over)determined linear system:

kerz (R"" RY)T.) = homp (¢(M), F). (26)

Generalizing the ideas developed in Sections II and III, the
goal of this section is to show how we can “zoom” in (26)
and write (26) as a block-triangular linear system whose
diagonal-blocks define equidimensional linear systems. To
do that, we first need to introduce the concept of purity
filtration of the left D-module M [4], [5], [9]. In [16], these
results are used to obtain an equivalent block-triangular linear
system, which is extremely useful for the computation of a
Monge parametrization of the linear system kerz(R.). For
more details, see [16]. The results developed in this section
generalize the ones obtained in [15] for linear 2D systems.

Let M be a finitely generated left D-module. We can
consider the beginning of a finite free resolution of M:

00— M <& pDlxpo R pDlxp1 B2 Dlxp2 B3 Dlxps
Then, the defects of exactness of the following complex

0 — pro o prr B2 pee B pos (97



are the right D-modules defined by:
ext% (M, D) = kerp(R3.)/imp(Rz.),
exth (M, D) 2 kerp(Rs.)/im(R;.),
ext) (M, D) = kerp(R;.).

(28)

To characterize the right D-modules ext' (M, D)’s,
we need to compare kerp(R;.) with imp(R;—1.) =
R;_1 DPi-2, For a fixed k from 1 to 3, let us introduce the
notations Rix = Rk, Pkk = Pk> P(k—1)k = Pk—1, and:

Ny = cokerp (Ryg.) = DP** [( Ry DP=1k),
Then, for 1 < k < 3, let us consider the beginning of a finite
free resolution of the right D-module Ng:

Rk—1)k-
e

DPe-vr Bihe ppee B A0 (29)

The choice of notations is natural: if we write the 3 long
exact sequences (29) for k = 1, 2, 3 on the same page, where
the k™ exact sequence of (29) is written at level k as shown
in Fig. 1, then the free right D-module DPi* is at position
(4, k) and Rjy arrives at DPs* with j < k.

Since (27) is a complex of right D-modules, we obtain
Ry R(k—l)(k—l) = Ry Rr_1 =0 for all k= 2,3, and thus

Rk—1)(k—1) DPE=26=0 Ckerp(Ryk.) = Rp—1)x DPE=2*,
i.e., matrices Fij_oy, € DP(:=2x>PG=2-1) exist such that:

Vk=1,2,3, (30)
Using (30) for kK = 1,2, we obtain

Ri—1y(k-1) = Be—1)x Fr—2)k-

Ra—1yx Fo—2yk Be—2y(h—1) = Be—1)(k—1) Be—2)(k—1) = 0,
which yields
Flr—oyk R—2y(k—1) DP*-9¢-1 Ckerp(R(x—1)k-)
= R(—2) DP*=2",
and there exists F(j_g), € DP(:=3r*P:-3(--1 guch that:
(31)

Similarly, for k = 3, there exists F_13 € DP-13*P-12 guch
that Fy3 Rgs = Ro3 F_13. Therefore, we obtain the com-
mutative diagram of right D-modules (33) whose horizontal
sequences are exact and where:

Rop =0, Ny = Dl)oo/o &~ Ppoo

Poo = Po1, P12 = P11,

Fa—oyx Bi—2)(k—1) = Br—2)k Flr—3)k-

(32)
P23 = p22-

If we denote by Njy the right D-module defined by
Nji = cokerp(Rjx.) = DP* /(Rj, DPU=%),

then, using (33), we obtain the commutative diagram (34)
whose horizontal sequences are exact. Moreover, we have

the following short exact sequences:
0 — N3 — DP28 — No3 — 0,
0 — Ngg — DP33 — N33 — 0,
0 — Nig —> DP2 — Noy — 0, (35)

O—>N01 —>Dp11—>N11—>0.

Now, using (28), we obtain the following characterization
of right D-modules ext’, (M, D)’s:
ext?,(M, D) 2kerp(Rss.)/imp(Ras.)
= (Ro3 D"'®)/(Ra2 DP*?),
ext}:)(M, D) = kerD(Rgg.)/imD(Rll )
= (R12 D) /(R11 DP),

exth (M, D) 2kerp(Ry;.)/imp(Roo.) = Roy DP—*.
(36)
Then, using (32), (36) yields the three short exact sequences
(37) of right D-modules. Now, applying the contravariant
exact functor homp( -, D) to the three short exact sequences
of (37) and using Theorem 2.2, we obtain the long exact
sequences shown in Fig. 4.

In what follows, we shall suppose that the ring D satisfies
VieN, exth(ext’T(M,D),D) =0, (38)

for all left D-modules M. For instance, this condition holds
if D is an Auslander regular ring [5], namely a noetherian
ring with a finite global dimension gld(D) such as, for every
1 € N and for every finitely generated left D-module M, any
left D-submodule P of ext’;(M, D) satisfies jp(P) > i,
where the grade jp(P) of P [4], [5] is defined by:

jp(P) =min{i > 0 | ext’, (P, D) # 0}. (39)

For instance, the rings k[z1, ..., %], An(k), Bn(k), ﬁn(k)
and D, (k') defined in Example 1.1 are Auslander regular
[4], [5]. In particular, using (39), we get:

extd (exth (M, D), D) =0, exth(ext? (M, D),D) = 0.

Moreover, exth(Ngo, D) is equal to 0 since Nog = DPoo
is a free, and thus a projective right D-module (see, e.g.,
Corollary 6.58 of [19]). Therefore, the three long exact
sequences in Fig. 4 yield the exact sequences (40). Using
Proposition 2.1, the short exact sequences of (35) then yield:

ext3D(N33, D) = GX'EQD (Ngg, D) = ext}j(ng, D),
ethD(NQQ, D) = ext%)(Nu, .D)7
extQD(NH, D) = extlD(Ngl, D)
Since Ny; = DP/(Ry; DPo1) is the Auslander transpose
of M = DY por /(D1*P11 R11), 1 of Theorem 2.3 gives:
t(M) = ext}, (N1, D).
A right D-module analogue of Theorem 1.1 shows that
ext% (No1, D) 2 kerp(.Ro1), and (6) yields:
M/t(M) = DY*Po /kerp(. Ry ).

(40) yields the three exact sequences (41). Combining the

long exact sequences (41) with the long exact sequence (9)

and using cokere = M /t(M) (see 3 of Theorem 2.3), we
obtain the exact diagram (42), where:

coker 39 2 im 99 C exth (ext?, (M, D), D),
coker y9; = imyy; C exth(exth (M, D), D),

cokeri = M /t(M) = coker y19
>~ im g C ext (exth (M, D), D).

(43)



K33

Ros. Ri3. Ro3.
pp-13 293 ppos M3 ppiz 2230 Dp2s Dpss 28, Naoo (),
Roo. Rio. Roo. K
pp-12 202 ppez 120 ppiz 1220, P22 22 Nyy — 0,
Ro1. Ry1. K
pp-u 0L, ppo Ly ppua ML N SN 0.
Fig. 1. Free resolutions of the Ngg’s
Ros. Ry3. Ro3. R33. K3:
Dp-13 s, Dpo3 s, P13 223 pp2s 383, Dpss 33 N33 — 0
T F_13. T Fos. T Fis. ”
Roa. Ria. Raa. K
Dp-12 oz, Dpo2 Sz, Dp12 220 Dp22 22 Nyy — 0
T F712. T F02~ ||
DP-11 Ro1- Dpot LiseE DPp11 f11 N- 0
—_— —_— — 11 —
I
P00 oo
0 i D — NOO i 0.
Fig. 2. Commutative diagram with horizontal exact sequences
D—13 Ros. P03 LEE D13 k13
D — D — D Nis — 0
T F_q3. T Fos. T Fys.
Roa. Rys.
Dp-12 to2-, DPpoz 2 DPiz LTI Nis — 0
T Foqs. T Foo. H
DP-11 Ro- pro Bu. pru LN, — 0
Fig. 3. Commutative diagram with horizontal exact sequences

00—
0—

00—

0 — ext?(M, D) — Nag = DP23 /(Rgy DP*2) — Naz = DP23 /( Ry3 DP13) — 0,
0— ethD(MvD) — Ny = Dplz/(Rll me) — Njg = me/(ng Dp02) — 0,
0 —> extd, (M, D) —> Nog = DPo — Noy = DPo1 /(Rgy DPo1) — 0.

extQD (]\7237 D)
extb(ng, D)
ext% (N017 D)

ext3D(N33, D)
eXt2D(N22, D)
eXtOD(N(n, D)

— ext%(Ngg, D) —
— extb(Ngg, D) —
B ext%)(Ngg, D) —
— ext?b(Ngz, D) —
—_— ext%(Nu, D) —
i ext}:)(Nll, D) —
— extQD(NH, D) —
— ext%(Noo, D) —
— ethD(Noo, D)

Fig. 4. Long exact sequences

ext?, (ext?,(M, D), D)
extl, (ext?,(M, D), D)
ext?, (ext?,(M, D), D)

ext, (ext}, (M, D), D)
exth (ext}, (M, D), D)

ext% (ext? (M, D), D)

ext?, (ext?,(M, D), D),
extp(exty (M, D), D),

ext% (ext}, (M, D), D)

ext?, (ext?,(M, D), D)
exth (ext}, (M, D), D)
ext?, (ext?, (M, D), D)

ext}j(Nm, D) — 0.

coker yao
coker 11

extzD(Nn, D)

— 0,
— 0,

— 0.

(33)

(34)

(37

(40)

(41)



0
1
00— ext%(Ngg, D) 13_2_>
l Y21
t(M)
!

coker Y21

1
0

We then get the following filtration {M;};—o, .3 of M:
0 C M3 = (721 © 32)(ext$ (N33, D))
Q MQ = ")/21(6Xt2D(N227D)) g Ml = t(M) g MO = M
(44)
Definition 4.1 ([4], [5]): A finitely generated left D-
module M is called pure or jp(M)-pure if jp(P) = jp(M)
for all non-zero left D-submodules P of M.

Theorem 4.1 ([4], [5]): Let D an Auslander regular ring
and M a non-zero finitely generated left D-module. Then,
ext’; (ext®, (M, D), D) is either 0 or an i-pure left D-
module.

Using Theorem 4.1 and (43), coker 32 is a 2-pure left D-
module, coker-ys; is a 1-pure left D-module and M /t(M)
is a O-pure left D-module. Moreover, if Rs has full row
rank, namely kerp(.R3) = 0, then N33 = ext%, (M, D), and
thus ext?, (N33, D) = ext?) (ext?, (M, D), D) is a 3-pure left
D-module. Using the notations of (44), we then note that
M; = ext3 (ext?, (M, D), D) is a 3-pure left D-module,
My /M3 = coker 3o is a 2-pure left D-module, My /My =
coker o1 is a 1-pure left D-module and Mo /M; =2 M /t(M)
is a O-pure left D-module, i.e., the successive quotients
of the terms of the filtration {M;};=o .3 of M are pure
left D-submodules of M. This filtration {M;};—o, . 3 of
M is called the purity filtration of M [5], [9]. Now, if
kerp(.R3) # 0, ie., kerp(.R3) = D'*P1 R, for a non-
trivial matrix R4 € DP4*P3_ then we can introduce the right
D-module Nyy = DP44/(Ryy DP34), where Ryy = R4 and
pas = p4, compute ext},(Nyy, D) and so on. Repeating the
same procedure gld(D) = n times, we finally obtain a purity
filtration {M;}i—o,..., of M.

This explicit and rather elementary way for the com-
putation of the purity filtration of a finitely presented left
D-module M does not require sophisticated homological
algebra techniques such as spectral sequences [3], [4], [5],
associated cohomology [9], and Spencer cohomology [12],
[13]. Efficient implementations of this new approach were
recently done by the author in the PURITYFILTRATION
package, built upon OREMODULES [7], and, in collabo-
ration with Barakat (University of Kaiserslautern), in the
AbelianSystems package of the seminal homalg [2],
[3] of GAP4 dedicated to homological algebra computations.
The homalg package also includes the computation of the
purity filtration based on spectral sequences. See [3] for a
constructive study of spectral sequences of bicomplexes.

ethD(NQQ, D)

— cokervysy — 0

AN M LN — 0. (42)

M/t(M)

Finally, the results developed in this paper are used in
[16] to explicitly determine a block-triangular linear system
which is equivalent to ker #(R.). It will allow us to compute
a Monge parametrization of the linear system kerz(R.)
by integrating in cascade inhomogeneous linear systems
defining equidimensional homogeneous linear systems.
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