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A COMPARISON OF DFT AND SVD BASED CHANNEL ESTIMATION IN MIMO
OFDM SYSTEMS

Peter Hammarberg
Lund University
Lund, Sweden

ABSTRACT

In this paper two simplified transform based estimators for
MIMO OFDM systems using the DFT and an SVD based
transform are compared over a tapped delay line channel
model. In the resulting symbol error rate plots it is seen that
the DFT based estimator will experience an error floor caused
by the mismatch between the discrete time model and a
continuous time reality. This error floor becomes a problem at
high SNR levels where high data-rate systems can be
expected to operate. When using an SVD based estimator it is
seen that this error floor is reduced at the cost of a somewhat
increased estimator complexity.

[. InTRODUCTION

As wireless services become more and more advanced, higher
data rates need to be achieved in the communication systems.
To overcome the limiting factor of the available bandwidth,
multiple-input — multiple-output (MIMO) antenna systems
have been proposed to increase channel capacity over a fixed
spectrum [1]. To tackle another large problem in wireless
communication, the problem caused by multipath fading
channels, orthogonal frequency division multiplexing
(OFDM) has been proposed. The technique simplifies the
channel equalisation process [2]. By using MIMO systems in
combination with OFDM an efficient communication system
can be formed with high spectral efficiency and low sensitiv-
ity to multipath fading.

To get these systems to work and to further increase the
spectral efficiency by introducing coherent modulation, effi-
cient techniques for channel estimation have to be used. By
performing the estimation in an appropriate transform do-
main, efficient low-rank estimators can be found. This is
achieved by using the fact that for a well-designed OFDM
system the energy of the impulse response will be concen-
trated to a fraction of the symbol length. A number of differ-
ent algorithms have been presented for transform based chan-
nel estimation in MIMO OFDM systems. Discrete Fourier
transform (DFT) has been used to perform simplified channel
estimation in the cyclic time domain [3]. An alternative trans-
form obtained from a singular value decomposition (SVD) of
the channel auto correlation matrix has also been used [4].
Both these approaches stem from channel estimators for tradi-
tional OFDM systems [5,6].

In this paper a comparison of a DFT based estimator and an
estimator using an SVD based transform for MIMO OFDM
systems is performed using a tapped delay line channel mod-
el. The performance of the two estimators is evaluated for
both sample-spaced channels and non-sample spaced chan-
nels, which better match the behaviour of real wireless chan-
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nels. The results show that the performance gain at high
SNRs obtained by using a SVD based transform is significant
if the channel is non-sample spaced.

II. CHANNEL MODEL

Assuming the channel to be wide sense stationary with
uncorrelated scatters, a tapped delay line model is formed for
the impulse response [5]

R
glr.t)=2 o, (t)-8(t—7,(1)) (1)
n=l

where o, (f) are independent zero mean complex Gaussian
processes, with Rayleigh distributed amplitudes, power delay
profile 0(T,) The delays are T,(f) , where

n=1,..,R and ¢ 1is the absolute time. The power delay
profile is treated as either uniform, @(7,)=C | or
exponentially  decaying, 0(t,)=C-¢” "™ , over the
interval [0, L-T] where L is the channel length in
samples, T, 1is the sampling period and T,,, 1is the root-

mean squared delay factor. The R delays are considered to be
uniformly distributed within the length of the cyclic prefix
(CP).

The mmpulse response is assumed to be constant over the
duration of one OFDM symbol. (1) can therefore be written,
without time dependence, as

R
g{T}=Z o 6(t—1,)
n=

For an OFDM system with N carriers, the frequency
response on sub-carrier £, h[k] , 1s found by calculating
the Fourier transform of (2) at normalized frequency

(2)

f=f,=kIN [8]
N-l M ik
hkl=> > «e " (3)
I=0 n=|
IIl. SysteEMm

The system used here is a 2x2 antenna system using OFDM.
Each OFDM symbol consists of N samples and the length of
the CP is set to L samples. The system thus consists of four
different antenna-to-antenna channels, all treated as independ-

ent and linear. The received signal at antenna ; r,[k] |

where k=1,..,N , 1s a linear combination of the transmitted
signals. In the frequency domain this can be expressed as

1= 2 4 s T w ] @



where N; is the number of transmit antennas, A;[k] the
channel frequency response of the " sub-channel between the
" transmitter and /" receiver antenna, s;[k] is the signal
from the /" transmitting antenna and w;[k] is the noise on
the /" receiver branch, which here will be treated as complex
white Gaussian noise with zero mean and variance o

IV. ESTIMATORS

The first estimator presented is a simplified version of the
DFT based estimator described in [3]. The simplification lies
in that the time-domain filtering is removed. This will not
affect the general conclusions, since the impairments studied
are due to a mismatch in the frequency-domain filtering only.
For a well-designed OFDM system the channel energy is
focused to the first taps of the impulse response g[/] .
Ignoring the channel energy outside the first M taps, the
frequency response, /;[k] for the A" sub-channel
corresponding to the /" transmitting antenna, is given by the
N point Fourier transform of the first M values

K—1
hlk=Y g 1w (5)
=10

—j2 miN . -
where W,=e'~™" and N is the number of sub-channels.

Using (4) the received signal at the j" receiver is given by

4
E

r.,-[m:z(ﬁz_] gf,.mw:&;f)«,.[k]+ w4

i=1 \ I=0

(6)

where g,[!] , I=0,...,M-1, is the channel impulse response
between the ” transmitter and ;" receiver antenna.

If the transmitted signals are known trough the use of
training symbols, an LMMSE estimation of the impulse
response at the /™ antenna can be derived. The estimator can

be written in matrix form as [3]
[ ] §—

[ g 1 [ 2n Oy, P,
S ; (7)
IEINJI -Ql Ny Qh’,f‘h’,. IPNTI
with
g=(g[0],-, g[m-1]
| i (8)
p.=p[0],---, p[M—1])
and
. ‘-'i’ff'[[:'] ‘i'fr'[_{M_l)].
0= : : (9)
| [M —1] q:[0] |

where g, 1s the estimated frequency response between the
receiving antenna and the /" transmitting antenna. The matrix

elements ¢..11] and p,|/] are defined as
Wo—1

plll= Y rlkIs (KIWS

k=10

(10)

and

N=l
g, 111= Z s, Lk]s [kIw
k=0
where “*” denotes complex conmjugation. The number of
samples, M, used in the estimation is chosen to be equal to, or
larger than, the length of the impulse response. Figure 1 gives
a schematic view of the estimator.
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Figure 1: Schematic view of the simplified DFT based
LMMSE estimator for MIMO systems.

If training symbols are used the matrix @ can be computed
beforehand and the complexity of the estimator will be

N, (2-log, N+ N,-M’| N+1) multiplication's/tone, where

N, and N, are the number of receiver and transmitter
antennas respectively.

Because of the properties of the DFT, there are a few things
that need to be emphasized. If the channel is sample spaced
(that 1s, the distance between two multipath components are
spaced with integer multiples of the sampling time) the
estimator will work perfectly since the DFT will give optimal
power concentration [6]. Consequently, the channel energy
will be concentrated to the first few samples of the impulse
response. If the channel is non-sample spaced, which 1s more
realistic, this will no longer be the case. The IDFT of the
sampled frequency response will not be equal to the sampled
continuous impulse response, as is the case with a sample
spaced channel. This is illustrated in Figure 2 where the
channel power of the impulse responses, attained from
IDFT(#) where h is the sampled frequency response, of a
sample and non-sample spaced channel are plotted. As can be
seen, the energy for the non-sample spaced channel impulse
response i1s not restricted to the first few samples. Instead
there is a clearly visible “leakage™ of energy to the whole
cyclic impulse response. If only the first few samples are used
for estimation, the energy in the discarded samples will give
rise to an irreducible estimation error.
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Figure 2: Average power for uniform impulse response for
sample spaced and non sample spaced channels.

An alternative estimator based on the one above, which 1s
better suited for non-sample spaced channels, can be derived
using channel statistics. This estimator has been presented in
[7]. By using the SVD of the auto-correlation of the

frequency response, R,,=UZU" . an optimal low-rank
estimator can be achieved [5]. Z=diag(A, ..., Ay) ., where

A, are the singular values' of R, The matrix U
containing the eigen-vectors , can be used to transform a pre-
estimate of the frequency response, e.g. a LS-estimate, to a
transform domain where the channel energy is concentrated to
the first few samples. In this transform domain a simplified
estimator of lower dimension can be used. A nominal Ry,
representing the “worst case” uniform power delay profile can
be used when designing the estimator, resulting in only a
minor mismatch degradation when applying the estimator to
channels with other power delay profiles [5]. This allows the
transform matrix U to be pre-calculated..

The simplified SVD based LMMSE estimator 1s achieved
by substituting the Fourier transform, used in the estimator
above, with the matrix U received from the SVD of R,
Due to the independent transform coefficients of the new
transform, the LMMSE estimation in the transform domain

can be done independently on each coefficient by using a
weighing factor 5 =A/(A +BISNR ) These will

compensate for the fact that for small SNR values samples
corresponding to small eigen-values will contain more noise
than channel energy. The compensation is done by
suppressing these samples in the estimation.

By using the transform matrix U, the matrix elements

qﬁ--[f’] and Pl-[i"] in (10) and (11) can be written as
Pf-[f];f rlk]s [k1U [k, 1] (12)
and -
g 0= 3 s (Kl (U T, 1 (13)

k=0

I  Since Rhh is a (square) autocorrelation matrix, the SVD is also an eigen-
decomposition.

The estimator, which is presented schematically in Figure
3, 1s then derived as in the previous section using (7)-(9).
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Figure 3: Schematic model of the simplified SVD based
LMMSE estimator for MIMO OFDM systems.

The value for the number of channel taps M used in the
estimator should be chosen as M=L+1 ., where L the
length of the CP [5].

By substituting the DFT by the transform matrix U, an
estimator that 1s better suited for non-sample spaced channels
is achieved. With a better power concentration, less channel
energy will be lost when only the first M samples are used in
the estimation. The estimation error caused by the discarded
channel taps is therefore lowered.

The complexity of the estimator can be expressed as

N (2 -M+N-MIN+1) multiplications/tone,  where

Ny and Ny are the number of receiver and transmitter
antennas respectively.

V. SIMULATION RESULTS

The two transform based estimators for MIMO OFDM are
studied for a 2x2 antenna system. The number of OFDM sub-
channels are set to N=64 and the length of the cyclic prefix to
L=6, equal to the lengths of the impulse response. Both uni-
form and exponentially decaying power delay profiles are
used. The number of channel taps are set to R=100 for the
case of non-sample spaced channel and to R=L for the case of
sample spaced channel’. BPSK is used as the modulation
format.

The two estimators are studied for a few different cases,
starting with an evaluation of the DFT based estimator in a
sample spaced and a non-sample spaced uniform channel us-
ing, M=L samples in the estimation.

2 For the sample spaced case, there are only L sample spaced delay
positions within the cyclic prefix and it is therefore not necessary to use
more than L taps in the model
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Figure 4: Comparison between the performance of the DFT
based estimator in sample spaced channel and non sample
spaced channels.

As can be seen in Figure 4, where the symbol error rate
(SER) is plotted, the DFT estimator performs perfectly in the
case of a simple sample spaced channel. But when used in a
non-sample spaced channel it experiences a quite severe error
floor. This floor is caused by the energy that is lost in the N-
M excluded coefficients.

Next the DFT and SVD based estimators are compared. To
illustrate the performance of the estimators for different num-
ber of channel taps used in the estimation two different values
of M were used. M=L and M=L+3. In Figure 5 the SERs of
the two estimators are presented for the case of a uniform
power delay profile.

As expected, the DFT based estimators experience an error
floor caused by the channel energy in the excluded
coefficients. By adding more channel taps in the estimation
process the error floor is slightly lowered, but the
improvement is not that large.
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Figure 5: Comparison between DFT and SVD based
estimators in a non sample spaced channel with uniform

power delay profile

If the attention is turned over to the SVD based estimator it
is seen that the performance is much better. An error floor is
present for the SVD based estimator using M=L coefficients,

much similar to the one experienced with the DFT based es-
timator, but by adding a few more coefficients in the estima-
tion the performance 1s greatly improved. For M=L+3 there 1s
no error floor present below SNR levels of 30 dB.

In Figure 6 the SER of the two estimators are presented for
the case of an exponentially decaying power delay profile.
The decay factor was set to 25% of the length of the impulse
response, i.e. T =0.25-L-T;

The performance of the SVD based estimator 18 1n this case
much better than for the DFT based. Both the two DFT based
estimators, along with the SVD based estimator using M=L
coefficients in the estimation, will have an error floor visible
from about 10-15 dB SNR. But since the SVD based trans-
form gives a better power concentration than the DFT, the
performance of this estimator is be better.

By using more coefficients in the estimation the perform-
ance gain 1s negligible for the DFT based estimator, while it 1s
significant for the SVD based estimator. Because of the cyclic
property of the DFT, most of the channel energy leakage will
in this case be “around the corner” to the end of the cyclic
impulse response [6]. By including these coefficients the

performance can be improved, but this is beyond the scope of
-
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Figure 6: Comparison between DFT and SVD based

estimators in a non sample spaced channel with
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VI. ConcLusioNs

A comparison between two transform based estimators for
MIMO OFDM has been preformed. One using a DFT and one
using an SVD based transform. Is has been shown that the
SVD based estimator will perform better due to better power
concentration of the impulse response. It has also been shown
that the performance of the DFT based estimator is dependent
of the channel model used. For a simple sample spaced model
the DFT will give perfect power concentration and excellent
performance. However, in more realistic channels there will
be an error floor present at high SNR levels. For systems
designed to work at these levels this 1s of special concern
since 1t will have a big impact on the overall system
performance. It is therefore important that an appropriate
channel model is used in computer simulations.



The number of channel taps used in the estimators will have
a direct impact on the size of the estimation error. For the
DFT based estimator the minimum number of taps used
should be the same as the length of the impulse response.
Using more taps in the estimation will only cause a small
reduction of the estimation error. Since the complexity of the
DFT based estimator only grows slowly with the number of
taps used, it could be worth adding a few extra taps.

For the SVD based estimator it 1s shown that by using a few
extra taps in the estimation, the estimation error will be
oreatly reduced. Since the complexity of the estimator grows
linearly with the number of channel taps used, 1t 1s important
to keep the number down. The simulations verified the result
from [5], stating that the number of taps that should be used n
the SVD based estimator is at least one more than the length

of the impulse response (measured in samples).
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