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Abstract—Orthogonal Frequency Division Multiplexing
(OFDM) is very sensitive to carrier frequency offsets (CFO).
The CFO results in intercarrier interference (ICI). This
drawback of OFDM is inherited to Orthogonal Frequency
Division Multiple Access (OFDMA). In this paper, we propose
a new ICI model for an uplink OFDMA system that takes
into account the presence of the cyclic prefix which is usually
ignored. Simulations validate the accuracy of our derivation.
The subcarrier allocation is revisited in the presence of CFO.

Index Terms—Carrier Frequency Offset, Orthogonal Fre-
quency Division Multiple Access, Cyclic Prefix.

I. INTRODUCTION

The upcoming mobile communication systems such as Wifi,
WiMAX and LTE (Long Term Evolution) have to offer high
data rates both in the uplink and downlink directions in
order to fulfill the needs of the future innovative multimedia
applications [1], [2]. OFDMA is coming forth as the favored
downlink transmission scheme for these systems because it
is highly adaptive and robust in frequency selective radio
channels and also provides good system flexibility [1], [3].
However, questions are still raised about the use of OFDMA
in the uplink direction. A well known problem of OFDMA in
the uplink is its sensitivity to carrier frequency offsets (CFO).
This paper concentrates on carrier frequency synchronization
error while perfect time synchronization is assumed. CFO
might result from Doppler shift, or in the case where a user
mixer is not perfectly synchronized to its allocated carrier
frequency [2], [4], [5]. CFO besides causing attenuation and
rotation of each of the subcarrier, also causes loss of or-
thogonality between subcarriers leading to interference among
adjacent subcarriers known as ICI. The main goal of this paper
is to investigate the impact of ICI resulting from CFO in
an uplink OFDMA system. Several researchers have studied
the ICI due to changes in frequencies [6]-[10] in OFDM(A)
systems. Analytical models of ICI provided in [7], [9] neglect
the cyclic prefix which is in practice between 1/4 and 1/8 of
the number of subcarriers. The cyclic prefix is inserted in an
OFDM(A) symbol to cancel intersymbol interference and ICI
in frequency selective channels. Some interesting results are
provided in [8] but the ICI analysis is done using the Fourier
Transform rather than DFT. So the results of [8] suit the case
of an infinite number of carriers which is not very realistic.
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In this paper we provide an analytical model for ICI without
neglecting the cyclic prefix. We will show that our analytical
model is more accurate.

In section 2, the considered system model is presented along
with an analytical model for the CFO depending ICI. In section
3, we present the impact of CFO introduced multiuser inter-
ference through its variance analysis and simulation results.
Section 4 discusses the CFO induced self-ICI and section5
introduces the effect of subcarrier allocation.

II. UPLINK SYSTEM MODEL

In this section, we present the uplink OFDMA system under
consideration. The available bandwidth B is divided into N,
subcarriers. NV, is the total number of users in the system.
Each user is therefore allocated M = NP/NU subcarriers
exclusively to fulfill its transmission demands. The radio
channel model is assumed to be frequency selective. The last
L modulation symbols in the OFDMA symbol are repeated
after the inverse DFT to form the cyclic prefix.

A. Analytical Signal Model

We next describe the analytical signal model of the OFDMA
system. The signal at the output of the transmitter of user u
is given by:
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where f. is the carrier frequency, p(*)(t) is the impulse
response of the low pass filter at the transmitter and 7' is
the symbol period of an OFDMA symbol. & fé") represents
the CFO of user u with respect to f.. The CFO appears in
the transmitted signal because we are considering the case
where the user u is not perfectly synchronized to the carrier
frequency of the base station. Note that afcu) are the symbols
at the IDFT output given by:
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where A = {Aéu)...Ag\qj)_l} are the input symbols from
user w. II™™ is an N, x M subcarrier mapping matrix for



user . ﬂé“; with k£ € {0,...,N, — 1} and p € {0,..., M — 1}
models the multiple access scenario. It equals 1 for the
carriers allocated to user v and zero elsewhere. F'~! is the
DFT matrix given by
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with W = &% Signals from different users z(*)(t) pass
through individual multipath radio channels. The received
signal at the base station is the sum of the signals from all
users. The overall noise free received signal r(t) is given by:
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where ¢(*)(t) is the combined impulse response of the channel
from user v and of the transmitter and receiver filters. The
baseband samples, at the symbol rate 7//N,, input to the
receiver DFT can be written as:
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with L as the length of the cyclic prefix. Note that 5k(u) =
27k fEVT /Ny \where | = 0, <oy Np — 1 are the shift coeffi-
cients. The normalized shift of user w is given by

oft =ofT

ri in equation (4) are the received symbols and hy, ™ is the
discrete channel impulse response from user u to the base
station with k = 0, ..., L. We assume that the channel impulse
response length is smaller than L, so that the last terms of
hi™) can be zeros.

B. Signal at the DFT output without CFO

To analyse CFO induced ICI, we first recall the case of
no CFO. When there is no CFO and each user is perfectly
synchronized to the base station, the received signal is given
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The last L symbols of r in (4) corresponding to the cyclic pre-
fix a_q,...,a_r, have been discarded in (5) and the input sym-
bols are rearranged since they are equal to ay,—1,...,an, L.
Thanks to the presence of the cyclic prefix, the channel matrix

in (4) has been reduced to a circulant matrix E(u) in (5). This
circulant channel matrix is further diagonalized by the receiver
DFT. The received signal after the size N, DFT block is given
by

where H™ is the diagonal channel matrix of user u which is
given by

with entries H ,(c“) = SN U h,,ed2™mk/No - Knowing the
allocation matrix ﬂ(“), the base station recovers all the input

messages from n“wW-1R,

C. Signal at the DFT output with CFO

In the case of a CFO, § f(“) between a user u and the
receiver, we show next that the channel matrix doesn’t remain
circulant. If the receiver performs the usual cyclic prefix
symbols discarding and rearrangement as when there is no
CFO, after some calculations, we get,
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From equation (6), we find that the channel matrix can not be
written in a circulant form unless we discard the additional
terms xﬁ(Au) appearing in (6). Authors in [9], while analyzing
the ICI due to CFO, have completely ignored the effect of CFO
on the cyclic prefix in the received signal and the expression
for the received signal is reduced to only

N
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Similarly the expressions for ICI in [2] or [9] correspond to the
case where the effect of CFO is ignored on the cyclic prefix.
The analytical expression we derive for ICI, (;.;, experienced
by a particular user v is given by
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where [ is an N, x N,, identity matrix. Equation (7) represents



the overall interference experienced by user v. It comes from
multiple users interference as well as self-ICI.

III. CFO INDUCED MULTIPLE USERS INTERFERENCE

Next, we want to quantify the impact of multiple users
interference by deriving its variance. For the sake of simplicity,
we assume that there are only two users in the system, V,, = 2.
Furthermore, it is assumed that the base station is perfectly
synchronized to user 1 i.e. §f() = 0 so that the interference
comes from user 2 only 6 f(?) # 0.

A. Variance of ICI

We assume in the sequel that the modulation symbols are
statistically independent random variables from a predefined
alphabet and independent from one user to another. Moreover,
the transmit power for the modulation symbols is normalized
such that E{|A™)|?} = 1. Then, the interference seen by the
base station on the signal from user 1 due to the CFO in user
2 is reduced to
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The total variance of (8) is given by equation (9),

1
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where 0% and o3 are the variances of the first and second terms
of (8) respectively and covy o represents the intercovariance of
these terms. Since F'* = F~!, the three terms of equation (9)
are given by equations(10-12).
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Note that in above equations ¢r(x) stands for the trace of x.

B. Blockwise Case

In this subsection, we consider that the subcarriers are
allocated to the users in a block fashion as shown in Figure
1. In this case, the subcarrier allocation matrix of user 2,
H(Q), can be simplified as

u® =0 5"

where 0 is an M x M matrix with all entries equal to zero and

I is an M x M identity matrix. Thanks to this simplification
and after some calculations we find that equations (10-12)
reduce to:
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Equations (10a-12a) represent the total variance of the inter-
ference seen by user 1 for a blockwise carrier allocation.

User 1 User 2

!
0 M Np-1

Subcarriers

Fig. 1.  Blockwise carrier allocation of user 1 and user 2. Each user is
allocated N;, /2 subcarriers that are adjacent to each other.

C. Simulation Results

Next, we compare the derived expression of the ICI with
some previous results and with a simulated OFDMA system.
For the simulations the following three scenarios are consid-
ered:

o Scenario 1(Sce.l): Simulated OFDMA transmission sys-
tem with cyclic prefix. The corresponding ICI variance is
denoted by o2, .

o Scenario 2(Sce.2): Based on CFO generated ICI model
proposed in this paper. The corresponding ICI variance
is denoted by 0.

o Scenario 3(Sce.3): Based on CFO induced ICI model pre-
sented in [9]. The corresponding ICI variance is denoted
by Uno cp*

Here N, = 64, length of the cyclic prefix is L = 16, N,, = 2
therefore M = 32 and the carriers are allocated using the
blockwise allocation shown in Figure 1. Again we assume that
the base station is synchronized to user 1 so that § f(') = 0 and
53 #£ 0. A 16-QAM modulation is used. Figure 2 shows
the ICI variance versus the user 2 normalized shift values,
6f). The variances have been averaged over all subcarriers
for each value of the normalized shift. The results are also
averaged over 5000 channel realizations, with random impulse
responses of length L. Results in Figure 2 show that our
proposed ICI variance for user 1, 05(1) is much closer to the

L) than the one derived in

simulated ICI variance of user 1, o;
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scenarios for different values of the normalized shift in user 2 § f @),

191, o2 At a shift of 0.08 the difference between ai-(}n) and

no—cp*
ai(ol_)cp is about 12dB. This result validates our proposed ICI
model of multiple user interference and associated variance
and shows its superiority with respect to the models in the

literature.

IV. CFO INDUCED SELF-ICI

In the previous section, we have assumed that the base
station is synchronized to user 1 and we studied the multiple
user interference in user 1 coming from user 2. Sticking to
this assumption, we assume in this section that the base station
can not be synchronized to user 2 which would have required
a supplementary VCO. The interference seen by user 2 is
therefore the interference from user 1 plus the interference
coming from its own subcarriers, called self-ICI.

A. Blockwise Case

In the blockwise subcarrier allocation scheme of Figure 1,
most subcarriers allocated to user 2, the ones in the second
block, experience only self-ICI. Only the carriers on the edge
experience interference from user 1. The analytical expression
of the variance can’t be simplified any further, so that we
don’t recall it here. The following simulations consider the
same setting as described previously. In Figure 3, the curves
for ICI variance of user 2 are plotted against the normalized
shifts. Again, we can see that our results are much closer to the
simulated compared to the model in [9]. Moreover, we have
plotted 02(2) for L = 0 and it can be seen that it matches with
ai(fZCP. In Figure 4, the curves for ICI variance of user 2 are
plotted against its normalized shift for different lengths of the
cyclic prefix, IV, remains equal to 64. We can see from Figure
4 that as the length of the cyclic prefix increases from L = 16
to L = 22 (about %th and %rd of N, respectively), cri%) and

2(2) . . 2(2) ;
o~ increase accordingly. Indeed, o7,,” ., remains constant.
This result proves that considering our proposed model of ICI
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in OFDMA system with CFO is more important when the
cyclic prefix is long with respect to the number of subcarriers.
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B. Effect of ICI on Symbol Error Rate

Next, we demonstrate the importance of the proposed
model for the symbol error rate (SER) that is a better
measure of performance than the variance of error. For the
analytical SER calculation, we used the following formula [11]

p -5 Y (3,9 [ 7
16 y+10\8 " 4/m\y+10

where +y is the signal to interference plus noise ratio defined
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Fig. 5. Comparison of the SERs’ of user 2 for the three scenarios at
N, = 64 and L = 16.

as v = E,/(0f + No) with o¢ as defined previously and
Ny is the noise power. Simulation results shown in Figure 5
give the SER performance of user 2 for the three scenarios
at 6f(® = 0.08. Again N, = 64 and L = 16. For such a
high value of CFO, we can see that SERs of user 2 for Sce.l
and Sce.2 are very close to each other, around 4.10~1 for
high values of SNR while the SER for Sce.3 is much less i.e.
close to 1071, In Figure 6, the SER curves are plotted for
different values of L. Indeed, the SER of user 2 for Sce.l and
2 is higher at L = 22 than at L = 16. Again Sce.3 shows no
change in SER with the length of cyclic prefix since it ignores
the cyclic prefix. These results validate our model of the SER
in OFDMA systems with CFO and their superior accuracy
with respect to the literature.
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V. ICI AND SUBCARRIER ALLOCATION

In this section, we consider the impact of the subcarriers
allocation on the ICI and related performance. In systems that
do not undergo CFO, channel diversity is usually induced by
interleaving the subcarriers allocated to the different users.
However, in systems experiencing CFO a blockwise allocation
minimizes the level of interference. It reduces the interference
to the edge subcarriers of the block. Channel diversity and
robustness to CFO are therefore in contradiction. In the sequel,
we wonder what is the best number of adjacent subcarriers
in the presence of CFO. The blockwise allocation scheme
presented in Figure 1 corresponds to the maximum size a block
can have, it is equal to N, /2.

User 1 User 2 User 1 User 2

31
Subcarriers

o
o
o

Fig. 7. Subcarrier allocation with blocksize equal to 16.

The minimum will be equal to 1, called the interleaved
allocation. We simulate the same two user case presented in
the previous sections with base station synchronized to user
1 while user 2 is not synchronized. The interference power
is evaluated for user 1 and user 2 for blockwise allocation
with different blocksizes (BS). A blockwise arrangement of
the subcarriers for a blocksize of 16 is shown in Figure 7.
Figure 8 shows the ICI variance for both users versus different
values of blocksize (BS). N, = 64, L = 16 and 5f(2) = 0.06.
At a blocksize of 32, the subcarriers of user 2 are far from

5t =0.06
Il

(d
L
=

ICI Variance(dB)

4 T T T T

4 8 16 32
Blocksizes

Fig. 8. ICI variances of the two users for different blocksizes at a
normalized user 2 shift 6 f*) = 0.06.

the subcarriers of user 1 (perfectly synchronized). So the



interference seen by user 1, with variance 0?(1), because of
CFO in user 2 is only at the edge subcarriers and is small i.e.
less than -23dB. While the ICI in user 2, with variance 03(2),
is high -12dB and is caused by its own subcarriers. Figure
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Fig. 9. ICI variance of user 1 for different values of 61 with

blocksizes 32, 16 and 4.

1)

8 shows that with a decreasing blocksize, a? increases

while 02(2) decreases. This is because the only interference
user 2 sees is from its own carriers. With a decreasing
blocksize, user 2 subcarriers become far from each other and
become closer and closer to user 1 subcarriers which offer no
interference. In Figure 9, the ICI variance for user 1 is detailed
for different values of normalized shift 6 f(2) for blocksizes
32,16 and 4. We can see that with the increase in blocksize the
ICI power for user 1 decreases. As expected, a larger blocksize
provides more robustness against CFO. However, the gain in
diversity does not seem to compensate the loss due to CFO
for small values of CFO.

VI. CONCLUSION

A new analysis of the effect of carrier frequency offset
(CFO) in an uplink OFDMA systems has been presented. We
have demonstrated that one must take into account the cyclic
prefix while analyzing Intercarrier Interference (ICI) resulting
from CFO. We proposed an analytical expression of the ICI,
the associated variance and SER. It allows us to study the
subcarrier allocation for an OFDMA system undergoing CFO.
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