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Abstract—This paper studies spectrum trading in cognitive
radio networks in which multiple service providers (SPs) sell
unused spectrum to multiple unlicensed secondary users (SUs).
Motivated by the nature of the problem with new considerations,
spectrum trading is modeled as a multi-leader multi-follower ex-
pected Stackelberg game with two levels of competition. The SPs
as leaders compete in offering subscription prices (upper-level
subgame) and the SUs as followers compete in selecting service
from the SPs (lower-level subgame). The lower-level subgame in-
corporates the time-varying spectrum availability as the external
state so that the proposed scheme does not require knowledge of
dynamic spectrum availability. To achieve self-organized network
operation, we propose decentralized, stochastic learning-based
algorithms for the game. The convergence properties of the
proposed algorithms toward the Nash equilibrium (NE) are
theoretically and numerically studied. The proposed scheme
demonstrates good utility performance for the SUs as compared
to other service selection schemes.

I. INTRODUCTION
Cognitive radio network (CRN) [1] has been considered as

a promising solution to the underutilization of the licensed
spectrum. In CRNs, owners of the licensed spectrum are
referred to as service providers (SPs). To improve spectrum
utilization, the SP may allow secondary users (SUs) to access
its licensed spectrum, a behavior called spectrum trading.
This paper studies spectrum trading from a game-theoretic
perspective.
Game theory [2] models the interaction of distributed play-

ers and has been an effective tool for studying resource man-
agement problems in distributed networks such as CRNs [3]
and heterogeneous networks [4]. A game-theoretic approach
to spectrum trading was proposed in [5]. The methods in
[3]–[5] are suitable for static resource allocation for primary
users (PUs), but not for PUs with time-varying behaviors.
Specifically, the considered scenario therein was either 1) the
quality of service (QoS) requirements of PUs are not flexible
and the number of residual channels is fixed, or 2) the QoS
requirements of PUs are flexible but the preferences of PUs are
fixed. Thus, when the PUs’ traffic demands and the channel
availability change over time, frequent re-execution of the
spectrum trading procedure is needed, resulting in significant
overhead in practical CRN operations.
It is therefore motivated to develop efficient spectrum

trading strategies for scenarios with time-varying chan-
nel/spectrum availability in the game-theoretic context. The
considered spectrum trading problem carries a leader-follower
structure where the SPs as leaders offer their subscription
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prices and then the SUs as followers perform service selection
according to the offered prices. This hierarchical feature sug-
gests the formulation of a Stackelberg game [2] with two levels
of competition. The upper-level subgame corresponds to the
price competition among the SPs and the lower-level subgame
corresponds to the service selection among the SUs. We aim
at developing proper service selection (for SUs) and spectrum
pricing (for SPs) strategies by incorporating several practical
considerations: 1) players at the same level are unaware of one
another and there is no information exchange among them,
and 2) the PUs’ traffic demands are unknown in the decision-
making stage. Due to these considerations, the subgame per-
fect Nash equilibrium (SPNE) of the Stackelberg game must
be defined in an expected manner and cannot be achieved
through the traditional backward induction method [2]. In this
paper, we propose an expected Stackelberg game formulation
and develop fully distributed selection strategies at both levels
which do not require unknown dynamic channel availability.
The convergence properties of the proposed algorithm are
theoretically and numerically examined.

II. SYSTEM MODEL
We consider a CRN with M SPs and N SUs, where SPm

owns Km channels in total. The sets of SPs and SUs are
denoted by M and N , respectively. Fig. 1 presents an exem-
plary CRN with two coexisting SPs. We adopt a shared access
model in which the SPs set and announce the subscription
prices. An SU sends a request message and pays the price
if the SU intends to buy the spectrum opportunities from an
SP. SUs have the freedom to dynamically select the SP that
will provide the best reward determined by multiple factors
(e.g., bandwidth, delay, and price). On the other hand, the SPs
adjust their pricing strategies iteratively to improve their own
revenues.
When complete information of other SPs is available, the

SPs may determine their pricing strategies by anticipating the
service selections of SUs (i.e., through backward induction
[6], [7]). In our scenario, however, the SPs are independent
decision makers who can only learn the pricing strategy
through their own iterative updates. The reward is collected
when the behaviors of SUs converge, as in [5]. Therefore,
the strategy update interval of SPs is longer than that of the
SUs. The number of iterations that the SPs wait for the SUs’
strategies to converge is denoted as Tconv.
We model the spectrum trading as a two-level Stackelberg

game. The upper-level subgame corresponds to the competi-
tion among SPs in selling the residual channels to the SUs. The
lower-level subgame corresponds to the competition among



Fig. 1. An exemplary CRN with 2 SPs, 3 PUs, and 4 SUs. The filled and
blank blocks in the licensed band of each SP denote the occupied channels
by PUs and the residual channels available for SUs, respectively.

SUs in selecting the service from the SPs. To reflect a practical
distributed CRN, our system model incorporates the following
considerations: 1) Each SU can buy and access the spectrum
opportunity of only one SP at a given time. 2) Service selection
is done by each SU independently and simultaneously. There is
neither negotiation nor sequential updates among SUs. 3) The
statistics of the spectrum opportunities are identical among
SPs but unknown to the SUs. 4) The number of SUs in the
network is unknown to any SP and SU, and the number of
SPs is unknown to any SP.

III. SERVICE SELECTION OF SECONDARY USERS
In this section, we present the game-theoretic formulation

and self-organized learning procedure in the lower-level sub-
game. Our objective is to devise for the SUs a fully distributed
strategy that takes into account the effect of congestion, offered
spectrum opportunities, and the subscription price.

A. Game Model
We model the service selection problem as a noncooperative

game where the SUs are the players, and the number of
residual channels (after the resource allocation of PUs) is
considered as the external state. The game is represented as

G1 =
(
C,N , {Ai}i∈N , {ui}i∈N

)
where C is the space of external states, N is the set of players,
{Ai}i∈N is the set of actions (service selection) that player i
can take, and {ui}i∈N is the utility of player i. In the service
selection game, the utility is defined as the expected reward
over the external state.
The payoff function is designed to quantify satisfaction

levels of SUs, and its value depends on the number of residual
channels as well as the number of SUs sharing the same SP.
In this paper, we assume the SUs are of the same priority
class, and thus the residual channels are equally divided (can
be in both frequency and time domains) among them. Let
cm(j) ∈ {0, 1, . . . ,Km} be the number of residual channels
of SPm at time j, and qm be the spectrum subscription price
paid by each SU that is associated with SPm (i.e., purchasing
spectrum opportunities from SPm). The price qm is assumed
to take possible values on a pre-defined and finite pricing
strategy set of SPm. Let Bm be the channel bandwidth of
SPm, Nm(j) be the set of SUs associated with SPm at time

j, and nm(j) � |Nm(j)| is referred to as the user load of
(i.e., the number of SUs associated with) SPm at time j. The
bandwidth allocated to an SU associated with SPm at time j
is given by Bmcm(j)/nm(j), and the instantaneous reward
received by SUi can be given as

ri(j) = κBmcm(j)/nm(j)− qm, ∀i ∈ Nm (1)
where constant κ represents the monetary value of unit band-
width seen by an SU. Without loss of generality, we set κ = 1
in this paper. The reward function in (1) captures the dynamics
of the joint behaviors of multiple SPs and SUs. For notational
brevity, we hereafter discard the timing dependence (j) in
occasions without ambiguity. With the reward function in (1),
the utility (i.e., expected reward) becomes

ui(ai, a−i) � Ecai

[
ri|(ai, a−i)

]
= Bai

c̄ai
/nai

− qai
(2)

where c̄ai
� E[cai

] is the expected number of residual
channels of SPai

. The utility of player i depends on the action
of player i (ai) and of other players (a−i).

B. Analysis of Nash Equilibrium

We assume that the SUs are self-interested and rational
players with the objective of maximizing their individual
utility, which can be formally described as

(G1) : max
ai∈Ai

ui(ai, a−i), ∀i ∈ N . (3)

With the utility function in (2), we show the existence of a
pure-strategy NE point for the lower-level subgame.

Proposition 1. The game G1 is an exact potential game (EPG).

Proof: Define the function Φ : ×i∈NAi → R+ as

Φ(a) =

M∑
m=1

(
nm∑
l=1

νm(l)− nmqm

)
(4)

where νm(l) = Bmc̄m/l and (n1, . . . , nM ) is the user load
profile resulted from action a. Now, consider that player i
changes its action unilaterally from ai to ăi. Let nai

and năi

be the load of SPai
and SPăi

before the change, respectively.
Note that player i’s change merely affects the SUs subscribing
to SPai

and SPăi
, and the change in Φ(·) due to its unilateral

deviation is given by
Φ(ăi, a−i)− Φ(ai, a−i)

=

năi
+1∑

l=1

νăi
(l)− (năi

+ 1)qăi
+

nai
−1∑

l=1

νai
(l)− (nai

− 1)qai

−

(năi∑
l=1

νăi
(l)− năi

qăi
+

nai∑
l=1

νai
(l)− nai

qai

)

= (νăi
(năi

+ 1)− qăi
)− (νai

(nai
)− qai

)

= ui(ăi, a−i)− ui(ai, a−i). (5)
That is, the changes in ui(·) and Φ(·) due to player i’s
unilateral deviation are identical. Therefore, G1 is an EPG with
potential function Φ(·).
For EPGs, the existence of a pure-strategy NE is always

guaranteed and the NE points coincide with the local maxi-
mum of the potential function [8].



C. Stochastic Learning Procedure for Service Selection
Here, we propose a decentralized algorithm by which

the SUs learn toward the NE strategy profile from their
individual action-reward history. The algorithm is based on
stochastic learning (SL) [9]. To facilitate the development
of the SL-based algorithm, let the mixed strategy pi(j) =[
pi,1(j), . . . , pi,M (j)

]T be the service selection probability
vector for player i, where pi,si(j) is the probability that player
i selects strategy si ∈ Ai at time j.
A stochastic learning algorithm is characterized by its rule

of updating the mixed strategies (based on the action-reward
observation), which is usually referred to as the learning
rule. The proposed self-organized service selection (SoSS)
algorithm is described in Algorithm 1. In Algorithm 1, the
instantaneous reward serves as a reinforcement signal so that
a higher reward leads to a higher probability in the next
play (Step 4). Note that the proposed learning algorithm is
fully distributed: the selection of SP is based solely on the
individual action-reward history without knowledge of other
players’ actions.

Algorithm 1 Self-organized Service Selection (SoSS)
1: Initially, set j = 0, and the spectrum request probability vector
as pi,si(j) = 1/|Ai|, ∀i ∈ N , si ∈ Ai.

2: At every time instant j, each SU selects an action (i.e., SP) ai(j)
according to pi(j).

3: The SUs receive the instantaneous reward specified by (1).
4: Each SU updates its service selection probability vectors accord-
ing to the following rule:
pi,si(j + 1) = pi,si(j) + b · r̃i(j)(1l{si=ai(j)} − pi,si(j)) (6)

where 0 < b < 1 is the learning rate, r̃i(j) = (ri(j) −

rinf)/(rsup − rinf) is the normalized reward with rsup =

maxm(BmKm − qm) and rinf = −qmax being respectively the
upper and lower bound of the reward, and 1l{·} is the indicator
function.

Proposition 2. The SoSS Algorithm converges weakly to a
(possibly mixed-strategy) NE point when the learning rate b
is sufficiently small.

Proof: This follows from the fact that the SLA converges
weakly to a (possibly mixed-strategy) NE point when applied
to an ordinal potential game (OPG) [10], and the fact that EPG
belongs to OPG.

IV. PRICE COMPETITION AMONG SERVICE PROVIDERS
In this section, we present the game model and the fully

distributed learning in the upper-level subgame.

A. Game Model
The upper-level price competition game is modeled as a

game played by the SPs. The game is represented as a 3-tuple:

G2 =
(
M, {Am}m∈M, {um}m∈M

)
where M is the set of players (SPs), {Am}m∈M is the set
of actions (candidate price levels) that player m,m ∈ M can
take, and {um}m∈M is the utility defined as the revenue of

SPm. The revenue that an SP receives depends on its user load
at the equilibrium. Given the pricing vector q = [q1, . . . , qM ]
and letting n∗

m(q) be the number of SUs associated with SPm
under lower-level NE and q−m be the price of SPs except for
SPm, the utility of SPm is given by

um(qm, q−m) = qm · n∗
m(q). (7)

As in the lower-level game, we adopt learning algorithm for
the SPs to adapt to proper pricing strategies. In the upper-level
competition, as can be seen from (7), the revenues received
by the SPs depend on the user loads at the NE point of the
lower-level game. If the user loads (and therefore the revenues)
vary (because of non-uniqueness of NE) under a fixed pricing
strategy profile, it could be difficult for the SPs to evaluate
each strategy and find proper ones.
Fortunately, while there may be multiple NE points, the

user loads at NE are unique with a fixed subscription price
vector when the number of SUs is very large. Following
the discussions in [5], [7], it is known that for a given
subscription price vector, the unique steady-state user loads
are characterized by the Wardrop equilibrium [11]. At the
equilibrium, the per-SU utilities provided by subscribing to
the SPs that have one or more associated SUs are equal, and
are greater than that of an SU associated with an unused SP.
In other words, ∀m,m′ ∈ M with n∗

m > 0, we have{
νm(n∗

m)− qm = νm′(n∗
m′)− qm′ , if n∗

m′ > 0,

νm(n∗
m)− qm > νm′(1)− qm′ , otherwise.

(8)

Remark 1. The unique user load profile under Wardrop
equilibrium is based on the assumption that the game is non-
atomic, i.e., the number of SUs is big compared to the number
of SPs. When the number of SUs is finite, solving (8) may
result in non-integer n∗

m’s, which do not constitute feasible
user loads, and the user load profiles under lower-level NE
may be different. However, the user load profile under NE is
unique when an additional constraint is applied.

Definition 1 (Strict Nash Equilibrium). An action profile
a
∗ = (a∗1, . . . , a

∗
N ) is a pure-strategy strict NE of the non-

cooperative game G if and only if unilateral deviation will
result in decreased utility for all players, i.e.,
ui(a

∗
i , a

∗
−i) > ui(ai, a

∗
−i), ∀i ∈ N , ∀ai ∈ Ai \ {a

∗
i }. (9)

Proposition 3. The user load profile is unique for all NE
points if the lower-level NE is strict.

Proof: We show the proposition by using an important
property of potential games: an NE always coincides with a
local maximum of the potential function.
For a network with M SPs, we let (n̂1, . . . , n̂M ) be the

user load profile resulted from an NE â. Let a1 denote the
action profile that corresponds to an SU unilaterally deviating
from the NE â by associating with SPi rather than with SPj
originally, which yields a new user load profile (n̂1, . . . , n̂i +
1, . . . , n̂j − 1, . . . , n̂M ). Then, from (4) we have

Φ(a1)− Φ(â) =
Bic̄i
n̂i + 1

− qi −
Bj c̄j
n̂j

+ qj < 0 (10)

where the inequality follows from the fact that the NE is a



Algorithm 2 Self-organized Pricing (SoP)
1: Initially, set k = 0. Set the estimated utility and the pricing
probability vector as (∀m ∈ M, sm ∈ Am)

ûm,sm (−1) = 0 and pm,sm(0) = 1/|Am|.

2: At the beginning of the kth iteration, each seller selects an action
am(k) according to the current pricing strategy pm(k).

3: When the service selection of SUs converges, each seller m
receives the utility um(k) specified by (2) depending on the
user load.

4: All SPs update their estimated utility and pricing probability
vector in iteration k according to the following rules:

ûm,sm(k)− ûm,sm (k − 1)

= η1l{am(k)=sm} (um(k)− ûm,sm (k − 1))

pm,sm(k + 1) =
pm,sm (k)(1 + ε)ûm,sm (k)

∑
s′m∈Am

pm,s′m
(k)(1 + ε)

û
m,s′m

(k)

(12)

where η and ε are the learning rates for utility estimation and
pricing probability updating, respectively.

local maximizer of the potential function and is strict here.
Now suppose that there exists another NE â

′ that results in
a different user load profile (n̂1 + d1, n̂2 + d2, . . . , n̂M + dM )
for some integer di �= 0, i = 1, . . . ,M . Note that we have
the constraint

∑M

m=1
dm = 0 here to maintain the same total

number of SUs. With the constraint, there must exist at least
one di ≥ 1 and one dj ≤ −1 for some i and j. Consider
the action profile a

′
1 that corresponds to an SU unilaterally

deviating from the NE â
′ by associating with SPj rather than

with SPi originally. This action a
′
1 yields a new user load

profile (n̂1+d1, . . . , n̂i+di−1, . . . , n̂j+dj+1, . . . , n̂M+dM ).
Then, the potential difference between actions â′ and a

′
1 is

Φ(â′)−Φ(a′1) =
Bic̄i

n̂i + di
− qi −

Bj c̄j
n̂j + dj + 1

+ qj < 0 (11)

where the inequality follows from di ≥ 1, dj ≤ −1, and the
result in (10). Note that (11) contradicts the fact that an NE
is always a local maximizer of the potential function. Thus,
by contradiction we conclude that the NE â

′ yields the same
user load profile as the NE â.

B. Stochastic Learning Procedure for Price Competition
In the upper-level subgame, learning-based algorithms help

the SPs gradually adjust their pricing strategies based on the
service selections of the SUs at the equilibrium of the lower-
level subgame. A seller’s pricing strategy is defined over a
probability space of its candidate price levels.
As in the lower-level subgame, two main issues are con-

sidered when designing the learning algorithm for the upper-
level subgame, namely, the learning rule and the convergence
property. First, since the total number of SUs is unknown to
the SPs, it is difficult to obtain the upper bound and normalize
the revenue. Therefore, a probability update rule different from
(6) is needed. In this paper, we consider the multiplicative-
weight rule for mixed-strategy update. The learning procedure
in the self-organized price (SoP) competition is described in
Algorithm 2. The multiplicative-weight update rule in (12)
belongs to the combined fully distributed payoff and strategy

TABLE I
SIMULATION PARAMETERS

Parameter Value
Number of SPs M = 2
Total channel bandwidth of SPs B1 = B2 = 3
Max. number of channels Km = 3
Ch. availability of SP1 x1 = [0, 0.1, 0.3, 0.6]
Ch. availability of SP2 x2 = [0, 0.4, 0.3, 0.3]
Pricing strategies Am = [1, 1.5, 2, 2.5],∀m
Learning rate (η, ε) = (0.1, 0.05)
Number of SUs N = 6
Learning rate of SUs b = 0.3
Waiting time for obtaining NE Tconv = 400

Fig. 2. Evolution of the mixed strategies (probability of taking different
actions) of all players. Each pair of pi,1(j) and pi,2(j) shows the behavior
of a player i ∈ N .

reinforcement learning (CODIPAS-RL) [12], in which learning
applies to both the expected payoff and the strategies.
The second issue is the convergence behavior when the SL

algorithm is applied in the price competition game. Unlike the
lower-level subgame, the upper-level competition with the util-
ity in (8) is not a potential game. Thus, the convergence toward
an NE point in the upper-level subgame is not theoretically
verified. We will numerically demonstrate the convergence of
the proposed algorithm in Sec. V.

V. NUMERICAL RESULTS
Here, we present simulation results to evaluate the per-

formance of the proposed scheme. The distribution of
the number of residual channels (i.e., spectrum opportu-
nities) offered by SPm is described by a vector xm =
[xm,0, . . . , xm,c, . . . , xm,Km

], where xm,c denotes the prob-
ability that SPm possesses c residual channels. The default
values of simulation parameters are given in Table I, and
these values are adopted in the simulations unless otherwise
specified. We first study the lower-level game under a given
price vector (q1, q2) = (1, 1.5). The purpose is to observe the
convergence behavior and the performance of the proposed
algorithm. Then, we study the upper-level game.

A. Lower-level Subgame
1) Convergence Behavior: Fig. 2 shows the evolutions of

the choice probabilities of the actions (i.e., mixed strategies)
for service selection using the proposed SL algorithm. With
equal initial probabilities, it is observed that the service
selections converge to pure strategies in 350 and 250 iterations



Fig. 3. Test of unilateral deviation from the learned strategy profile of each
of the N = 6 players, with learning rates b = 0.3 and b = 0.5.

for b = 0.3 and b = 0.5, respectively. We observe that the
final user loads of SUs are different: (n1, n2) = (3, 3) for
b = 0.3 and (n1, n2) = (4, 2) for b = 0.5. To verify the NE
property of the converged point, we test the unilateral deviation
from the learned service selection strategies of each of the
N = 6 players. The comparison in terms of (normalized)
utilities is given in Fig. 3. It is seen that when b = 0.3,
unilateral deviation from the learned strategy results in a lower
utility for all players. This confirms that the outcome of the
learning algorithm is an NE point. However, when b = 0.5,
four SUs (#1, #2, #5, and #6) gain higher utility by unilateral
deviation, which implies that the resulting strategy is not an
NE point. Combined with the results in Fig. 2, we observe that
the user load under NE is (n1, n2) = (3, 3). Since the learning
algorithm converges to (n1, n2) = (4, 2) when b = 0.5,
any of the SUs subscribing to SP1 can improve its utility by
unilaterally deviating to SP2.
2) Performance Comparison: We compare the performance

of the proposed service selection scheme with two other
approaches, namely, random selection and exhaustive search.
In the random selection scheme, each SU randomly subscribes
to a network in each iteration. Neither learning algorithm nor
centralized controller is implemented. Since the SUs possess
very little knowledge on the environments, the random selec-
tion scheme is an intuitive heuristic leveraging the randomness
of the external states. In the exhaustive search scheme, it is
assumed that there exists a centralized controller with all the
system information including the numbers of SUs and SPs, and
the channel availability statistics. The service selection profile
is determined by maximizing the expected sum utility, i.e.,
finding the optimal action profile aopt = (a1, . . . , aN ) where
a
opt = argmaxa

∑N

i=1
ui(ai, a−i).

The performance of different service selection schemes is
evaluated by the average normalized utility per SU, as shown
in Fig. 4. The learning method achieves around 87% of the
exhaustive search, and outperforms the random selection by
about 20%.

B. Upper-level Subgame
1) Convergence Behavior: For the upper-level subgame,

again we first study the convergence behaviors of the pricing

Fig. 4. Comparison of the average (normalized) utility per SU for different
service selection schemes.
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Fig. 5. Evolution of the mixed strategies (probability of taking different
actions) of the M = 2 sellers.

strategies. Fig. 5 shows the evolution of the choice probabil-
ities of the pricing strategies using Algorithm 2. With equal
initial probabilities, it is observed that the pricing probabilities
converge to pure strategies in around 80 and 120 cycles
for seller 1 and seller 2, respectively. When the competition
converges to equilibrium, seller 1 sets subscription price level
2 (q1 = 1.5) and seller 2 sets subscription price level 3
(q2 = 2).
The performance of the learned strategy profile is studied

in Fig. 6. For each of the two sellers, four different pricing
strategies are examined by fixing the opponent’s strategy at the
learning result of Algorithm 2. The first performance metric is
the individual revenue which can be used for the verification
of NE, and the results are provided in Fig. 6(a). It is shown
that when SP2 sticks to the NE strategy (i.e., q2 = 1.5), SP1
gets the best utility by also taking the NE strategy (q2 = 2).
Similarly, SP2 must follow its NE strategy when SP1 does
so. On the other hand, as the second performance metric, the
results of total revenue (defined as the sum of the revenues
of the two SPs) are shown in Fig. 6(b). While unilateral
deviation from the learned strategy does improve the total
revenue in some cases, the seller who benefits (i.e., obtains
higher revenue) is the opponent instead of the deviating seller.

Note that the sum revenue (i.e., the total utility in the upper-
level competition) is maximized when both sellers set the high-
est price level (i.e., q1 = q2 = 2.5). In this case, the maximum
sum revenue is 15. The sum revenue obtained by using the NE
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Fig. 7. Effects of nonunique user load profiles at lower-level NEs on the
prices, revenues, and estimated revenues for both sellers in the upper-level
game.

pricing strategy is 10.5, which is only 70% of the maximum
value. From the sellers’ point of view, this is an efficiency loss
as a consequence of the game-theoretic formulation and price
competition. Despite the efficiency loss of the SPs, the SUs
do pay less when the sellers are competing with each other
instead of cooperating. This observation confirms the nature
of a free spectrum market: the noncooperative nature of the
sellers prevents the collusion among sellers and buyers benefit
from the price competition of the sellers.
2) Effects of User Loads: The user load profile resulted

from all lower-level NE points is unique in all the simulation
results presented so far. However, as mentioned in Sec. IV-A,
when the number of SUs is finite, the user load profiles under
lower-level NE may be different. To study the effect of user
load profiles, we consider a scenario of N = 3 SUs and
two sellers where each seller only has one residual channel
available. Fig. 7 shows the dynamics of prices, revenues, and
estimated revenues for both sellers. It is observed that the
pricing strategies converge to the subscription price level 3
(i.e., q1 = q2 = 2), which is an NE point in the upper-level
subgame, for both sellers. On the other hand, the revenue
(utility) oscillates between um(k) = 2 and um(k) = 4

for both sellers, which means that the user loads oscillate
between (n1, n2) = (4, 2) and (n1, n2) = (2, 4). The two
user load profiles correspond to two NEs in the lower-level
game. The estimated revenues converge to around ûm = 3 for
m = 1, 2. If we consider the user loads as an external state and
assume that the two user load profiles are equally likely (i.e.,
Pr{(n1, n2) = (4, 2)} = Pr{(n1, n2) = (2, 4)} = 0.5), the
utilities (i.e., expected reward over external states) are um = 3
for m = 1, 2.

VI. CONCLUSION
In this paper, we have studied the problem of spectrum

trading with multiple sellers and time-varying spectrum oppor-
tunities. We have formulated spectrum trading as a two-level
Stackelberg game whose upper- and lower-level subgames
model the price competition of SPs and the service selection
of SUs, respectively. Distributed stochastic learning-based
algorithms have been proposed for the strategic learning at
both levels. Simulation results demonstrated the convergence
of the algorithms towards NE at both levels. In the lower-level
subgame, the proposed method achieves a comparable aver-
age utility performance as the centralized exhaustive search
scheme and outperforms the random selection scheme. In the
upper-level subgame, despite the reduced sum revenue for the
SPs, the price competition among SPs benefits the SUs as the
SUs pay less when the SPs are competing with each other.
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