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A special-purpose analog computer made of switched-capacitor
circuits is presented for analyzing chaos and bifurcation phenom-
ena in nonlinear discrete dynamical systems modeled by discrete

maps
Xp41 = f(xn)-

Experimental results are given for four switched-capacitor circuits
described by well-known discrete maps; namely, the logistic map,
the piecewise-linear unimodal (one-hump) map, the Hénon map, and
the Lozi map.

I. INTRODUCTION

Chaos has been widely observed in numerous discrete
dynamical systems modeled by a discrete map [1]-[4]

Xp41 = fix,).

Such discrete maps occur naturally in many physical
(biology, chemistry, engineering, physics, etc.), social, and
economical systems. They also arise frequently in the anal-
ysis of systems modeled by ordinary differential equations
via their Poincaré maps—an indispensable tool in any rig-
orous study of chaos.

Until recently, discrete maps were simulated using digital
computers. Since the objective of such simulation is usually
to investigate the system’s asymptotic behavior after the ini-
tial transients have decayed to zero—henceforth referred
to as the steady state in this paper—a large number of
numerical iterations must be performed for each given ini-
tial condition and system parameters. This is an extremely
time-consuming task which severely restricts a detailed
bifurcation analysis to at most two parameters; and any for
low-order (less than two) discrete maps.
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Our objective in this paper is to present a much more
efficient approach for simulating discrete maps using
switched-capacitor circuits. Since the simulation of such cir-
cuits gives real-time solutions, it is ideally suited for car-
rying out a comprehensive multi-parameter bifurcation
analysis. Such switched-capacitor circuits represent there-
fore a special-purpose analog computer for simulating cha-
otic and bifurcation phenomena.

Il. DEFINITIONS, PROPERTIES, AND EXAMPLES OF DiSCRETE
MaAprs

Consider a real closed interval I = [a, b] and a nonlinear
function f(-) which transforms any point x of / into some
point x’ in the same interval

fil = |

Choose an arbitrary initial point x, in / and iterate it via
the algorithm

Xp+1 = f(xn)/ n= 0; 1/ 2, trt. (1)

Equation (1) is called a discrete map of the interval /. We
can generalize this ‘‘scalar’” discrete map (1) into an m-
dimensional interval map via the vector equation

X1 = flxp) 2)

where x,, ., and x, are m-dimensional vectors and f(-) is a
nonlinear vector function of x,. Each component x,, of x,
assumes values from some closed interval I; = {a;, b].

We can interpret (1) and (2) as a dynamical system where
n plays the role of the time variable. In spite of their struc-
tural simplicity, the dynamics of many simple nonlinear dis-
crete maps is extremely rich and complicated. They can
possess stable fixed points', periodic orbits of different
periodicity, and “‘chaotic’”” regimes. Moreover, all of these
behaviors can be observed in a parameter-dependent fam-
ily of maps over various nonempty parameter ranges.

'A point x* is called a fixed point of the map f iff x* = f(x*).
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Fig. 1. (a) Fixed points of f(x) for W < 0.25 (curve 1), 0.25 < W < 0.75 (curve 2), and
W > 0.75 (curve 3). (b) Corresponding fixed points for f %(x) = f[ f(x)]. (c) Bifurcation of f %(x)

gives rise to two new stable fixed points.

For simplicity, consider first the following standard exam-
ple of a one-dimensional map; namely, the logistic map:

Xnr1 = 4Wx,(1 = x) = f(x,; W) 3)

where | = [0, 1] and W is a parameter which varies from 0
to 1. The logistic map is an example of a one-parameter fam-
ily of discrete maps which transforms (or maps) the interval
I into itself.

The map f(x; W) is shown in Fig. 1(a) for three different
values of W. Note that for 0 < W < 0.25, this map has only
one fixed point, located at x = 0. For 0.25 < W < 1, f(-) has
two fixed points, at x = 0 and x = (1 — 0.25/W) = x*. The
fixed point x = 0 is stable for 0 < W < 0.25, and unstable
for 0.25 < W < 1. On the other hand, the fixed point x* is
stable for 0.25 < W < 0.75, and unstable for 0.75 < W <
1. Hence the map f(x; W) has one stable fixed point for
0 < W < 0.75, and no stable fixed points for 0.75 < W <
1.

To illustrate the “’stability”” of the above fixed points for
a particular value of W, choose any x, # 0 and iterate the
map repeatedly. After waiting for a time large enough to
ensure that any transients have decayed nearly to zero, we
plot a point for every subsequent iterated value of x,. By
repeating this iteration for different values of W from 0 to
1, we obtain Fig. 2(a). Note that there are several subinter-
vals along the W axis, each one corresponding to a different
qualitative behavior. The interval between 0 and 0.25 in Fig.
2(a) corresponds to those maps with only one stable fixed
point. Curve 1 (W < 0.25) in Fig. 1(a), is an example of such
maps. For any initial condition, the solution tends to the

fixed point at x = 0 and remains there. For curve 2 in Fig.
1(a), and for any initial value not equal to zero, x, tends to
x; as n increases. Thus x; is stable. Maps like the one asso-
ciated with curve 2 give rise to the parabolic segment
between 0.25and 0.75 in Fig. 2(a). Increasing W beyond 0.75,
we observe that both fixed points become unstable and the
associated transient behavior near x3 depends on the value
of W. Let us begin by assuming a value slightly larger than
0.75 in Fig. 2(a). Here, we observe that for any initial point
other than zero, x,, does not tend to x3, but rather oscillates
back and forth following the rectangular pattern defined
by x” and x”, as shown in Fig. 1(a). If point x’ is reached? at
n = i, we observe that this point is again reached at instants
i + p where p is any even integer, and that point x” will be
reached at those instants where p is an odd integer. Such
a periodic pattern is called a stable period-2 orbit. Maps
exhibiting a period-2 orbit give rise to the double-valued
region in Fig. 2(a). The transition from the single-valued to
the double-valued region in Fig. 2(a) defines a bifurcation
point. A geometrical interpretation of this bifurcation
is given in Fig. 1(b), where the second iterate of the map,
£2(x) & f[ f(x)], is drawn for the same values of W as in Fig.
1(a). Note that the fixed points of both f(x) and f%(x) are iden-
tical for W < 0.75. As W increases beyond 0.75, the point
x; becomes unstable in both f(x) and f%(x) and two new sta-

*To be precise, x’ is reached only after an infinite number of iter-
ations. In practice, however, the convergence is extremely fast so
thatittakes onlya finite number of iterations using acomputer with
a finite word length.
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Fig. 2. (a) “Steady-state” iterates of the logistic map as a
function of the parameter W. (b) Detailed bifurcation dia-
gram in the vicinity of the period-2 orbit.

ble fixed points x’ and x” bifurcate from x3 and appear in
f4(x), as shown in Fig. 1(c). Since these new fixed points of
f¥(x) are stable, any iteration must converge to one of these
fixed points. This corresponds to a period-1 orbit of f¥(-),
oraperiod-2 orbit of f(+), since one iteration of %(+) is equiv-
alent to two iterations of f(+).

If we increase W further, we find that x, converges to
orbits of periods equal to a successive power of 2, as shown
in Fig. 2(a). This phenomenon is called Period Doubling.
When we increase W further from 0.75, we see that the plot
bifurcates successively into two, four, eight,:--,
27,- - - branches. Each period-n orbit of f(:) is a period-1
orbit of 7(-), and will henceforth be called a cycle. Each
subinterval in the plot in Fig. 2(a) corresponding to a par-
ticular period-n orbit, or cycle, is called a “window.”
Although the period-doubling phenomenon produces an
infinite sequence of “cycles,” the ‘“width” of the windows
progressively diminishes. In fact, a critical point is reached
beyond which there are an infinite number of distinct
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cycles, as well as an uncountable number of initial points
that give bounded but totally aperiodic trajectories, gen-
erally referred to as chaos.

We can define two important quantities associated with
Fig. 2(a). Consider an enlargement in the vicinity of the nth
window, as shown in Fig. 2(b) and define

D
A, = L
? Dn+1
and
R, - R,_
B = —n-1 4
! Rn+1 - Rn
where R,, R,_4, R,4+1, D, and D,,, are defined in
Fig. 2(b).

it has been shown in [9] that both ratios approach two
universal constants given, respectively, by

A = 2502907870957 - - - B = 4.6692016091029 - - -.

Within the chaotic region in Fig. 2(a) there exist many small
windows corresponding to other periodic orbits, the dis-
tinctive feature being that they may correspond to either
odd- or even-period orbits. In fact, increasing the param-
eter beyond a given point, we can find orbits with every
integer period. In general, observing the chaotic region is
a difficult experimental task, specially if we are interested
in the very narrow windows associated with orbits whose
period is not a power of two.

Although we have been dealing with the logistic map, the
above observations hold for a broad class of one-dimen-
sional maps. Specifically, for those maps where the func-
tion f(+) in (1) is a differentiable one-hump (unimodal) func-
tion, the same qualitative behavior as the logistic map is
observed; namely, the qualitative behavior is essentially
independent of the actual form of f(-), it only depends on
the value of the parameter. This property is sometimes
called “structural universality.”

Furthermore, the two quantities A and B obtained above
for the logistic map have been found to be ““scaling factors”’
that characterize the onset of chaos through period-dou-
bling for any differentiable unimodal function. This prop-
erty represents another universal property, sometimes
called the “metrical universality.”

In contrast to one-dimensional maps, higher dimen-
sional discrete maps can be either conservative (volume-
preserving) or dissipative (volume-contracting), invertible
or noninvertible. While some results on one-dimensional
mappings can be generalized to mappings in RY [3], the lat-
ter are usually much richer in their dynamic behavior than
the former. For instance, consider the well-known two-
dimensional Hénon map [25], described by

Xpe1=1— Ax2 +y, (5)

Yn+1 = Bx,

This map (which reduces to a one-dimensional quadratic
map for B = 0) reveals many new phenomena quite typical
for multidimensional discrete maps. First, the asymptotic
behavior of the system depends on the initial point; i.e.,
different initial points could give rise to different periodic
or aperiodic orbits. This behavior cannot occur in one-
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dimensional unimodal maps, where at most one stable
period-1orbit can exist. Second, for certain parameters and
initial points, the system converges to an attractor with a
self-similar internal structure [2]. Third, it has been proved
that there exist intersections between the stable and
unstable manifolds of the Hénon map. These intersections,
called homoclinic points, give rise to extremely compli-

cated dynamics, including chaos [4].

We close this section with a selected collection of dis-
crete maps reported in the literature which exhibit chaotic
regimes. In particular, Table 1 contains one-dimensional

discrete maps reported from many different fields (biology,
chemistry, economics, engineering, mathematics, physics,
etc.). Note that we can partition Table 1 into three sections.
The first five maps correspond to those where “’linear oper-
ators” and “powers’’ are required. The next seven maps
correspond to those requiring the modulus operator and
other piecewise-linear functions. Finally, the last map cor-

responds to more complex nonlinear operators. Similar

Table 1 A Short Catalog of One-Dimensional Discrete Maps

Xni1=1— Ax;

Xp41 = AX,.,(1 - xn)

Xpr1 = —(1 + A x, - Bx3

Xp 41 = AX, — X, + 0.25x,

Xn41 = xn(A —Bx, =1

Xp+1 = X, + X, mod,

Xp4+1 = mod, (A + Bx,)

Xn+1 = Ajxa|™ + X,

Xns1 = Al = 2]0.5 — x,|)

Ax, — B, X,z 0 Ax, - C) +1, 0<x,=C
Xp41 = Xp41 =
Cx, - B, x,<0 Bx, - O), C<x,=<1
1-AB%,+C, x,<B8B
Xpyq = " Xp+1 = X, €Xp [A(1 — x,/B)]
1-8"01-x) x,>8B

Table 2 A Short Catalog of Two-Dimensional and Three-Dimensional Discrete Maps

groupings also apply for Table 2, where some two-dimen-
sional and three-dimensional maps from different disci-
plines are collected.

Xpe1 =1+ y, — Ax3 Xn+1 = Yn Xpe1 = 0.5%,(1 + x3)
Yn+1 =an Yn+1 =AX,, +yn—x2: Yn+1 =0-5)'n(1 +Yn) +AX,-,
Xn+1 =(1-A) X, + ¥Yn Xn+1 =xn+Yn_5Axn Xn+1 = Yn
Yn+1 = —02Ax, + y, — Ax3 Yo+1 = Yo — 3X3 Yn+1 = 0.5x, + 0.1x% + Ax,y,
3
Xn41 = 2Ay, + 2Bx, + 2x3 Xns1 = Xn — 2¥p + 2 AmMxTy3~m
m=0

3
Yoer = 2Cx, + (1 — 4CQ)y, + Z_:o BmxTyi~m

Yn+1 = 2AX, + 2By, + 2y?
Xne1 = (1 = A) X, + ¥y Xn+1 = ¥n
Ya — 0.2Ax,, Ix,| <5 e = A, . <6
Yn+1 =4 ¥Yn — 2AX, + 9A, X, >5 Yn+1 = {y,, - 624 A), x> 6
Yo — 2Ax, — 9A, X, < -5
—1T+y, +Alx|, x,>0 Xp+1 = 2X, mod 1
e {_1 + Yo+ Blxal, %, <0 AYns 0<x,<05
Yn+1 = Bx, Yoer = {0.5 + Ay, 05<x,<1
Xn+1 = Xn + Ay, sin y, Xns1 = X, €xp [A(1 ~ x,/B)] exp (~Cy,)
Yns1 = Yo ¥ Xo ¥ Ay Sin ¥, Yos1 = Dx[1 = exp (=Cy,)]
Xn+1 = A5 ~ 1) = y, = 2, o =14y — A
Yoe1 = By Yae1 = By + 2,
Z,,1 = Clx, — 0.5 + Dz, Zo.1 = —Bx,
—¥Yn — Zp + 33, — 1) - 2, x, > 1
Xn41 =3 ~Yn = Zn — 2%p, xa < 1
—¥n— Zp + 33, + 1) + 2, x, < —1
Yn+1 = Bxp

Z,41 = C(x,| = 1) + Dz,

RODRIGUEZ-VAZQUEZ et al.: CHAOS FROM SWITCHED-CAPACITOR CIRCUITS
Authorized licensed use limited to: Universidad de Sevilla. Downloaded on April 20,2020 at 15:51:37 UTC from IEEE Xplore. Restrictions apply.

1093



Il.  SwitcHED-CAPACITOR (SC) CIRCUITS FOR SIMULATING
DISCRETE MAPS

A. Circuit Structure

Fig. 3 shows a simple yet completely general conceptual
circuit structure which can be used to synthesize any one-
dimensional discrete map. Note that the linear blocks con-

. . [T

4] + oM X1 z_l
+
sample holc delay
o~
X x
n £(+) n
nonlinear
block

Fig. 3. Conceptual feedback loop for synthesizing any one-
dimensional discrete map.

sist of the sample-and-hold (S/H) system and the delay sys-
tem remains unchanged. Only the nonlinear feedback block
for f(-) representing the nonlinear function in (1) needs to
be tailored to the discrete map, such as those listed in Table
1. Also, note that the value of the signal x at the nth-time
interval is transformed into the signal x. The output signal
of the nonlinear block is first sampled and held, and then
applied to the input of a delay block whose output is fed
back to the input of the nonlinear block. The clock signal
fixing the sampling period determines the iteration pace for
the nonlinear feedback loop. The dynamics of this con-
ceptual system is therefore described exactly by (1).
Using switched-capacitor techniques, Fig. 4(a) gives an
elegantimplementation of the different blocks in Fig. 3. We

AZEE)
i e .

gl(e)

(@

even
phase

11

odd
phase

(b)

Fig. 4. (a) SC-integrator nonlinear loop for synthesizing a
discrete map. (b) Timing diagram for the switches.

can identify a nonlinear block g(-), an operational amplifier
(op-amp), two capacitors, and four analog switches. We
assume the switches are controlled by a clock with two non-
overlapping phases whose timing diagram is shown in Fig.
4(b). Here, the switch labeled ‘‘e” (respectively, “0”’) turns
ON in synchronization with the even (respectively, odd)
clock phase. Consequently, the capacitor C; charges to a
voltage y, during any odd phase, and then delivers all the
stored charge to the capacitor C during the next even phase,
as aresult of the virtual short circuit property of the op-amp.
it follows, from the charge conservation principle, that

Clxns1 — x,] = Ciyn (6a)

and hence
Xn+1 = Xp + Bg(x,) (6b)

which is equivalent to (1) upon choosing

Bg(x,) £ f(x,) — X (6c)

To improve our flexibility for realizing an arbitrarily pre-
scribed nonlinear function f(-), we propose the alternate
circuit shown in Fig. 5, where the diamond-shaped symbol
denotes a ““charge’”-controlled source which deliversto the
capacitor C an |ncrementa| charge AQ = CV, during each
even phase, where V, Lv+ Ax, is the controlling voltage.
The dynamics® of the circuit in Fig. 5 is described by

Xps1 = Xp(1 + A) + Bglx,) + V 7a)

where A, B, and V are parameters to be chosen appropri-
ately. Note that (7a) is identical to (1) upon choosing

Bg(x,) & —(1 + A) x, — V + f(x,). (7b)

For example, for the logistic map given in (3) we have
A=4W -1,B=4W,V=0,and g(x) = —

In general, a voltage-controlled charge source with a sum-
ming controlling node can be efficiently realized by the cir-
cuit shown in Fig. 6, where the rightmost element denotes
a nullator* [20]. During the odd phase, the jth capacitor is
chargedtoV/ — V; (j=1,2,: -, m).Then, during the next
even phase, the capacitors are grounded by the nullator
and the total charge

AQ = Z AQ; = Z ACVS - V) ®)
must be injected into the output node. Although a nullator
is not available as an isolated physical component, the vir-
tual ground property of the op-amp can be used effectively
to provide an equivalent realization. Indeed, in what fol-
lows we only need to connect the portion of the circuit of
Fig. 6 to the left of the nullator directly to the op-amp via
one of the two configurations shown in Fig. 7. Note that the
output voltage V, in Fig. 7 at the nth time instance is given

by

= ZACVLD) ~ Vi) + Vo, G0

3Capacitor C, charges to a voltage g(x,) during any odd phase,
then delivering all the stored charge during the next even phase.
Thus the total amount of charge delivered to the capacitor Cduring
the even phase is AQr = C[V + Ax, + Bg(x,)].

*Here, it is used for modeling the input port of an op-amp.
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g(+)

Fig. 5. Conceptual circuit diagram for synthesizing one-dimensional discrete maps using

SC circuits.

AQ AQ
- jO j e 1 -—
v, ‘ 10 output node
i AC o
V:
. / | /1 load
Y o e 1 -
R
e
L A.C
+ / I
V- o je l
Fig. 6. Grounded-output voltage-controlled summing charge source.
e
(-]
11 ___' I___
LG c
a
Pl Aq
v=0 =0
1=0 S 10 ] '0
- o g
Fig. 7. SC circuit realization for the nullator charge-summing node.
for the circuit on the left and by
“ . P
Vo, = Z Aic{(v/':-m) - (vi:—m)} (9b) ° I € ! J I:
f=1 AC= C
1 H
for the circuit on the right. } / | P
As an example illustrating the above general realization ° © B
approach, Fig. 8 depicts one possible implementation for L . .
the logistic map using the circuit structure of Fig. 5. _l_ BC< C n
T & A
B. Circuits for Synthesizing the Nonlinear Operator f(+)
Our ability to use the structure in Fig. 5 for realizing any
nonlinear discrete map depends on the availability of agen- *
eral procedure for synthesizing nonlinear functions. This
basic synthesis problem has been extensively studied using A-av
B = 4%

both continuous-time as well as switched-capacitor circuits
[151-[19], {21]-[23]. The basic approach for synthesizing an
arbitrary nonlinear operator f(-) is to first approximate it in

Fig. 8. SC circuit realization of the logistic map using off-
the-shelf components.
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terms of some basic set of functions {21], {24] which can be
easily synthesized via electronic circuits. One such basic set
consisting of multiplication, squaring, modulus, and addi-
tion operators has been shown to be easily realized using
switched-capacitor circuit techniques [14]-[19). This basic
set motivates us to approximate any nonlinear operator via
Piecewise Linear functions or Piecewise Polynomial func-
tions. Moreover, many nonlinear maps reported in the lit-
erature are described by either piecewise-linear or piece-
wise-polynomial functions. Typical examples include the
logistic map [8], the Hénon map [25], and the Lozi map {26],
{27]. These examples are special cases of the general family
of piecewise-linear functions represented by

N
Hx) = Ax + B + 1 21 [1 + sgn (x — E)] M;(x — E)
j=

(10a)

or the general family of piecewise-polynomial functions,
represented by
3

= 2 Axk+1

HP(X) Py kX 2

Mz

j=1

3
. [Ez [1 + sgn (x — E)] Myj(x — E,-)“] (10b)

Both (10a)and (10b) can be realized using switched-capac-
ftor components. The synthesis of the piecewise-linear
function (10a) reduces to a summation of one or more of
the following three building blocks:

H=8B (11a)
H = Ax (11b)
H=Mx-E)J1+ sgn(x— E) (11¢)

The first two building blocks (11a) and (11b) can be real-
ized by simple linear op-amp circuits. The third building
block (11c) can be realized via the switched-capacitor circuit
shown in Fig. 9(a). Here the switch labeled S closes during
the odd phase only inthe case where the value of xis greater
than E; otherwise, it remains open. This implies that the
charge transferred to the capacitor C via the virtual ground
of the op-amp is threshold-controlled [17], and can be used
to realize the nonlinear term in (11c). The variables V,; and
V, in Fig. 9(a) depend on the sign of M. For M > 0, we choose
V; = E, V, = x, and the overall characteristic of the circuit
is that shown in Fig. 9(b). On the other hand, if M < 0, we
must choose V; = xand V, = E, in order to obtain the char-
acteristics in Fig. 9(c).

The synthesis of the piecewise-polynomial function (10b)
reduces to asummation of one or more of the following two

where luc '
1, x>E building blocks:
sgn & — £) = { (100)
-1, x=E H = AxX, k=01273 (2a)
and A, B, M;, A;, M;, and E; are parameters. H=Mx—-EM1+sgnix—E] k=23 (12b)
—
il |
aQ LIE
4 - 4 3
v oA <
1
i —
v, ——4:./0_{ |-_ A
0dd phase

aQ/c

slope N

» X

(b)

(@)

slope -M

(c)

Fig. 9. (a) An SC basic building block for piecewise-linear functions. (b) Transfer char-
acteristic for V; = E, V, = x. (c) Transfer characteristic for V, = x, V, = E.
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These building blocks can be realized by combining mul-
tipliers and threshold switches. For example, (12b) with k =
3and M > 0 can be realized by the circuit shown in Fig. 10.
Note that the summer associated with the op-amp OA1 is
slightly different from the summing circuits presented ear-
lierin Fig. 6. The charge in both capacitors is initialized dur-
ing the odd phase by fixing the voltage across C; and C; to
E and 0 volts, respectively. During the even phase, the volt-
age across C, is set at x volts, thereby causing a charge pro-
portional to (x — £) to flow out of this capacitor. This charge
flows into C, and, as a consequence, a voltage equal to
—(x — E) appears at the output of OA1. Notice further the
output voltage is obtained during the same phase where
the signal x is applied. The summer associated with the op-
amp OAT1 is used therefore to avoid an extra half period
delay, which could force us to use a more complex phasing
scheme for the clock [15].

C. Extension to Multidimensional Maps

The circuits and techniques described above can be eas-
ily adapted for implementing both two-dimensional and
multidimensional maps. Fig. 11 shows the conceptual SC
circuit foran m-dimensional map. Applying the charge-con-
servation principle to this circuit we obtain

j=1,2-,m

(13a)

Xjnsr = V/ + gj(x1nl Xopr® * s Xmor

Equation (13a) is equivalent to (2) upon defining

fi(-) &V, + g (13b)

The nonlinear multidimensional voltage-controlled
charge sources in Fig. 11 can be realized by the same tech-
niques presented in the preceding section. For example,
Fig. 12 with V = 1V gives a circuit for implementing the
Hénon map (5) for A > 0and B > 0.

IV. EXPERIMENTAL RESULTS

To illustrate the performance of the circuit realization
techniques presented in the preceding section, we will pre-
senthere the experimental results taken from four switched-
capacitor circuits designed for implementing the following
four well-known discrete maps; namely, the one-dimen-
sional parabolic map, the one-dimensional piecewise-lin-
ear map, the two-dimensional Hénon map, and the two-
dimensional Lozi map, respectively.

A. Parabolic Map

The logistic map given in (3) represents the ‘‘simplest”
example of a parabolic map. It can be realized by the
switched-capacitor circuit given in Fig. 8. To adjust the
parameter W, it is necessary to tune the ratio of the two
capacitances C; and C,. To simplify the tuning procedure,
electronic tuning via the array of binary-weighted capaci-
tors [13] shown in Fig. 13 can be used. The total capacitance
seen across terminals (D-( is given by

N
Cr=Cx b2 (14)

where b; (i = 0,1, - -, N) denotes a binary digit. We can
select a particular value of Cr(equivalently, a ratio C;/C) by

\

—

c

b

J. _J hay
-I- | [+ 9 —
T 1
H e
L
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. —/°j_| }_CJ CZ-CI V3=-(x—l)
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Fig. 10. An SC circuit for realizing a cubic threshold-controlled transfer characteristic.

RODRIGUEZ-VAZQUEZ et al.: CHAOS FROM SWITCHED-CAPACITOR CIRCUITS 1097
Authorized licensed use limited to: Universidad de Sevilla. Downloaded on April 20,2020 at 15:51:37 UTC from IEEE Xplore. Restrictions apply.



-
-

O\ Q \
-]

ot

m"cl H+

_l_
T -
SN % “n,

L
[

Fig. 11. Conceptual circuit diagram for synthesizing multidimensional maps using SC
circuits.
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Fig. 12. An SC circuit realization for the Hénon map.

specifying an encoding digital word. Thus a digital word A more economical approach is to realize the parabolic
generator can be used to automate the tuning procedure. map
The additional analog/digital circuitry required in this auto-

matic tuning scheme could be quite costly. Xp41 =V ~ 0.5x} (15a)
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Fig. 13. Digitally controlled binary-weighted capacitor.

which is equivalent to the logistic map via the transfor-
mation

Zni1 = AXpeq + B (15b)
where

W=1A B=05 A=025-14+ v1+2V)/V. (150

-4

\
-
\
1

c/2 X

L

Fig. 14. An SC circuit realization for the parabolic map in
(15a).

From the parameter tuning point of view, (15a) is much
easier than the logistic map because the parameter Vin(15a)
can be tuned by a voltage source, rather than the ratio of
two capacitances. Fig. 14 shows a switched-capacitor circuit
implementation of the map (15a) using our technique. Fig.
15(a) shows the graph representing (15a) for three different
values of the parameter V. The fixed points are located at
the intersections of this family of curves with the straight
line in Fig. 15(a). The transformation (15a) maps the interval
[—4, 4] onto itself where the parameter V is restricted
between 0 and 4. For each value of V, the map (15a) has two

f(e)

(b)

()

Fig. 15. (a) Graph of the function defining the map in (15a) for three different values of
the parameter V. (b) Theoretical bifurcation tree showing the period-doubling route to
chaos for the family of maps described by (15a). (c) Measured bifurcation tree by the circuit

in Fig. 14
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(c)

Fig. 16. Experimental results for the parabolic mapsin (15a). (a) Spectra for V = 1V (stable
fixed point). (b) Spectra for V = 2V (period-2 orbit). (c) Spectrafor V = 2.6 V (period-4 orbit).
(d) Spectra for V = 2.8 V (period-8 orbit). (e} Spectra for V = 3.6 V (period-3 orbit).

fixed points located at x, = =1 — ¥1 + 2Vand at x, = —1
+ +/1 + 2V. The former is always unstable, while the latter
is stable for V < 1.5. The map (15a) has no stable fixed points
for V > 1.5. Fig. 15(b) shows the steady-state accumulation
points (i.e., the asymptotic behavior after the transient has
decayed to zero) as a function of V (bifurcation tree). This
bifurcation tree is an example of a typical route to chaos via
period-doubling. The circuitin Fig. 14 was built using pA741
operational amplifiers, MC14066 analog switches, AD53KH
analog multipliers, and ceramic capacitors with a 20-per-
cent tolerance. Fig. 15(c) shows the bifurcation tree mea-
sured from this circuit. The period-doubling route to chaos
observed from Fig. 15(c) is further confirmed by the series
of spectra associated with the signal x°* (x4 0 during any
odd phase) shown in Fig. 16(a)-(d). Here, the parameter V
is chosen so that the spectra in Fig. 16(a)-(d) correspond to
a stable fixed point (Fig. 16(a)), a period-2 orbit (Fig. 16(b)},
a period-4 orbit (Fig. 16(c)), and a period-8 orbit (Fig. 16(d)).
In addition, existence of a period-3 window in Fig. 14(a) is
confirmed by the corresponding spectra shown in Fig. 16(e).

B. Piecewise-Linear Map
Consider next the piecewise-linear map
Xpe1 =V = (Ix,] — 0.9[1 + sgn (|x,| — 0.4] (16)
where xe[—4,4]for0 < V < 4,

Fig. 17(a) shows the graph of (16) for three different values
of V. The bifurcation tree for this family of maps is shown
in Fig. 17(b). Note that unlike the logistic map where the
period-3 window is extremely narrow and difficult to
observe, here the period-3 window is rather wide, namely,
2< V<28

Fig. 18 shows a switched-capacitor circuit implemen-
tation® of the family of maps defined by (16). This circuit was
built using off-the-shelf components similar to those used
in the logistic map, and a pA709 analog comparator. Fig.
19(a) shows an oscillogram of the resulting experimental
bifurcation diagram. More details of this diagram which
shows a period-3 window and a period-5 window are given
in Fig. 19. Their agreement with that predicted by Fig. 17(b)
is indeed excellent. Fig. 20(a)-(g) shows nine periodic sig-
nals measured from this circuit as V increases from 0 to 4.
Here, the output signal x°(t) appears in the upper trace. The
lower trace is the clock signal which remains fixed in all
measurements. Note that the nine output signals have a

*Note that the input of the nonlinear block is sampled during the
even phase, thereby making it unnecessary to hold the signal x
during the odd phases. This allows us to simplify the circuit by elim-
inating the switches S,, S,, and the associated capacitor, and sub-
stituting them by an odd analog switch shunted across the feed-
back capacitor of the amplifier OA2.
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Fig. 17. (a) Graph of the function for the map in (16) for three different values of V. (b)

Bifurcation tree for this family of maps.
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Fig. 18. An SC circuit realization for the piecewise-linear map in (16).

(a)

H

(b)

Fig. 19. (a) Experimental bifurcation diagram for the circuit of Fig. 18. (b) An enlarged view

of the same diagram showing odd-period windows.
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(e)

Fig. 20. Different periodic signals obtained from the circuit of Fig. 18 as the parameter
V increases from 0 V. In all of the oscillograms, the lower trace is the clock signal. (a)
V=13V (period 2). (b) V = 1.6 V (period 4). (c) V = 1.66 V (period 6). (d) V = 1.86 V (period
5). (&) V = 2.24 V (period 3). (f) V = 3.62 V (period 5). (g) V = 3.86 V (period 7).

period (relative to the clock signal) equal to 2, 4, 6, 5, 3, 5,
and 7, respectively. Finally, Fig. 21(a)-(c) shows the fre-
quency spectra for three cases where the measured output
signal has an odd periodicity; namely, 3, 5, and 7.
C. Hénon Map
Consider next the two-dimensional map
Xp+1 = V- KX?, + ¥n

Yn+1 = K'x, (17a)

1102

which is equivalent to the Hénon map defined in (5) via the
transformation

Xp+1 = VZpiq
Yns1 = VW, (17b)

and assuming K’ = B and K = A/V.

The advantage of.using (17a) over the equivalent Hénon
map is that we can use a voltage source, V, as a controlling
parameter. For convenience, both K and K’ are assumed to
be equal to 0.5. In Fig. 22(a) we show a computer-generated
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(a)

Fig. 21. Frequency spectra for some odd-period output signals for the circuit of Fig. 18.
(@) V = 2.24 V (period 3). (b) V = 1.86 V (period 5). (c) V = 3.86 V (period 7).

(a)

Fig. 22. Computer simulations of the map described by (17a). (a) Detail of the bifurcation

tree for the variable x. (b) The strange attractor.

bifurcation tree for the variable x as V varies from 1.6 to 2.2
V. A two-dimensional plot showing a strange attractor
obtained with V = 2.14 V is shown in Fig. 22(b).

We have carried out many experimental measurements
associated with (17a) using the circuit structure of Fig. 12.
Fig. 23(a) shows an oscillogram corresponding to the attrac-
tor for the actual circuit with V = 2.16 V. Additional oscil-
lograms corresponding to other values of V are shown in

Fig. 23(b)-(f). Note that the attractor in Fig. 23(a) bifurcates
into several isolated islets as the parameter V is reduced
slowly from 2.16 V. The theoretical and experimental results
are found to be in a good agreement (the largest error in
the parameter value was found to be 2 percent). It is inter-
esting to note that due to component tolerances, the phys-
ical circuit in Fig. 12 cannot be exactly modeled by (17b).
Nevertheless, the fact that the chaotic attractor measured
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Fig. 23. Oscilloscope pictures showing several interesting attractors displayed by the cir-
cuit in Fig. 12. (a) V = 2.16 V (the experimental attractor). (b) V = 2.05 V (8 islets). (c) V =
2V (2islets). (d) V=191V (4 islets). (e) V = 1.76 V (period 4). (f) V = 1.48 V (period 2).

@

(b}

Fig. 24. (a) Computer simulation of the strange attractor for the map described by (18).
(b) Oscilloscope picture showing the actual attractor displayed by the circuit in Fig. 25.

from this circuit is remarkably similar to the theoretically
calculated Hénon's attractor shows the robustness of our
circuit model.

D. Lozi Map

For our final example, consider the scaled version of the
well-known two-dimensional piecewise-linear Lozi map

1104

[26], [27] given by
Xn41 =3 + yn, — Alx,|
Yn+1 = Bxp. (18)

A computer-generated attractor for (18) with A = 1.8 and
B = 0.25 is shown in Fig. 24(a). A switched-capacitor circuit
realization of this two-dimensional map is shown in Fig. 25.
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Fig. 25. SC circuit realization for the map in (18).

The corresponding attractor measured from this circuit is
shown in Fig. 24(b). Again, note the excellent agreement
between the theoretical and experimental results shown in
Fig. 24(a) and (b), respectively.
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(c) (d)

(e)

Fig. 16. Experimental results for the parabolic maps in (15a). (a) Spectra for V = 1V (stable
fixed point). (b) Spectra for V=2V (period-2 orbit). (c) Spectra for V = 2.6 V (period-4 orbit).
(d) Spectra for V = 2.8 V (period-8 orbit). () Spectra for V = 3.6 V (period-3 orbit).
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(a) (b)

Fig. 19. (a) Experimental bifurcation diagram for the circuit of Fig. 18. (b) An enlarged view
of the same diagram showing odd-period windows.
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(g)

Fig. 20. Different periodic signals obtained from the circuit of Fig. 18 as the parameter
V increases from 0 V. In all of the oscillograms, the lower trace is the clock signal. (a)
V =13V (period 2). (b) V = 1.6 V (period 4). (c) V = 1.66 V (period 6). (d) V = 1.86 V (period
5). (e) V = 2.24 V (period 3). (f) V = 3.62 V (period 5). (g) V = 3.86 V (period 7).
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(a) (b)

Fig. 21. Frequency spectra for some odd-period output signals for the circuit of Fig. 18.
(a) V = 2.24 V (period 3). (b) V = 1.86 V (period 5). (c) V = 3.86 V (period 7).
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(e) (f)

Fig. 23. Oscilloscope pictures showing several interesting attractors displayed by the cir-
cuitin Fig. 12. (a) V = 2.16 V (the experimental attractor). (b) V = 2.05 V (8 islets). (c) V =
2V (2islets). (d) V = 1.91V (4 islets). (e) V = 1.76 V (period 4). (f) V = 1.48 V (period 2).

(@) (b)

Fig. 24. (a) Computer simulation of the strange attractor for the map described by (18).

(b) Oscilloscope picture showing the actual attractor dispIaXed bg' the circuit in Fi% 25. o
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