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Abstract the formula are symmetrical (€.AND .cc(,ym(p)(c) =
1). [B] establishes the correctness of this checking in a gen-
Well-formed Nets (WNs) have proved an efficient modeleral framework. Moreover, since the SRG verif@gng
for building quotient reachability graphs that can be used and exact lumpabilitycriterions, a lumped CTMC is au-
either for qualitative or performance analysis. However, tomatically derived from it and any performance result
local asymmetries often break any possibility of grouping obtained by solving the (usually much larger) complete
states into classes, thus drastically reducing the interest of CTMC, is also computed from the lumped one [4]. The
the approach. An efficient solution has been proposed for SRG technique works well on highly symmetrical systems.
qualitative analysis, which relies on a separate representa- However, in the practice of distributed systems, it is of-
tion of the asymmetries in a so-called control automaton. ten the case that a system behaves in a symmetric way in
The quotient graph is then obtained by synchronising the most situationsbut not all Any occurrence of asymmetry,
transitions of the WN model with the transitions of the con- even exceptional, reduces drastically the benefices of this
trol automaton. In this paper, we improve this approach approach.
to quantitative analysis. We show that it can be used to  Many approaches were proposed to study sisgmmet-
build an aggregated graph that is isomorphic to a Markov rical systemsIn [6], the authors propose to adapt the sym-
chain which verifies exact lumpability. Theoretical consid- metry rule in accordance with the system specification, to
erations and practical experiments show that our method view some groups of almost symmetrical states as symmet-
outperforms previous approaches. ric. To our knowledge, there is no tool to automate this task
thus limiting the practical interest of the approach, more-
over no quantitative extension exists.
1 Introduction An other technique named ESRG was proposed in [8], as
an extension of the SRG technique. It consists in restraining
Continuous Time Markov Chains (CTMC) are a popu- the symmetries but only on the nodes from which the effects
lar model for evaluating the performance of distributed sys- of asymmetric events must be considered. This leads to a
tems. However, as the complexity of systems increases, theeduction in the number of nodes, because one node of the
fighting of the so-called combinatorial explosion of the state ESRG can represent several classes explicitly represented
space becomes more and more critical. A possible approaclin the SRG. The ESRG technique is still automatic from
to tackle this problem is the construction diimmped CTMC  the well-formed net specification, and some practical stud-
using behavioural symmetries. Such a CTMC offers a com-ies show that the constructed CTMC remains compact, in
pact representation of the state space because its nodes aparticular whether the refinement operation over an equiv-
no longer states but classes of states. alence class has no side effect [9]. Nevertheless, the com-
Whenever the distributed system is specified by a Well- putation of the lumped CTMC is not direct [3] : the build-
formed Net (WN) with their restricted syntax (w.r.t. general ing of the ESRG is the starting point from which a refine-
coloured Petri nets), a symmetry-based quotient structurement process is performed leading to a partial unfolding of
called Symbolic Reachability Graph (SRG) can be com- nodes up to verify a strong lumpability criteria. Further-
puted automatically. On this reduced graph, one solves themore, the exact probabilities of states cannot be expressed
reachability problem and more generally the truth of tem- since the chosen criteria does not guaranty the equiproba-
poral logic formulae whenever the atomic propositions of bility of states lumped under the same node. An additional



extension was proposed in [2] namedSRG. Although Whereas the characterisation of strong lumpability w.r.t.
there is no current implementation, the first case studiesthe infinitesimal generator is straightforward, checking for
show than it can be more compact than the ESRG, anywayweak lumpability is much harder. Nevertheless, there is a
it is used to solve reachability problems and the adaptationparticular case of weak lumpability whose characterisation
required to obtain a lumped CTMC is still expected. is easy: thexact lumpabilityf12].

In this paper, we propose a nhew symbolic method for N N
building a lumped CTMC automatically and directly. It Proposition 2 LetC be a CTMC andS; }ic; be a partition
is based on a alternative construction, primitively used to Of the state space. Then:
check the truth of LTL temporal properties for asymmetric
systems [1, 7]. Hence, the system is defined as a synchro-
nized product of models: a symmetric system aneé\nt-
basedautomaton to model the symmetric behaviour com-
pactly. Symbolic operations are defined in order to split
or group symbolic nodes, on-the-fly, during the computa-
tion of successors. This allows to adapt, dynamically and
locally, the available symmetries for each reachable node.
We propose to reuse such an approach for performance pur- Furthermore, exact lumpability fulfills important proper-
poses, moreover aexact lumpabilitycriterion is used to  ties. As for strong lumpability, the infinitesimal generator
compute the lumped CTMC. Hence, state probabilities canof the lumped chain is directly computed from the original
be computed. generator. Starting with a distribution equidistributed on the

The schedule of this paper is the following: section 2 states of every subset of the partition, the distribution at any
introduces the principles of our method, introducing the no- time is still equidistributed. Consequently, if the CTMC is
tion of Partially Symmetrical CTMCsection 3 is our appli-  ergodic, its steady-state distribution is equidistributed. In
cation to WNs to obtain an automatic performance analysisother words, with the knowledge of the lumped chain gen-
tool; section 4 considers a use case extracted from the lit-erator, one may compute its steady-state distribution, and
erature on which we show the benefit of our construction deduce (by equidistribution) the steady-state distribution of
over the RG approach; section 5 contains our conclusionsthe original chain. It must be emphasised that this last step

e () is strongly lumpable w.rt.{S;};cs iff Vi # j €
I,VS, 5/ S Si; ZS”ESJ' Q(Sa S”) = Zs"ESj Q(Sla SN)

e () is exactly lumpable w.rt.{S;}ics iff Vi # j €
1,Vs,s' € S;, Zs”esj Q(s",s) = Zs”esj Q(s",s).
If @ is exactly lumpable w.rt.{S;};cs, then@ is
weakly lumpable w.r.t{S; }icr.

and perspectives.

2 Principles of the Generic Method
2.1 Markov Chains and Lumpability
Lumping of (finite) Markov chains is a useful method

for dealing with large chains [10]. The principle is simple:
substitute to the Markov chain an “equivalent” one, where

each state of the lumped chain is an equivalence class of

states of the original one. There are different versions of
lumpability related to the fact that the lumpability condition
holds for every initial distributiongtrong lumpability or

for at least oneweak lumpability.

Definition 1 A CTMCC is defined by a space s6t an in-
finitesimal generato€), andr, an initial probability distri-
bution overS. We note{ X}, <R+ the associated stochas-
tic process. Let be a CTMC and(S;};c; be a partition
of the state space. Léf be a random variable defined by
Y, =i< X, €5;. Then:

e () is strongly lumpable w.r.t.
{(Vi}, .+ isaCTMC,

{Si}ie[ |ﬁ Vﬂ'o,

e () is weakly lumpable w.rt. {S;}icr iff Imp s.t.
{Yi}, g+ isaCTMC.

is impossible with strong lumpability. The next proposition
summarises these results.

Proposition 3 Let C be a CTMC that is exactly lumpable
w.r.t. a partition of the state spades; };cr. LetQ'? be the
matrix associated to this lumped CTMC, then:

L4 v27j € I7vs € Sj7le(7’7j) = (ZS/GSi Q(S/7S)) X
(I551/15:1)

o If Vi € I,Vs, s’ € S;,mo(s)

/

I,VS,S/ € Si7ﬂ-t(s) = 7Tt(3 )
bility distribution at timet.

= mo(s') thenVt, Vi €
, Wherer, is the proba-

e If @ is ergodic andr is its steady-state distribution
thenVi € 1,Vs,s’" € S;,7(s) = n(s')

2.2 A Model of Partially Symmetrical CTMCs

The model of partially symmetrical systems that we de-
velop here is defined as a CTMC obtained by some synchro-
nised product between a (symmetrical) CTMC and a control
automaton. Let us first formalise this product. Synchronis-
ing the behaviour of the two components requires to “label”
the CTMC with events.

Notation Let C be a CTMC, we associate with each pair of
statess = s’ a label in some alphab&?, denoted\ (s, s').



a, : ormally, the states of 4 are pairs(s;, ut as there is
ad— . Formally, the states of 1) but as th
/',003 ap %) 4 only one location in the automaton, we will omit it in the
2o ' b Yl_a] representation of states throughout the example.
. ¢ Sy !
; AE a ’Om a.p e ED From a theoretical point of view, the specification of the
0.1 a0 d.9 eo s / system symmetries relies on group theory, applied to the
NS N * n=b states and the events of the system. The next definition re-
. TR B 4"65 J calls the appropriate notions.
a,d 6

Definition 6 LetG be a group, with neutral elemefit and

, . whose internal operation is denotee) (
Figure 1. A labeled CTMC and its control au-

tomaton e Let £ be a set, aroperationof G on FE is a mapping
from G x E to FE s.t. the image ofg, ¢), denoted by
g.e, fulfills: Ve € Eid.e =€

Since the automaton is introduced in order to modify the ~ V9,9' € G, (9o g').e = g.(¢"€)
behaviour of the CTMC, the label of each edge is a predi-
cate that selects the events allowed to occur in the current
location of the automaton.

e Theisotropy subgroupf a subsett’ C E is defined
by:Gg ={9€G|Vee E' gec E'}

e Let H be a subgroup of7, theorbit of ¢ by H denoted
H.e, is defined by{g.e | g € H}.
The set of orbits by defines a partition of.

Definition 4 LetC be a CTMC, thed = (L, [y, —) a con-
trol automaton ot is defined by:

e [, the set of automaton locations,
We simultaneously introduce the notions of symmetrical

* lp, the initial location, and partially symmetrical CTMC. Informally, a CTMC is
symmetricalv.r.t. some group if the operation of the group
on the state space preserves its initial distribution and sto-
chastic behaviour. A CTMC ipartially symmetricalf it is

Fig.1 represents a CTMC and its control automaton. a synchronised product involving a symmetrical CTMC.

Bold letters are labels, while greek letters represent tran- . .

sition rates. The numbers associated with states are theiP€finition7 A CTMCC is symmetrical w.rt.G: a group

initial probabilities. operating onS andX iff: Vg € G, Vs # s’ € S,mo(g.5) =
In the synchronised product defined below, the CTMC To(s) A Q(g.s,9.5') = Q(s,s') and A(g.s,g.5") =

is the “active” component whereas the automaton inhibits g-A(s, s").

some behaviours of the product. Consequently, the rates L€tC be symmetrical w.rt.GG and A be a control au-

(resp. the initial distribution) associated with the product tomaton ofC, thenC4 is said to be partially symmetrical

depends only on the rates (resp. the initial distribution) of w.rt. G.
the CTMC. We associate with eachoccurring in a transition of4

a subgroupH, C G defined by:g € H, iff Va € ¥,a €
Definition 5 Let C be a CTMC andA4 some control au- v & g.a € 7.
tomaton ofC. C4 = (S x L,7(,Q’) is a CTMC defined
by: The size of the subgroufd,, is an indicator of the sym-
, , metry of the associated edge. Whi = G, the edge is
o Vs, mo(s,lo) = 7o(s) AV # Lo, mo(s,1) = 0 “fully” symmetrical whilst whenH, = {id}, the edge is
, , Y , “fully” asymmetrical.
* VS, 78 € *?’ v/l,lie L, if ,l — U'AA(s,s') € ythen Back to the example of Fig.1, l&¥ = {id,r,r e 1},
@((s,0),(s,1) = Qs, 5') else wherer is defined by :
Q'((s,1), (1) = 0 -

e —C L x 2% x L the transitions of the automaton. A
transition (1, , ') will be denoted by - 7.

r.sp =S89 Tr.S1 =89 Tr.S9 =83 T.83=3S81

o Vse S\Vi#1 €L, Q((s,1),(s,1') =0 r.84 =85 T.55 =S¢ T.S6= 54
ra=a rb=c rc=d r.d==»
In the example of Fig.1, the control automaton actually It is easy to verify that7 is a group and that the CTMC
forbids transitions that are not labelled withor b. Hence, is symmetrical w.r.tG. The subgroups associated with the

C4 is obtained fromC by removing the dotted arcs. labels ofAareH.,, = G andH,, = {id}.



2.3 Partially Symmetrical CTMCs and Lumpa-
bility

Given a partially symmetrical CTMC 4, our method

builds a smaller (but equivalent) CTMC. However, in order
to prove the soundness of this construction, we first intro- !

duce a CTMQS, which is actually bigger tha@i 4.

In C§, states ofC4 are replicated in instances, and in-
stances are organised in subsets. All the instances that be-
long to the same subset must have the same associated lo

cation of the automaton. We will thus consider subgets
of states of the initial CTM, and denotés, I, R) the in-
stance of s, ) s.t. s belongs taR.

Intuitively, given two stategs, [, R) and(s’, [, R) of C§,
any path leading t¢s, [, R) may be transformed by the op-
eration of some element ¢f into a path to(s’, [, R).

Definition 8 LetC 4 be partially symmetrical w.r.t&, then
the CTMCCG = (S, 7, Q") is inductively defined by:

e The set of state§” is a union of subsets of items de-
fined from a seR C S and a locationl by {(s,[, R) |
s € R},

e Vs S,Vie L,YRCS,
if (I =lo A Ris an orbit byG A s € R) then
0 (s, 1, R) = mo(s,lo) (= mo(s))
elsen(/(s,l,R) =0,

e The “initial” subsets of states aré(s,l, R)} s.t. Ris
the orbit ofs by G A #{/(s,I, R) > 0,

e If {(s,l, R)} is a subset of states antd* € R,3s™* €
S,31 L I A A(s*,s”*) € ~ then the subset
{(s',I',R")} with R" = (GrN H,).s"* is another sub-
set of states,

e Vg e GRNH, lets = g.s* ands’ = g.s™* then
Q"((s,l,R), (s",I', R')) = Q(s, 8')
Remarks
1l Lets = g.s* ands’ = g.s™, sinceQ(s,s’) =

Q(g.s*,9.8™*) = Q(s*, ™), the transition rate does
not depend on the chosen pair.

2. Furthermore the above subset construction does notmethOd'

depend on the choice af ands’™* in the following
sense. Let us pick somé € (G N H,).s"*, thus
s’ = g.s" with g € Ggr N H,. Defines = ¢.s*, then
s € R(2 Gg.s*) andA(s,s’) € 4. Now it is routine
to show tha{Gr N H,).s' = (Gr N H,).s"™.

Fig.2 describes CTM(ZZﬁ for our example. Dotted rec-

tangles represent the subsets of states. The initial subsets

are those with associated orbity = {so} and Sia5 =

G (x/l/'
o I
o I
| S0 S 1T 0> 52:8 3 B—> 55.8,5

200

Figure 2. CTMC C§

5
5
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Figure 3. CTMC (C§)"

{s1,s2,53}. A group is associated with each subset: the
group isG for the initial subsets and remaitsfor the con-
structed subsets until there is a synchronisation withAt
that moment, the group is reduced to identity by intersec-
tion with H.,, and the constructed subset contains a single
state. As a consequence, there are two instancesiotthe
resulting CTMC, each with a different associated orbit.

In fact, the stochastic process we want to build is ob-
tained by forgetting the instances and only memorising the
subsets.

Definition 9 LetC 4 be partially symmetrical w.r.tG, then
the stochastic proces€§)" is defined by:X;” = (R,1)
iff X;' € {(s,l,R)}.

The resulting process for the example is given in Fig.3.
The initial distribution and the transition rates are computed
according to Prop.3.

The next proposition is the theoretical core of our
It states thCS)" is obtained fromC 4 by the
inverse of a (strong) lumping followed by an exact lump-

ing.

Proposition 10 Let C4 be partially symmetrical w.r.t.G,
then:

e Denoting (so,lo) ..., (sn,l,) the state space df 4,
Ca is a strong lumping ofC§ w.rt. the partition
{(507 l07 R)}R;{So}? ey {(Sna lTH R)}R;{Sn}



e Denoting {(Ro, o), .-, (Rk, 1)} the state space of 3 Application to Stochastic Well-formed Nets
€, (€)™ is an exact lumping of§ w.rt. the
partition {(s,lo, Ro)}seRrq, - - - 1(5, Ik, Bi) }sery 3.1 Presentation of the model and the symbolic

reachability graph

WNs are a model of high-level Petri nets whose syntax
Proof has been the starting point of numerous efficient analysis
Let (s,1) be a state of 4 and let(s, I, R) be a state o€, methods. Below, we describe the main features of WNs.

we show that there is a bijective mapping from the transi- The reader can refer to [4] for a formal definition:
tions out of(s, 1) onto the transitions out dfs, [, R). Due

to the above remark we suppose thatl, R) is examined
when looking for successors ¢fs’,l,R) | s’ € R} in

Def. 8. Thends’, 3l L I' s.t. A(s,s') € v < IR, 3 €
R, 5 U'st A(s,s') € ywith R = (Gr N H,).5.
Since this mapping preserves the rate of the transitions the
condition of Prop. 2 for strong lumpability is fulfilled.

e In a WN (and more generally in high-level nets) a
colour domain is associated with places and transi-
tions. The colours of a place label the tokens contained
in this place, whereas the colours of a transition define
different ways of firing it. In order to specify these fir-
ings, a colour function is attached to every arc which,
given a colour of the transition connected to the arc,
determines the number of coloured tokens that will be

Let(s1,l, R) and(sz, 1, R) be two states «f§, we show . :
added to or removed from the corresponding place. Fi-

that there is a bijective mapping from the input transitions

of (s1,1l, R) onto the input transitions ofss, !, R). Let
(v1,I', R") be such thaBl’ - [ andA(v,s1) € . Due
to the same remarldg € Gr N Hy S.t. s = g.51. Now
definevy = g.v1, thenvy, € R andA(vg, s2) € 7. This

nally the initial marking is defined by a multi-set of
coloured tokens in each place.

e A colour domain is a cartesian product of colour
classes which may be viewed as primitive domains.

implies the existence of the required mapping. Since this
mapping preserves the rates of transitions, the condition of
Prop. 2 for exact lumpability is fulfilled. &

This product is possibly empty (e.g., a place which
contains neutral tokens) and may include repetitions
(e.g., a transition which synchronises two colours in-
side a class). A class can be divided into static sub-
classes. The colours of a class have the same nature
(processes, resources, etc.), whereas the colours in-
side a static subclass have the same potential behaviour
(batch processes, interactive processes, etc.).

Our generic method can now be described. Assume first
that the CTMCC 4 associated with the high-level modet
we want to analyse is partially symmetrical. Assume also
that we are able to compute direcfy$)”” from M. Note

7, the unknown distribution of 4 at timet and "’ the e A colour function is built by standard operations (lin-
(computed) distribution ofC§)" at timet. Thenr, (s, 1) = ear combination, composition, etc.) on basic functions.
Y ser(1/|R]) x wt(lp)(R,l). The equality also holds for There are three basic functions: a projection which se-
the steady-state distributions. The next section will show lects an item of a tuple and is denoted by a typed vari-
that the assumptions above are satisfied in the framework of able (e.g.p, q); a diffusion, a constant function which
SWNSs. In fact, we believe that our method is applicable to returns the bag composed by all the colours of a class
any model where symmetry is automatically handled. or a subclass and is denotéd whereC' is the cor-
responding (sub)class; and a successor function which
applies on amrderedclass and returns the colour fol-
lowing a given colour.

Although theoretically difficult, we can give some hints
of how the space complexity decreases using our approach.
In the lumped CTMC, the original states have been sub-

stituted by subsets. Note that these subse_ts may intersect. ¢ Transitions and colour functions can be guarded by ex-
However these subsets are always the orbit of a state by a pressions. An expression is a boolean combination of

subgroup ofG. Thus, the larger these subgroups, the bet- atomic predicates. An atomic predicate either identi-
ter the method. Note that each time a new subset is built, fies two variablep = ¢] or restricts the domain of a

the group is reduced (by intersection with,) and then is variable to a static subclass.

enlarged by implicitly substituting t6' N H, the isotropy

subgroup of the subset. Interpreting this phenomenon atthe We illustrate these features on the WN model in Fig. 4.
model level, we deduce that the complexity reduction fac- It represents a distributed critical section algorithm. There
tor is high whenever the effect of an asymmetrical event is is a single clasg’: the set of processes that interact in the
forgotten in a close future. Experimentations will illustrate system. The colour domain of all the places of the net is
this interpretation. C, except for placd K, which contains neutral tokens. As



<p>

—lcs Ies [p>q]

Figure 4. A WN model of a distributed critical section with its control automaton

there is a single class, the constant function representing the set of equivalent ordinary markings. A symbolic marking
set of all processes will be simply denot&d is a generic representation, where the actual identity of to-
Initially, all processes are idle (pladB®), meaning that  kens is forgotten and only their distributions among places
they do not request the critical section. The firing of transi- are stored. Tokens with the same distribution and belong-
tion rcs represents a process requesting the critical section.ing to the same static subclass are grouped into a so-called
Only up toK processes can apply simultaneously and ad- dynamical subclass.
ditional candidacies are rejected, which is representdd by In the rest of the paper, we will use a notation where
tokens in placel'K. This constantX” depends on the para- only the cardinality of dynamical subclasses is represented.
meters of the physical access to the system (e.g., networkFor instance, in the case whete= {c;, c2}, the symbolic

topology). markingri = ID(1) + RQ(1) will represent the two ordi-
As soon as a process reaches the state where others afgry markings D(c1) + RQ(cz) andID(c2) + RQ(c1).
aware of its request (pla€&S), no process can become can- Then, the SRG can be constructed automatically using a

didate any longer : permissions for applying are removed symbolic firing rule that directly applies on symbolic mark-
from placePR by the firing offr (with priority over other ings [4].
transitions). If there are several candidates, i.e., the num-  Various behaviourial properties may be directly checked
ber of tokens in placeBQ andGSis greater than one, all  on the SRG. Furthermore, this construction leads to an ef-
but one will be discarded through the successive firings of ficient performance evaluation of Stochastic WNs (SWNs).
Ics. When there is more than one tokenGig the firing of A SWN is obtained from a WN by associating an expo-
Ics non deterministically chooses two of them and discards nentially distributed delay with every transition. The rate
one. When there is only one left (which is guaranteed by the of this transition may depend on the static subclasses to
number of tokens ifFDR), it can enter the critical section  which the firing colours belong. The key result is that the
(placeC§ by firingwcs When the process releases the crit- related CTMC may be (strongly and exactly) lumped and
ical section (firing of transitiorecy, all processes become that the lumped CTMC is isomorphic to the SRG. As for
idle again and a new round can start. stochastic Petri nets, the definition can be extended with im-
The implicit symmetry of a WN is associated with a mediate transitions and a similar result holds for the semi-
group G, operating on colour classes (and by extension Markovian process.
on markings and firing instances),, is the intersec- However, the SRG approach is not adapted when deal-
tion of the isotropy subgroups of static subclasses. In othering with asymmetrical systems: in our example, let us now
words, any permutation i, maps any static subclass decide that when several processes request the critical sec-
onto itself. Given a marking: and a permutatiog of G, tion, the selected process is the candidate with the highest
the behaviour of the net from the markiggn is the same identity. Hence, the set of bindings of transitios must be
as the behaviour fromn up to permutatiory. We say that  restricted to pair¢p, q) s.t. p > ¢. In SWNSs, this could be
this two markings are equivalent and we useas a sym-  done by adding a guard to transititws. Yet, the only way
bolic representation for the orti;,,.m. to express this guard is to partition colour cléssto static
The symbolic reachability graph (SRG) construction lies subclasses reduced to singletdrs}. Then, the guard is
on symbolic markings, namely a compact representation for\/i>j (p = ¢; A g = ¢;). Consequently, the SRG is isomor-



phic to the ordinary reachability graph (RG) and thereisno  The key observation is that the restriction imposed by
more gain in complexity. ~ can be expressed by a SWN guard that is injected dy-
namically to the treated net. Thul,, must be represented
3.2 The Dynamic Symbolic Reachability Graph as a colour class partition in static subclasses, natbgly
(DSRG) construction These static subclasses are used to express the above guard.
In our example, the labéts[p > ¢] splitsC' in singletons

The drawback of the SRG approach is that asymmetriesn Order to expresg > ¢ as a SWN guard attached/e.
are defined statically and taken into account throughout the  T0 be able to perform a classical symbolic firing, we
construction of the graph. Yet, very often, they have only have to compute a new partitidd’ = D N D,, and refine
local effects. Back to our example, except when a process(D, 7, 1) in a family 7 = {(D’,m1,1), (D', m2,1),...}.
is involved in a selection, there is no need to know its ac- In the second line of Fig. 5, six among the thirty symbolic
tual identity. Thus, the asymmetry is local to the selection markings of the partition are shown. In this case, due to
process. the partition in singletons, each symbolic representation in-
Hence, the challenge is to adapt the method of Sectioncludes only one ordinary state.
2, where asymmetrical behaviours are treated as locally as Now, the classical SRG symbolic firing rule can be ap-
possible, to the SWN model. plied on each element daf with the additional control in-
The approach we develop here reuses and extends thduced by the label. This control is performed at the sym-
SWN symbolic framework to automatise the construction bolic level due to the previous splitting.
of the lumped CTMQC)'?. We call DSRG the symbolic Back to the generic method, we have built the subset
structure that represents this CTMC. It is based on a sym-{(s,!’, R')} with R" = (Gr N H,).s"*. The substitution
bolic representation fof(s, [, R) | s € R} and afiringrule  of Gr N H, by the isotropy subgrou@r is explicitly per-
that directly applies on it. formed in SWNs as follows. Two static subclasses reduced
The symmetrical features of the system are captured byto a single dynamic subclass and with the same distribution
the SWN and the asymmetries are represented by a controin places are merged. Observe that the subset of states is
automaton. The definition of the latter requires only that we unchanged whereas the static partition is rougher. For in-
precise alphabet. Since the CTMC is isomorphic to the stance in any marking of the third line of Fig. 5, the three
RG, the labels associated with it are the firing instances of static subclasses (here reduced to a colour) in plagecan
the transitions. Formally: = {(t,c) |t € T Ac € C(t)} be merged in a single one.
whereT is the set of transitions of the SWN antit) is the
colour domain of. Labels of the automaton are subsets of Computation of the transition rates of the lumped

Y. In our example, there are two labelsics = {(¢,¢) | CTMC
t #leshee C)}andleslp > g = {(les, (p,q)) | Using the method described in section 2, the graph we
(p,q) € C* Ap > q}. obtain is isomorphic to a lumped Markov chain, whose rates
can be computed directly from information obtained during
Symbolic representation of states in DSRG the construction of the DSRG. From the first equation of
In SWNs, a state is a markingm, and we want a sym-  proposition 3, we know that the transition rate between two
bolic representation for the s¢tm, !, R) | m € R}, st.  classes depends on the cardinalities of the source and desti-

R = G'.m”, G' a subgroup of7 andm* any marking of  nation classes, namel§; andS;, and the input rate of any
R. We choose a notation similar to that of the SRG, namely states of the destination class, .8, g Q(s',5). Letus
(D, 7, 1), whereD is the set of orbits by:" of the colour  consider the contribution t5°,, .5 Q(s’, s) of an arc rep-
classes and: is the symbolic representation 6f.m. We  resenting the firing of a transitian After the splitting step,

call this representatiosymbolic state a symbolic instantiation of is possible for all or none of
The symbolic state defined b§ = {{c1,c2},{ca}},  the markings that still belong to the same symbolic repre-
m = ID({ci,e2}0) + RQ({cr,e2hr + {es}) sentation. Assume that such a firing fois possible in a

and an associated locatiod represents the set split representation and let us dendtethe ordinary states
{(ma,1, S12), (M2, 1, S12)} s.t.my = ID(c1) + RQ(c2 +  contained in this representation aisti| the number of such

cz) andmy = ID(c2) + RQ(c1 + ¢3). states. The global rate out &f caused by the firing we
o _ consider is|S;|.e.u(t), wheree is the number of ordinary
Symbolic firing rule in DSRG firings represented by the symbolic firingtadindy(t) is the

Let! L I’ be a transition of the control automaton and rate of transitiort. Note that if different bindings of have
H., be the subgroup of permutations associated.toNe different rates, this can be taken into account in the con-
want to compute the successors of n@de m, ) w.r.t. ~, trol automaton, thus we consider here only the case where
by use of the symbolic firing rule of SWNs. equivalent bindings have equivalent rates.



ID(2) + RQ(1) + GS(2)
ID(CyCs) + ID(cyCs) + ID(cyc5) + ID(cxCs) + ID(ciCq) + ID(cey) +
RQ(cy) +GS(e,e5) ) \RQ(C) + GS(eicy) ) \RQACH) +GS(e,63) ) \RQ(ey) +GS(ei6y) ) (RQ(Cs) + GS(eyey) ) \RQ(es) +GS(eres) ) | ™
les(cs, %)i‘ les(cs, cl)¢ les(cs, 02)\ / es(Cy ¢)) lcs(Cs oz\ / es(Cs ¢,)
ID(CoC4Cs) + ID(Cy1C,Cs) + ID(cCC5) + ID(c1C5ey) +
RQ(cy) + GS(cz)) \ RQ(cy) + GS(cy) RQ(cy) + GS(cy) RQ(cs) + GS(cy)

ID({c1.Co} oCsCs) + ID(c,Cx{ CaiCst ) +
RQ({c1,c5}1) + GS(cy) RQ({ c4,C5t1) + GS(cy)
[{ewcdol=1{crct =1 [{caCstol=[{CsCs}1|=1
ar({cy,coty) ¢ ar({ca.csty)
ID({c1,Cob oCaCs) + ID(cic{casCsto) +
GS(cs, {c1.cot 1) GS(c3, {€4.C5} 1)
[{cuctol=1{ccti =1 [{cuctol=1{crct =1

Figure 5. Firing and grouping

As all the states ity ; have the same input r?;?‘, zhis(;?te is IDQ) + GSQ2) — les > IDG3)+GS(1)
given by|S!|.e.u(t)/|S;|. HenceQ'(i,j) = % +RQ(1) +RQ(D)
The computations of the number of ordinary marlzings con- ¢ ar
tained in a symbolic marking and the number of ordinary
firings represented by a symbolic firing for the SRG are de- ID(2) + GS(3) — les > ID(3) + GS(2)
tailed in [4].

3.3 Optimisations for WNs Figure 6. Firings to be considered

In this paragraph, we show that the SWN formalism ) ) .
leads to further optimisations of the generic method. The & = 3 the maximum number of simultaneous candidacies.
first one consists in grouping the symbolic representationsFig- 6 represents the distributions of tokens in significant
obtained after a symbolic firing provided that the condition Places and the firings of transitions we are going to detail
for exact lumpability still holds. This optimisation is feasi- throughout this section.
ble since the transition rates of the lumped CTMC can be  We consider the firing sequence starting from the sym-
computed on-the-fly. It appears that after this optimisation, metrical representation where two processes are idle, one
the overall strategy for choosing the next symbolic firing af- has sent a request and two are ready to perform a selection.
fects the size of the lumped CTMC (which was not the case The synchronisation of the SWN and the control automaton
previously). Hence our second optimisation heuristically for the firing of transitionics ends up in a complete refine-

tries to minimize this size. ment of the source marking, as the only symmetry that is
compatible with the labelcs[p > ¢] is the identity. For
Grouping of symbolic markings each of these refined markings, there is exactly one pos-

In fact, this optimisation was already proposed in [1]. sible binding of transitiorics, becausdcs[p > ¢| fixes
However, the conditions of this merging were weaker as the order betweep andg. A significant subset of the re-
they require to preserve the existence of particular pathsfined markings and the corresponding firings is represented
in the graph. When dealing with performance evaluation, in the shaded part of Fig. 5. At this point, we try to group
states can no longer be grouped on qualitative criteria only.the markings that are obtained from the firing. Obviously,
Input rates must be taken into account, which often restrictswhichever pair we consider, there exists a permutation be-
the possibilities of grouping. For the sake of simplicity, we tween the markings. But even if all the source markings be-
will consider here a uniform rate of 1.0 for any binding of long to the same class, not any pair satisfies the exact lumpa-
transitionlcs and use this example to illustrate the problems bility condition. Looking only at the represented markings,
that may arise. LeP = 5 be the number of processes and as we have considered a uniform rate of 1.0 for transition



Ics, the only possibility we have is to group the two right ID(2) + GS(3)

markings, and also the two left ones. The shaded part is Ics Ics

then removed, and only the white portion is actually stored WN

in the graph. The notatiofic;, ¢, },. defines a partition of  (Ip(c
. ; CoCs) + GS(C3¢,)) ( ID(CC,C) + GS(CsCs)

the set{c;, ¢; }: in the left class for instanc&kQ ({c1, c2}1) ( = ) ( = 5)

with [{c1, c2}1] = 1 means that either or ¢, is in RQ, the

other one belongs tfcy, c2 }o, hence it is in placéD. We

have already detailed how transition rates associated with

arcs are computed. Once this is done, we can compute the8.4 Extension to immediate transitions
transition rates between classes using the formula in Section

2. When the model includes immediate transitions, the un-
From the classes we have built, we can fire transiéion  derlying stochastic process becomes semi-Markovian.We
There is no restriction associated with this transition in the use the embedded Markov Chain approach to compute
control automaton, hence we use the classical firing rule of steady-state probabilities. We thus handle a discrete-time
SWNs from which we can directly build the class of reached process, but the exact lumpability criterion still holds on this

Figure 7. Construction of included markings

markings : whatever the identity of the tokenRQ it is process and the steady-state probabilities can be computed
moved to placé&S in the same way as in the continuous-time case.

Special care must be taken however if some class enables
Overall strategies for construction both timed and immediate transitions. This happens for in-

We show now that the previous optimisation requires an Stance if all the colours in a class have had a symmetrical
efficient strategy for choosing the next transition to fire, in Pehaviour so far, and an asymmetrical immediate transition
order to minimize the size of the lumped CTMC. For in- IS enabled for some of them in the current class of mark-
stance, what may happen is that a set of markings that igngs, while a timed transition is enabled for others. In this
represented by a single class is reached through another fir@se, the class must be split into a vanishing subclass and a
ing that prevents them from staying in the same group. We {angible one. But as we consider only input rates for test-
show an example in Fig. 7: the class with two processesiNd the lumping condition, this splitting has no effect on the
in placeID and three in plac&S enables transitiorcs. upward part of the graph.

Its different bindings will lead to any combination of two

processes in plac€S except ¢.c2), and the three other 4 Numerical Results

processes in plad®. We already encountered such a con-

figuration in the previous firing sequence. However, we  To test the efficiency of our method, we have imple-
did not have to separate the markings whé&contained = mented theDSRG on the same kernel as the standard
(csca) Or (c3cs) because they were obtained from a sym- (S)RG For that, we have modified the GreatSPN package
metrical firing, which guaranteed that they had the same in- (www.di.unito.it~greatspn) on which th€S)RGis imple-

put rate. We can see that this is no longer true when wemented. Hence, one can specify a SWN to obtain the results

take this firing into account. If we have not built any firing  of both constructions. The machine used for our tests is a
from the subclass representing the two markings yet, we re-pC/Linux of 3.2 GHz and 3 Gb of RAM.

move the subclass and dispatch its input rate on the individ-  |n this section, we will consider the net of Fig. 4 once
ual markings. If we have already built the firings, we keep again. An examination of its structure would show that the
both representations because removing the subclass coulgomplexity of the model is strongly related to the settings of
have a domino effect on the downward part of the graph. parameter$ andK, respectively the number of processes
To avoid as much as possible the construction of redundanfn the system and the number of processes that are able to
subclasses, we try to favour the construction of individual concurrently apply for the critical sectiod( < P). For
markings first by firing asymmetrical prior to symmetrical instance, by focusing on the two placB§ and GS one
transitions. notes that increasirg acts on the number of tokens in these
As the construction of subclasses and individual mark- two places, while increasing widens the possibilities of
ings may happen anyway, the same state can be representaghoosing the identities of the tokens that they contain.
several times in the graph. In this case, for any class it ap- Let us now compare the effects of increasing the values
pears in, we compute the probability of a state of the class,of P andK on the (S)RG and DSRG methods.
which is obtained by dividing the probability of the class by Table 1 summarizes our experiments. The columns
its cardinality. The actual probability of the state will then noted (S)RG (respectivelyDSRQ@, shows the number of
be computed by summing the values obtained for any classconstructed nodes in tH&)RG(respectivelyDSRQ struc-
it appears in. ture for a givenk and P.



Table 1. Size of the (S)RG and DSRG w.r.t. Pand K

P s 5 7

(S)RG | DSRG Ratio (S)RG | DSRG Ratio (S)RG | DSRG | Ratio
3 45 23 1.66 - - - - - -
5 441 49 9.00 573 186 3.08 - - -
7 3704 83 44.63 6231 772 8.07 6849 | 2150 3.18
9 28159 125| 225.27 59281| 1805 32.82 73549 | 11150 6.60
14 860371 199 | 4323.47| 7210715| 6148 | 1172.85| 17176671 68476 | 250.84

For a fixed value oK and w.r.t. the increasing d®,
we observe empirically that thRG grows exponentially
whereas th®SRGprogressealmost linearly This is eas-

ily explained by the fact that the complexity induced by the
different possibilities to seledX concurrent processes are
explicitly represented in th€S)RG whereas they are sym-

bolically represented in thBSRG More precisely, in the

ble to a large category of performance models. Moreover,
in practical cases, the additional specification of the control
automaton remains straightforward. Applied to a (common)
use case, the DSRG construction appears to be very rele-
vant in terms of used memory. We need now to improve our
tool in order to gain efficiency in time. Our next research
perspective will be to extend the proposed method to prob-

DSRG no asymmetry among processes is taken into ac-abilistic model checking.

count until asymmetrical transitioles is enabled. More-

over, the symbolic grouping optimisations make it possible References
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