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ABSTRACT

This paper presents a unified formulation for
both externally and internally constrained robot
systems. Furthermore, we relate the constrained
robot formulation to singular systems of differ-
ential equations.

1. INTRODUCTION

In many industrial applications of robots,
such as deburring, grinding, and scribing, the
robot end effector is in contact with its external
environment. The contact feature results in a
closed loop structure of robot. In certain cases,
the contact occurs at places other than the end
effector; a robot with a jig hand [6] is a typical
example. Another case of robot with closed loop
structure is two robots carrying a common load.
This application is particularly important when
the object to be carried is big or heavy. 1In the
above cases, the constraints are externally im-
posed on the robot end effector. However, the
constraints may be internal so that the closed
kinematic chain of the robot is formed by the robot
links. This inner closed chain primarily consists
of four-bar or five-bar linkages. The ITRIZ U-type
robot, Cincinnati T3, and pantograph robot are of
this type. A robot with closed chain structure is
regarded as a constrained robot. It will be shown
that the externally constrained and internally con-
strained robots share the same mathematical for-
mulation.

This paper gives a unified formulation for
constrained robot systems. Several cases will be
discussed: the robot in contact with its environ-
ment, the robot with a jig hand, two robots carry-
ing a common load, and the robot with internal
constraints. Finally, we relate the formulation
of the constrained robot systems to singular
systems of differential equations.

2. ROBOT IN CONTACT WITH ITS ENVIRONMENT

A schematic diagram of a robot with n links,
whose end effector is in contact with its environ-
ment, is shown in Fig.l. It is assumed that the
contact between the end effector and the constraint
surface occurs at a point. A closed kinematic chain
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of the robot is formed through the constraint sur-
face. Let peRM denote the position vector of the
end effector in cartesian coordinates. Define
geR? as a position vector denoted in joint space.
The kinematic relation between cartesian coordin-
ates and joint coordinates can be expressed as

p = H(q) (1)

where H(q) is a vector function. We further
assume the constraint surface is rigid and
frictionless and it has form

g(p) =0 (2)

where #(p) is a scalar function with continuous
gradient. Then the equations of motion of robot,
taking into account the contact force, can be
expressed in matrix form as [4]
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where M(q) is an nxn inertial matrix; F(q,é) is
an n-dimensional vector defining coriolis,
centrifugal and gravity terms; T denotes the
n-dimensional joint torque ; X is a scalar and
has the meaning of contact force; J(q) =

é;ég) and D(p) =§§égl are Jacobian matrices
with orders of nxn and lxn, respectively. The
detailed derivation of the above equations has
been given in [4].

Clearly, the coefficient matrix multiply-
ing the derivatives in Eq. (3) is singular;
those equations represent a singular system of
differential equations. In other words, the
variable XA is not explicitly governed by a
differential equation.

3. ROBOT WITH A JIG HAND

A schematic diagram of a robot with a jig hand
is given in Fig.2. The closed chain structure is
formed through the contact at the jig hand. This
structure may increase the stiffness and improve
the accuracy of the end effector at the expense of
constraining the arm motion. We will assume the
jig hand can slide on the constraint surface and
the contact between the jig hand and the constraint
surface occurs at a point.

Let pceRn be the position vector at the contact
point of the jig hand. Suppose the jig hand is
extended from the link m. Then, we can obtain the
relation between pe and q as



p, = H (@) (4)

and the relation between p and pc as

p = Q(pg) (5)

where HC and Q are vector functions.

We assume the constraint surface is given
by Eq.(2) and the constraint surface is rigid
and frictionless. Following the same procedure
as section I, the equations of motion of the
jig hand system can be expressed in matrix form
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where J _(q)= —3g is an nxn Jacobian matrix;
Ac is a’scalar; the other notation is the same
as before. Again it is a singular system of
differential equations. In case the robot end
effector is also in contact with the constraint
surface, two closed loops are formed through
the contact at the jig hand and the end
effector. The equations of motion of the robot
system should be slightly modified to include
the contact force at the end effector.

4, TWO ROBOTS CARRYING A COMMON LOAD

A schematic diagram of two

a common load is shown in Fig.3.
case of this system is that the
carried is too big or too heavy for handling
by a single robot [5 ], Let qlERn and qzeRn'
denote the vectors of the first and second
robot joint angles, respectively. The equations
of motion of each robot, taking into account the
reaction forces (and moments) on them, are given
by . .

Mi(qi)qi+Fi(qi,qi)

robots carrying
A typical
object to be

T T
= A
Ti+Ji(qi)Di i

i=1,2 (7)
where M;, Fji, and t; have the same definitions
aHi(gi) | . .
as before; Ji(qi)— ——Tigf—— is a Jacobian matrix;
T
A,z[-cFi -CNi] denotes a 6x1 reaction force
i
vector;
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Note that cFi and °N; are the reaction force
and moment with respect to the center of mass of
the carried object; SR is a 3x3 rotation matrix;
ndc is a pure position vector.

where

Let pCER6 be the position vector of the
center of mass of the object with respect to the
world coordinates. Suppose the object is rigidly
gripped by the robot end effectors, the direct
kinematic relations of the two robots must

satisfy constraints

Pe = Hplgp) (9)
and

Pe = Hp(qp) (10)

where Hy and H, are two vector functions.

By applying the Euler's equations, the equ-
ations of motion of the object, taking into
account the reaction forces, are
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Thus, the complete equations of motion of the
two-robot system, taking into account the ob-
ject dynamics, can be conviently represented in
the form of a singular system:
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Not that Egns. (9) (10) are treated as constraints
rather than simply the kinematic relations.

5. ROBOT WITH INTERNAL CONSTRAINTS

In this section, a robot with inner closed
chain will be discussed. Several types of robots
possess the inner closed chain structure, such as
ITRI U-type robot and Cincinnati Milacron T3 robot.
We focus on the analysis of ITRI U-type robot, as
shown in Fig.4. The ITRI U-type robot has five
degree of freedoms and three closed chains. These
three closed chains are formed by a four-bar link-
age, ball screw A, and ball screw B, respectively.
Furthermore, they do not lie in the same plane.

Let 03, ..., 85 be the robot joint angles which
are actually driven by motors. Define an 11-
dimensional vector q as gq = {91 6o 63 By 65 62" 63"

Qo Q3 ¢o ¢3]T,where 8o’ and B83' are two virtual
joints; 2, and Q3 characterize the motion of ball
screw A; ¢ and ¢3 characterize the motion of ball
screw B. During robot motion, the three closed
chains should satisfy the following position con-
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where dA, dB, 12,, y, EF, OF, OB, 0D, and TD
are known quantities.
Applying the Euler's equations, we can derive

the equations of motion of the robot system, taking
into account multiple constraints, as

M@ olfa] [-Fia,&+aT (£
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T
ac(q) =[e1 @ c2(@) c3(@ cul@) csl@ cs(@)] ; J(@= Fig. 2
—%égl; f is a 6-dimensional reaction force vector.

The detailed derivation of Eq.(19) is provided in
our previous report l].

6. CONCLUSION object 5

In this paper, we have analyzed each type of
constrained robot and have presented a unified
formulation for constrained robot systems. Since
the equations of motion of constrained robots
consist of a set of differential equations and a
set of algebraic equations, we feel the singular
system of differential equations is an appropriate
model to describe the constrained robot systems.
However, it also poses difficult problems in con-
troller design, trajectory planning and system
Timul?tion. Research in these areas is under way

2, 3].
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