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ABSTRACT 

This paper presents  a u n i f i e d  formulat ion f o r  
both e x t e r n a l l y  and i n t e r n a l l y  constrained robot  
systems. Furthermore, we relate t h e  constrained 
robot formulation t o  s ingular  systems of d i f f e r -  
e n t i a l  equat ions.  

1. INTRODUCTION 

In many i n d u s t r i a l  appl ica t ions  of robots ,  
such as deburr ing,  gr inding,  and scr ib ing ,  t h e  
robot end e f f e c t o r  is  i n  contac t  with i t s  ex terna l  
environment. The contac t  f e a t u r e  r e s u l t s  i n  a 
closed loop s t r u c t u r e  of robot .  In  c e r t a i n  cases, 
t h e  contac t  occurs  a t  p laces  o t h e r  than t h e  end 
e f f e c t o r ;  a robot  with a j i g  hand [6] i s  a t y p i c a l  
example. Another case of robot  with closed loop 
s t r u c t u r e  i s  two robots  carrying a common load. 
This appl ica t ion  i s  p a r t i c u l a r l y  important when 
the  objec t  t o  be c a r r i e d  i s  b ig  o r  heavy. 
above cases ,  t h e  c o n s t r a i n t s  a r e  e x t e r n a l l y  im- 
posed on t h e  robot  end e f f e c t o r .  However, t h e  
c o n s t r a i n t s  may be i n t e r n a l  so t h a t  t h e  closed 
kinematic chain of t h e  robot  i s  formed by t h e  robat 
l i n k s .  This  inner  c losed chain pr imar i ly  c o n s i s t s  
of four-bar o r  f ive-bar  l inkages.  The I T R 1 2  U - t y p  
robot ,  Cinc inna t i  T3, and pantograph robot  a r e  of 
t h i s  type. A robot  with closed chain s t r u c t u r e  i s  
regarded a s  a constrained robot .  It w i l l  be shown 
t h a t  t h e  e x t e r n a l l y  constrained and i n t e r n a l l y  con- 
s t r a i n e d  robots  share  t h e  same mathematical for -  
mulation. 

I n  t h e  

This paper g ives  a un i f ied  formulat ion f o r  
constrained robot  systems. Several  cases  w i l l  be 
discussed:  the  robot  i n  contac t  with i t s  environ- 
ment, t h e  robot  with a j i g  hand, two robots  carry-  
ing a common load,  and t h e  robot  with i n t e r n a l  
cons t ra in ts .  F i n a l l y ,  we relate t h e  formulat ion 
of t h e  constrained robot  systems t o  s ingular  
systems of d i f f e r e n t i a l  equat ions.  

2 .  ROBOT I N  CONTACT WITH ITS ENVIRONMENT 

A schematic diagram of a robot  with n l i n k s ,  
whose end e f f e c t o r  i s  i n  contac t  with i t s  environ- 
ment, is shown i n  Fig.1.  I t  is  assumed t h a t  t h e  
contac t  between t h e  end e f f e c t o r  and t h e  c o n s t r a i n t  
sur face  occurs  a t  a po in t .  A c losed kinematic chain 
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of t h e  robot  i s  formed through t h e  c o n s t r a i n t  sur-  
face.  L e t  PER" denote t h e  p o s i t i o n  vector  of  t h e  
end e f f e c t o r  i n  Cartesian coordinates .  Define 
qERn as a p o s i t i o n  vec tor  denoted i n  j o i n t  space. 
The kinematic r e l a t i o n  between Car tes ian  coordin- 
a t e s  and j o i n t  coordinates  can be expressed a s  

p = H(q) (1) 

where H(q) i s  a vec tor  funct ion.  We f u r t h e r  
assume t h e  c o n s t r a i n t  sur face  i s  r i g i d  and 
f r i c t i o n l e s s  and it has form 

$ ( p )  = 0 ( 2 )  

where $(p)  i s  a s c a l a r  funct ion with continuous 
gradien t .  Then t h e  equat ions of motion of robot, 
taking i n t o  account t h e  contac t  force ,  can be 
expressed i n  matr ix  form as [4] 

where M(q) i s  an nxn i n e r t i a l  matr ix;  F ( q , q )  i s  
an n-dimensional vec tor  def in ing  C o r i o l i s ,  
c e n t r i f u g a l  and g r a v i t y  terms; T denotes the  
n-dimensional j o i n t  torque ; h i s  a s c a l a r  and 
has  t h e  meaning of contac t  force ;  J ( q )  = 

U) and D(p) =- a d ( p )  a r e  Jacobian matr ices  
a q  a 4  

with orders  of nxn and l x n ,  respec t ive ly .  The 
d e t a i l e d  der iva t ion  of t h e  above equat ions has 
been given i n  [4 ] .  

C lear ly ,  t h e  c o e f f i c i e n t  matr ix  mult iply-  
ing t h e  d e r i v a t i v e s  i n  Eq.(3)  i s  s i n g u l a r ;  
those equat ions represent  a s ingular  system of 
d i f f e r e n t i a l  equat ions.  I n  o t h e r  words, t h e  
v a r i a b l e  X i s  not  e x p l i c i t l y  governed by a 
d i f f e r e n t i a l  equation. 

3. ROBOT WITH A J I G  HAND 

A schematic diagram of  a robot  with a j i g  hand 
i s  given i n  Fig.2. The closed chain s t r u c t u r e  i s  
formed through t h e  contac t  a t  t h e  j i g  hand. This 
s t r u c t u r e  may increase  t h e  s t i f f n e s s  and improve 
t h e  accuracy of  t h e  end e f f e c t o r  a t  t h e  expense of 
cons t ra in ing  t h e  arm motion. We w i l l  assume t h e  
j i g  hand can s l i d e  on t h e  c o n s t r a i n t  sur face  and 
t h e  contac t  between t h e  j i g  hand and t h e  c o n s t r a i n t  
sur face  occurs  a t  a po in t .  

L e t  pCcRn be t h e  p o s i t i o n  vec tor  a t  t h e  contact 
po in t  of t h e  j i g  hand. Suppose t h e  j i g  hand i s  
extended from t h e  l i n k  m.  Then, w e  can o b t a i n  t h e  
r e l a t i o n  between pc and q as 
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Pc = Hc(d (4) 

P = Q(P,) ( 5 )  

and the relation between p and p as 

where H and Q are vector functions. 

We assume the constraint surface is given 
by Eq.(2) and the constraint surface is rigid 
and frictionless. Following the same procedure 
as section I, the equations of motion of the 
jig hand system can be expressed in matrix form 
as 

q _r-F(q,;l)+J~(q)DT(Q(pc))ic [ M:q) 91 [ij -[ d(Q(pc)) ] (6) 
aHc (9) 

where J (q)= is an nxn Jacobian matrix; 
xc is acscalar;dthe other notation is the same 
as before. Again it is a singular system Of 
differential equations. In case the robot end 
effector is also in contact with the constraint 
surface, two closed loops are formed through 
the contact at the jig hand and the end 
effector. The equations of motion of the robot 
system should be slightly modified to include 
the contact force at the end effector. 

4. TWO ROBOTS CARRYING A COMMON LOAD 

A schematic diagram of two robots carrying 
a common load is shown in Fig.3. A typical 
case of this system is that the object to be 
carried is too big or too heavy for handling 
by a single robot [5  ] . 
denote the vectors of the first and second 
robot joint angles, respectively. The equations 
of motion of each robot, taking into account the 
reaction forces (and moments) on them, are given 

Let qlERn and q2~R"' 

i = 1,2 ( 7 )  

where Mi, Fi, and T' 

as before; Ji(qi)= ___ (qi) is a Jacobian matrix; 

XT=[-'Fi -'Nil denotes a 6x1 reaction force 
vector ; 

have the same definitions 

aqi 

where ZR "%=[dlx dly dlzIT, EBR nic=[d2x d2y d22] 

Note that and 'Ni are the reaction force 
and moment with respect to the center of mass of 
the carried object; :R is a 3x3 rotation matrix; 
"dc is a pure position vector. 

Let pc€R6 be the position vector of the 
center of mass of the object with respect to the 
world coordinates. 
gripped by the robot end effectors, the direct 
kinematic relations of the two robots must 
satisfy constraints 

Suppose the object is rigidly 

(9) 

where H1 and H2 are two vector functions. 

By applying the Euler's equations, the equ- 
ations of motion of the object, taking into 
account the reaction forces, are 

Mc (pc)pc+FC (pc,hc)=-B1D1Thl-B2D2Th2 (11) 
T .  where pc=[px py pz $ 8 d] 

position vector and 

r n l  
-----1-------------------- 

1s the 6-dimensional 

I 

3x3 ' O3X3 
so = s l n o  

I -I so x x  

-mq 

xx 

Thus, the complete equations of motion of the 
two-robot system, taking into account the ob- 
ject dynamics, can be conviently represented in 
the form of a singular system: 

N t that Eqns. (9) (10) are treated as constraints 
rather than simply the kinematic relations. 

5. ROBOT WITH INTERNAL CONSTRAINTS 

In this section, a robot with inner closed 
chain will be discussed. Several types of robots 
possess the inner closed chain structure, such as 
ITRI U-type robot and Cincinnati Milacron T3 robot. 
We focus on the analysis of ITRI U-type robot, as 
shown in Fig.4. 
degree of freedoms and three closed chains. These 
three closed chains are formed by a four-bar link- 
age, ball screw A ,  and ball screw B, respectively. 
Furthermore, they do not lie in the same plane. 

The ITRI U-type robot has five 

Let 81, ..., be the robot joint angles which 
are actually driven by motors. 
dimensional vector q as q = [ e l  82 83 84 85 82' 8 3 '  

n2,!23 $2 +3IT,where 82' and 8 3 '  are two virtual 
joints;n2 andRg characterize the motion of ball 
screw A; G2 and $ 3  characterize the motion of ball 
screw B. During robot motion, the three closed 
chains should satisfy the following position con- 

Define an 11- 
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s t r a i n t s  

(q) = cos e ,+cos(e  +e 1 2 2 3  
+ 3  [cos ( e 2  ,+e 3 ,  ) -c0se2] =o (13) 

c (q) = s i n  e 2 , + s i n ( B  +e ) 2 2 3  
+3[sin (e ,  , + e 3 , )  -s ine 3 =O 

c3 (q) = -rF+d sinQ2-R2,cos82,=0 

c (9) = - B + d  ~ ~ s n ~ + & , , s i n e ~ , = o  

c5(q)  = - e + d  s i n 6  + m s i n y  s i n e  B 2  

c6 (9) = -FD+d cos4 + ~ C O S  y s i n e  

( 1 4 )  

(15) 

(16) 

2 

2 
-mcos Y case =o ( 1 7 )  2 

2 B 2  
+FBsin y cos0 =O (18) 2 

where d A ,  dg, R 2 , ,  y, E, E ,  m, 5,  and 

a r e  known q u a n t i t i e s .  

Applying t h e  Euler ‘s  equat ions,  we can der ive  
t h e  equat ions of motion of t h e  robot  system, tak ing  
i n t o  account mul t ip le  c o n s t r a i n t s ,  a s  

The d e t a i l e d  der iva t ion  of Eq.(19) i s  provided i n  
our  previous repor t  [I] . 
6. CONCLUSION 

I n  t h i s  paper ,  we have analyzed eacn type of 
constrained robot  and have presented a uni f ied  
formulat ion f o r  constrained robot  systems. Since 
t h e  equat ions of  motion of constrained robots  
c o n s i s t  of a set of d i f f e r e n t i a l  equat ions and a 
s e t  of a lgebra ic  equat ions,  w e  f e e l  t h e  s ingular  
system of  d i f f e r e n t i a l  equat ions i s  an appropr ia te  
model t o  descr ibe  t h e  constrained robot  systems. 
However, it a l s o  poses d i f f i c u l t  problems i n  con- 
t r o l l e r  design,  t r a j e c t o r y  planning and system 
simulat ion.  Research i n  t h e s e  areas i s  under way 
c2 ,  31. 
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