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Abstract

This work is focused on the analysis of manipulators with
both joint and link flexibility. Due to the different order of joint
and link stiffness, the full-order nonlinear system can be decom-
posed into different time-scale subsystems, namely, slow subsys-
tem, mid-speed subsystem, and fast subsystem. It is shown that
when the link stiffness is much greater than joint stifilness or when
the two kinds of stiffiness are comparable the vibrations due to
joint or link flexibility can be suppressed whatever the control
effort is made. Therefore, a composite control law is proposed in
the case where the joint stiffness is much greater than the link
stiffness to eliminate the structural vibrations while the tracking
objective is achieved.

1. Introduction

The problem of controling mechanism with nonrigid links
or joints has received widespread attentions in the past
decade. Since for some special applications, such as low power-
consumption, high motion speed, the need of designing mechani-
cal arms with light weight has been increasing gradually. A lighter
arm has much more complex dynamics due to its flexibility dis-
tributed along the mechanical beam, which have caused great dif-
ficulty in its control task. Consequently, to overcome this difficul-
ty, improved control strategies must be developed, e.g. in [1]-[9],
where the modeling and control problem are well addressed. Fur-
thermore, as we have known that most today’s industrial robots
were equipped with gear-boxes such as harmonic drives that will
introduce joint flexibility which is always neglected. This kind of
neglects may be acceptable when the operation speed is low, but
may be quite devastating when the speed gets high. Thus, when
high manipulating performance is needed, the elastic phenomena
must be taken into account, {10]-[13].

The nonrigidity of a light-weight flexible arm may consist of
distributed link flexibility and lumped joint flexibility. Because
of the high complexity of the dynamical equations for a multi-
link manipulator with both joint and link flexibility, most of the
literatures on the control of flexible manipulator have discussed
arms with joint elasticity and with link flexibility separately. In
[2], {10], the authors used the singular perturbation technique to
reformulate the manipulator dynamics either in flexible-joint or
in flexible-link case, however, they must assume either the links
or the joints are rigid. Recent work [14] on the control of ma-
nipulators having both flexible joints and links had the similar
formulations, but it only treated the two time-scale problem.

Hence, in this paper, some discussions on the singular pertur-
bation approaches to the model formulation for the manipulator
with both flexible links and joints are given. It will be seen that
when the link flexibility and the joint flexibility are compara-
ble, the corresponding subsystems are strongly coupled, indicat-
ing singificant interactons between link and joint flexibility. This
coupling, however, will vanish when the two kinds of stiffness are
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widely separated.

This paper is organized as follows: Section 2 discusses the sin-
gular perturbation approaches and the properties of a three time-
scale system, and provide proofs of the system stability under
some conditions. In section 3, we make some discussions on ma-
nipulators with both joint and link flexibility under three different
cases, respectively, defined as situations where the former dom-
inates the latter, the latter dominates the former, and the both
are comparable. In section 4, the controller design of these three
cases is given and a conclusion is made that the system is control-
lable only when the joint stiffness is much larger than the links
stiffness, or when the two kinds of stiffness are of the same order.
Section 5 shows the simulation results. Finally, some concluding
remarks are given in sectjon 6.

2. Preliminaries

In this section, we briefly review some relevant results due to
the singular perturbation approach and discuss the characteristics
of a multiple time-scale system. Then we propose a two-stage
analysis to prove the stability of the overall system. A flexible
robotic manipulator with both link and joint flexibility may ha e
different-order of stiffness and, therefore, the two perturbation-
parameter system is considered in this section.

Let us consider the three time-scale system as follows

& = flz,z1,22,6,p1) (1)
€2y = gz, 21, 22,¢p) (2)
uzz = ga(x,21,22,6 1) 3)

Supposing u € ¢ € 1, we can spilt the full-order system in-
to two subsystems by letting 4 — 0, and use overbar to de-
note either slow variables or a mixture of slow variables, then
92(%, 21, 22,¢,0) = 0. Assume z; can be represented as a function
of Z, and 2; as Z» = hz(Z, Z1,¢) which is the equilibrium state of
the boundary layer system, and the boundary layer system, name-

ly, the fast subsystem, is given by defining np = 2z — 7, 7, = £

u?

and letting = 0, so that (3) can be rewritten as

dnz

= g2(%, z1,m2,¢,0)
dry

(4)

Note that the slow and mid-speed variables that parametrize the
boundary layer system are quasi-static and can be treated as con-
stants. Now, the slow subsystem can be represented as

r = f(%2,h2(Z,21,¢),¢,0)

€z g1(Z, 51, ha(Z, 21, ¢),¢,0),

e
|

()
(¢)

which, however, still has two different time-scales. Therefore, we
denote the above system as a " virtual slow subsystem”, and focrs
on this subsystem in a little more detail.

Consider the virtual slow subsystem (5), (6), and decompose
it into a slow subsystem and a fast subsystem again by letting



¢ = 0. For the same reason as stated above, we use the notation
" to denote either the slow variables or functions of them, i.e.,
91(%, %1, h2(, %1,0),0,0) = 0. Likewise, Assume Z; can be solved
in terms of £ to yield 2; = hy(&) which is the equilibrium state
of the boundary layer of the mid-speed subsystem. After defining
m=z—-2, 1= é, we can get that subsystem from (6) by
letting ¢ = 0, i.e.,

I g (@ims, ka1, 0)) @)

dry
Similarly, the slow variables are treated as constants in this mid-
speed subsystem. Therefore, the really slow subsystem is given
by k

& = f(%) (8)

Since the stability issue in a control problem is our most impor-
tant consideration, in the following we will propose a two-stage
analysis inspired by Kokotovic (1986) to show the stability of the
full-order multiple time-scale system.
Proposition 1 Consider the two perturbation - parameters sys-
tem described by (1), (2), (3). The system can be decomposed
into three subsystems, namely, slow subsystem, mid-speed sub-
system, fast subsystem, respectively. If the three subsystems are
asymplotically stable individually, then the full-order subsystem
ts ulmately stable in the sense that

tz]—=0() +0(n)
[ z1 [= hi{z) + O(e) + O(n)
[ z2 | ha(z,21,€) + O(u) (9)
Pruof:Consider the three subsystems (4), (7), and (8) as follows:

dnz = -
— = g2(%,Z1,m,¢)
d‘r‘g
dny . . .
— = g, m, h2 (2, ()
dmn
dz
= = 7 10
2 e (10)

which are the so-called "high-speed”, "mid-speed”, and "low-
speed” subsystems, respectively. Since the three subsystems are
all asymptotically stable, there exist three Lyapunov function can-
didates V7, V5, and V3 with respect to "low-speed”, "mid-speed”,
and "high-speed” subsystems, respectively, satisfying the follow-
ing conditions according to a converse theorem of Lyapunov.

2%
S2f(z) < —osyi(x)
oz
aV;
a—z’gl(z,zl,hz(x,zl,on < —adi(z = ha(z)
1
V-
'872‘92(-75121722:5) < —agdi(z2 — ha(x,z1)) (11)

for appropriate positive constants o3, o4, and os.

Now we begin with the virtual slow subsystem. Similar to
Kokotovic (1986}, the following conditions are assumed. For some
positive constants v4 ~ <g, the functions f and g; satisfy the
following conditions.

Php-n)| < whi@hla-mE)
|—(fz -] < wenEoE (12)
and v
8_212 (912 — gu)l < v 0(e)d1(z1 — hy (=) (13)

where f; and g, are defined as
i = f(z,hi(z), ha(z, hi(2),0),0,0)

f2 = f(z,hi(x), h2(z, h1(z),€),0,¢)
fa B f(z,21,h2(z,21,¢),0,¢)

g1 = gi1(z,21,h2(x,2,0),0,0)

g2 = g1(x, 21, ha(z,21,€),0,¢)

so that, a composite Lyapunov function of the following form
Vi=(1-d)V; +dVa; d€(0,1),

which is the first stage composite Lyapunov function. Then, we
take the time derivative of V4 with the above conditions, and get

d 9V,
h+ :-8—2911 +(1- d)%[(fs ~ f2)

3V1
1-d
(-d)o= 7

d oV;
+f2 = )+ :8—;(912 - g11)

< —(1 -d)g [(as - "L‘)wl - sz(e)]

Qo4 - s0(0)] (14)

T
€

which implies that there exist ¢j and dj such that, when € <
¢ and df < d < 1, ¥1(x) and ¢1(z1 — hi(zx)) will converge to
a resdual set with size of O(e) until the solution trajectories of
(5), (6) leave a priorly given compact set. Now, we consider (1),
(2) together as a subsystem which evolves relatively slow to the
subsystem (3), i.e.,

|4 ]-

or, equivalently, v = r(w, h2,0) where w = [a:

f(z,21,h2,¢,0)
g1(z,21,h2,¢,0)

(15)

V€23 T1T. There-

fore, according to the above description, V4 can be interpreted in
an alternative form.

9V

ow

[¥2(w — @) = O(e)],

where w = (O,Cth)T. Now, further conditions are needed for the
stability proof of the full-order system, which are quite similar
to (12); and (13) accounting for the interconnection between (15)
and the full order system, i.e.,

r < —ape(w — @) X

ag > 0

Iﬂ/i(rs -r2)| £ yre(w— @)é(z2 — ha)
|Feta-r| < nOwaw - )
P g —g21)| < wdbalzz — h2)O(n) (16)

for some positive constants y; ~ <9, where r; and g;; are defined
in the following.

r1 B r{w,h(w),0)
r2 = r(w, ha(w),p)
r3 = r(w,z2,u)

g1 B g2(w,22,0)

g22 B g2(w,z2,p)

Given These conditions we can define the second stage composite
Lyapunov function as follows

V=0-dV,+dVs, de(0,1)

and, then, obtain the same results as the former by taking time
derivative of V, i.e,

(l—d)

Vy
T1+—8 921+(1—d) [(73—72)



Vs
— (922 — 921)
8z

H+rz —r)] + e
73
< -(1 = dy2 (e - 7—72“—)% — Ofe) - WSO(u)]

1-d
57 ¥r )2 — ¥ O(n)

~L galens - 07
©
Again, this implies that there exist u* and d* such that for all
p < p* and d* < d < 1 we have ¥ (w—w) and ¢z (22 —hz) will be
converging to a resdual set of size O(¢) + O(u) and O(p), respec-
tively, so long as the solution trajectories of the overall system
remains bounded inside a priorly given compact set. Repeatedly
using the robustness argument of each subsystem, we can then
conclude that, in fact, all signal trajectories will never leave that
aforementioned compact set, and, hence, all signals remain uni-
formly bounded. ono

3. Applications to Flexible Manipulators

3.1 Dynamic model

Consider an n-link robotic manipulator with both joint and
link flexibility. The deflection of link i, i = 1 < ¢ < n, can be

considered as:
oo
yi(x,t) = E @iy6i,
j=1

which is governed by the Euler-Bernoulli beam equation

3tyi(z,t) 3y (z.t)
dzrt at? -

subject to some appropriate boundary conditions, where ¢,, is
the mode shape function for mode j of link 7, E is the Young’s
modulus, T is the moment of inertia, and p is the mass density
per unit length. Here, we assume all links have the same I and p.
Furthermore, the flexible joints can be modeled as linear torsional
springs with constant spring stiffness. Thus, by using Lagrangian-
Euler formulation, the equations of the dynamic model can be
shown in the following:

EI 0

+p

M[qg ]“LH; ]*[1\915] = [1(2(%7(“)]
Jia + K2(q2 —q1) = v, (18)
where
® g1 € R™: a vector joint angles associated with links,
e 5 € R™ : a vector of m flexible modes of all links,
e g2 € R" : a vector of shaft angles associated eith each actu-
ator,

e M € R™*": inertia matrix,

e fi € R™ f, € R™: nonlinear coupling terms, including
Coriolis, centrifugal, and gravitational forces.

e K; € R™X™: equivalent spring constant matrix of the links,
e Ky € R**™: torsional spring constant matrix of the joints,
e J € R™*™: motor inertia matrix,

e u € R™: a vector of control input torques from motor actu-
ators.

3.2 Problem Formulation

In this section, we reformulate the original dynamic equations
in singular perturbation forms. Let

hy

h
-1 __ 2
M _[hzT hs]

986

and multiply it to both sides so that we can rewrite the dynamical
equations as:

= ~hifi —hafo —h2 K16 + h1K2(q2 — 1)

—h f1 = haf2 — haK16 + KT K2(g2 — q1)
Jiz + Kalgz2 —q1) = u (19)
Further define K16 = w{,K2(q2 — q1) = w) where we let K,
kifu1, K2 = ko [u2, with ky € R™*™, ky € R™*™, and p1,u2 €
R. If we define wy = ki wi, we k;lwé and ) = q;, z2 =
G2, 21 = wi, 22 = W2, 73 = wa, 24 =z, and I = @, Vi, =
€2, then equation (19) can be represented as

5}
B =

£ = z2
22 = ~hifi—hafo —hazi + hyza
€121 = 22
€122 = —h] fi —hafo—hazm + ALz
€223 = 24
€224 = hifi +hofa+ hazr — (R1 +J 7 V)2
+J7 M (20)

which is clearly a three time-scale system. In the following discus-
sion, we decomposed the full-order system into three subsystems
whose time-scales are ¢, ;tl—, ;‘;, respectively.

3.3 Discussions on Three Cases

In the following, we discuss the two perturbation parameters

system in three different conditions. These three conditions -
veal how the flexible manipulator behaves when the ratio of the
flexibility of the link to that of the joint varies, and are shown as
follows:
Case I:( ef < eg <€ 1) In this case, the link stiffness is much
larger than that of the joint so that €; is the smallest perturba-
tion parameter, and thus the subsystem associated with €; can be
regarded as the fast subsystem. Then we set ¢; = 0 in equation
(20) and use variables with overbar to denote the resulting slow
variables to yield

Z = 0

no = hy'(=hif1 - hafz + h] %)
which is the equilibrium state. The fast subsystem can thus be
found by defining 7; é, m = 21 — Z1, N2 = 22, and, then, by

setting €; = 0 to obtain

dm o,

dTl 2

dna

—= = =h 2
ary am (21)

which is the boundary layer of the fast subsystem. Note that the
slow and the mid-speed variables in that subsystem are quasi-
static, and, hence, can be regarded as constants. Apparently,
(21) becomes a linear system which is uncontrollable since there
is no direct external input to the subsystemn.

Now to derive both the slow and the mid-speed subsystems, we
let ¢; = 0 in equation (29), and denote 23, 24 as slow variables
with respect to the slow subsystem, i.e,

24 = 0
23 = (k1 —hohy' +J7H)7?
[(hy = hoh3 R 1y + 07 24)

= H'Hofs +H7'I % (22)
to get
i o= &
&2 = —Hif+His
= (-Hi+HH H)0 + HiH7 U % (23)



which clearly corresponds to the rigid slow subsystem, and then
we define 7, = &, n3 = Z3 — 33, 74 = Z3 , and let ¢; = 0 so that

€2

dns

dTo = ™

d )

M M4 N@-4) (24)
d7‘2

which is the mid-speed subsystem as required. Similarly, all the
slow variables involved in (24) are all treated as constants.

Case II: (eg & €2 < 1) Different from the previous case, here
the link flexibility is the dominant one, and, hence the dynamics
associated with the joint flexibility becomes the fast subsystem.
Now, by letting ez = 0 in (20), we obtain the following equilibrium
state.

zZg = 0
23 = (m+J7) i+t hafot ke +J700)
Similar to the discussion above, the fast subsystem can thus be

derived by defining 7, = o Mm =2 Z3, M2 = 24, and by letting
€3 = 0 as:

d

d7y

d _ - _

B - (I m I (- )

dro

—(h1 +J N+ (25)

which is the boundary layer of the fast subsystem that obvious-
ly can be controlled under state-feedback. Again, the variables
corresponding to the slow and the mid-speed subsystems are all
treated as constants in this fast subsystem.

To derive the slow subsystem, we then let €1 = 0 to yield

zZ = 0
—f2 =T T f1 - T Teta (26)

and then substitute (26) into the virtual slow subsystem to obtain

4

1 = &2
F2 = (T =TT T A
+(Ts - TT] ' Te)a (27)

which is known as the slow subsystem. Finally the boundary
layer of the mid-speed subsystem can be obtained by defining
==, n3a =% — 3, ng = %, and by letting ¢ — 0

€
ds _
dry 4
dny .
— = Teny+Te(a—1u)
d7y

Toma + Teuyr (28)

where all the slow-variables that parametrize the system are re-
garded as constant as before.
(iii) Case I1I: (¢2 = €2) In this case, ¢) and ¢ are of the same or-
der. Therefore, we spilt the full-order system into two subsystems
only, namely, a slow subsystem and a fast subsystem.

Consider (20) again, and let ¢; = ¢ = 0 so that

5= h7'[-hifi—hafo+
RI BT (B2 f1 + Bai)]
zZ = 0
zs = B7Y(Baf1 + Baa)
ZZ = O (29)
where
Bi = hi+hohi'Rl 407!
By = h- hohT AT
By = hohp'J7?
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so that the slow subsystem can then be obtained by substituting
equation (29) into the original full-order system (25):

1 = Ty

T, = —hfi—hafa—h2E1i+hiz;

—(hy + hoh3'RT — hah3 R B Bo) 1

~ (h2h; AT BBy — hi By ' Bs)a

(30)

which is recognized as the rigid slow subsystem.

To derive the fast subsystem in this case, we refer to (20), set
the time scale as 7 = %, and define n; = z1 ~ %1, 72 = 22, N3 =
23 — %3, Na = 24, so that the fast system can be expressed in a
manner similar to the previous deviation.

oo,

dr

ZL: = —ham +hin (31)
dng

F = ™

dng A -1 -1 - P
e 2m1 — (k1 +J 7 )3 + 7 (u — &) (32)

or, equivalently, ad?n = An + Buy , where nT = [n;r "I; 77;{ 77;1‘]:“
and uy = u—%. Equation (31) constitutes the so-called boundary-
layer condition of the fast subsystem.

4. Controller Design

When we encounter a system which is required to perform tasks
in a desired manner, intuitive questions will arise, such as " Can
it be controlled? ” and " What is the difficulty if the previous
answer is affirmative? ”. In fact, we are interested mainly in
controlling the low-speed, gross behavior of a robot system. Thus,
of primary importance to us is the stability or stabilizability of
the fast subsystem. Hence, in this section, we take the stability
problem into consideration and make an attempt to design the
controller for the robotic system. According to the aformentioned
formulation, it is likely that we can design the controller of the
three subsystems separately. The controller design procedure will
be stated case by case as follows.

(i) Case I: (c? & cg & 1) In this case, the fast subsystem, mid-
speed subsystem, and slow subsystem are shown in equations (21),
(24), (23), respectively. As shown in (21), the boundary layer of
the fast subsystem is uncontrollable due to a lack of fast controlle-,
If there exist some structural damping in the original system, then
the boundary layer system will be asymptotically stable, and the
control efforts we made will be concentrated on the mid-speed and
the slow subsystem. If there is no assumed damping in the original
full-order system, the boundary layer of the fast subsystem will
then be oscillatory.

(ii) Case II: ((% < c%) In this case, the three subsystems, namely,
high-speed, mid-speed, and low-speed subsystem are discussed as
shown in equations (25), (28), (27), respectively.

First we consider the slow subsystem

Zo
iy = (T - DI 'T)h
+ (T — T TS )i

(33)

where Ty ~ Ty are defined as previous ones. Since the slow sub-
system are equivalent to the rigid robot system which is always
feedback linearizable [2], & may be designed as

o= (Ts —~ ToT5  Te) 7 —(Th — ToT 1 Ta) 1 + v)

where v = [—(Ty — ToT5 Tu) /1 + §a — k1é — kze] and gq is the
desired trajectory and é, e are the velocity and position tracking



errors, respectively. Thus, the slow subsystem will result in & 4+
k1é + koe = 0, which assures é,e — 0 as t — oo.

Secondly, the mid-speed subsystem is taken into account. Con-
sider

@3 = M4

d‘n

d

mo Tons + Teuyz (34)
dry

which is parametrized by the slow variables and hence T3, Ts can
be treated as constants. If the subsystem (33) is a completely
controllable pair, we can always use state feedback technique to
stabilize the system, i.e,

upp = =Kni nf 1" (35)
Therefore, 13,74 — 0 as t — oo will be concluded.
In the fast subsystem,
o
dry 2
d _ _
Sl L A R S VT AP (36)
dry

since h1 + J—! is positive definite in all configurations, regula-
tion can be achieved with the addition of some damping terms.
Therefore,

ufpy = —JKgm (37)
which will result in 51,72 — 0 as t — oo.
Proposition 2 Consider the full order system (20), if u =14 +
us1 + uygy as designed above, then (20) is ulmately stable in the

sense that
llell, el —  O(e) + O(w)
llmll lin2ll  —. O(e)
lInsll flnall  —  O(e) + O(w)

Proof: The proof can be directly derived from the argumants
provided in section 2.
(iii) Case III: (ef = c%) In this case, the joint stiffness and the
link stiffness are of the same order, and we can consider it as a
standard two-time scale system.
First consider the fast subsystem (31),

dn

el An + Bu/
Since {4, B} is a completely controllable pair, we can conclude
that the full order system is controllable, and hence obtained the
following theorem.
Proposition 3 If the two perturbation parameters of the full or-
der system (20) are of the same order, then this system is control-
lable, and the controller can be designed similarly as in case (i7).
Besides, if the real parts of all the eigenvalues of A are negative,
namely, n — 0 as t — oo automatically, the asymptotic bounded
tracking performance can also be achieved by only applying the
rigid part controller.
Proof: One can easily check the controllability index matrix

0 0 0 hTJ-1
_ 0 0 RTJ1 0
¢= o J! 0 —(hy +J71)
J1 0 —(h+JY 0

which is always non-singular. The rest of the proof is also s-
traightforward from the discussion provided in section 2.
Remark: Since matrix A is parametrized by the slow variables
g1, appropriate choice of the desired trajectories g, 4 becomes an
important issue.
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5. Simulation Results

In this section, we demonstrate the simulation result of the
controller proposed in case (ii) and case (iii). The model for
simulation is shown in [8] with additional joint flexibility. In case
(ii), the joint flexibility ez is 0.01 and the link flexibility ¢; is 0.1.
The controller gains are k1 = 3, k2 = 4, and kg = 3. The desired
trajectory is chosen as gq = 3 + 0.5sin(t).

Fig.1 and Fig.2 show the tracking errors of angular position and
angular velocity, whereas Fig.3, shows the flexible mode, which
is under fast controller. Obviously, the flexible mode damp out
while the joint tracking the desired trajectory.

In case (iii), both joint and link flexibility are ¢; = ¢; = 0.1,
and the fast controller gains are chosen as k={0 0-3.2 -5.1 0 -3.8].
Fig.4, Fig.5 show the tracking performance for both position and
velocity, whereas, Fig.6 demonstrates the suppression of vibra-
tion.

6. Conclusions

In this paper, singular perturabtion approaches are applied to
multiple time-scale systems. The stability of the full order system
has been directly addressed. Estimates of domain of attraction
and the upper bound of the perturbation parameters were al-
so sought. Furthermore, some discussions are made about the
flexible manipulator with both joint and link flexibility when the
previous results are applied. In case (i), the link stiffness is much
greater than the joint stifiness so that the perturbation parameter
€2 dominates ¢;, which makes the link flexibility uncontrollable.
In case (ii), as opposed to case (i), the joint stiffness is much
greater than the link stiffness, and hence the perturbation pa-
rameter ¢; dominates ¢z so that controllers for three subsystems
can be developed separately to achieve the desired control perfor-
mance. In case (iii), the joint stiffness and link stiffness are of the
same order, then the overall full-oredr system can formulated as
a usually seen two time-scale singular perturbation system. Fur-
thermore, if the fast subsystem is naturally asymptotically stable,
the control performance of the full-order system can still be made.
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