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Abstract

Basic concepls about the creep behavior of nonholo-
nomic constrained (NC) systems were discussed in [5].
Two fundamental types of creep kinematics were pro-
posed and the hybrid ones could be made. In this work,
we extend to the creep dynamics of typical NC sys-
tems such as the disk, sleigh and wheel. First, certain
reductive models of constrained motion such as ideal,
relative, pair, and general-pair models are explored and
related. Secondly, by the invariant manifold method of
singular perturbation, fundamental rotational and tra-
verse creep dynamics and a hybrid one are calculated
in an approzimate way. They can be close to the com-
plete system as possible. Therefore, the bridge between
reductive and invariant analyses can be made by the
model of general-pair creep and can help us understand
physical tmplications behind the approzimate solution-
s. It is proven that advanced vehicle techniques, such
as the anti-lock braking system and a special tracking
control system, can be realized by the proposed quas:
constrained creeps.

1 Introduction

The dynamical formulation of quasi constrained
motion [6] for typical NC systems is represented here
by two fundamental creep models been described in
[5]. It is understood that creeps arise from the natural
sources of viscous frictions [2]. Relaxations are allowed
against the constraints to certain extent. Namely, the
infinitesimal movements are pseudoly rather than ab-
solutely restricted. Even that, the governed equations
of motion can be still reduced. Namely, original con-
straint manifold can be converted into a quasi one. In
spite it is not easy to obtain directly, we could find an
approximate one.

For a constrained dynamical description, there are
usually two ways to formulate it. One is the La-
grange multiplier method, the other is the elimination
of dependent variables. The former can be handled
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by various algebraic techniques [1] and can get the
constrained force directly. The latter is a reductive
scheme and has more analytical implications [3]. Our
quasi analysis belongs to the latter. We first explore
certain specific kinematical motions such as the ideal,
relative, pair and general-pair models. They will be
related to the subsequent construction of an approxi-
mated quasi manifold.

By the invariant manifold method of singular per-
turbation [4], the creep dynamics of various order ap-
proximation can be obtained as long as the viscos-
ity parameter of friction is sufficiently large. There-
fore, quasi wheels can be governed by a model of creep
of general-pair, which bridges the specifically reduced
and the singularly perturbed schemes.

In spite many studies [3] focused on the nonideal-
ly constrained problems, this is the first time, to our
best knowledge, to make use of creep models in the
dynamical formulation of NC systems. From the ana-
lytical derivation, the creep model can be recognized
as a modification of those ideal results. Fig. 1 shows
a half-saturation friction model and a creep model.
Note that only the small linear regions are considered.
Friction force f is proportional to the normal speed
vy with slope b. vy and eg are respectively an offset
value and a constant slope to tangential speed vp.

Creep has much practical sense. Advanced vehicle
techniques, such as the anti-lock braking system (AB-
S) and a special tracking control system (TCS), can
be proven feasible.

Fact (Common NC Motions)

Most NC systems have the common motions in Fig.
2 with rolling (r), longitudinal translating (1) and 2-
axis orienting (z). The traverse motion (t) is often
limited. In fact, case (a), (b) and (c) are motions of
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disk, sleigh and wheel respectively. |
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Fig. 1 Friction and creep models of quasi NC
systems.
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Fig. 2 Common nonholonomic motions.

2 Rotational Creep Dynamics

Consider the 1D rolling disk shown in Fig. 3. It
has mass m, polar inertia J, radius r and subjects
to external forces E4 = [E}, E,]' and control forces
ug = [ur,u,]*. The disk motion can be expressed by
the derivative of longitudinal speed v; and rotational
angular speed wy, vg = [v,w, ],

Dgvg = Eq+ fa+ uq (1)

A Vs, fr
Fig. 3 Dynamic model of disk.

where Dy = diag(m, J); fa = [fr, —7fr); fr denotes
the constraint force acted at contact point A. Ex-
ternal forces, such as air and bearing resistance, are
dissipative Ez, E, with parameters hy, hy,

E; = —hw;, E,- = —h,w,. ('2)
Control forces u; and u, are considered constant here
for the dynamical discussion.

The constrained reaction belongs to tractive force
occurred from the horizontal line. The pseudo-
violated behavior appears whenever fg arises from the
viscous friction,

fr = —bpua, fOI: |UA| < vAU, |fR| < fru- (3)

Note that bg is a sufficiently large parameter. The
slipping and skidding are not taken into account here.
Let us introduce the dimensionless coordinates, o-

riginated from [3] and extended here, with a subindex
(0)

z . hit f mfr mu;
g = —, = —, = — U = —,
0T T ko rh,2 e rh,2
mu, J h, br
Urop = "EFIE’ 1= Br = "2k, TR = N (4)

and write vip = z§ = dzo/dto, wro = 6 = df/dits. The
relations of velocity, acceleration and Lagrangian are
respectively vio = mu/(rhy), vl = m%9/(rh?), Lo =
mL/(r?h}), etc... Note that the creep coefficients
are dimensionless themselves. Hence, the constraint
becomes vig — wrg — va0 = 0 and the Lagrangian of
the disk equals to Lo = (v} + ayw2;)/2. Complete
equations can be re-written as

vip = —(1 + Yr)vio + YRWro + U0

aywrg = YRVI0 — (Br + YR)wro + uro (complete), (5)

with friction fro == —Yrv40-

Theorem (Specifically Kinematical Motions)
When the instantaneous speed vao at the contact
point of the disk is specified as (i) zero (ideal), or (i-
1) a constant value vay (relative), or (iii) proportional
to the rotational angular speed wro (pair), or (iv) a
constant vay plus a linear wyg term (general-pair), the
disk motion can be expressed by using only one differ-
ential equation together with this kinematic relation.
0
The governed equations of ideal (i) and general-pair
(iv) cases are shown below :
(1 + aj)wyo = —(1 + Br)wro + u1o (ideal) (6)
- (1 + ﬁrc)wr() + uy0-
(general-pair) (7)

(14 aje)wry = —va1
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Cases (i1)-(iv) explicitly depict a specific constraint
manifold about the pseudo violated disk, which char-
acterizes a slight modification of the ideal manifold
M, in case (i). The ideal case can be proven valid [2]
for a free disk rolling as the parameter yr approaches
infinity since v4; and e,q approach zeros.

Corollary (Quasi Constraint Manifold)

If there exists a generally kinematical relation be-
tween the instantaneous speed v40 and angular speed
Wy,

vao = ga(wro), ga € C' (continuous) (8)
only one differential equation is required. 0

(2) can be recognized as a real guasi constraint
manifold My of disk, which is difficult to accurate-
ly obtain. However, a simplified manifold My can be
approximated by the specific motion of (7) with suit-
able parameters 41, €,0. This will be explained later.

Theorem (Rotational Creep Dynamics)

The quasi constrained disk can be approximated by
the rotational creep dynamics described by only one
differential equation as long as the viscous coefficient
vr 1s sufficiently large. Such approximation can be as
close as possible whenever 1t is needed.

(proof): Firstly, take a small parameter ¢ = 1/yg and
transfer (5) into a singularly perturbed form

1 -
61}:40 = —(C+1+ a—J‘)UAo—F(% - l)fw,-o + 5_:;‘_.2’_0 (90)

1 VA0 :BTwTO Uyr0 .
Wro = - . + . (singular) (9b)
When ¢ = 0 (yr = 00), (9a) gives v4o = 0 and (9b)
becomes identical to the ideal (6). When vyg is finite
and sufficiently large, assume that the quasi constraint
manifold My in (8) can be expressed as a power series
form,

vao = gr(wro,€) = gro + €9r1 + € gra +---.  (10)

By the invariant manifold method [4], (10) is plugged
into (9) and obtains the PDE condition,

o) 8
c( 9RO JR1 2 Ogr2 T )
Auwro Ouwrg dwro
(gRO + €gr1 + €29y + - - ‘_ﬂrwro+ﬂ)
€ay gy

- €u
(ro+egrr+grat-- )4 (T~ Dewro+ 20 (11)
[s 5] g

Equating the expanded ¢ coefficients, it is found

Gro =0, gp1 = —P1wro + uzo
RO 3 R1 1 T oy
aJ(ﬁ%wro — Bru1o — u3o)
1+ as)?

where ﬂl =y — ﬁ,- and uzg = a%um — 2&]11,0 — UprQ.
gro = 0, is consistent with the ideal disk. We also
notice that the linear w, terms occur in gg; and ggo.

By ignoring high order (> 2) terms, the 1st and
2nd order approximated speeds equal to vk, = €gri,
940 = €gR1 + €2gr2. Substituting 7%, into (9b), the
resultant 1st order creep equation (denoted by creepl)
happens identical to the ideal (6). But, the speed o},
does not vanish any more. If 17%0 is taken into account,
the 2nd order creep dynamics can be obtained as

Jr2 =

(12) -

f(,@fwro — Bruio — Uso)
(I+ay)?
(creep2) (13)
I

ol = =(1 4 Br)wro + u10

r0 — 1+QJ +

Corollary (Creep Dynamics of General-Pair)

Quast constrained disk can be approximated by the
creep of general-pair motion like (7) with suitable 1st
order and 2nd order replaced parameters, denoted by
cgpl and cgp2 respectively,

~1 _  €U20 ~1 _ 5(0‘1 -5
Ya1 = 7 Ta,’ R B s (cgpl) (14a)
5. = €Uzo fz&](ﬁr u10 + usg)
A1 14+ ay (1 + CYJ)3
2 s =B)  as(as - B)
= — 2) (14b
r0 1+a; (1 + a1)3 (Cgp ) ( )

{

The above corollary gives a bridge between reduc-
tive specific and invariant analyses. Eq. (14) can be
obtained directly by equating #,, = ¥y, — €. yw,0, i =
1,2. Note that the creep dynamicsis a form of singular
perturbation and the ‘cgp’ ones are forms of specifi-
cally kinematical motions. We also notice from (14)
that the constant inputs directly affect the %, and
only viscous parameters occur in the é..

— —(c+l+i) 3 Traverse Creep Dynamics
o

Consider the sleigh shown in Fig. 4 with speeds
[v1, v¢,w;]* of contact point A along the moving frame
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Fig. 4 Dynamic model of sleigh.

The mass and inertia of sleigh are m and I
with a reference length ». Under the external force
[EI, Ey, E;]' and constant control [uj, us,u,]!, the
sleigh evolves as

/
Vg = VtoWz0 — VIo + U0

o = —viowz0 — (B + Y7 )vi0 + w0
arwly = —fwzo + U0 (complete), (15)
with friction fro = —7yrvio. Notice that the orient-

ing behavior is uncoupled. Additional dimensionless
relations are used in (15),

I

mr?’

hs

ay = ——
I Tzhl’

ht bT
= — , = = - 1
/Bt hl’ ﬂ r hl ( 6)
Specifically kinematical motions of sleigh can be de-
rived. For a general-pair motion (vio = ve1 + e:ovr0),

only two differential equations are needed,
vy = (Vi1 + eroVi0)wz0 — Vi + ugg (general-pair) (17)

where the orienting component remains the same as
preceding. At this time, true creep coefficient is equal
to e: = €10 + V11 /vi0.

The 1st and 2nd order traverse creep dynamics of
sleigh can be obtained as

g = €wz0(us0 — viows0) — vio + w0 (creepl) (18)

Vo = cwsofto — viowso + €[(Bs — 1 — f—pvmwm

Uz0Vi0

uiowz0 — Pruto + 1} = vio + uip. (creep2) (19)

Since the orientation is uncoupled, a desired value,
wdy, can be easily assumed. Therefore, the general-
pair creep motion of sleigh can be derived as (17) with
the following parameters,

5}0 = *“"30

f)}l = €U0, (cgpl) (20a)

1~7121 = €uyg + 52(“10“)30 — Biweo),

1. (cgp2) (20b)

~2 d 2 ﬁz d Uz0
€0 = —ewgote [(fi—1——)w5o+
ar ar

4 Hybrid Creep Dynamics

A single wheeled vehicle with mass m, equatorial
inertia I and polar inertia J on a plane is depicted in
Fig. 5. When external force [Ey, Ey, E;, E,]* and con-
trol [y, us, Uy, ur]® are applied, the complete governed
equations are

vy = veowz0 — (1 + YR)vio + YRWro + U0

véo = —vpow0 — (Bt + 71 )vi0 + tro
apwiy = —Bews0 + o
agwio = YRV — (Br +7YR)wro+ure. (complete), (21)

with frictions fro = —Yrvao = —Yr(vI0 —wra), fro =
YT V0.

Y
'Ut ,Et vut

0

Fig. 5 Dynamic model of wheel.

By the similar procedure, derivation results are de-
picted below. First, the general-pair motion model
of wheel i1s derived as (vao = va1 — erowro, Vio =
vi1 + eofvar + (1 — ero)wrol),

(T4 ag.)wrg = {vi1+ewo[var + (1 —erg)wrol }wzo —va1

‘(1 + ﬁre)wro + ujo.

The second one is the hybrid creep dynamics of second
order,

(general-pair) (22)

W= _(1 + ﬁr)‘-‘-’ro + uip + fwz()(uto b wzowro)/b
r0 1 + oy

G Br ) 2wro — Bruro — u30]

(I+a;)? '

The third is the general-pair creep model of wheel with
parameters :

(creep2) (23)

o1 Eugp o _ €lag—B)
Vap = ) r0 ™ )
1+ ay 14+ ay
_€ ewdugg

l

~1
v
0 = glue (B — ay)
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gl o= —e(1+ a-’)‘“jo
OB+ ag + (B — ag)]

(cgpl) (24a)

5. = € (g0 + faJwﬁouto _ eay(Bruio+ uso)]
AT T b (l+as)? 7
d 2 2
N € cay(wg eaj(ay — By
830: {Olj-‘ﬁr+ J( 0) _ ( 2)]
1+ ay b (1+ o)
d 2
o _ —twge € bay—1 *ﬁ_,_(l%-b)ﬁr d
€10 -{ b +b2[( 1+ay +ﬂt ar 1+ ay )sz
U0 ~;
+==]}/(1-¢&,
af

_9 €Uyg i[(ulo ‘-buzo)wfa

~2 52
Vi = —— — PtUtg] — VY41€10-
11 b [¥] 14 ay B 0] A1%10

(cgp2) (24b)

5 Simulations

Let us consider the inertial motion of sleigh under
the case of ¢ # 0 [3], i.e., the vertical noncoincidence
of center C and contact A points. External force E;
and control u, are not considered here. Complete and
ideal equations of motion are

. 2 . Iabroe . brcvy
U = Wy + Wy, YV = VW, — , Wy =

ml 1
(complete) (25)
o =cw?, v =0, K%, +unw, =0 (ideal) (26)

where the inertial parameter K? = I4/(mc®) = 1+
I/(mc?). According to [3], the ideal sleigh has an

asymptotic solution under vj}i=0 = v¢ft=0 = 0,

K
y = ztan Tﬂ + constant. 27

The ideal dash-dot results (K = 1,1.5,2,2.5) in Fig.
6 indeed behave such tendency.

The approximated quasi manifold M, can be ob-
tained as

—mlvw, Lem?lPw, muv?

2-
v (TR 4 @I ~ TR,

(28)

Hence, the dynamics of creepl and creep2 are cal-
culated. Creep2 is simulated closer to the complete
one than creepl. The simulation data are : m = 10
(Kg), ¢ = 0.5 (m), by = 100 (nt- sec/m) , € = 0.01,
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(w1, ve,ws)i=0 = (0,0,1) (rad/sec). All of them are
assumed to stay inside a small viscous region.

K=1,15,2,2.5(com- ide-. cre1- cre2.)

¥(m)

% 10 I 0
x(m)

Fig. 6 Inertial motions of sleigh.

Next one is the rolling wheel. Related data are
m=1(Kg), r=05(m), I =05 (Kgm?,J =1
(Kgm?) and (z,y,4,0)|t=0 = (0,0,0,0), vi}s=0 = 1
(m/sec), vili=0 = 0, wrlt=0 = 2 (rad/sec), vary = 0.1
(m/sec), and fry = fru = 1 (nt). Fig. 7 shows the
z — vy, e, and e; results of hybrid creep dynamics and
creep of general-pair. Both them prove the validity of
bridge relations.

The 10 Hz braking torque u, in an ABS and the 20
Hz steering w? in a special TCS in Fig. 8 are used to
demonstrate the applications of creep. Fig. 9 shows
that v4 and v; can only be limited within a small
region under the action of ABS or TCS. Otherwise,
slipping will occur and it is dangerous.

6 Conclusions

The proposed creep model can be suitably used to
account for most quasi constrained behaviors. By the
creep parameters, the pseudo violated speeds could be
approximated as close as possible even under a kine-
matical motion analysis without considering the sys-
tern dynamics. This is the core contribution of creep
analysis.
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Fig. 7 Hybrid creep and general-pair simulations.
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Fig. 9 Simulations of ABS (cre) and TCS (cgp)-



